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Capı́tulo 2
 !"#$!%&'() *! +,&-!./
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162,. -6 !1%"62+ 9.$ 6?619/. #+%>+6 "6$%/162,6 . 1.-6/. 1%,$!=!%/ 62@#%2,. 2% =.19#,%:A.
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/#1!2.+!-%-6 -6 =%-% 2G76/H .# +65%H =%-% 9.2,. -6++% 1%,$!I 4!-!162+!.2%/ E -%-% 96/% 8#2:A.
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.!&#$ "  %$.R(,%"  ! Z"(4"."( T#=  %$.R(,%" !& G=" /"$U6 ^9%$.!& ;3/%"$ #=./"$  %$.R(,%"$

(" /!,=0!/":>#  ! %&"'!($8 ,#&# "  %$.R(,%"  ! L"&2!//"8  %$.R(,%" "('=-"/8 ,#!K,%!(.!  !

LQ!J"(#[$J%8 0/# =.# %(.!/(#8 ,#!K,%!(.!  !  " #$8 ,#!K,%!(.! ,#$$!(# ! ,#!K,%!(.!  ! A",,"/ 6

7-'=&"$  !$$"$  %$.R(,%"$ 0# !& $!/ !(,#(./" "$ !& ?7( /#=.$#$ !. "-6 BCC_E6

7 $%&%-"/% " ! '-#2"-  !  ="$ %&"'!($ ) &"%$  %*+,%-  ! $!/ &! % "6 `3 2"$%,"&!(.!  ="$

&"(!%/"$O ,#&0"/":># =&X0"/"X=& T#= =&X0"/"X&=%.#$U ! ,#&0"/":># &=%.#$X0"/"X&=%.#$6



 !" #$%&'&( ') *+,-.,/0& 12

 ! "#$%!&!'(# )$*%!&!*)$ "!+! &,-.(# +! .$!-,$ "#/0)12! 3 "#$%!&!+! "#$ ! &,-.(#

+, $,14#& ,0"#14! 5,.2! /! .$!-,$ ! 0,& "#$%!&!+!6 7#-# ! 0.$.1!&.+!+, -1#8!1 3 +!+! %,1!

0#$! %#/+,&!+! +!0 +.029/".!0 ,/2&, "!+! &,-.(# +! .$!-,$ "#/0)12! , 0)! :$,14#& ,0"#14!;

/! .$!-,$ ! 0,& "#$%!&!+!< #/+, # %,0# ,02= &,1!".#/!+# "#$ # 2!$!/4# +! &,-.(#6

 ! "#$%!&!'(# $).2#0*%!&!*$).2#0 2#+!0 !0 &,-.>,0 +! .$!-,$ "#/0)12! 0(# "#$%!&!+!0

"#$ 2#+!0 !0 &,-.>,0 +! .$!-,$ ! 0,& "#$%!&!+! , ?.", , ?,&0!6 7. ,2 !1 @A+B!&+ CDDCE

%&#%>,$ )$ ,0F),$! +, "#$%!&!'(# ./2,-&!+# +, &,-.>,0 GHIJK F), %,&$.2, "#$%!&!& )$!

&,-.(# +, )$! .$!-,$ "#$ ?=&.!0 &,-.>,0 +, #)2&! .$!-,$< +.$./)./+# !00.$ # .$%!"2# +,

)$! 0,-$,/2!'(# ./,L!2!6 M!+! "#$%!&!'(# %#00). )$ ?!1#& G"4!$!+# ?!1#& 0.-/.N"!/2,K<

!00.$< )$! $!2&.O +, 0.-/.N"9/".!0 +, )$ "#/P)/2# +, &,-.>,0 3 "&.!+!6 Q 0.$.1!&.+!+, ,/2&,

!0 +)!0 .$!-,/0 3 $,+.+! %#& ,00! $!2&.O6

 !" #$%&'&( ') *+,-.,/0&

 (# ,L.02, /! 1.2,&!2)&!< )$ %!+&(# "#$)$ %!&! !?!1.!'(# +, )$ 0.02,$! +, &,")%,&!'(#

+, .$!-,/0< $!0 ,L.02, )$! %&#%#02! +, )$! 03&., +, $,+.+!0 %!&! ! !?!1.!'(# +,00,0 0.02,$!0

,1!8#&!+!0 ,$ )$! "#/5,&R/".! "4!$!+! S,L2 IA2&.,?!1 M#/5,&,/", GSIAMK @T,0,1!,&0 ,2 !16 CDDUE6

M#/0.+,&, )$! 8!0, +, +!+#0 {i0, ..., in, ...iN} #/+, in 3 )$! .$!-,$ &,%&,0,/2!+! %#& 0,)

?,2#& +, "!&!"2,&V02."!06 W!&! &,")%,&!& .$!-,/0 0,$,14!/2,0 ! )$! .$!-,$ "#/0)12! q< "!+!
.$!-,$ in 3 "#$%!&!+! "#$ ! .$!-,$ "#/0)12! )0!/+# )$! 5)/'(# +.029/".! d(q, in) "#/5#&$,
".2!+# /# "!%V2)1# !/2,&.#&6 Q00.$< !0 .$!-,/0 +# 8!/"# +, +!+#0 0(# #&+,/!+!0 +, !"#&+#

"#$ ,00! 5)/'(# +, $#+# F), d(q, ini
) ≤ d(q, ini+1

) &,0)12!/+#< %!&! "!+! %!& +, .$!-,/0 ini
,

ini+1
/! 0,F)R/".! (in1 , ..., ini

, ...inN
)6 X, )$! +.5,&,/2, "#$8./!'(# +, "!&!"2,&V02."!0 3 )0!+!<

!0 +.029/".!0 0(# /#&$!1.O!+!0 %!&! ,02!&,$ /! $,0$! 5!.L! +, ?!1#&,0< ,/2(# )$! "#$8./!'(#

1./,!& +!0 +.029/".!0 3 )0!+! %!&! "&.!& #  !"#$"%6

Y=&.!0 5#&$!0 +, !?!1.!'(# +, 0.02,$!0 MZHI[0 2R$ 0.+# %&#%#02!0 @T,0,1!,&0 ,2 !16 CDDUE

8!0,!+#0 /! %&,".0(# P , &,?#"!'(# R6 T!+! )$! .$!-,$ "#/0)12! GqK< ! %&,".0(# 3 )0)!1$,/2,
+,N/.+! "#$# ! 5&!'(# ,/2&, # /\$,&# +, .$!-,/0 &,1,?!/2,0 &,")%,&!+!0 ,$ &,1!'(# ] q< , #
/\$,&# +, .$!-,/0 &,")%,&!+!0 %!&! ,00! "#/0)12!< .02# 3^

P (q) =
 \$,&# +, .$!-,/0 &,1,?!/2,0 &,")%,&!+!0

 \$,&# 2#2!1 +, .$!-,/0 &,")%,&!+!0

.

W#& #)2&# 1!+#< ! &,?#"!'(# 3 +,N/.+! "#$# ! 5&!'(# ,/2&, # /\$,&# +, .$!-,/0 &,1,?!/2,0

&,")%,&!+!0 ,$ &,1!'(# ] q< , # /\$,&# 2#2!1 +, .$!-,/0 &,1,?!/2,0 /# 8!/"# +, +!+#0 %!&! q<
#) 0,P!^

R(q) =
 \$,&# +, .$!-,/0 &,1,?!/2,0 &,")%,&!+!0

 \$,&# 2#2!1 +, .$!-,/0 &,1,?!/2,0

.

_)!/+# # "#/P)/2# +, .$!-,/0 &,")%,&!+!0 3 "#/0.+,&!+# !23 ! %#0.'(# nA(q) #/+, nA(q) 3

! F)!/2.+!+, +, ,1,$,/2#0 +# "#/P)/2# +, .$!-,/0 &,1,?!/2,0 A(q)< ! +,N/.'(# +, &,?#"!'(#
2#&/!*0, ,F).?!1,/2, ] +,N/.'(# +, %&,".0(# "#/4,".+! "#$# &'( )*$+$," @Z!,O!* !̀2,0 !/+ I.8,.&#* ,2# abbbE6

A/2&,2!/2#< ! $,+.+! &'( )*$+$," 3 ,F).?!1,/2, ! $,+.& ! %&,".0(# !23 %#0.'(# nA(q) +# &!/c./-<

# F), +.O %#)"# 0#8&, ! %,&5#&$!/", -1#8!1 +# 0.02,$!6 Q00.$< "#/?,/".#/#)*0, ! )2.1.O!'(# +!



 ! "#$%&#'()*+ ,# -.(/#01

 !"#$ %"& '()*+"&#* $,)* -.$&/$+0$1&( $23 4'5&'"*+6&1* 78889 %$"$ $ 3&( "',)* &  *:%$"$,)*

3& %&";*":$2 & 3& ('(1&:$( 3& "& !%&"$,)* 3& '2;*":$,)*< = :$2&'"$ :$'(  *:!: 3& "&(!:'"

&(1& >"?@ * &: !: A2' * #$B*" C $ DC3'$ 3$( E"& '(F&( DC3'$( G !"# "$!%"&! '%!()*)+# *!

MAP H<
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Q
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q∈Q
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[(1& :C1*3* 3& $#$B'$,)* C '21&"&(($21& Q!$23* * 5$2 * 3& 3$3*( &(1? "*1!B$3* &:  B$((&(N
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= ER !($3$ 2$ $#$B'$,)* 3*( "&(!B1$3*( 2$ (&,)* \<]<V 3&(1& 1"$5$B^* C '>!$B $ 1−P (1)N *23&
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$% 3%!!"-%#0"& 3(!-",& '(-( "& 0H'#,'"& $% "4!%#$,:"$( &74%!.,&,(#"$( % #5( &74%!.,&,(#"$(

$% -/67,#"= B -%0" $( "4!%#$,:"$( &74%!.,&,(#"$( H 4!(.%! 7-" -%$,$" $% !%&7)0"$( U4(!

%9%-4)(2 ')"&&% $% '"0% (!," &%-8#0,'"V G"&%"$" %- 7-" -%$,$" $% %#0!"$"= `( "4!%#$,:"$(

#5( &74%!.,&,(#"$(2 #5( ^/ 7-" -%$,$" $% !%&7)0"$( % " -%0" H $%&'!%.%! '(-( (& $"$(& $%

%#0!"$" &5( (! "#,:"$(& (7 " !74"$(&=

1%&"/+23'+* 4$%"&5202*/'+*

J"!" 0%#0"! !%$7:,! (  "4I&%-8#0,'( %9,&0%#0% %#0!% ( 4($%! ),-,0"$( $% ,#0%!4!%0"*5( &%-8#I

0,'" 4%)"& -/67,#"& % " !,'" &7GK%0,.,$"$% $( 4%#&"-%#0( ^7-"#(2 ") 7#& 0!"G")^(& G"&%"$(&

%- &%-8#0,'"& $% ")0( #X.%) 0T- &,$( 4!(4(&0(& "0!".H& $( 7&( $% 3%!!"-%#0"& 3(!-",& '(-( "&

0H'#,'"& $% "4!%#$,:"$( &74%!.,&,(#"$( ;M%0^, %0 ")= >??PA=
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 !"#$%&'! (! )*+$,(&-)(! ./*$+'&.&!,)(! 0 1!+,$2$+ /3 +$./4%)(! 5*!+ $6$3*4!7 /3) 2)8

%$9!+&) .$3:,%&2) ; </)4 ) 2!,./4%) *$+%$,2$= ").$)(! $3 /3) .0+&$ ($ 3$(&(). ($ $,%+)()>

?49/3). %02,&2). 2!3! ! /.! (!  !""#$% &'(%#$ )*(+,-' 5@AB= C@D& $% )4> EFFGH *!($3 .$+

/%&4&-)(). *)+) )*+$,($+ 2!,2$&%!. ($ )4%! ,I'$4 52!3! 2)%$9!+&). .$3:,%&2).= )%+)'0. ($ 2)+)28

%$+I.%&2). ($ ")&6! ,I'$4 52!3! )%+&"/%!. ($ 2!+7 1!+3) $ %$6%/+)= CJ&/ $% )4> EFFKH>

L!3 %$!+&) $ )*4&2)MN$. "$3 1/,()3$,%)().7 ! @AB %$3 .&(! 3/&%! /%&4&-)(! *)+) +$2!,8

D$2&3$,%! ($ !"#$%!.7 24)..&O2)MP! ($ %$6%!.7 $%2> $ 0 2!,.&($+)(! /3 "!3 2),(&()%! *)+) !

)*+$,(&-)(! $3 .&.%$3). ($ +$2/*$+)MP! ($ &3)9$,. CQ!,9 ),( LD),9 EFFRH>  @AB 1!& !+&8

9&,)43$,%$ ($.$,'!4'&(! *)+) 24)..&O2)MP! "&,S+&) $ )%+)'0. ($4$ *!($8.$ $,2!,%+)+ /3 $.*)M!

,8(&3$,.&!,)4 5$,%+$ 2)+)2%$+I.%&2). ($ ")&6! ,I'$47 *!+ $6$3*4!= !,($ /3 D&*$+*4),! .$*)8

+)(!+ 0 2!,.%+/I(!> T$,%+$ !. *!..I'$&. D&*$+*4),!. 52!3! 3!.%+)(! ,) U&9/+) E>V=7 ! *4),!

.$*)+)(!+ W%&3! 5 @X= 53!.%+)(! ,) U&9/+) E>K= &+S 3)6&3&-)+ ) (&.%:,2&) $,%+$ ! D&*$+*4),!

$ !. *!,%!. 3)&. *+W6&3!. ($ 2)() 24)..$ /%&4&-),(!7 )..&37 $..$ .$*)+)(!+ *)+) 24)..&O2)+ ).

&3)9$,. C@D& $% )4> EFFGH>

U&9/+) E>VY Z6&.%[,2&) ($ (&'$+.!. .$*)+)(!+$. *)+) 1)-$+ ) .$*)+)MP! ($ (/). 24)..$.>

?. \$($. ]$/+)&.7 $3 9$+)47 %)3"03 *!($3 .$+ /%&4&-)(). *)+) 1)-$+ ) 24)..&O2)MP! ($

&3)9$,.> ]$..$ 2).! /3 9+),($ ,^3$+! ($ ()(!. ($ %+$&,)3$,%! 52)+)2%$+I.%&2). ($ ")&6! ,I'$4=

0 &,.$+&(! ,) +$($ ,$/+)4 *)+) $.%)"$4$2$+ ! 'I,2/4! $,%+$ !. )%+&"/%!. ($ ")&6! ,I'$4 (). &3)9$,.

$ ./). .$3:,%&2). ($ )4%! ,I'$4 52)%$9!+&).= CQ!_, ),( @&,24)&+ EFFFH> ? 24)..&O2)MP! .$ (S ,)

2!,.%&%/&MP! ($ 1+!,%$&+). ($ ($2&.P! ,P! 4&,$)+$. ,! $.*)M! ($ 2)+)2%$+I.%&2). ($ ")&6! ,I'$47 )8

($</),(! ) &3)9$3 2!,./4%) )! 9+/*! $3 </$ $4) 3)&. .$ )*+!6&3)> Z3 C`!,-)4$- $% )4> EFFVH7

`!,-)4$. $%> )4 ($.2+$'$3 ) 2!3"&,)MP! ($ \$($. ]$/+)&. $ .*/'00'%1 *)+) ) +$2/*$+)MP! ($

&3)9$,. $3 %$+3!. ($ .$/ 2!,%$^(!>

]! )+%&9! CaD),9 ),( b-</&$+(! EFFKH7 aD),9 *+!*N$ /3) 1!+3) ($ +$2/*$+)MP! ($ &3)9$,.

$3 )4%! ,I'$47 )%+)'0. () (&'&.P! (). &3)9$,. ($ &,%$+$..$ $3 "4!2!. ($ +$9&N$. /,&1!+3$. $

$6%+)&,(! 2)+)2%$+I.%&2). ($ ")&6! ,I'$4 5)%+)'0. ($ .$%$ ($.2+&%!+$.Y LJT7 L@T7 TLT7 ZcT7

Q`U7 `JL $ c@A= *)+) 3!,%)+ '$%!+$. ($ 2)+)2%$+I.%&2). *!,($+)(!.> ? *$.)9$3 ($ 2)()

%$+3! 0 ()() *$4! 2S42/4! () 3)%+&- ($ (&.%:,2&). (! '$%!+ *)+) ! 2$,%+W&($ (! 2!,#/,%! ($



 ! "#$%&#'()*+ ,# -.(/#01

 !"#$% &'() *!+,$+-%./ 01!2/ , %2/31$%3 4, 1$,!.%2,.1/'

5,1/$,3 6#, 7%$%71,$!8%2 #2 7/.7,!1/ +$9:,37/-;!4/' < $,7#+,$%=>/ 9? ,.1>/? @,!1% %1$%593 4,33,3

5,1/$,3 +/.4,$%4/3'

A2 BC% %.4 D%." &EEFG 1%2H92 9 +$/+/31/ #2 3!31,2% 4, $,7#+,$%=>/ 4, !2%",.3 %1$%593

4%3 $,4,3 .,#$%!3? /.4, 7%4% !2%",2 9 7%$%71,$!8%4% ,2 H%!I/ .J5,- K%1$%593 4% L$%.3@/$2%4%

M!37$,1% 4/ N/:3,./O , %33/7!%4% P #2 /# 2%!3 7/.7,!1/3 +$,3,.1,3 .,31%' Q 5,1/$,3 4, 7%:

$%71,$J31!7%3 , 3,#3 $,3+,71!5/3 $01#-/3 3>/ $,#.!4/3 ,2 #2 7/.R#.1/ +%$% 1$,!.%$ % $,4, .,#$%-

, ,31%H,-,7,$ / 5J.7#-/ ,.1$, %3 7%$%71,$J31!7%3 , /3 7/.7,!1/3 +$9:4,S.!4/3' Q3 $,3#-1%4/3

2/31$%2 6#, %3 $,4,3 .,#$%!3 +/4,2 3,$ 7%+%8,3 4, 2,2/$!8%$ 1%!3 7%1,"/$!%3 2%3? +%$% !2%:

",.3 7/2+/31%3 +/$ 5T$!/3 7/.7,!1/3 3,2U.1!7/3 /3 $,3#-1%4/3 .>/ 3>/ 3%1!3@%10$!/3'

<-"/$!12/3 4, %+$,.4!8%4/ 7/.5,.7!/.%!3 3/@$,2 4/!3 +$/H-,2%3) #2% "$%.4, 6#%.1!4%4,

4, %2/31$%3 7-%33!S7%4%3 3>/ .,7,33T$!%3 +%$% / 1$,!.%2,.1/ , +$/5,$ 1%!3 4%4/3 +/4, ,31%$

+$/+,.3/ P ,$$/3' Q#1$/ @%1/$ 9 6#, / 7/.R#.1/ 4, 1$,!.%2,.1/ 9 SI%4/ 4#$%.1, / %+$,.4!8%4/

, / ,31T"!/ 4, %+-!7%=>/? 7/.3,6#,.1,2,.1, 3, / 4/2J.!/ 4, %+-!7%=>/ 2#4%? ./5%3 %2/31$%3

7-%33!S7%4%3 4,5,2 3,$ +$/5!4%3 +%$% %33,"#$%$ % ,@,1!5!4%4, 4/ 7-%33!S7%4/$' Q# 3,R% /3 2,32/3

$,6#,$,2 #2 "$%.4, .V2,$/ 4, 4%4/3 4, 1$,!.%2,.1/ 3,.4/ 7/2+#1%7!/.%-2,.1, ,I1,.3!5/

%-92 4, $,1/$.%$ %+,.%3 !2%",.3 +,$1,.7,.1,3 % 7%1,"/$!%3 +$9:,31%H,-,7!4%3'

Q 2/4,-/ +$/+/31/ +/$ ,33, 1$%H%-;/ #3% / 2,32/ +$!.7J+!/ %+$,3,.1%4/ .,33% 3,=>/ 2%3 ,2:

+$,"% % $,4, .,#$%- ,2 3,# ,31T"!/ S.%- K%+03 3,# 1$,!.%2,.1/O +%$% @%8,$ #2 2%+,%2,.1/ .>/

-!.,%$ 4%3 7%$%71,$J31!7%3 , 2/.1%$ #2 5,1/$ 4, 7%$%71,$J31!7%3 ",.9$!7/ H%3,%4/ .%3 3,2U.1!7%3

!.1$J.3,7%3 4, 7%4% !2%",2? /# 3,R%? / 3!31,2% !$T @%8,$ #2% H#37% ,2 !2%",.3 .>/ #1!-!8%4%3

.% @%3, 4, 1$,!.%2,.1/ H%3,%4/ ./ +/4,$ 4, ",.,$%-!8%=>/ 4% $,4,' A33,3 %3+,71/3 3,2U.1!7/3

4/3 5,1/$,3 4, .,#$/3,2U.1!7/3 3>/ %46#!$!4/3 4#$%.1, / 1$,!.%2,.1/ 4% $,4, 6#, ",.,$%-!8% ,

!.@,$, ,33,3 7/.7,!1/3 ./ H%.7/ 4, 4%4/3 4, 1$,!.%2,.1/ , /3 #3% ,.1>/ .% 1$%.3@/$2%=>/ 4%3

7%$%71,$J31!7%3 4, H%!I/ .J5,- ,2 7%$%71,$J31!7%3 .,#$/3,2U.1!7/3'

2&'#0,34(,+ 5*+ 6%&#'7313+0(,+

Q %+$,.4!8%4/ .>/ 3#+,$5!3!/.%4/ .>/ +/33#! 2,4!4%3 4, 3%J4%' < +$!.7!+%- 1%$,@% 9 ,.7/.:

1$%$ #2% @/$2% 4, /$"%.!8%$ /3 4%4/3 4, ,.1$%4% /# 7-#31,$!8T:-/3' < 7-#31,$!8%=>/ 4, !2%",.3

9 #2% 197.!7% 1J+!7% 4/ $,7/.;,7!2,.1/ 4, +%4$W,3 , 5,2 3,.4/ %2+-%2,.1, %H/$4%4% .% $,7#:
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 !"#$%& '! ()#*!+, ! & &-.!/(0& 1+#2 3 #*"4 #" 4) 5&+.4+/& '! ()#*!+, '! 6&")# # )#7()(8#"

# ,()(2#"('#'! '!+/"& '&,  !"#$%&# ! )(+()(8#" # ,()(2#"('#'! !+/"!  !"#$%&# '(6!"!+/!,9 :#'#

 !"#$%& "!,42/#+/! 3 #,,&5(#'& # 4)# 52#,,! ! #, ()#*!+, '! )!,)&  !"#$%& ,!"%& ,4 &,/#)!+/!

,()(2#"!, 4)#, ;, &4/"#,9

< #2*&"(/)& =>'%()# ?&4 @>)3'(#,A  &'! ,!" 4,#'&  #"# 52#,,(15#" #, #)&,/"#, -#,!#+'&>,!

+&, #/"(-4/&, '! -#(7& +B0!29 C!,,! )&'&D )!'('#, !,/#/B,/(5#, '! 0#"(#$%& !) 5#'#  !"#$%& ,%&

4,#'#,  #"# '!"(0#" 4)# ,3"(! '! )# !#)!+/&, !+/"! &, #/"(-4/&, '! -#(7&>+B0!2 ! # 5#"#5/!"(8#>

$%& /!7/4#2 E/()# ? #2#0"#,>5F#0!A '! 5#'#  !"#$%& 5&""!, &+'!+/!9 G, "!*"#, '! )# !#)!+/&

'!"(0#'#,  &'!) ,!" 4,#'#,  #"# (+'!7#" +&0#, ()#*!+, #'(5(&+#'#,  &,/!"(&")!+/! #& -#+5&9

H!,,! 5#,&D # "!54 !"#$%& /#)-3) 15#"I  "!,# #& +J)!"& '!  !"#$%&# !,5&2F('&,  #"# "!#2(8#"

& # "!+'(8#'&D /&"+#+'& # "!54 !"#$%& '! ()#*!+, 2()(/#'#9



 ! "#$%&#'()*+ ,# -.(/#01



Capı́tulo 3
 !"!#$%"&'!()* +% ,-!.%/0

 !" #$%&'()*+'

 !"#$%&" '$ ($)*+$,&-./ '$ 0%&1$2" 3&"$&'& $% 4/2#$5'/ 6430(7"8 "$ *#!9!:&% '&

;!+<#$"$ '$ )/,,$"+/2'=2)!& '$ *%& '&'& !%&1$% & /*#,& & +&,#!, '$ "$*" &#,!>*#/"? @$""$"

"!"#$%&" &" !%&1$2" "./ !2'$A&'&" +/, *% )/2B*2#/ 2*%C,!)/ '$ '&'/" ,$9$D&2#$"? E""& $"F

#,*#*,& '$ '&'/" #&%>C% );&%&'& '$ D$#/, '$ )&,&)#$,G"#!)&" &>"#,&! & !2H/,%&-./ 2$)$""I,!&

+&,& & ,$+,$"$2#&-./ '$"#$" &#,!>*#/"?

J 25%$,/ '$ )&,&)#$,G"#!)&" $A#,&G'&" '$+$2'$,I '/ #&%&2;/ '/ '/%G2!/ '& !%&1$%K '/"

&#,!>*#/" L*$ "$ '$"$B& ,$+,$"$2#&, $ '/" &91/,!#%/" '$ $A#,&-./ $")/9;!'/" +&,& )&,&)#$,!:&,

& !%&1$%? E""& L*&2#!'&'$ '&,I & '!%$2"./ '/ D$#/, L*$ +/'$,I "$, &,%&:$2&'/ $% &91*%&

#&>$9& '$ 3&2)/ '$ M&'/" +&,& H&)!9!#&, $ &1!9!:&, &" +,<A!%&" $#&+&" '& ,$)*+$,&-./ '$ !%&1$2"?

N91*%&" )/2"!'$,&-O$" & ,$"+$!#/ '/ D$#/, '$ )&,&)#$,G"#!)&" "./ H$!#&" $% PQ/$R STTTU L*$ '!:V

 !" #$%&' ($ )*'*)%$'+,%-)*, ($#$ ,$' .&'"*(& /*,$*0(&1,$ 0* '$(234& (* (-"$01

,-&0*5-(*($ (&, (*(&,6 /$" )&"& '$,,*5%*' &, *,7$)%&, 7'-0)-7*-, (* -0.&'"*34&

#-,2*5 7*'* .*)-5-%*' * 7$')$734& 82"*0* *59" ($ ,$' -0#*'-*0%$ :, %'*0,.&'"*3;$,

(*, -"*<$0,=>

J #$%+/ '$ +,/)$""&%$2#/ +&,& & ($)*+$,&-./ '$ 0%&1$2" >&"$&'& $% 4/2#$5'/ #&%>C%

+/'$ "$, )/2"!'$,&'/K +/!" ;I *% 1&"#/ %*!#/ %&!/, '$ "$ #,&>&9;&, )/% #/'& & !2H/,%&-./

'& !%&1$% '/ L*$ )/% *% D$#/, '$ '!%$2"./ ,$'*:!'&? W/, $A$%+9/K $% *%& !%&1$% '$

'!%$2"O$" SXY A SXY #$,!&F"$ L*$ &)$""&, YXXZY +!A$9" +&,& )/9;$, #/'& & !2H/,%&-./ +$,#!2$2#$

& $""& !%&1$% )&'& D$: L*$ *% "!"#$%& 430( H/""$ !2!)!&'/? Q/1/K & )/'![)&-./ $ &>"#,&-./ '$

2/D/" D&9/,$" & +&,#!, '$ *%& !%&1$% /,!1!2&9 "$ #/,2&% !%+,$")!2'GD$!" +&,& & )&,&)#$,!:&-./

'$ *%& 1,&2'$ L*&2#!'&'$ '$ !2H/,%&-./?

4/%/ H/! )!#&'/ 2/ )&+G#*9/ &2#$,!/,K '$D!'/ \ +$,)$+-./ +&,#!)*9&, +$,#!2$2#$ & )&'& "$,

;*%&2/ 2./ ;I *%& 52!)& /* %$9;/, H/,%& +&,& "$ ,$+,$"$2#&, $"#$" &#,!>*#/"? N" +$""/&"

!'$2#![)&% *%& !%&1$% &#,&DC" '$ "$*" +&',O$" %/,H/9<1!)/" !2#$,+,$#&2'/ D!"*&9%$2#$ $""&

!%&1$%K '$#$,%!2&2'/ $ )&,&)#$,!:&2'/ /" $9$%$2#/" $ /" &""/)!&2'/ & &91*% +&',./ +,CF

'$[2!'/ +$9/" "$*" )C,$>,/"? W/, $A$%+9/K 2& ]!1*,& Z?^ K '!H$,$2#$" +$""/&" +/'$,!&% $"#&,

 !
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 !"#$#%%&'&% #( ' )#$#!"#% &%*#+",% +,(, & +,$- & "#."/$&- ),$(& ,/ ,% ,01#",% *#$"#!+#!"#% 2

(#%(&3

4 5/$& 6378 9,:: &!' ;"/<#' =! (&:%- "#:& '# >,$(&! ?3 @&A$ %#  

B#$ C+&!', +&'& $#*$#%#!"&DE, '&'& *#:& 4 5/$& 63F- *,'#G%# !,"&$ & #H 'I!+ & ', #.&(#

 !"$J!%#+, # *#%%,&: '&  !),$(&DE, H %/&:- & K/&: L *,!'#$&'& #  !M/#!+ &'& ),$"#(#!"# *#:,

#.&(# H %/&: %/01#" H, '&  (&5#(- *#:& %#!%&DE, # *#:&%  'L &% '&'&% &, ,0%#$H&',$- &"$&HL%

'# %#/ *,'#$ '# ' %+#$! (#!",- %#/ #!"#!' (#!", &!&:J" +, # +&$&+"#$J%" +,3 ;# &!&: %&$(,% #(

%#*&$&', +&'& /(& '&%  (&5#!% (,%"$&'&%- *,'#(,% "#$ %#!%&DN#%-  !"#$#%%#% # *#$%*#+" H&%

' )#$#!"#%3

4 5/$& 63F8 O,'#:,% '# P#*$#%#!"&DE, ',% &"$ 0/",%8 Q,$- 4,$(& # R#."/$&- $#%*#+" H&(#!"#

S. %"#( HT$ &% $#*$#%#!"&DN#% K/# +&$&+"#$ U&( #%%#% &"$ 0/",% %,0 ' )#$#!"#% *#$%*#+" H&%3

= (& ,$ & '&% *#%K/ %&% &"/& % 0&%#&'&% #( % %"#(&% QVWP ),+&( !& '#%+$ DE, (&"#(T" +&

'# &%*#+",% '& H %E, X/(&!& "& % +,(, +,$- ),$(& # "#."/$&3 =:5/(&% *#%K/ %&% ),+&( !&

'#%+$ DE, '# &%*#+",% %#(Y!" +,% +,(, ,01#",%- &DN#%- %#!" (#!",% (&%- *,$ #!K/&!",- "#( %#

(,%"$&', /(& "&$#)& 0&%"&!"# +,(*:#.& # +,( *,/+,% $#%/:"&',% *$T" +,% ZP/ #" &:3 7[[[\3

>, "$&0&:X, '# Z@ / #" &:3 F]]^\ L &*$#%#!"&'& /(& $#H %E, ', #%"&', &$"# '& #.*:,$&DE, '#

+&$&+"#$J%" +&% '# &:", !JH#: _%#(Y!" +&%`3 a '#%+$ DE, (&"#(T" +& '# +&$&+"#$J%" +&% '# 0& .,

!JH#: 'TG%# , !,(# '# H#",$#% '# +&$&+"#$J%" +&%3 b( H#",$ '# +&$&+"#$J%" +& "#( *,$ C!&: '&'#

$#*$#%#!"&$ ,% &%*#+",% H %/& % % 5! C+&" H,% '# /(&  (&5#(3 >#%%# +&*J"/:, %#$E, &*$#%#!"&',%
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 ! "#$%&'# ! ($%)*%("%! '#%+%,"- ! ./ !%!#./"! 0123 &./ * / "+4')! /5# - ! *+6!!%* ! .

* )7')# -. /.-%89.! ("$" "  &#.)8: -. !.'! $.!(.*#%; ! ;"+ $.! ( ('+")- "!!%/<  ;.# $ -.

*"$"*#.$=!#%*"!>

 !" #$%&'($)* +,* -.,/01*

?! *"$"*#.$=!#%*"! -. '/" %)@ $/"8: ;%!'"+ ( -./ %)*+'%$ #")# "#$%&'# ! #.A#'"%! B("+";$"!<

") #"89.!< -.!*$%89.!< .#*>C * / *"$"*#.$=!#%*"! ;%!'"%! B* $< #.A#'$"< @ $/"!< + *"+%,"8: .!D

("*%"+< .#*>C> E / -.+ ($ ( !# ./ F3'% .# "+> GHHIJ !'4.$. " '#%+%,"8: -. #$K! &")* ! -.

-"- ! ("$" $.*'(.$"8: -. %/"4.)!L " * +.8: -. %/"4.)!<  ! "#$%&'# ! ;%!'"%! .  ! "#$%&'# !

-.!*$%#%; ! * )@ $/. / !#$"- )" M%4'$" N>N> ? * +.8: -. %/"4.)! ( !!'%$6 # -"! "! %/"4.)!

" !.$./ '#%+%,"-"! (.+ !%!#./"< ($%)*%("+/.)#. ("$" " ;%!'"+%,"8: -"! O4'$"!< . !.$;%$6 #"/D

&5/ -. &"!. ("$" "!  '#$"! -'"!> E &")* -. "#$%&'# ! -.!*$%#%; ! ( !!'% "! ("+";$"!D*P";. .<

4.$"+/.)#.< '/" -.!*$%8: #.A#'"+ +%;$. -. *"-" %/"4./> Q!!. &")* -. -"- ! 5 '#%+%,"- ./

R%!#./"! -. 3.*'(.$"8: -. 2/"4.)! 1"!."-" ./ S.A# . !'" %)-.A"8: !. -6 ( $ ($ *.!! !
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)(A+3 + ,(45;(,+<8% '( /-+>(&) B+)(+'+ &+ )(-(.9+&<+ '+) 4%,() ,(=5(, '/)1C&4/+) &% ();+<%

'( 4%,() ;(,1/&(&1() D ;(,4(;<8% 95-+&+" E /&'(F+<8% '( /-+>(&) ;%, 4%, @%/ /&1,%'50/'+

;%, GHI+/& +&' J+..+,' KLLKM" E% .%&>% '% 1(-;%3 2:,/+) %51,+) 1?4&/4+) @%,+- ;,%;%)1+) ;+,+

+2+./+, ())+ )(-(.9+&<+" E )(>5/, )8% +;,()(&1+'%) +.>5&) '()4,/1%,() '( 4%, 4%-5-(&1( 5)+'%)

;+,+ '()4,(2(, +) /&@%,-+<N() '( 4%,() '( /-+>(&)"

 !"!# $%&'()%* +' ,%-'*

O-+ 1?4&/4+ B+)1+&1( 51/./0+'+ ;+,+ 4+,+41(,/0+, /-+>(&) (- 1(,-%) '+ '/)1,/B5/<8% '+)

4%,() ( =5( 1P- )/'% 51/./0+'%) 4%- )54())% (- -5/1%) )/)1(-+) QJRS3 4%-% %  !"# GT./4U&(, (1 +." KLLVM

'+ "!$ )8% %) -%-(&1%) '( 4%, GH1,/4U(, +&' W,(&>% KLLVM" E) /-+>(&) )8% ,(;,()(&1+'+) &%

();+<% '( 4%, XHR  %&'3 ()*&+)*,-. )./ ".*'.0,*1 $ ( 4+'+ 4+&+. '( 4%, ? /&1(,;,(1+'% ;%, 1,P)

-('/'+) ()1+1Y)1/4+)"

H(A+ N % &Z-(,% '( ;/F(.) '+ /-+>(- ( pij % 2+.%, '% i6?)/-% 4+&+. '( 4%, ;+,+ % j6?)/-%

;/F(. '+ /-+>(-3 + -?'/+3 % '()2/% ;+',8% ( + /&4./&+<8% )8% 4%-;51+'%) +1,+2?) '+) (F;,())N()

!"[3 !"V ( !"\3 ,();(41/2+-(&1("

Ei =
1

N

N
∑

j=1

pij  !"[$

σi =

√

√

√

√

(

1

N

N
∑

j=1

(pij − Ei)2

)

 !"V$

Si = 3

√

√

√

√

(

1

N

N
∑

j=1

(pij − Ei)
3

)

 !"\$
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 !"#! "$%! &'&#("'! !)' *'&+,"-.'! +-$- *-.- *'&+'(#("# .# *'$/ "'"-012-(.' ('3# &'4

&#("'!5 6 !1&10-$1.-.# 7-!#-.- ('! &'&#("'! .# *'$ 8 &#.1.- -"$-38! .- .1!"9(*1- #,*01.1-(-5

 & :;"$1*<#$ -(. =$#(>' ?@@AB 8 -C$&-.' D,# !# .,-! 1&->#(! !)' !1&10-$#!/ !#,! &'&#("'! .#

*'$#! "-&78& ' !#$)'5 E'$8&/ !# .,-! 1&->#(! "%& -+#(-! !,74$#>1F#! !1&10-$#!/ '! &'&#("'!

.-! *'$#! !#$)' .1G#$#("#! # - !1&10-$1.-.# #("$# #0-! .1&1(,15

 !"!# $%&'()*+,+ -. /(*.&

H'&' G'1 .1"' -("#$1'$&#("#/ ' $#!,0"-.' .- .1G#$#(I- #("$# #!+-I'! .# *'$#! +'.# !#$

-3-01-.' *'&' ,&- .1!"9(*1- #("$# '! +'("'! .# *'$#! *'$$#!+'(.#("#!5 6 &-(#1$- &-1! *'&,&

.# !# *$1-$ #!!# #!+-I' .# *-$-*"#$J!"1*-! 8 ' ,!' .# K1!"'>$-&-! .# *'$#!5

= K1!"'>$-&- .# *'$#! .# ,&- 1&->#& +'.# !#$ -$&-2#(-.' *'&+,"-*1'(-0&#("# #& ,&-

#!"$,",$- .# .-.'! D,# -$&-2#(- - D,-("1.-.# .# '*'$$%(*1-! .# *-.- 3-0'$ .# *'$#! (- 1&-4

>#& .-.-5 6 .1&#(!)' .#!!- #!"$,",$- !#$L *'$$#!+'(.#("# M *1$*,(!"-(*1-01.-.# .# *'$#! ('

#!+-I' *$'&L"1*' ,!-.' +-$- .#!*$#3#$ - 1&->#&5 = K1!"'>$-&- .# *'$#! 8 *'(!"1",J.' +'$

+10K-! "-&78& *K-&-.-! .#  !"#/ ,&- +-$- *-.- 1("#(!1.-.# .# *'$ .' #!+-I' D,-("12-.'/ D,#

*0,!"#$12-& ' (N&#$' .# 3#2#! #& D,# '*'$$#& '! .1G#$#("#! 3-0'$#! .# 0,&1(9(*1- -+$#!#("-.'!

+#0'! +1O#0! .- 1&->#&5 P#+'1! .' K1!"'>$-&- !#$ G'$&-.'/ #0# +'.# -1(.- !#$ ('$&-012-.'/

.131.1(.'4!# ' 3-0'$ #(*'("$-.' #& *-.- +10K- +#0' (N&#$' "'"-0 .# +1O#0! *'("1.'! (- 1&->#&5

6 G'$&-I)' .' .#!*$1"'$ .# *'$ 7-!#-.' #& K1!"'>$-&- +'.# !#$ $#.,21.' *'& $#0-I)' -' #!+-I'

.# -$&-2#(-&#("' -"$-38! .- D,-("12-I)' .# *'$#! +$#!#("#! (' K1!"'>$-&- # "-&78& -"$-38!

.- G'$&-I)' .# K1!"'>$-&-! &8"$1*'! ' D,-0 "$-(!G'$&- '!  !"# #&  $%&'(#5 =!  $%&'(# !)'

('$&-012-IF#! '7"1.-! .-! *,$3-! .# -+$'O1&-IF#! #("$# &LO1&'! # &J(1&'! 0'*-1! .- G,(I)'

D,# '! $#+$#!#("- :Q,#(' RSS?B5

P#("$# '! +$'70#&-! .'! K1!"'>$-&-! .# *'$#! +'.#&4!# .#!"-*-$ !,- -0"- .1&#(!1'(-01.-.#

T(#*#!!L$1- +-$- !,- #C*1%(*1-U # ' G-"' .#!"#! ()' *'(!1.#$-$#& - 0'*-012-I)' #!+-*1-0 .-!

*'$#!5 6!!1&/ 1&->#(! &,1"' .1G#$#("#! +'.#& "#$ $#+$#!#("-IF#! !#&#0K-("#!5 V'3-&#("#

+'.# !#$ -.'"-.- - .131!)' .-! 1&->#(! #& $#>1F#!/ *'&+,"-(.' ,&- $#+$#!#("-I)' +-$- *-.-

$#>1)'5 E'$8&/ "-0 +$'*#.1&#("' -,&#("- -1(.- &-1! - .1&#(!1'(-01.-.# # *-$>- *'&+,"-*1'(-0

(#*#!!L$1- +-$- *'&+-$-$ '! .#!*$1"'$#!5 W&- G'$&- .# !# *'&+-$-$ #!!#! .#!*$1"'$#! 8 *-0*,0-$

- .1!"9(*1- #,*01.1-(- #("$# '! .'1! K1!"'>$-&-! ', ,"1012-$ - G,(I)' .# .13#$>%(*1- X#(!#(4

;K-(('( TX;PU/ .-.- +#0- #D,-I)' Y5Z5

dJSD(H,H ′) =
M
∑

m=1

Hm log
2Hm

Hm + H ′
m

+ H ′
m log

2H ′
m

H ′
m + Hm

TY5ZU

=(.# H # H ′
!)' '! K1!"'>$-&-! - !#$#& *'&+-$-.'! # Hm 8 ' m48!1&'  !" ',  $%&'( .'

K1!"'>$-&- H5

 !"! 0.'(* -. /(.*123%+ -. /(*.&

= 3#"'$ .# *'#$%(*1- .# *'$#! TCCV U G'1 +$'+'!"' +'$ :E-!! -(. [-71K ?@@\B # 8 ,&- G'$&-
.# $#C(-&#("' .' K1!"'>$-&- .# *'$#!/ '(.# '!  !"# .' K1!"'>$-&- !)' +-$"1*1'(-.'! 7-!#-(.'4



 !" #$%  &

 ! "#  $# %&%''("&)#* +  % , !-./)&#0% .!/% 1#2% 0! !-) 2)' $3# 4#')54!/ %&$/2# 6$! )"0)&# 6$#/

# &%!'("&)# ! .#&)#/ 0% .)-!/ *

7! #&%'0% &%3 89#  #"0 :#;)< =>>?@ % &5/&$/% 0% 4!2%' 0! &%!'("&)# 0! $3# )3#A!3 i ,

0#0% .!/%  !A$)"2! .#  % B

 C )3#A!3 ,  $#4)D#0#  $2)/3!"2!  $; 2)2$)"0% % 4#/%' 0%  !"#$ .!/# 3,0)# 0!  !$ 4)D)"<% E

$2)/)D#"0% $3# 4)D)"<#"F# 0! %)2%*

 G#0# .)-!/ , '%2$/#0% &%3% &%!'!"2! ! )"&%!'!"2!*

H3  !"#$  !'5 &%!'!"2!  ! !/! ID!' .#'2! 0! $3# '!A)J% 0! &%/%'#FJ% $")1%'3! K0! 2#3#"<%

.',L0!I")0% kME &# % &%"2'5')% !/!  !'5 )"&%!'!"2!*

 9#'# &#0# &%' ck % "N3!'% 0!  !"#$% &%!'!"2! αck
E ! % "N3!'% 0!  !"#$% )"&%!'!"2! βck

 J% &%3.$2#0% *

 G#0# &%3.%"!"2! 0% &&' , $3 .#' Kαck
, βck

ME &<#3#0% .#' 0! &%!'("&)#*

 O 4!2%' 0! &%!'("&)# , !"2J% 0!I")0% &%3%

CCV (i) =
(

(αc1 , βc1), (αc2 , βc2), . . . , (αcn
, βcn

)
)

KP*QM

9%0!L ! "%2#' 6$! (αc1 + βc1 , αc2 + βc2 , . . . , αcn
+ βcn

) , % .'R.')% <) 2%A'#3# 0! &%' 0#

)3#A!3*

7! #&%'0% &%3 89#  #"0 :#;)< =>>?@E % 4!2%'! 0! &%!'("&)# 0! &%'! .'%0$D!3 3!/<%'! 

'! $/2#0% 0! '!&$.!'#FJ% 6$! % <) 2%A'#3# 0! &%'! E ! .!&)#/3!"2! .#'# )3#A!" &%3 3$)2# 

'!A)S! 0! &%' $")1%'3! %$ 3$)2# 2!-2$'# .')"&).#/3!"2! 6$#"0% #./)&#0% #% ! .#F% 0! &%'

()'*

 !"!" #$%%&'$(%)*) +& #$%&,

H3 %$2'% 3,2%0% .#'# 3!/<%'#' # .!'1%'3#"&! 0! 0! &')FJ% 0% <) 2%A'#3# 0! &%'! , %

3,2%0% 0! &%''!/%A'#3# 0! &%'! .'%.% 2% .%' 8T$#"A !2 #/* =>>U@* O &%''!/%A'#3# 0! &%'! ,

$3 <) 2%A'#3# 2')0)3!" )%"#/ 6$! &#'#&2!')D# # 0) 2');$)FJ% 0# &%'! ! # &%''!/#FJ% ! .#&)#/

!"2'! .#'! 0! &%'! E % 6$! 1#&)/)2# "# 0! &')FJ% 0# 0) 2');$)FJ% A/%;#/ &%3 # &%''!/#FJ% /%&#/ 0# 

&%'! * C .')3!)'# ! #  !A$"0# 0)3!" J% 0% <) 2%A'#3# '!.'! !"2#3 # &%'! 0! 6$#/6$!' .#'

0!  !"#$% ! # 2!'&!)'# 0)3!" J%E # 0) 2V"&)# ! .#&)#/ !"2'! !/! * H3 &%''!/%A'#3# .%0!  !' 4) 2%

&%3% $3# 2#;!/# )"0!-#0# .%' .#'! 0! &%'! E %"0! # kL, )3# !"2'#0# .#'# Ki, jM ! .!&)I&# #

.'%;#;)/)0#0! 0! !"&%"2'#' $3  !"#$ 0! &%' j # $3# 0) 2V"&)# k 0! $3  !"#$ 0! &%' i "# )3#A!3*

W!X# H % &%"X$"2% 0!  !"#$% 0! $3# )3#A!3 ! Hc(j) % &%"X$"2% 0!  !"#$% &$X# &%' , c(j)* Y"2J%

 !$ &%''!/%A'#3# , 0!I")0% &%3%B

γk
i,j = Pr

p1∈Hc(i),p2∈H

[

p2 ∈ Hc(j), |p1 − p2| = k

]

KP*>M
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 !"# i, j ∈ {1, 2, . . . , N}$ k ∈ {1, 2, . . . , d}$ # |p1 − p2| % & "'()*!+'& #!),#  (  !"#$% p1 # p2$

# Pr % & -.!/0 1, 2&2'3'"&"#4 5# + !('"#,&,6 ( ) "&( &( 1 ((78#'( + 62'!&/9#( "# 1&,#( "#

+ ,#(  )&6&!: " + ,,#3 ;,&6& (#,< 6.') ;,&!"# (O(N2d))$ &(('6$ .6& 8#,(0 ('613'=+&"&

+:&6&"& &.) + ,,#3 ;,&6& % -,#>.#!)#6#!)# .(&"&4 ? &.) + ,,#3 ;,&6& "# + ,#( +&1).,&

( 6#!)# & + ,,#3&/0 #(1&+'&3 #!),# + ,#( '"@!)'+&( # &(('6 ,#".A & "'6#!(0 1&,& O(Nd)4
B 61&,&" & :'() ;,&6& "# + ,#( # & 8#) , "# + #,@!+'& "# + ,#($  &.) + ,,#3 ;,&6&

"# + ,#( 1, ".A 6#3: ,#( ,#(.3)&" ($ 6&( )&62%6 % + 61.)&+' !&36#!)#  6&'( +&, "#8'" C

(.& &3)& "'6#!(' !&3'"&"# DE.&!; #) &34 FGGHI4

 !"!# $%&'()*+,+& -. /+*+0'.*1&'%0+& 234+*%+3'.&

J6& +&,&+)#,7()'+& % "')& '!8&,'&!)# (# ,#(1#')&, & +#,)&( ,#;,&( "# ),&!(- ,6&/9#( K>.&!" 

#((&( ),&!(- ,6&/9#( (0 &13'+&"&( C '6&;#6L D5';;#3M N OPPOI4 Q + ,$ 1 , #R#613 $ !0 ( S

6#!)# ,#T#)#  6&)#,'&3 "& (.1#,-7+'#$ 6&( )&62%6 8&,'& + !('"#,&8#36#!)# + 6 6."&!/&(

"# '3.6'!&/0 $  ,'#!)&/0 "& (.1#,-7+'#$ # 8'(0 ;# 6%),'+& "&( +*6#,&(4 U6 &3;.!( +&( ( %

'!)#,#((&!)# 3#8&, #6 + !)& #()& 8&,'&2'3'"&"# 1 '( 1 "#6 3#8&, & &3;.6& 1#,"& " 1 "#, "#

"'(+,'6'!&/0 #!),# '6&;#!(4 V&'( '!8&,'*!+'&( 1 "#6 (#, &13'+&"&( #6 :'() ;,&6&( "# +&,&+)#S

,7()'+&( 1 , '!)#;,&/0 $  . (#W&$ .6& +#,)& -.!/0 "# "#(+,'/0 % '!)#;,&"& ( 2,#  + !W.!) "#

) "&( &( ),&!(- ,6&/9#( + !('"#,&"&(4 X#1,#(#!)&/9#( '!8&,'&!)#( "# + ,#( - ,&6 '!), ".A'"&(

!& ,#+.1#,&/0 "# '6&;#!( 1 , + !)#Y" ,#+#!)#6#!)#4

 !" #$%&'

?( (#,#( :.6&! ( )#!"#6 & 1#,+#2#, +#!<,' ( + 6 (#!" + 61 () ( 1 ,  2W#) ( '!"'S

8'".&'($ >.# 1 "#6 (#, 6#3: , '"#!)'=+&" ( 1 , (.&( - ,6&(4 U()# &),'2.) % .)'3'A&" 1 ,

8<,' ( ('()#6&( "# ,#+.1#,&/0 "# '6&;#!( 1 '($ &1#(&, "# (#, .6 " ( &(1#+) ( 6&'( "'-7+#'(

"# (# +&,&+)#,'A&,$  6#(6 % + !('"#,&" 1 , 6.') ( &.) ,#( .6 " ( 6#3: ,#( &),'2.) ( 1&,&

(# ,#1,#(#!)&, # '"#!)'=+&, .6  2W#) 4 Q + !)#R).&3'A&/0 "& - ,6& 1 "# (# ) ,!&, 2&()&!)#

+ !), 8#,(&4 Q3;.!( &.) ,#( "#=!#6 & - ,6& + 6 .6 "#! 6'!&" , + 6.6 #!),#  2W#) (

),'"'6#!(' !&'( ';.&'(  . (#6#3:&!)#( 8'() ( ( 2 "'-#,#!)#( &(1#+) ( DZ N# FG[HI4

5 2  1 !) "# 8'()& "& -#! 6#! 3 ;'& K+'@!+'& >.# #()."&  ( -#!\6#! ( " +%,#2, :.6&! L$

& - ,6& (';!'=+& .6 (.2+ !W.!) "# .6& '6&;#6$ (#W& "';')&3  . 1#,+#1).&3$ " )&"& "# &3;.6&(

>.&3'"&"#( >.# 1#,6')#6 (#. ,#+ !:#+'6#!) 4 5# & - ,6& #()< '!)'6&6#!)# ,#3&+' !&"& + 6

 ,#+ !:#+'6#!) "# .6  2W#) $ & ,#+.1#,&/0 "# '6&;#!( .)'3'A&!" #R),&) ,#( "# - ,6& (#

) ,!& 13&.(78#3 # '!"'+&"& 1,& -&A@S3& DQ))!#&8# FG]^I4

U6 '6&;#!( 2'"'6#!(' !&'($ & ,#1,#(#!)&/0 "& - ,6& 1 "# (# "&, "# 8<,'&( 6&!#',&(4

J(.&36#!)# ".&( ! /9#( "# ('6'3&,'"&"# (0 #61,#;&"&(4 ?2(#,8&!" & =;.,& _4FP$ 1 "#S(#

1#,+#2#, >.# &( =;.,&( (').&"&( !& 1,'6#',& 3'!:& 1 ((.#6 .6& "'(),'2.'/0 "# 1'R#3( (#6#S

3:&!)#$ (#!" (#6#3:&!)#( 1#3& + !8#!/0 "# ,#1,#(#!)&/0 2&(#&"& #6 ,#;'0 4 ` #!)&!) $

(# - ,  2(#,8&"  + !) ,! "#((#(  2W#) ($ 1 "#S(# 8#,'=+&, +#,)& "'-#,#!/& #!),#  ( ')#!( "&

1,'6#',& 3'!:&$ # .6& 6&' , (#6#3:&!/& #!),#  (  2W#) ( "# +&"& + 3.!&4 5# : .8#((# .6&

+ !(.3)& & 1&,)', "# .6& '6&;#6 #R#613 $ + 6 & #!+ !),&"& !& 1,'6#',& 3'!:& # 1,'6#',&

+ 3.!&$ &( '6&;#!( + !('"#,&"&( 1&,#+'"&( "# &+ ," + 6 +,')%,' ( "# ('6'3&,'"&"# 2&(#&"& #6



 !" #$%&'  (

 !"#$% &! #'( '& )' * #(!# ' +#,-'. /! %& 0 #12 #%& )! &#(#+' #)')! 3%&&!( 4'&!')%& !( 0%,1% ,%

'& #('"!,& ('#& &!(!+-',1!& ' !&&' &! #'( '& )' * #(!# ' 0%+5,' 67 ',)1 8999:.

;#"5 ' <.8=> ?@!(*+%& )! &#(#+' #)')! )! 3% (' 4'&!')' !( 0%,1% ,% !  !"#$%

A% 1',1%B '& 120,#0'& )!  !* !&!,1'C$% )! 3% (' *%)!( &! )#D#)#)'& !( )!&0 #1% !& #,1! ,%&

E4'&!')' !(  !"#F!&G ! !@1! ,%& E4'&!')'& !( 0%,1% ,%&GB !&&'& 120,#0'& *%)! #'( '#,)' &! 

)#&1#,"5#)'& !,1 ! (21%)%& ,% )%(H,#% )% !&*'C% ! (21%)%& ,% )%(H,#% )! 1 ',&3% (')'&. I'&

120,#0'& 4'&!')'& !(  !"#F!&B 1%)%& %& *#@!+& )!,1 % )%& +#(#1!& )! 5(' 3% (' &$% !@'(#,')%&

*' ' %41! &5'  !* !&!,1'C$%. J K"5 ' <.88 '* !&!,1' ' 1'@%,%(#' )%& (21%)%& )! )!&0 #C$%

)' 3% (' 0%( '+"5,& !@!(*+%& )! )!&0 #1% !& L5! &! $% '* !&!,1')%& '% +%,"% )!&1' &!C$%.

;#"5 ' <.88> M+'&&#K0'C$% "! '+ )'& 120,#0'& )!  !* !&!,1'C$% )! 3% ('&.
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 !"!# $%&'(&)* +)*,)-)* ,. /,0(1,*

 !"! #!$ %$&! '( )*+,! ('&*-$!-. '() &/0'$0() %* *1&-(+,! %* 0(-(0&*-2)&$0() %* #!-"(

3()*(%() *" -*4$5*). &!%!) !)  !"#$% %*'&-! %* 6"( -*4$,! %( $"(4*" ),! 7*8(%!) *" 0!'&( '(

-*9-*)*'&(+,! %* #!-"(). (! $'8/) %* 6)(- )!"*'&* () $'#!-"(+5*) %( 3!-%( %( $"(4*": ;))$"

0!"! !) "/&!%!) 3()*(%!) *" 0!'&!-'!. !) "/&!%!) 3()*(%!) *" -*4$5*) 9!%*" )*- %$8$%$%!)

*" "/&!%!) 47!3($) * "/&!%!) *)&-6&6-($):

34&,-,2 56,7#(2

<) "/&!%!) 47!3($) &-(&(" ( #!-"( 0!"! 6" &!%!: =($) "/&!%!) "*%*" ( %$)&-$36$+,! %!)

 !"#$% %* -*4$5*). )*'%! "*'!) 9-!8>8*$) %* )*-*" (#*&(%!) 9!- -62%!) !6 8(-$(+5*): ?1$)&*"

8>-$!) (&-$36&!) *)0(7(-*) @6* 9!%*" )*- %*-$8(%!) %! $'&*-$!- %* 6" !3A*&!: ?))*) *)0(7(-*)

9!%*" )*- 0!"3$'(%!) * 6" 8*&!- %* 0(-(0&*-2)&$0() 9!%* )*- 0-$(%!: ;746') %*))*) %*)0-$&!-*)

),! (9-*)*'&(%!) ( )*46$-:

 !"#$%!& '$()*+)$%#& ;) -*9-*)*'&(+5*) %* "!"*'&!) %* -*4$5*) $'&*-9-*&(" 6"( #6'+,!

'!-"(7$B(%( %* 6"( %(%( $"(4*" *" '28*$) %* 0$'B( 0!"! 6"( %*')$%(%* %( 9-!3(3$7$C

%(%* %* 6" 8(7!- (7*(&D-$!: E(%! @6* () -*9-*)*'&(+5*) %* "!"*'&!) 0!"3$'(" $'#!-C

"(+,! %*'&-! %* 6" !3A*&! $'&*$-! (! $'8/) %* 6" F'$0! 9!'&! %( 3!-%(. *7() 0(9&6-("

(746"() %() 9-!9-$*%(%*) 47!3($) @6* #(7&(" *" "6$&() -*9-*)*'&(+5*) 96-() 3()*(%() *"

0!'&!-'!G -!&(+,!. &-(')7(+,! * *)0(7(: <3A*&!) 9(-*0$%!) "() 0!" %$"*')5*) %$#*-*'&*).

9!- *1*"97!. %*8*" )*- ('(7$)(%!) 0!"! )*"*7H('&*) $'%*9*'%*'&* %* )*6 &("('H!: <)

9-$"*$-!) )*&* &*-"!) %!) "!"*'&!) $'8(-$('&*) %* I6. %*-$8(%!) %!) "!"*'&!) 0*'&-($)

'!-"(7$B(%!) %* )*46'%( * &*-0*$-( !-%*". 0(9&6-(" 3*" () 9-!9-$*%(%*) "($) 4*-($)

%( #!-"( %* 6" !3A*&! * )*-,! "!)&-(%!) ( )*46$- JI6 KLMNO: <6&-! %*)0-$&!- 3()&('&*

6&$7$B(%!) 0H("(%! %* "!"*'&!) !-&!4!'($) %* P*-'$Q* &("3/" )*-> "!)&-(%!:

3,/'1&,2 .18#$(#1&'2 -' 9:  !')$%*-(%!) 9!- "6$&!) (6&!-*) 6" %!) "($) 9!96C

7(-*) "/&!%!) %* %*)0-$+,! %* #!-"( 9!- -*4$,!. !) "!"*'&!) $'8(-$('&*) JI6 KLMNO.

0!"! ! 9-D9-$! '!"* A> %$B. &("3/" ),! $'8(-$('&*) R) &-(')#!-"(+5*) 4*!"/&-$C

0() 0$&(%() ('&*-$!-"*'&*: S(-( 6"( #6'+,! 3$%$"*')$!'(7 f(x, y). !) "!"*'&!) %*
!-%*" pTq 9(-( p.qU V.K.N::: ),! %(%!) 9*7( #D-"67( W:KV:

mpq =

∫ ∞

−∞

∫ ∞

−∞

xpyqf(x, y)dxdy XW:KVY

Z" &*!-*"( %* 6'$0$%(%* 9-!9!)&! 9!- JS(9!67$) KLLKO $'%$0( @6* )* f(x, y) #!-
0!'&2'6( 9!- 9(-&*) * 9!))6$- 8(7!-*) ',! '67!) (9*'() *" 6"( 9(-&* ['$&( %!

97('!. *'&,! !) "!"*'&!) %* &!%() () !-%*') * ( )*@6\'0$( %* "!"*'&!) XmpqY

/ 6'$0("*'&* %*&*-"$'(%( 9!- f(x, y): ]'8*-)("*'&* XmpqY %*&*-"$'(-> f(x, y)
JS(9!67$) KLLKO J^!'B(7*) ('% _!!%) KLLNO: <) "!"*'&!) 0*'&-($) 9!%*" )*- *1C

9-*))!) 0!"! "!)&-(%! '( *19-*)),! W:KK:



 !" #$%&' ()

µpq =

∫ ∞

−∞

∫ ∞

−∞

(x− x̄)p(y − ȳ)qf(x, y)dxdy  !"##$

%&'()

x̄ = m10

m00
( ȳ = m01

m00
"

*% +,-% '( ./, 0/,1(/ '0102,3 '0-+4(205,',6 , (7.,89% !"## : -.;-202.<', =(3%-

-%/,2>40%- ', (?=4(--9% !"#@"

µpq =
∑

x

∑

y

(x− x̄)p(y − ȳ)qf(x, y)  !"#@$

A- /%/(&2%- +(&24,0- &%4/,305,'%-6 '(&%2,'%- =%4 ηpq -9% '(B&0'%- =(3, (?=4(--9%

!"#!"

ηpq =
µpq

µγ
00

 !"#!$

-(&'% 7.()

γ = p+q
2

"

A +%&C.&2% '%- -(2(- /%/(&2%- 0&D,40,&2(- =%'( -(4 '(40D,'% , =,4204 '%- -(1.&'%-

( 2(4+(04%- /%/(&2%- +%/% (/ EF. #GH@I)

φ1 = η2,0 + η0,2

φ2 = (η2,0 + η0,2)
2 + 4η2

1,1

φ3 = (η3,0 − 3η1,2)
2 + (3η2,1 − η0,3)

2

φ4 = (η3,0 + η1,2)
2 + (η2,1 − η0,3)

2

φ5 = (η3,0 − 3η1,2)(η3,0 + η1,2)[(η3,0 + η1,2)
2 − 3(η2,1 + η0,3)

2] + 3(η2,1 − η0,3)(η2,1+
η0,3)[3(η3,0 + η1,2)

2 − 3(η2,1 + η0,3)
2]

φ6 = (η2,0 + η0,2)[(η3,0 + η1,2)
2 − (η2,1 + η0,3)

2] + 4η1,1(η3,0 + η1,2)(η2,1 + η0,3)
φ7 = (3η2,1 − η0,3)(η3,0 + η1,2)[(η3,0 + η1,2)

2 − 3(η2,1 + η0,3)
2] + (η3,0 − 3η1,2)(η2,1+

η0,3)[3(η3,0 + η1,2)
2 − 3(η2,1 + η0,3)

2]

JK40%- /(3L%4,/(&2%- &% +K3+.3% '%- /%/(&2%- 0&D,40,&2(- M%4,/ =4%=%-2%- ,% 3%&1%

'% 2(/=%" N/ EO0& ,&' PL(& #GG#I ( EO0& #GG#I6 =%4 (?(/=3%6 -9% ,=4(-(&2,',-

&%D,- /,&(04,- '( -( +,3+.3,4 (--(- /%/(&2%- 0&D,40,&2(- '( M%4/, /,0- (B+0(&2("

O0& &9% -> 4(M%4/.3%. %- /%/(&2%- '( F. +%/% 0&24%'.50. ./, &%D, %4'(/ '(

/%/(&2%- 0&D,40,&2(-"

*$&+,-$. /+ 0+%,12+ A- /%/(&2%- '( Q(4&0R( .20305,/ M.&8S(- '( ;,-(- %42%1%&,0-

( -9% /(&%- -(&-<D(0- , 4.<'%- 7.( %- /%/(&2%- '( F." T,0- /%/(&2%- -9% '(40D,'%-

'%- =%30&U/0%- '( Q(4&0R( 7.( M%4/,/ ./ +%&C.&2% %42%1%&,3 -%;4( % 0&2(40%4 '(



 ! "#$#%&'$()#*+, -' ./#0'12

 ! "#$" %&  '()*$(& +,$-'.) /00012 344(!5 &4 !&!6')&4 .6 76$'(86 9(.(!6'4(&'-(4

+:&'; 6) -%2 <==>1 4?& .-.&4 @&$A

Am,n =
m + 1

π

∫

f(x, y)[Vm,n(x, y)]∗dx dy

&'.65

x2 + y2 ≤ 1
m = 0, 1, 2, . . . ,∞
f(x, y) B - C 'D?& - 46$ .64"$()- E !- (!-;6!F

Vm,n .6'&)- - C 'D?& .6 9-46 76$'(86

∗ .6'&)- & "&!@%6G& "&'H ;-.& .6 Vm,n

n B  ! (')6($& I 6 $6@$646')- - .6@6'.J'"(- -'; %-$ & $&)-D?&

K-$- !-(&$64 .6)-%L64 4&9$6 &4 M&!6')&4 .6 76$'(86 N6H- +,(' -'. O(-PQ(&'; <==<1

6 +,$-'.) /00012

RG(4)6! -('.- & )$&4 .64"$()&$64 '64)- "-)6;&$(- "&!& &4 .64"$()&$64 ;6'B$("&4 .6 S& $(6$

+T ( 6) -%2 /00U15 MB)&.&4  !"# 6 M-)$(V64 .6 C&$!- +7L-'; -'. : <==W12 X )$&4 .64P

"$()&$64 4(!@%64 @-$- 64)- "-)6;&$(- )-!9B! "L-!-.&4 .6 .64"$()&$64 64"-%-$64 (')6$'&4

@&.6! 46$  4-.&42 3%; '4 .6%64 4?& -@$646')-.&4 - 46; ($2

 !"# K-$-  !- (!-;6! 9('*$(-5 - *$6- A .6  ! &9H6)& @&.6 46$ C-"(%!6')6 "-%" %-.-2 K-$-

(!-;6'4 .(;()-(4 - *$6- B 4(!@%64!6')6 & 'Y!6$& .6 @(G6%4 I 6  ! &9H6)& @&44 (2 R4)-

"-$-")6$#4)("- B '-) $-%!6')6 .6@6'.6')6 .- 64"-%- 6 .& )-!-'L& .& &9H6)&5 !-4 B ('P

N-$(-')6 Z $&)-D?& 6 )$-'4%-D?&2

S(; $- >2/<A [! &9H6)& "&! & !6'&$ $6)\'; %& .6 "&')&$'& I 6 .6]'6 - .($6D?& 6 6G"6')$("(.-.6

.- C&$!-2

$%!"&'( ^6  ! &9H6)& C&$ -%&';-.& @&.6P46 6G)$-($ .6%6  !- "-$-")6$#4)("- "L-!-.- .($6D?&

& &$(6')-D?& .& 6(G& !-(&$2 R4)- "-$-")6$#4)("- @&.6 46$ .6]'(.- "&!& - .($6D?& .&

\'; %& .& !-(&$ %-.& .& !6'&$ $6)\'; %& E& 6%(@46F I 6 "&')B! & &9H6)& E"&!& '-



 !" #$%&' ( 

 !"#$ %&'()& * +,#-./0 υ 1$2342 50+- 6-# 7$87"8$+$ 50# 202-9106 ,9:$#,$91-6 7020 -2

;<09=$ -1 $8& (>>?@ +$+$ 5-8$ AB#2"8$ %&'CD

υ =
1

2
tan−1

( 2µ11

µ20 − µ02

)

. E%&'F)

 !"#$%&'"'()(# G2$ 2-+,+$ 5$#$ $ -H7-91#,7,+$+- 50+- 6-# 3$6-$+$ 90 I"07,-91- +$ +,:,6/0

-91#- 0 2$,0# - 0 2-90# -,H0 +0 #-1J9!"80 E0" -8,56-) I"- 709142 0 03K-10& L-66- 7$60

1$2342 MN "2$ $5#0H,2$./0 5-806 202-9106 ,9:$#,$91-6D

ǫ =
(µ20 − µ02)

2 + 4µ11

A
, E%&'C)

09+- * 4 $ N#-$ +0 03K-10 ;O#$9+1 'PPP@&

*+,#&- (#  ./#& Q 9R2-#0 +- 3"#$706 E0" A"#06) +- "2 03K-10 50+- 6-# "6$+0 7020 "2$

7$#$71-#S61,7$& Q 709M-7,+0 9R2-#0 +- T"8-# ξ ;U09V$8-6 $9+ W00+6 'PP(@ 50+- 6-#

+- 9,+0 7020 $ +,A-#-9.$ -91#- 0 9R2-#0 +- 702509-91-6 709-71$+06 Nc - 0 9R2-#0

+- A"#06 9$ #-!,/0 NhX ,610 4D

ξ = Nc −Nh. E%&'Y)

0#%)$1./)&'()(# G2$ 2-+,+$ +- 7020 "2$ #-!,/0 50+- 6-# $5#0H,2$+$ 50# "2 #-1J9!"80

4 7M$2$+$ #-1$9!"8$#,+$+- ;O#$9+1 'PPP@& T66$ 2-+,+$ 50+- 6-# +- 9,+$ 7020 $ +,:,6/0

-91#- $ N#-$ +$ #-!,/0 +0 03K-10 - $ N#-$ +0 2-90# #-1J9!"80 I"- 0 -9703#- E7020

9$ Z,!"#$ %&'()& Q"1#$6 2-+,+$6 3$6-$+$6 9-66$ 1$2342 6/0 "6$+$6 E7,#7"8$#,+$+-X

-8,56,+$+-) ;<09=$ -1 $8& (>>?@&

2-,3)44'()(# * 7025$66,+$+- 50+- 6-# +- 9,+$ 7020 $ +,:,6/0 +0 I"$+#$+0 +0 5-#S2-1#0

P +$ A#091-,#$ 5-8$ N#-$ A +$ #-!,/0X 0" 6-K$D

ς =
P 2

A
. E%&'?)

)*+$,$- .-+%/+/%'0-

G2 1$910 6,2,8$# $06 2410+06 -61#"1"#$,6 +- 70910#90X 06 2410+06 -61#"1"#$,6 3$6-$+06

-2 #-!,[-6 +-7025[-2 -61$6 -2 5$#1-6 I"- 6/0 -91/0 "6$+$6 5$#$ $6 +-67#,.[-6& Q6 2410+06

-61#"1"#$,6 3$6-$+06 -2 #-!,[-6 2$,6 709M-7,+06 6/0D A-7M0 709:-H0 - 6$8,\97,$6 -H58$9$+06 $

6-!",#&



  !"#"$%&#'(")*+ ,& -."/&01

 !"#$ %$&'!($  !" #$%&'( r ) *(+,$-" .$ $ .(!$+/$ .$ 0"#" 12"&.12$# 3(&. 0(+/(. x1, x2 ∈ r4
( .$%!$+/( 3$ #$/" x1x2 $./&,$# /(/"5!$+/$ 3$+/#( 3" #$%&'( r6 7 8$*9( *(+,$-( 3$ 2!"
#$%&'( ) " !$+(# #$%&'( *(+,$-" H 12$ ."/&.8": " *(+3&;'( R ⊂ H6 < 3&8$#$+;" H −R )

*9"!"3" 3$=*&>+*&" *(+,$-" D 3" #$%&'( R ?@9"+% "+3 A2 BCCDE6 F$%&G$. $ 3$=*&>+*&".

*(+,$-". 0(3$! .$# 3$.*#&/". $! 8(#!" 3$ H#,(#$.4 .$+3( $./". #$0#$.$+/"3". 0$5(. +I.

8(59".6 < J&%2#" K6LK !(./#" 2!" 8(#!" *(!0(./" 3$ #$%&G$.4 #$0#$.$+/"3" 0$5( !)/(3(

3( 8$*9( *(+,$-(6

J&%2#" K6LKM J$*9( *(+,$-(M N"O F$%&G$. $ 3$=*&>+*&". *(+,$-". NPO #$0#$.$+/";'( 3". #$%&G$.

$ 3$=*&>+*&". *(+,$-". 0(# H#,(#$6

)*+,-&",*. Q'( 2."3". 0"#" 3$.*#$,$# (. 0(+/(. 3( *(+/(#+( 3$ "5/" *2#,"/2#" (2 ". $-/#$!R

&3"3$. 3(. $.12$5$/(. 3$ 8(#!"6 S" J&%2#" K6LD /$!(. /#>. &52./#";G$. 3$ ."5&>+*&". 3$

2!" 8(59"6 T! N"O /$!(. (. 0(+/(. 3$ ."5&>+*&" 3( *(+/(#+(4 $! NPO /$!(. ". ."5&>+*&".

3( $.12$5$/( &+/$#+( $ $! N*O ". ."5&>+*&". 3( $.12$5$/( $-/$#+(6 U"&(#$. 3$/"59$. .(P#$

."5&>+*&". 0(3$ .$# $+*(+/#"3(. $! ?V$3#(." $/ "56 BCCWE6

 !"!# $%&'(&)* +)*,)-)* '. /.'0.1'.

S". /)*+&*". P".$"3". +( *(+/(#+( ( 8(*( 0#&+*&0"5 ) " &+8(#!";'( 3". 8#(+/$&#". 3$ 2!

(PX$/(6 T-&./$!4 P".&*"!$+/$4 3(&. /&0(. 3$ "P(#3"%$+. 0"#" " !(3$5"%$! 3( *(+/(#+( 3$

8(#!".M " "P(#3"%$! *(+/Y+2" N%5(P"5O $ " "P(#3"%$! 3&.*#$/" N$./#2/2#"5O6

S" "P(#3"%$! %5(P"54 2! ,$/(# 3$ *"#"*/$#Y./&*" +2!)#&*( 3$#&,"3( 3$ /(3" " P(#3" )

2."3( 0"#" 3$.*#$,$# " 8(#!"6 U$3&3". 3$ .&!&5"#&3"3$ $+/#$ 8(#!". .'( 2.2"5!$+/$ /(!"3".

0(# "5%2!" !)/#&*" 3$ 3&./Z+*&"6

<P(#3"%$+. $./#2/2#"&. 12$P#"! " P(#3" $! .$%!$+/(.4 *9"!"3(. 0#&!&/&,".4 2."+3( "5%2!

*#&/)#&( 0"#/&*25"#6 < #$0#$.$+/";'( =+"5 ) 2.2"5!$+/$ 2!"  !"#$% (2 2! %#"8(6 < !$3&3" 3$

.&!&5"#&3"3$ ) 8$&/" 0(# *"."!$+/( 3$  !"#$% (2 3$ %#"8(.6



 !" #$%&' ("

 !"#$% &'()* +,-.,/ 01 /%2!3-4!%/ 01 #5% 6,27%8 9%: /%2!3-4!%/ 0, 4,-.,$-, 9;: 1 94: /%2!3-4!%/

0,/ 1/<#121.,/ !-.1$-,/ 1 1=.1$-,/> $1/?14.!@%51-.1'

A/ 01/4$!.,$1/ ;%/1%0,/ -, 4,-.,$-, /#?B15 <#1 , 4,-.,$-, 0% !5%"15 15 %-C2!/1 .1-7%

/!0, 01.14.%0, ?$1@!%51-.1'

)*+$,$- ./$0'1-

 !"#$%&'(' )* +!&*,-$ )' .$&)' A/ ?$!51!$,/ 1=?1$!51-.,/ 15 1=.$%DB1/ 01 4%$%4.1$E/F

.!4%/ 01 6,$5% 6,$%5 61!.,/ #.!2!G%-0, 7!/.,"$%5%/ 01 0!$1DH, 0% ;,$0% IJ$%-0. (KKKL' M1#

/#41//, ?$,@%@1251-.1 $1/!01 -% 6%4!2!0%01 01 1=.$%DH, /15 % -141//!0%01 01 /1"51-.%DH,

0% !5%"15 %2N5 01 4%?.#$%$ % !-6,$5%DH, "1$%2 0% 6,$5% 0% !5%"15 1 /1 .,$-%$ !-@%$!%-.1

% .$%-/2%DH, 0,/ ,;O1.,/ -% !5%"15' P//1 5N.,0, /1 ;%/1!% -, ?$!-4E?!, 01 <#1 % !5%"15

N ?$NF?$,41//%0% 01 5,0, % /1 ,;.1$ /1# 5%?% 01 ;,$0%/ 15 @C$!%/ 0!$1DB1/' +%$% !//,> ,

5,012, 01 1/?%D, 01 4,$1/ N .$%-/6,$5%0, -, 5,012, 01 4,$1/ QMR ,-01 % @%$!C@12 Q#1

N 01/4,-/!01$%0% ?,$ <#1/.B1/ 1=?2!4%0%/ 15 IJ$%-0. (KKKL' S/ ,#.$%/ 0#%/ @%$!C@1!/ /H,

4,-@,2#E0%/> ,# /1O%> .$%-/6,$5%0%/ 15 #5% -,@% !5%"15 %.$%@N/ 01 ,?1$%0,$1/ 01 M,;12

15 ,!., 0!$1DB1/ 9@1$  !"#$% &'(T:'

S !5%"15 $1/#2.%-.1 01/.% ,?1$%DH, N 1-.H, ;!-%$!G%0% 4,5 #5 @%2,$ 01  !"#$!%&' %?$,F

?$!%0, ?%$% 4%0% @%$!C@12' A/ @%2,$1/ 01  !"#$!%&' /H,> 1-.H,> 5%-#%251-.1 U=%0,/

?%$% <#1 /1O%5 ,/ 51/5,/ 15 .,0%/ %/ !5%"1-/' A/ 7!/.,"$%5%/ 01 ;,$0% /H, 4%24#F

2%0,/ 4,-.%-0, ,/ ?!=12/ 0% ;,$0% 15 4%0% #5% 0%/ ,!., 0!$1DB1/ (Ho
0 , H

o
45, H

o
90, H

o
135,

Ho
180, H

o
225, H

o
270, H

o
315)' S !-@%$!V-4!% 15 $12%DH, W 1/4%2% N ,;.!0% ?12% -,$5%2!G%DH, 0,

7!/.,"$%5% 4,5 , $1/?14.!@, -X51$, 01 ?,-.,/ 0% ;,$0% 01 4%0% !5%"15 IJ$%-0. (KKKL'

+!"#&!/0!,-$ )' .$&)' 123$&) +!"#&!/0#!$45 Y5 (!%"' N #5% $1.% <#1 #-1 0,!/ ?,-.,/

0, 4,-.,$-,' M1O% #5% !5%"15 ;!-C$!% ,-01 b(x, y) = 1 -,/ ?,-.,/ 01 ;,$0% 1 b(x, y) = 0
-,/ ,#.$,/ ?,-.,/> % 0!/.$!;#!DH, 0,/ 4,5?$!51-.,/ 1 V-"#2,/ 01 .,0,/ ,/ (!%"'$ <#1 2!"%5

,/ ?,-.,/ ,-01 b(x, y) = 1 6,$5%5 #5 01/4$!.,$' P//% 0!/.$!;#!DH, ?,01 /1$ %$5%G1-%0%



 ! "#$#%&'$()#*+, -' ./#0'12

 !"#$% &'()* +,-$%./$-0 .- 1/2-3 -4 /!5/ .!$-67-0

-4 #4 8!05/"$%4% 9#- ,/.-$: 0-$ ;/$4%3!<%./ -= >/;0-9#-;5-4-;5-= 0-$: !;?%$!%;5- -4

$-3%6@/ A $/5%6@/ - -0>%3%'

 !!"#$%&'$ () *+',$ B4% %00!;%5#$% $-,$-0-;5% #4% C/$4% ,/$ #4% C#;6@/ #;!.!4-;D

0!/;%3 .-$!?%.% ./0 ,/;5/0 .- 2/$.% EF8%;" %;. G# HIIJK' LM!05-4 4#!5%0 %00!;%5#$%0

.- C/$4%* .!05N;>!% %/ >-;5$/= N;"#3/ 5%;"-;5-= >#$?%5#$%= -5> EF8%;" %;. G# HIIJK '

O00!;%5#$%0 .- C/$4%0 ;/$4%3!<%.%0 0@/ !;?%$!%;5-0 % 5$%;03%6@/ - -0>%3%= >/;5#./= 0@/

0-;0P?-!0 % $#P./' O  !"#$% &'(Q 4/05$% #4% C/$4% - 0#% %00!;%5#$% >/$$-0,/;.-;5- /25!.%

,-3/ 4R5/./ .% .!05N;>!% %/ >-;5$/'

 !"#$% &'(Q* O C/$4% .- #4% 4%6@ - 0#% %00!;%5#$% ,/$ .!05N;>!% %/ >-;5$/

EF8%;" %;. G# HIIJK'

-+,)#%+! () .+'($ +0 4/4-;5/0 .- 2/$.% 0@/ #0%./0 ,%$% $-.#<!$ %0 .!4-;07-0 .%0 $-D

,$-0-;5%67-0 .% C/$4%' S/$ -M-4,3/= 0-T% #4% 2/$.% $-,$-0-;5%.% ,/$ #4% %00!;%5#$%

z(i) .-0>$!5% .% 4-04% 4%;-!$% -M,3!>!5%.% ;/ !5-4 %;5-$!/$= / rDR0!4/ 4/4-;5/ mr - /

4/4-;5/ >-;5$%3 µr ,/.-4 0-$ >%3>#3%./0 >/4/ -4 EF8%;" %;. G# HIIJK ,/$*

mr =
1

N

N
∑

i=1

[z(i)]r e µr =
1

N

N
∑

i=1

[z(i)−m1]
r

U&'(VW



 !" #$%&' ()

 !"# N $  !%&#' "#  !"#$% " ( !) '! * + &#!) , "# - '". ! '&./01." , ( & mr =
mr/(µ2)

r/2
# µr = µr/(µ2)
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#"' ,#( ( )! "#&(-"2"%.+")&!  "  "#%'.&!'"#  " #,(3. ( " '"2(&.3(6 ]!' "9"+$2!< ( +" . (

($'"#")&( ( $"2( ">,(/0! Y6XY 4 E $('( U'"(#  " .)&")#. ( " %!)#&()&" [σ2(z) W E #" &! !#

!# zi_# $!##,:'"+ ! +"#+! 3(2!'\ " #" ($'!9.+(  " N $('( 1'() "# 3(2!'"#  " σ2(z) 6

R = 1−
1

1 + σ2(z)
[Y6XY\

^ &"'%".'! +!+")&! 4 ,+( +" . (  " ()&.K#.+"&'.(  ! A.#&!1'(+(< ")>,()&! ! >,('&!

+!+")&! 4 ,+( +" . (  " #", (%A(&(+")&! !, $2()('. ( "6 ^ >,.)&! " !# !,&'!# +!K



 ! "#$#%&'$()#*+, -' ./#0'12

 !"#$%  &'% &(#$% ")$ %)$ #)$ *&+'( !"#! ,!(&+'$"&-$% &$ *$, &#$ -$ .'%#$/,& &0  &%

*$,"!+! '"*$, &1)$ 23&"#'#&#'4& &-'+'$"&( 5&,& $ +$"#!6-$ -& #!7#3,&8

9!-'-&% -! #!7#3,& +&(+3(&-&% &5!"&% & 5&,#', -$ .'%#$/,& & ")$ -!"$#& & '"*$, &1)$

%$:,! & 5$%'1)$ ,!(&#'4& -$% 5'7!(% ! ,!(&1)$ 3"% &$% $3#,$%8 ;  $-$ -! %! #,&<!,

!%%& '"*$, &1)$ 5&,& $ 4!#$, -! +&,&+#!,=%#'+&% > +$"%'-!,&, ")$ &5!"&% & -'%#,':3'1)$

-! '"#!"%'-&-!%0  &% #& :> &% 5$%'1?!% -$% 5'7!(% 23! 5$%%3! 4&($,!% -! '"#!"%'-&-!

'/3&'% $3 %! !(.&"#!%8

@!A& P 3 $5!,&-$, -! 5$%'1)$ ! %!A& 3 3 &  &#,'< k × k +3A$ !(! !"#$ aij %!A& $

"6 !,$ -! 4!<!% 23! 5$"#$% +$ $ "=4!( -! +'"<& zi $+$,,& B"& 5$%'1)$ !%5!+'C+&-&

5$, P D ,!(&#'4& !"#! & 5$"#$% +$ "=4!( -! +'"<& zj0 +$ 1 ≤ i0 j ≤ k8 E$, !7! 5($0
+$"%'-!,! 3 & ' &/! +$ #,F% "=4!'% -! +'"<&0 z1GH0 z2GI ! z3GJ0 -'%5$%#$% ! 3 &

 &#,'<K

0 0 0 1 2
1 1 0 1 1
2 2 1 0 0
1 1 0 2 0
0 0 1 0 1

L -!C"'1)$ -$ $5!,&-$, -! 5$%'1)$ P +$ $ M3  !"#$ N -',!'#& ! 3  !"#$ &:&'7$O (!4& N

%!/3'"#!  &#,'< 38

3 G





4 2 1
2 3 2
0 2 0





%!"-$ 23!0 5$, !7! 5($0 a11 B&+' & ! N !%23!,-&D > $ "6 !,$ -! 4!<!% 23! 3 5$"#$ +$ 

"=4!( -! +'"<& z1 G H &5&,!+! ! 3 5'7!( &:&'7$ ! 3 N -',!'#& -$ 5'7!( +$ $  !% $

"=4!( -! +'"<&0 !"23&"#$ 23! a13 B&+' & ! N -',!'#&D > $ "6 !,$ -! 4!<!% 23! 3 5$"#$

+$ "=4!( -! +'"<& z1 G H &5&,!+! ! 3 5'7!( &:&'7$ ! 3 N -',!'#& -$ 5'7!( +$ $

"=4!( -! +'"<& '/3&( & z3 G J8 P #& &".$ -! 3 > !%#,'#& !"#! -!#!, '"&-$ 5!($ "6 !,$

-! "=4!'% -! +'"<& -'*!,!"#!% ! 3 & -&-& ' &/! 8 E$, '%%$0 & &5('+&1)$ -$% +$"+!'#$%

-'%+3#'-$% "!%%& %!1)$ 3%3&( !"#! ,!23!, 23! &% '"#!"%'-&-! %!A& ,!23&"#'<&-&% ! 3 

"6 !,$  !"$, -! "=4!'% -! +'"<&0 -!  &"!',& & -' '"3', & -' !"%'$"&('-&-! -$ 4!#$, -!

+&,&+#!,=%#'+&%8

@!A& n $ "6 !,$ #$#&( -! 5&,!% -! 5$"#$% ! 3 & ' &/! 23! %&#'%*&1& P B"$ !7! 5($
&"#!,'$,0 nGIQD8 @! 3 &  &#,'< " *$, *$, &-& -'4'-'"-$R%! +&-& !(! !"#$ -! 3 5$,

n0 !"#)$ cij0 %!,S 3 & !%#' &#'4& -& 5,$:&:'('-&-! +$"A3"#& -! 23! 3 5&, -! 5$"#$%

%&#'%*&<!"-$ P 5$%%3',S $% 4&($,!% Bzi0zjD8 L  &#,'< " > +.& &-& -! %&'(!) *# +,-

,+,((./+!& *# /01#!2 *# +!/)&8 ; & 4!< 23! " -!5!"-! -! P 0 & 5,!%!"1& -! 3 & -&-&
#!7#3,& 5$-! %!, -!#!+#&-& &#,&4>% -& !%+$(.& -! 3 $5!,&-$, -! 5$%'1)$ &5,$5,'&-$8 E$,

!7! 5($0 $ $5!,&-$, 3%&-$ "$ +&%$ &"#!,'$, > %!"%=4!( N% :&"-&% -! '"#!"%'-&-! +$"%#&"#!

! '"+('"&-&% & RTU 8 BV$#! 23! $  &'$, 4&($, ! 3 !,& a11 G T0 5&,+'&( !"#! -!4'-$ &



 !" #$%&'() **

 !" #"$%" &' ()*+), &' $*+'*,$&"&' - ' &' $*./$*"01) 234 56 7' !"*'$8" !"$, 9'*:8$."; )

(8)</'!" : "*"/$,"8  !" &"&" !"+8$= + ("8" ."+'9)8$="8 " +'%+ 8" &'  !" 8'9$1) ,)<8' "

> "/ + #)$ ."/. /"&"5 ?!" @'= .)!( +"&" " !"+8$= &' .)2).)88A*.$"; @B8$", ."8".+'8C,+$.",

&' +'%+ 8" ()&'! ,'8 '%+8"C&", &',+"5 DEF,)G "*& H"8"/$.F IJJKL (8)(M,  ! .)*N *+) &'

I3 ',+"+C,+$.", )<+$&", &" !"+8$= &' .)2).)88A*.$" ("8" ."8".+'8$="8 +'%+ 8",5 7',+", ",

!"$,  +$/$="&", *" 8'. ('8"01) &' $!"9'*, ,1) ", /$,+"&", *" +"<'/" O5I; )*&' µi ' µj ,1)

", !:&$", ' σi ' σj ,1) ), &',@$), ("&8P', &' P 5

Q"8".+'8C,+$." R> "01)

Q)*+8",+' f1 =
∑

i

∑

j(i− j)2P (i, j)

R*'89$" f2 =
∑

i

∑

j P 2(i, j)

R*+8)($" f3 =
∑

i

∑

j P (i, j)− log P (i, j)

H)!)9'*'$&"&' f4 =
∑

i

∑

j
P (i,j)

(1+|i−j|)

Q)88'/"01) f5 = 1
σiσj

∑

i

∑

j(i− µi)(j − µj)P (i, j)

S"<'/" O5IT  !"!#$%"&'$(#!' )%"(*+*%(' )! ,!$"(- )% #./.#.""01#(!2

Q"8".+'8C,+$.", '%+8"C&", &" !"+8$= &' .)2).)88A*.$" "(8','*+"! <)" ."(".$&"&' &' &$,2

.8$!$*"01) &' +'%+ 8",5 E (8$*.$("/ &',@"*+"9'! : ) ,' "/+) . ,+) .)!( +".$)*"/5

 !"!#$%#&% '( )(*+,-% ?! <)! !:+)&) ("8" ,' &',.8'@'8 " +'%+ 8" &'  !" $!"9'! : )

.U"!"&) &',.8$+)8 &' @$=$*U"*0" &' +'%+ 8" DV""F,)*'* '+ "/5 W---L5 X',,' !:+)&) "

$!"9'! : 8'(8','*+"&" '! *C@'$, &' .$*=" '  ! &',.8$+)8 &' &$!'*,1) )$+) : 9'8"&) &"

,'9 $*+' #)8!"T ,' ) @"/)8 &'  ! ($%'/ *" @$=$*U"*0" &' )$+) : !"$)8 > ' ) ($%'/ .'*+8"/

'*+1); ) .)*+"&)8 &$8'.$)*"/ $*&$."*&) " 8',('.+$@" &$8'01) : $*.8'!'*+"&)5 Y,+) : #'$+)

("8" +)&), ),  !"#$% *" $!"9'! ' '! ,'9 $&" ) &',.8$+)8 : *)8!"/$="&)5

.%-%/+(-01+!/%1 )%2,-% E, ."8".+'8C,+$.", S"! 8" DS"! 8" '+ "/5 IJZKL .)!<$*"! ",('.2

+), &' 8 9),$&"&'; .)*+8",+'; &$8'.$)*"/$&"&'; ,'!'/U"*0" &' /$*U",; 8'9 /"8$&"&' ' ",2

('8'="5 R,+", !'&$&", #)8"! (8)N'+"&", '! .)*#)8!$&"&' .)! ',+ &), (,$.)@$, "$,

".'8." &" ('8.'(01) U !"*" &' +'%+ 8"5 [, +8A, (8$!'$8), .)!()*'*+', &", ."8".+'2

8C,+$.", S"! 8" #)8"!  ,"&), '! &)$, &'()% ()( /"8',T ) *'(& D\/$.F*'8 '+ "/5 IJJ4L '

) +,-.-/--0 D]'*+/"*& '+ "/5 IJJ^L5 E .)!( +"01) &',+", +8A, ."8".+'8C,+$.", ,1) &"&",

" ,'9 $85 E, &'!"$, !'&$&", _,'!'/U"*0" &' /$*U",; 8'9 /"8$&"&' ' ",('8'="6 ()&'! ,'8

@$,+", '! DS"! 8" '+ "/5 IJZKL5

,'-./01)1$ 2 :  !" !'&$&" &" 98"* /"8$&"&' &" +'%+ 8"5 Y*$.$"/!'*+'; ("8" ."&"

 !"#$ (x, y) ,1) ."/. /"&", ", !:&$", Ak(x, y) &), *C@'$, &' .$*=" '! ."&" @$=$*U"*0"

2k, k = 2, 3, ..., L5 ]),+'8$)8!'*+'; ("8" ."&"  !"#$ ' ."&" @$=$*U"*0" : ."/. /"&" "

&$#'8'*0" '*+8' ("8', &' !:&$", @$=$*U", *1)2,)<8'(),+", *", &$8'0P', U)8$=)*+"/ h
' @'8+$."/ v;

Ek,h(x, y) =
∣

∣

∣
Ak(x + 2k−1, y)− Ak(x− 2k−1, y)

∣

∣

∣

Ek,v(x, y) =
∣

∣

∣
Ak(x, y + 2k−1)− Ak(x, y − 2k−1)

∣

∣

∣
_O5WO6
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 !"#$% &$%%#' ( )*+),+*&# "*-* )*&*  !"#$ # .*/*01# &* 2$3$01*04* Sbest 5,! /*6$/$3*

# 2*+#- &! E'

Sbest(x, y) = 2k
789:;<

=$0*+/!0.!' * -,>#%$&*&! ( &!?0$&* )#/# * /(&$* &#% 2*+#-!% &! Sbest'

Frugosidade =
1

m× n

m
∑

i=1

n
∑

j=1

Sbest(i, j) 789:@<

#0&! m× n )#--!%"#0&! A &$/!0%B# &* $/*>!/9

",1&$#2&' C ( )*+),+*&# "!+* %!>,$0.! D#-/,+*E

Fcontraste =
σ

α
1/4
4

789:F<

#0&! α4 = µ4/σ
4
( # ),-.#%! ' µ4 ( # 5,*-.# /#/!0.# %#G-! * /(&$*' ! σ2

( *

2*-$H0)$*9 I%.* DJ-/,+* "#&! %!- *"+$)*&* A $/*>!/ $0.!$-* #, * -!>$K!%9

3($'%(,1#4(-#-' C "*-* )#/",.*- * &$-!)$#0*+$&*&! ( D!$.* ,/* )#02#+,4B# !0.-! * $/*C

>!/ )#/ #% #"!-*&#-!% &$-!)$#0*$%





−1 0 1
−1 0 1
−1 0 1





!





1 1 1
0 0 0

−1 −1 −1





' ! !/ %!>,$&*

( )*+),+*&# ,/ 2!.#- >-*&$!0.! "*-* )*&*  !"#$9 L /*>0$.,&! |∆G| ! # H0>,+# θ &!
)*&* 2!.#- %B# &*&#% "#-E

∣

∣∆G
∣

∣ =
(∣

∣∆H

∣

∣ +
∣

∣∆V

∣

∣

)

/2

θ = tan−1(∆V /∆H) + π/2 789:F<

#0&! ∆H ! ∆V %B# *% &$D!-!04*% 1#-$3#0.*$% ! 2!-.$)*$% &* )#02#+,4B#9

I/ %!>,$&* ( )#0%.-,M&# ,/ 1$%.#>-*/* &#% 2*+#-!% &! θ 71$%.#>-*/* &! &$-!4K!%<'
)#0%$&!-*0&# %#/!0.! #% 2*+#-!% &! /*>0$.,&! |∆G| /*$#- 5,! ,/ +$/$*- T 9 I%.!
1$%.#>-*/* HD *"-!%!0.* D#-.!% "$)#% "*-* $/*>!0% *+.*/!0.! &$-!)$#0*$% ! ( -!+C

*.$2*/!0.! *"+*0*&# "*-* $/*>!0% %!/ D#-.!% #-$!0.*4K!%9 N 1$%.#>-*/* $0.!$-# (

!0.B# -!%,/$&# "#- ,/ 2*+#- &! &$-!)$#0*+$&*&! "#-E

Fdirecionalidade =
∑

∀p∈P

∑

φ∈wp

(φ− φp)
2HD(φ) 789:O<

#0&! P ( # )#0P,0.# &! "$)#% &# 1$%.#>-*/*' wp ( # )#0P,0.# &! $0.!-2*+#% &$-!)$#0*$%

!0.-! &#$% 2*+!% 5,! &!+$/$.*/ ,/ "$)#' ! φp ( * &$-!4B# #0&! %! !0)#0.-* # "$)#9



 !" #$%&'() *+

 !"!#$%"&'$(#!' ,-./  !"#$%&$'()*$  !"# +,(- ./! 0(#.1! 23345 &1$67 $-81. .9$1!.:"%

&.1. . !"'#1()*$ !" 8";8-1. "% 8"1%$' !" &1$&1("!.!"' &"1#"&8(6.'<  ' 817' #$%&$=

/"/8"'  !"#> ?.1%$/(.> $%&'$()$')$ " (/!"8"1%(/('%$> #$11"'&$/!"% . &"1($!(#(!.!">

!(1"#($/.@(!.!" " 1./!$%(#(!.!" !" 8";8-1.'> 1"'&"#8(6.%"/8"< A";8-1.' &"1(B!(#.' 87%

-% C$18" #$%&$/"/8" ?.1%D/(#$> 8";8-1.' .@8.%"/8" !(1"#($/.(' 87% -% C$18" #$%&$=

/"/8" $%&'$()$')$> " 8";8-1.' %"/$' "'81-8-1.!.' 8"/!"% . 8"1 -% C$18" #$%&$/"/8"

(/!"8"1%(/E'8(#$<

 !"#$%&$'()*$ !"# 9(!(%"/'($/.@ &"1%(8" F-" -% #.%&$ 1./!D%(#$ !('#1"8$ " ?$%$:7=

/"$ {y(m, n), (m, n ∈ Z)} '"G. !"#$%&$'8$ "% 817' #$%&$/"/8"' %-8-.%"/8" $18$:$/.('H

y(m, n) = u(m, n) + d(m, n) = u(m, n) + h(m, n) + e(m, n) IJ<KLM

$/!" u(m, n) N $ #$%&$/"/8" (/!"8"1%(/E'8(#$> " d(m, n) N $ #$%&$/"/8" !"8"1%(/E'8(#$
F-" &$!" '"1 !"#$%&$'8$ /$ #$%&$/"/8" ?.1%D/(#$ h(m, n) " /$ #$%&$/"/8" $%&'$()$')$
e(m, n)< O$ !$%E/($ !. C1"F-7/#(. 8"%$' F-"H

Fy(ξ, η) = Fu(ξ, η) + Fd(ξ, η) = Fu(ξ, η) + Fh(ξ, η) + Fe(ξ, η) IJ<K3M

$/!" Fy(ξ, η), Fu(ξ, η), Fd(ξ, η), Fh(ξ, η), Fe(ξ, η) '*$ .' C-/)P"' !" !('81(9-()*$ "'&"#81.@
!" {y(m, n)}> {u(m, n)}> {d(m, n)}> {h(m, n)} " {e(m, n)}> 1"'&"#8(6.%"/8"<

O$ !$%E/($ "'&.#(.@> $' 817' #$%&$/"/8"' $18$:$/.(' &$!"% '"1 $98(!$' &"@. "'8(%.)*$

!" &1$9.9(@(!.!" %Q;(%.> F-" #$/'('8" "% .G-'8.1 -% &1$#"''$ .-8$=1":1"''(6$ !" .@8.

$1!"%> %(/(%(R./!$ -%. C-/)*$ #-'8$ " 1"'$@6"/!$ -% #$/G-/8$ !" "F-.)P"' @(/".1"'<

O$ !$%E/($ !. C1"F-7/#(.> #$%&$/"/8"'  !"# &$!"% '"1 $98(!$' &$1 @(%(.1"' :@$9.(' !"

%.:/(8-!"' !$ "'&"#81$ !" S$-1("1 !.' (%.:"/'<

)%'#"($*" +,*-!, .% /%0$1"! T% +U"'"@."1' "8 .@< KVVL5 -% !"'#1(8$1 !" #.1.#8"1E'8(#.' !"

8";8-1. N !"'#1(8$ #$%$ . '$%. !" 6Q1($' !"'#1(8$1"'< T'8"' !"'#1(8$1"' '*$ %-(8$ -8(@(R.!$'

"% (%.:"/' %N!(#.' " /*$ "% (%.:"/' #$%-/'> &$1 (''$ /*$ '"1*$ !"8.@?.!$'< T@"' '*$

#(8.!$' . '":-(1> &.1. -% %"@?$1 "/8"/!(%"/8$ &1$#-1.1 "% +U"'"@."1' "8 .@< KVVL5<

012$345- 6()7&). W% C1.#8.@ I#$/?"#(!. (/(#(.@%"/8" #$%$ #-16. %$/'81$M N -% $9G"8$

:"$%N81(#$ F-" &$!" '"1 !(6(!(!$ "% &.18"'> #.!. -%. !.' F-.(' '"%"@?./8" .$ $9G"8$

$1(:(/.@< X %"'%$ &$''-( %"!(!.' /Y%"1(#.' $- "'8.8E'8(#.' F-" '*$ &1"'"16.!.' "%

!(C"1"/8"' "'#.@.'<  ' !"Z/()P"' !" C1.#8.(' :"1.@%"/8" (%&@(#.% "% .@:-%. C$1%.

!" .-8$='(%(@.1(!.!" "'8.8E'8(#. I%"'%$ . !(%"/'*$ C1.#8.@ N -%. %"!(!. /-%N1(#.

&1"'"16.!. "% !(C"1"/8"' "'#.@.'M<  !(%"/'*$ C1.#8.@ %"!" . 1-:$'(!.!" !" -%.

'-&"1CE#(" " &$!" '"1 #.@#-@.!. !" 6Q1(.' C$1%.' #$%$ $ %N8$!$ !" *!+,!-'./'0<

[.(' !"8.@?"' !"'8" %N8$!$ &$!" '"1 6('8$ "% +U"'"@."1' "8 .@< KVVL5<

849$($:)  .'&"1"R. #.1.#8"1(R. $ 8.%./?$ !.' &.18(#-@.' !" -%. (%.:"%< W%. C$1%.

!" '" %"!(1 N C.R"1 $ #Q@#-@$ !. 6.1(\/#(. /. (%.:"% +U"'"@."1' "8 .@< KVVL5<



 ! "#$#%&'$()#*+, -' ./#0'12

31&$,4(#  !"# "$%&%# %# '()#*&+#,-' %' .'*/$0%' %$ &*1'("#,-' %$ !"# &"#)$"2

5(6'$'1*#2 324#%(#(2 -' 789'(2 -' %(1)# 3$4.($5$ # ($6#,-' %$ 7(&68' %'4  !"#$% .'"

4$!4 5&+&*8'42 9'%$ 4$( .#6.!6#%# :$6# "#/(&+ %$ .';'.'((<*.&# %# "$4"# 1'("#

.&/#%# *$44# 4$,-'2

:;1*+, -' <;&,",$$'=#*+, "($%;=#$ -' >,$#1 =$%$ # (!)'4&%#%$ %# /$>/!(#2 9#(#

' .?.!6'@ !"# 4A(&$ %$ 1!*,B$4 %$ .'(($6#,-' A !4#%#2 =#&4 %$/#68$4 $" C3$4$6#$(4 $/ #62 DEEFG2

 !"!# $%&'()*+,- .-/'0/0')1-

H$)!*%' 1'& "$*.&'*#%' *' &*I.&' %$4/# 4$,-'@ !"# 4$)!*%# #7'(%#)$" %$ ($:($4$*/#,-'

%$ /$>/!(# 7#4$&#;4$ $" .'*.$&/'4 $4/(!/!(#&42 9'( $>$":6'@ 4!:'*8# J!$ $>&4/# !" ($)(#

S → aS@ J!$ &*%&.# J!$ ' 4I"7'6' S :'%$ 4$( ($$4.(&/' .'"' aS '! %$ #.'(%' .'" 4!#4

%$(&5#,B$42 K .#%$&# aaaS 4$(&# ' ($4!6/#%'4 %$ /(<4 #:6&.#,B$4 %$44# ($)(# :'( $>$":6'2 K

:#(/&( %$44# &%A&# :'%$;4$ )$(#( !" $4J!$"# #%&.&'*#*%' "#&4 ($)(#4 # $6$2 9'( $>$":6'@ 4$L#

' .'*L!*/' %$ 5#6'($4M a@b $ c2 H$ a ($:($4$*/#( !" N.I(.!6' #+!6 O %&($&/#P@ b ($:($4$*/#( !"
N/(&Q*)!6' 5$("$68' #7#&>'P $ c ($:($4$*/#( !" NJ!#%(#%' 5$(%$ O $4J!$(%#P $ $4/#7$6$.$*%'

#4 4$)!&*/$4 ($)(#4M S → bA@ A → cA@ A → c@ :'%$;4$ )$(#( !"# .#%$&# %' /&:' aaabccbaa
J!$ .'(($4:'*%$ # !"# "#/(&+ R>R %$ 4I"7'6'4 .'"' "'4/(#%' *# S)!(# R2DRT#U2 =#&'($4

:#%(B$4 %$ /$>/!(#@ .'"' #J!$6$ "'4/(#%' *# S)!(# R2DRT7U :'%$" 4$( )$(#%'4 1#.&6"$*/$ %#

"$4"# "#*$&(#2 T9'%$;4$ *'/#( J!$@ *' $*/#*/'@ $44#4 ($)(#4 /#"7A" :'%$" )$(#( $4/(!/!(#4

J!$ *-' 4$L#" ($/#*)!6#($42U K6A" %&44' $4/# #7'(%#)$" A 6&"&/#%#@ %#%' J!$ # &%$*/&S.#,-'

#!/'"?/&.# %$4/#4 :(&"&/&5#4 A !" :('76$"# %&1I.&6@ $ /#"7A" :'(J!$ $4/# A 4'"$*/$ #:6&.#%#

# /$>/!(#4 $4/(&/#"$*/$ !*&1'("$4@ ' J!$ A "!&/' (#(' $" &"#)$*4 ($#&42 =A/'%'4 $4/(!/!(#&4

:#(# %$4.(&,-' %$ /$>/!(# &*.6!$" ':$(#%'($4 "'(1'6V)&.'4@ )(#1'4 %$ #%L#.<*.&# $ %&#)(#"#4

%$ W'('*'& CX'*+#6$4 #*% Y''%4 Z[[DG2

\&)!(# R2DRM T#U]>$":6' %$ :#%(-' )$(#%' :$6#4 ($)(#4 S → bA@ A → cA@ A → c^ T7U :#%(-'
%$ /$>/!(# 7&%&"$*4&'*#6 )$(#%' :$6#4 "$4"#4 ($)(#42



 !" #$%&'() *+

 !"! #$%&'()*+, -,.*/0&(1,

 !"!#$!%&' "' ()#(*$+' "( ,'-+.(+ / -0! "!) $/*1.*!) 0!.) -$.2.3!"!) #!+! "()*+(4(+ !

'+.(1$!%&' "( #!"+5() #(+.6".*') '- 7-!)( #(+.6".*') (0 -0! .0!8(09 :))() #!"+5() 82';!.)

"( $(<$-+!= (0;'+! )(>!0 ?!*.20(1$( ."(1$.@*!"') 1' ()#(*$+' *'0' *'1*(1$+!%5() "( !8+-#!A

0(1$') "( !2$! (1(+8.!= )&'= (0 8(+!2= ".?B*(.) "( )( "($(*$!+ *'0 0/$'"') ()#!*.!.) "(4."' C

1!$-+(3! 2'*!2 "())!) $/*1.*!)9

DE'13!2() !1" F''") GHHIJ ".3 7-( !) $+K) #+.1*.#!.) *!+!*$(+B)$.*!) "' ()#(*$+' "( ,'-+.(+

#!+! ! "()*+.%&' "( $(<$-+!) )&'L ') #.*') +()-2$!1$() "' ()#(*$+' ') 7-!.) .1".*!0 ! ".+(%&'

"') #!"+5() "( $(<$-+!= ! #').%&' "') #.*') 1' #2!1' "! ?+(7-K1*.! 7-( ?'+1(*(0 ' #(+B'"'

()#!*.!2 ?-1"!0(1$!2 "') #!"+5() ( ! (2.0.1!%&' "( 7-!.)7-(+ *'0#'1(1$() #(+.6".*') !$+!4/)

"( @2$+') "(.<!1"' ') (2(0(1$') 1&' #(+.6".*') 1! .0!8(0= 7-( #'"(0 )(+ "()*+.$') #'+ $/*1.*!)

()$!$B)$.*!)9

 2/0 "! !;'+"!8(0 !$+!4/) "') ()#(*$+') "( ,'-+.(+ (<.)$(0 #()7-.)!) 7-( .1".*!0 ' -)'

"( @2$+') "( E!;'+ DM-*(+N!1 !1" O!.1 GHHPJ ( 0'"(2') "(  !"#$#%& DQ! !1" Q!1>-1!$R GHHSJ9

:)$-"') 0')$+!0 7-( ())() ).)$(0!) "( $(<$-+! -$.2.3!1"' E!;'+ ( 0-2$.+()'2-%&' ).0-2$T1(!

!#+()(1$!0A)( *'0' -0! ;'! $/*1.*! (0 ).)$(0!) "( +(*-#(+!%&' "( .0!8(1) ;!)(!"! (0

*'1$(U"' DQ! !1" Q!1>-1!$R GHHSJ DV.*!+" !1" Q.1W! GHHSJ9  ".?(+(1%! (1$+( ! !1X2.)( 0-2A

$.+()'2-%&'  !"#$#%& #!+! ! !1X2.)( "') ()#(*$+') "( ,'-+.(+ / 7-( ! !1X2.)( (0  !"#$#%& 1&' /

?(.$! "( !*'+"' *'0 ! ?+(7-K1*.! ( ).0 )(8-1"' ! ()*!2!9 Y) !28'+.$0')  !"#$#%& #+'*())!0 "!A

"') (0 ".?(+(1$() ()*!2!) ( +()'2-%5()= #')).;.2.$!1"' -0! 4.)&' $!1$' 82';!2 "! .0!8(0 7-!1$'

') "($!2R() "! 0()0!9  .1"! RX -0! 8+!1"( ".)*-))&' ! +()#(.$' "( 7-( ?!0B2.!  !"#$#%&

-$.2.3!+ #!+! ! !1X2.)( "( $(<$-+! 4.)$' 7-( !28-0!)  !"#$#%& ';$K0 0(2R'+() +()-2$!"') 1!

!1X2.)( "( $(<$-+!) ()#(*B@*!)9 Y-$+!) ';>(%5() *'0' ! *'0#2(<."!"( *'0#-$!*.'1!2 $!0;/0

.1$(+?(+(0 1())! "(*.)&'9 :))() "'.) .0#'+$!1$() "()*+.$'+() )(+&' 0(2R'+ "()*+.$') ! )(8-.+L

 !"!#$%"&'$(#!' )! *(+$"!,%- ,)-.( Y @2$+' '!()* / ;!)$!1$( -)!"' #!+! (<$+!.+ *!+!*$(A

+B)$.*!) "( .0!8(0= ()#(*.!20(1$( "( $(<$-+!9 :<.)$( 0-.$!) #+'#')$!) "( *!+!*$(+.3!%&'

"( $(<$-+! *'0 ;!)( 1! @2$+!8(0 '!()*= 1' (1$!1$' ()$!) )(8-(0 ! 0()0! ."/.! ;X).*!9

Z0! ?-1%&' '!()* ;.".0(1).'1!2 / "(@1."! *'0'L

g(x, y) =
1

2πσxσy

exp

[

−
1

2

(

x2

σ2
x

+
y2

σ2
y

)

+ 2πjWx

]

[P9P\]

'1"( σx ( σy )&' ') "()4.') #!"+5() "') 1U*2(') E!-)).!1') !' 2'18' "!) ".+(%5() x (
y9 :1$&' -0 *'1>-1$' "( @2$+') '!()* #'"(0 )(+ ';$."!) #'+ ".2!$!%5() ( +'$!%5() "(

g(x, y)L

gmn(x, y) = a−mg(x′, y′)

x′ = a−m(x cos θ + y sin θ) [P9P\]

y′ = a−m(−x sin θ + y cos θ)



 ! "#$#%&'$()#*+, -' ./#0'12

 !"# a > 1$ θ = nπ/K$ n = 0, 1, . . . , K − 1$ # m = 0, 1, . . . , S − 1% K # S &'  & !()#* &

"#  *+#!,-./#& # #&0-1-&%

2-"- 3)- +)-4#) i(x, y)$ &3- ,*-!&5 *)-"- "# 6-7 * 8 "#9!+"- 0 ) :

Wmn(x, y) =

∫

i(x, y)g∗mn(x− x1, y − y1)dx1dy1 ;<%<=>

 !"# ∗ +!"+0-  0 )?1#@ 0 !A34-" % B!,' - )8"+- µmn #  "#&C+ ?-"*' σmn "-

)-4!+,3"# "# Wmn(x, y)$ +&, 8$ f = [µ00, σ00, . . . , µmn, σmn, . . . , µS−1K−1, σS−1K−1] ? "#)
&#* 3&-" & ?-*- *#?*#&#!,-* -& 0-*-0,#*D&,+0-& "# ,#@,3*- "# 3)- +)-4#)%

 !"!#$%"&'$(#!' )! *"!+',-".!)! 3#4'5'& E+)+1-* F 91,*-4#) 6-7 *$ - ,*-!&5 *)-"-

 !"#$#% GH-11-, IJJKL ?* "3M 3)- -7 *"-4#) )31,+N*#& 13.' ?-*- - -!O1+&# # 01-&&+9N

0-.' "# ,#@,3*-% P ,*-!&5 *)-"-  !"#$#% "#0 )?/# 3) &+!-1 0 ) 3)- 5-)+1+- "# 53!./#&

7-&#& Ψmn(x)  7,+"-& -,*-C8& "# ,*-!&1-./#& # * ,-./#& "# 3)-  !"#$#% &'# Ψ(x)$ +&, 8$

Ψmn(x) = 2−m/2Ψ(2−mx− n) ;<%<I>

 !"# m # n &'  & ?-*Q)#,* & "# "+1-,-.' # ,*-!&1-.' $ *#&?#0,+C-)#!,#% R) &+!-1 f(x)
? "# &#* *#?*#&#!,-" 0 ) :

f(x) =
∑

m,n

cmnΨmn(x) ;<%<K>

P 0 )?3,-.' "- ,*-!&5 *)-"-  !"#$#% "# 3) &+!-1 K2 #!C 1C# 91,*-4#) *#03*&+C- #

&37N-) &,*-4#)% B) 0-"- !DC#1$  &+!-1 8 "#0 )? &, #) S3-,* &37N7-!"-& "# 5*#N

S3T!0+-$ (($ ()$ )( # ))$  !"# ( "#! ,- 5*#S3T!0+- 7-+@- # ) "#! ,- 5*#S3T!0+- -1,-%

U& " +& ,+? & ?*+!0+?-+& "# ,*-!&5 *)-"-  !"#$#% 3&-"-& ?-*- -!O1+&# "# ,#@,3*- &' -

,*-!&5 *)-"-  !"#$#% #&,*3,3*-"- #) ?+*Q)+"# ;*+,!&-./0%,12%1,#.  !"#$#% %,!3045,& /

678> # - ,*-!&5 *)-"-  !"#$#% #&,*3,3*-"- #) O*C *# ;%,##/0%,12%1,#.  !"#$#% %,!3045,&

/ 878>% P 678 "#0 )?/# *#03*&+C-)#!,# - 7-!"- ((% V !,3" $ ?-*- -143)-& ,#@,3*-&

- +!5 *)-.' )-+& +)? *,-!,# 5*#S3#!,#)#!,# -?-*#0# ! & 0-!-+& "# )8"+- 5*#S3T!0+-%

W-*- &3?#*-* #&,# ?* 71#)-$ - 878 "#0 )?/#  3,*-& 7-!"-& ,-+& 0 ) ()$ )(  3 ))

S3-!" !#0#&&O*+ %

2#? +& "- "#0 )? &+.' $ C#, *#& "# 0-*-0,#*D&,+0-& ? "#) &#* 0 !&,*3D" & 3&-!" - )8"+-

#  "#&C+ ?-"*' "- "+&,*+73+.' "# #!#*4+- "# 0-"- &37N7-!"- #) 0-"- !DC#1%



 !" #$%&'%() *+ #,(&)-.,/(01.2 3+4+01. + 5+*601. *+ 7(,(%8+,9)8'%() :;

 !" #$%&'%() *+ #,(&)-.,/(01.2 3+4+01. + 5+*601. *+ 7(8

,(%9+,:)9'%()

 !" ! #$#%&! '# ()*%!+!,-# '!. /#%*!. ') '#'!.0 *#'# $)1 "#-. *!"23(#'!4). #*3"3+#"

'#'!.0 24!*)..#" '#'!.0 ) 5#1)" 3.! ')..). '#'!.6  !" -..!0 2).73-.#'!4). ) ').)%$!+$)8

'!4). %)*)..-(#" 3(-+-1#4 )..). '#'!. ') 5!4"# )9*#10 24-%*-2#+")%() %#. :4)#. ') );2+!4#&<!0

#%:+-.) ) $-.3#+-1#&<! ') '#'!.6 = %)*)..-'#') ') #%#+-.#4 ,4#%'). /#%*!. ') '#'!. > ! 24!8

/+)"# 53%'#")%(#+ '# 4)'3&<! ') '#'!.?  !"! ').*!/4-4 4)24).)%(#&@). *!"2#*(#. ') '#'!.

%8'-")%.-!%#-.A  !"! B3+,#4 # .-"-+#4-'#')A =. 4)24).)%(#&@). ")%(#-. 73) !. .)4). C3"#%!.

2!..3)" '! "3%'! .<! 5!4"#'#. 2)+! 24!*)..#")%(! ') 3" ,4#%') %D")4! ') )%(4#'#. .)%.!8

4-#-.0 2!4 );)"2+!0 # -%()%.-'#') '!.  !"#$% '#. -"#,)%.0 ! 2!')4 ).2)*(4#+ '!. .!%.0 !. E%,3+!.

') B3%&<! '!. *!42!. #4(-*3+#'!.6 F%73#%(! ).(G"3+!. *!"2+);!. ').(# 5!4"# 2!')" .)4 4)24)8

.)%(#'!. )" 3" $)(!4 ') ).2#&! #+(#")%() '-")%.-!%#+0 )+). 2!')" (-2-*#")%() 2!..3-4 3"#

').*4-&<! "3-(! "#-. *!"2#*(# HI!J)-. #%' K#3+ LMMMN6 =2).#4 ') "3-(!. ">(!'!. ') #24)%8

'-1#'! ()%(#4)" .)+)*-!%#40 );(4#-40 *!%.(43-4 *#4#*()4G.(-*#.0 (#%(! # #%:+-.) 73#%(! !. ).(3'!.

);2)4-")%(#-. -%'-*#" 73) "3-(!. #+,!4-("!. ).*#+#" 2!/4)")%() !. '!"G%-!. *!" 3" ,4#%')

%D")4! ') -%5!4"#&@). -44)+)$#%(). ) 4)'3%'#%(). HO-3 #%' P!(!'# QRRSN6 F" #+,3%. *#.!. ).8

(#. *#4#*()4G.(-*#. .!54)" '! 24!/+)"# '# '-")%.-!%#+-'#')0 !3 .)B#0 ! %D")4! ') #"!.(4#. ')

(4)-%#")%(! );-,-'! 2#4# 73) 3" *+#..-9*#'!40 2!4 );)"2+!0 ()%C# 3" ').)"2)%C! .#(-.5#(T4-!

> '#'! 2!4 3"# 53%&<! );2!%)%*-#+ '# '-")%.<! '! ).2#&! ') *#4#*()4G.(-*#.0 2!4(#%(!0 .) )..)

).2#&! ') *#4#*()4G.(-*#. 5!4 "3-(! ,4#%') ! %D")4! ') #"!.(4#. ')$)4: .)4 );2!%)%*-#+")%()

"#-!40 ! 73) (!4%# # .!+3&<! '! 24!/+)"# -%$-:$)+ HU#-% )( #+6 LMMMN6

= (#4)5# ') -')%(-9*#4 73#-. *#4#*()4G.(-*#. 53%*-!%#4<! )9*#1")%() 2#4# 3" #+,!4-("! 4)8

24).)%(#4 3"# $#4-:$)+ )" 3" ).2#&! .) (!4%# 3" #.2)*(! -"2!4(#%() ) 2!..3- 3" -"2#*(! *!%8

.-')4:$)+ %# )9*:*-# '!. 4).3+(#'!. )" .-.()"#. ') *+#..-9*#&<! ) 4)*32)4#&<! HI#V")4 )( #+6 LMMMN6

W"# ).*!+C# T(-"# 2!') %<! .)4 -%(3-(-$# ) %<! );-.() 3"# 4),4# ')9%-'# 2#4# ).*!+C)4 73#-.

4)*34.!. -4<! 24!2!4*-!%#4 3"# '-.*4-"-%#&<! )%(4) *+#..).6  #4#*()4G.(-*#. 73) 53%*-!%#"

2!/4)")%() .)2#4#'#. 2!')" !*#.-!%#+")%() (4#/#+C#4 /)" .) 2#4)#'#. *!" !3(4#. *#4#*()8

4G.(-*#.6 X! )%(#%(!0 ")'-4 ) 4)24).)%(#4 (!'#. #. 2!..G$)+. *!"/-%#&@). ') *#4#*#()4G.(#. 2!')

.) (!4%#4 3" (4#/#+C! '-.2)%'-!.! ) -%$-:$)+ HI#V")4 )( #+6 LMMMN6

 !"! 4).3+(#'! '-..!0 ">(!'!. ') );(4#&<!0 .)+)&<! ) (4#%.5!4"#&<! ') *#4#*()4G.(-*#. (Y"

.) (!4%#'! -"2!4(#%(). 5)44#")%(#. 2#4# ! 4)*!%C)*-")%(! ') 2#'4@).0 #%:+-.) );2+!4#(T4-# ')

'#'!. ) 4)*32)4#&<! ') -%5!4"#&<! ) -"#,)%.6

 !"! 5!- '-(! %! -%G*-! ').() *#2G(3+!0 # );(4#&<! ') *#4#*()4G.(#. > 3" 24!*)..! )" 73)

3" !/B)(! '! "3%'! 4)#+ Z.)B# 3"# -"#,)"0 3" .!"0 3" "!')+!0 )(*[ > 4)24).)%(#'! %38

")4-*#")%() )" 3" *!%B3%(! ') '#'!. 73) 4).3") ) #/.(4#- ! *!%C)*-")%(! %)*)..:4-! 2#4# #

').*4-&<! '!. #(4-/3(!. '! !/B)(! 2#4# 3" ')$-'! 9" Z.)B# # .3# *+#..-9*#&<!0 # .3# *!"2#4#&<!

*!" !3(4!. !/B)(!. !3 # .3# ').*4-&<! 234#[6

= (4#%.5!4"#&<! ') *#4#*()4G.(-*#. > 3" 24!*)..! !%') 3" %!$! *!%B3%(! ') *#4#*()4G.(-*#.

> *4-#'! *!" /#.) )" 3" !3(4! $)(!4 ') *#4#*()4G.(-*#.6 F.() 24!*)..! 2!') .)4 4)#+-1#'!

#(4#$>. ') 3" "#2)#")%(! +-%)#4 !3 %<! +-%)#4 '#. *#4#*()4G.(-*#.0 ) ! *!%B3%(! 4).3+(#%()

2!') ).(#4 )" !3(4! ).2#&! '-")%.-!%#+6

K)B# 3" *!%B3%(! ') *#4#*()4G.(-*#. A1, A2, ..., An # (4#%.5!4"#&<! ') *#4#*()4G.(-*#. > 3"



 ! "#$#%&'$()#*+, -' ./#0'12

 !"#$%%" &'$ (!) $*+!,(! '- #"./'.+" 0$ ."1,% #,!,#+$!2%+(#,% B1, B2, ..., Bm (m < n)3 ".0$
Bi = Fi(A1, A2, ..., An) $ F 4 '-, 5'.67" 0$ -, $,-$.+" 89(' ,.0 :"+"0, ;<<=>? @- $*$- A"

0$ , A(#,67" %$!(,3 B1 = c1A1 + c2A2 ".0$ c1 $ c2 %$!(,- #"$B#($.+$% &',(%&'$!?

C $*+!,67" $ , +!,.%5"!-,67" 0$ #,!,#+$!2%+(#,%  "0$- %$! 1(%+,%3 %"D "'+!"  ".+" 0$ 1(%+,3

#"-" %$.0" 0$ -$%-, .,+'!$E,3  "(% ,% +4#.(#,% 0$ $*+!,67"3 ,%%(- #"-" ,% 5'.6F$% 0$ +!,.%G

5"!-,67"3 '+(A(E,- #"-" D,%$ '- #"./'.+" 0$ 0,0"% $ +!,.%5"!-,- $%%$% 0,0"% $- '- ."1"

#"./'.+" 0$ #,!,#+$!2%+(#,%? H"! $*$- A"3 '-, (-,I$-  "0$ %$! 1(%+, #"-" '- #"./'.+" 0$

0,0"% $ '- J(%+"I!,-, 0$ #"!$%  "0$ %$! 1(%+" #"-" '- 0$%#!(+"!? K$ +"-,!-"%  "! D,%$

&'$ , -$%-, (-,I$-  "0$ %$! #".%(0$!,0, #"-" '- #"./'.+" 0$ #,!,#+$!2%+(#,% L0(% "%+, $-

'-, -,+!(EM " -$%-" 0$%#!(+"! LJ(%+"I!,-, 0$ #"!$%M  "0$ %$! 1(%+" #"-" '-, 5'.67" 0$

+!,.%5"!-,67" 0$ #,!,#+$!2%+(#,%?

CA4- 0(%%" $*(%+$ +,-D4- , %$A$67" 0$ #,!,#+$!2%+(#,% &'$ .7" (!) #!(,! .$.J'-, ."1, #,G

!,#+$!2%+(#,3 -,% (!) 5"!-,! '- ."1" #"./'.+" #"- ,% #,!,#+$!2%+(#,% %$A$#(".,0,% 0" #"./'.+"

"!(I(.,A !$0'E(.0" " $% ,6" 0$ #,!,#+$!2%+(#,% "!(I(.,A? C %$A$67" $ , +!,.%5"!-,67" 0$ #,G

!,#+$!2%+(#,% .7" %7" )!$,% +"+,A-$.+$ (.0$ $.0$.+$%3 $A,%  "0$- %$! 1(%+,% #"-" 0"(% A,0"% 0"

 !"DA$-, 0$ !$ !$%$.+,67"? N".%(0$!$ '- #"./'.+" 0$ #,!,#+$!2%+(#,% #"-" '-, A(.I',I$- 0$

!$ !$%$.+,67"? O- ,AI'.% #,%"% ".0$ , A(.I',I$-  "%%'( -,(% #,!,#+$!2%+(#,% &'$ " .$#$%%)!(" ,

%$A$67" 0$ #,!,#+$!2%+(#,%  "0$ ,/'0,! ., %(- A(B#,67" 0$%+, A(.I',I$-? O- "'+!"% #,%"% ".0$

, A(.I',I$- .7" 4 %'B#($.+$  ,!, 0$%#!$1$! "  !"DA$-,3 , +!,.%5"!-,67" 0$ #,!,#+$!2%+(#,%  "0$

$.!(&'$#$! , A(.I',I$-3 #A,!$,.0" "%  ".+"% $- &'$ , -$%-, 4 5,AJ,? P.0$ $ #"-" $%%,% 0',%

5$!!,-$.+,%  "0$- %$! '%,0,% (!) 0$ $.0$! 0, , A(#,67"?

C% +4#.(#,% 0$ %$A$67" 0$ #,!,#+$!2%+(#,%  "0$- %$! 0(1(0(0,% $- +!Q% )!$,%  !(.#( ,(%3 0$

,#"!0" #"- " +( " 0$ (.+$!,67" #"- ,AI"!(+-"% 0$ , !$.0(E,0" 0$ -)&'(.,R  !"##$!3 $%&$''$'

$ BA+!" 8SA'- ,.0 9,.IA$T ;<<U>? P% -4+"0"% $%&$''$' %7" D,%$,0"% $- )!1"!$% 0$ 0$#(%7" $

!$,A(E,- '-, D'%#, I'A"%, .$%%,% )!1"!$%3 '+(A(E,.0" '-, 5'.67" 0$ ,1,A(,67" &'$ (!) %$A$#(".,!

,% #,!,#+$!2%+(#,% 0$ -,("! 0(%#!(-(.,67" $.+!$ ,% #A,%%$% 8SA'- ,.0 9,.IA$T ;<<U>? P -4+"0"

 !"##$! 4 D,%$,0" $- 5$!!,-$.+,% 0$ , !$.0(E,0" 0$ -)&'(., $ +$- #"-" "D/$+(1" $.#".+!,!

'- %'D#"./'.+" 0$ #,!,#+$!2%+(#,% D,%$,0,% $- '-,  " 'A,67" (.(#(,A3 ,1,A(,.0" " !$%'A+,0"

"D+(0"  $A, V#,(*,  !$+,W $ '+(A(E,.0" " !$%'A+,0"  ,!, %$A$#(".,! '- ."1" #"./'.+" 0$ #,!,#+$G

!2%+(#,% 8SA'- ,.0 9,.IA$T ;<<U>? P -"0$A" 0$ BA+!" +$- #"-"  !(.#2 (" D)%(#" %$A$#(".,! #,!G

,#+$!2+(#,% A$1,.0" $- #".%(0$!,67" ,%  !" !($0,0$%  !X !(,% 0" #"./'.+" 0$ 0,0"%3 (.(#(,.0"

#"- '- $%+,0"  !4G0$+$!-(.,0"3  $!#"!!$.0" " $% ,6" 0$ D'%#, $ ,1,A(,.0" #,0, %'D#".G

/'.+" 0$ #,!,#+$!2%+(#,% '+(A(E,.0" '- #!(+4!(" 0$ ,1,A(,67" $% $#2B#" 8SA'- ,.0 9,.IA$T ;<<U>?

O%%$% -4+"0"% .7" %$!7" , !"5'.0,0"% .$%+, %$67"  "! .7" 5,E$!$-  ,!+$ 0" $%#" " 0$%%$ +!,G

D,AJ"3 -,(% (.5"!-,6F$% %"D!$ +4#.(#,% 0$ %$A$67" 0$ #,!,#+$!2+(#,%  "0$- %$! $.#".+!,0,% $-
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d "0/* 5/!/ (* *"* %0/* &%*%+6(36"&(*@ *%0 / +%)%**"&/&% &% /I$&/ ($ e"+ %!6%+>M(- 5(! /3,$0/

%+ "&/&% )(+ !(3/&(!/< N0 )(+*%K$[+)"/ &"**(@ 6S!"(* %* $&(* &% /3,(!" 0(* ,%+O ")(*@ #$*)/

%6(3$)"(+S!"/@ /$ f0/ (* )%3$3/!%*@ !%&%* +%$!/"*@ %+ !% ($ !(* "+)" S6%"* !/0(* *M( !%/3"L/&(*

5/!/ 3%6/! / O / )(05$ />M( % / 0/ %0S ")/ / %R)S)"/ % ( 6",(! &/ 0/+%"!/ /$ (]/I$* S6%3 %

/  !/+*J(!0/>M( 5!(,!%**"6/ &/ +/ $!%L/ #"(3d,")/ TD/CY"+ VQQEX< g/*%/&( +%**/ %R)S)"/ &/

0/+%"!/ /$ (]/I$* S6%3 &/ +/ $!%L/ #"(3d,")/ &(* +%$!f+"(*@ %* % )/52 $3( /5!%*%+ / /3,$+*

J$+&/0%+ (* *(#!% /* 7%&%* ^%$!/"* =! "R)"/"* $ "3"L/&(* +/ (# %+>M( &( 0(&%3( 5!(5(* (<

 !"!" #$%&'() *+ ,)-./0+1 2-(3(4.*.1

= *%,$"+ % +( />M( *%!S $ "3"L/&/ /( 3(+,( &%**% )/52 $3(<

xi yi

= "6/>?%* &/* $+"&/&%* Xi % Yj !%*5%) "6/0%+ %h

'/!/ $+"&/&%* &% %+ !/&/ Xii

xi j *"+/3 &% %+ !/&/i

'/!/ ($ !/* $+"&/&%* Yji

yj = f(ykinj)<

wij

'%*(* +/* )(+%c?%* 6"+&/* &% Xi 5/!/ / $+"&/&% Yji

bj

g"/* +/ $+"&/&% Yj<

f(y-inj)
N+ !/&/ &/ !%&% 5/!/ / $+"&/&% Yjh

net(ykinj) = bj +
∑

i xiwij<
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 !"#$% &' (')*)+

 = wij,

W.j
-'"*# &' .')*)+

W.j = (w1j, w2j, w3j, ..., wnj)
T
/

σj

01234* &' !"$5!34* (!#! * 2'1#62$* Yj,

c
-'"*# &' '2"#!&! &1#!2"' * "#'$2!7'2"*+

c = (f1, f2, f3, ..., fn),

A
-'"*# &' )!8&! !95*: &1#!2"' * "#'$2!7'2"*+

A = (a1, a2, a3, ..., am),

x
-'"*# &' '2"#!&! &1#!2"' ! ;!)' &' "')"')+

x = (x1, x2, x3, ..., xn),

 !" #$%&'()* +&,)-.)/0

<' !=*#&* =*7 >?1@'# ABBCD ' >E!FG$2 ABBHD !) #'&') 2'1#!$) )4* =*7(*)"!) &' 2I) *1

12$&!&') =*2'="!&!) (*# 582=19*) *#$'2"!&*) =J!7!&*) 2'1#62$*) !#"$K=$!$), L7 2'1#62$* !#"$M

K=$!9 N'O'7(9$K=!&* 2! K@1#! P,HQ R 17! 12$&!&' &' (#*='))!7'2"* &' $2;*#7!34* ;12&!7'2"!9

(!#! 17! #'&' 2'1#!9 ' R S!)$=!7'2"' ;*#7!&* ('9*) )'@1$2"') '9'7'2"*)+

!"#$"% &' (#)*$&$: xi *1 fi N&'('2&'2&* &* ')"T@$* &! #'&'Q, U))') &!&*) (*&'7 )'#

(#*5'2$'2"') &* !7S$'2"': *1 &! !"$5!34* &' *1"#*) 2'1#62$*), V) 5!9*#') &' '2"#!&! &$;'#'7

W1!2"* !* $2"'#5!9* ('#7$"$&* &' !=*#&* =*7 * 7*&'9* $7(9'7'2"!&*: 7!) @'#!97'2"' !)

'2"#!&!) )4* 5!9*#'): &* =*2X12"* NB:HQ *1 NMH:HQ: *1 2Y7'#*) #'!$) W1!$)W1'#,

L7 +,#-.#), &' %"#$/%'% *1 '0,% &' +,#'12,: =!&! 17! =!#!="'#$%!&! (*# 17 /'%, *1

3,*4$ /*5/*"$, U)('=$K=!7'2"' 17 )$2!9 xi 2! '2"#!&! &' )$2!()' i =*2'="!&! !* 2'1#62$* j R
719"$(9$=!&* ('9* (')* )$2T("$=* wij, Z $7(*#"!2"' 2*"!# ! 7!2'$#! =*7 W1' )4* ')=#$"*) *)

82&$=') &*) (')*) )$2T("$=*) wij, V (#$7'$#* 82&$=' )' #';'#' !* "'#7$2!9 &' '2"#!&! &! )$2!()'

! W1!9 * (')* )' #';'#' ' * )'@12&* 82&$=' )' #';'#' !* 2'1#62$* '7 W1')"4*, V (')* )$2T("$=*

&' 17 2'1#62$* !#"$K=$!9 (*&' ')"!# '7 17 $2"'#5!9* W1' $2=91$ "!2"* 5!9*#') (*)$"$5*) W1!2"*

2'@!"$5*),

L7 %,6$&,* *1 #78'0 &' $)"8$42,

∑

i xiwij (!#! )*7!# *) &!&*) &' '2"#!&!: (*2&'#!&*)

('9!) #')('="$5!) )$2!()') &* 2'1#62$* *1 )'X!: ! ;*#3! =1719!"$5! &' )'1) )$2!$) &' '2"#!&!

')=!9!&*) ('9* (')* &! =*2'O4* wij !* 9*2@* &! 9$2J! &' '2"#!&!,

L7! ;1234* &' !"$5!34* σ(.) R 1)!&! (!#! #')"#$2@$# ! !7(9$"1&' &! )!8&! &' 17 2'1#62$*,
U)"! ;1234* =!9=19! * ')"!&* K2!9 *1 &' )!8&! &* 2'1#62$* &'"'#7$2!2&* W1!2"* * 285'9 &'
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 !"#$% &'() *+,-.+ /0+1.!/-%$ ,- #2 /-#$3/!+ 4%,%56%,+ ,- 78%9:!/ ;<<(=>'

%6!?%@0+ ,+ /-#$3/!+ -A6B %C%!D+ +# %E!2% ,- #2 ?%.+$ .!2!%$' F +CG-6!?+ ,+ .!2!%$ H $-5$+,#I!$

+ -A6%,+ %6!?+J!/%6!?+ ,+A /-#$3/!+A C!+.K"!E+A' L%$%E6-$MA6!E%2-/6-N + !/6-$?%.+ /+$2%.!I%,+

,% %25.!6#,- ,% A%M,% ,- #2 /-#$3/!+ H #2 !/6-$?%.+ #/!6B$!+ O-EP%,+ 7<N(= +# %.6-$/%6!?%2-/6-

71(N(=N /+ -/6%/6+N -D!A6-2 ,!?-$A+A +#6$+A 2+,-.+A ,- O#/@Q-A ,- %6!?%@0+' R$SA -AE+.P%A 5%$%

σ(.) A0+ 2+A6$%,%A /% T"#$% &';) % O#/@0+ ,- .!2!%$N % O#/@0+ ,- .!2!%$ 5+$ 5%$6-A - % O#/@0+
A!"2K!,- 4!"#%.2-/6- E+/P-E!,% E+2+ O#/@0+ .+"MA6!E%>' U O#/@0+ A!"2K!,- 6-2 % E+/?-/!S/E!%

,- A-$ ,!O-$-/E!B?-.N + V#- O%E!.!6% /% O%A- ,- %5$-/,!I%"-2 ,+A 5-A+A E+2+ A-$B 2+A6$%,+ /%A

A-@Q-A 5+A6-$!+$-A' R+,%A %A O#/@Q-A 5+AA#-2 #2 .!2!%$ 4A-G% -.- 5-$2%/-/6- +# 6-25+$B$!+>

-2 I-$+W + 5-A+ ,- ,-A?!+ w0j ,-T/- + .!2!6- $-%. 5%$% % #/!,%,-N /+ A-/6!,+ ,- V#- % #/!,%,- H

%6!?%,% V#%/,+ % A+2% 5+/,-$%,% ,- -/6$%,%A $-%!A

∑

i xiwij 4+# A-G%N -DE.#M/,+1A- % -/6$%,%

,- ,-A?!+> -DE-,- w0j 78%9:!/ ;<<(= 7X#AA-. %/, Y+$?!" ;<<Z='

 !"#$% &';) 4%>  #/@0+ ,- .!2!%$ 4,-"$%#>' 4C>  #/@0+ ,- .!2!%$ 5+$ 5%$6-A 4$%25%>' 4E>  #/@0+

A!"2K!,->'

F 2+,-.+ /-#$+/%. ,% T"#$% &'( !/E.#! %!/,% #2 C!%A !/A-$!,+ ,- 2+,+ -D6-$/+N $-5$-A-/6%,+
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 !" bj# $ %&'( bj )*+ ,!+! -.'/&0'0* ',"*(,*.)'" !1 *.2"'31*,*" ' *.)"'0' /431&0' 0' 21.56!

0* ')&7'56!8 0* *.0*.0! (* */* 9  !(&)&7! !1 .*:')&7! ,!.,!+&)'.)*+*.)*#

;+ )*"+!( +')*+<)&,!(8  !0*=(* *(,"*7*" 1+ .*1">.&! j  */!  '" 0* *31'5?*( @#A * @#B#

uj =
n

∑

i=1

xiwij C@#AD

vj = uj + bj C@#BD

!.0* (x1, x2, ..., xn) (6! !( (&.'&( 0* *.)"'0'E (w1j, w2j, ..., w3j) (6! !(  *(!( (&.< )&,!( 0!

.*1">.&! jE yj 9 ' ('40' 0! ,!+%&.'0!" /&.*'" 0*7&0! '!( (&.'&( 0* *.)"'0'E bj 9 ! %&'(E σ(.) 9 '
21.56! 0* ')&7'56! * yj 9 ! (&.'/ 0* ('40' 0! .*1">.&!# F!+! G< 2!& 0&)! ! 1(! 0! %&'( bj )*+ !

*2*&)! 0* ' /&,'" 1+' )"'.2!"+'56! '-+ H ('40' uj 0! ,!+%&.'0!" /&.*'" .! +!0*/! 0' -:1"'

@#B ,!+! +!()"'0!  */' *31'56! @#I#

yj = σ(uj + bj) C@#ID

;+ *( *,&'/8 0* ',!"0! ,!+ ! %&'( bj  !(&)&7! !1 .*:')&7!8 ' "*/'56! *.)"* ! ,'+ ! /!=

,'/ &.01J&0! !1  !)*.,&'/ 0* ')&7'56! vj 0! .*1">.&! j * ' ('40' 0! ,!+%&.'0!" /&.*'" uj8 9

+!0&-,'0' .' 2!"+' &/1()"'0' .' -:1"' @#K# L!)'=(*  */' -:1"' 31* ,!+! ! "*(1/)'0! 0*()'

)"'.2!"+'56! '-+8 ! :"<-,! vj *+ 21.56! 0* uj .6!  '((' +'&(  */' !"&:*+#

$ %&'( bj8 9 1+  '"M+*)"! *N)*".! 0! .*1">.&! '")&-,&'/ j# O!0*=(* ,!.(&0*"'" ' (1'  "*(*.5'
,!+! .' *31'56! @#B# P* 2!"+' (&+&/'"8  !0*=(* 2!"+1/'" ' ,!+%&.'56! 0'( *31'5?*( @#A ')9

@#I )'/ ,!+! .'( *31'5?*( @#K * @#Q ' "*(*.)'0'( ' (*:1&" !.0* bj = x0#

vj =
n

∑

i=0

xiwij C@#KD

yj = σ(vk) C@#QD

L' *N "*((6! '0&,&!.'=(* 1+' .!7' (&.' (*# R (1' *.)"'0' (*"< x0 = 1 * ! (*1  *(! (*"<

w0j = bj# R *31'56! @#S ' "*(*.)' ' +1/)& /&,'56! 0' +')"&J 0*  *(!(  '"' ! ,</,1/! 0' *.)"'0'

0' "*0*  '"' ' 1.&0'0* Yj# T* !(  *(!( 0* ,!.*N6! 0* 1+' "*0* .*1"'/ *()6! '"+'J*.'0!( *+ 1+

7*)!" = wij8 ' *.)"'0' 0' "*0*  '"' ' 1.&0'0* Yj 9 !  "!01)! 0!( 7*)!"*( x = (x0, x1, x2, ..., xn)
* W.j C' j=9(&+' ,!/1.' 0' +')"&J 0*  *(!(D#
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 !"#$% &'() *$%+,-.$/%01. %2/ 3$.4#5!4% 367% 3$6,6+0% 46 #/ 8!%,9 +.:6 ;#6 vj < bj 6/ uj

< ='

y>inj = xW.j ?&'&@

= σ(
n

∑

i=0

xiwij) ?&'A@

B7C/ 46,,%, 3$.3$!64%46, 4., +6#$D+!., !+4!E!4#%!,F #/% $646 +6#$%7 C :%/8C/ G%$%G:6$!H

5%4% 3.$ 3$.3$!64%46, "7.8%!,F :%!, G./. % :.3.7."!% 4% $646 ;#6 -.$/% . 3%4$1. 46 G.+6IJ6,

6+:$6 ., +6#$D+!., !+4!E!4#%!, ,6+4. -.+:6 3$!/K$!% 4. E!C, !+4#:!E. 4% $646' L# ,6M%F . %7H

".$!:/. 46 %3$6+4!5%"6/ #:!7!5%4. 6 . 6,;#6/% 46 G.4!2G%01. G.$$6,3.+46/ N !+:6$3$6:%01.

;#6 ,6 4K %., 4%4., -.$+6G!4., 3%$% % $646 6 %. $6,#7:%4. 4. ,6# 3$.G6,,%/6+:.' L, 3$!+G!3%!,

6I6/37., 46,:%, G%$%G:6$O,:!G%, ,6$1. %3$6,6+:%4., %. 7.+". 46,,6 G%3O:#7.'

 !" #$%&'()(&$*+ ,) -),)

L /.4. G./. ,1. .$"%+!5%4%, %, G.+6IJ6, 6+:$6 ., +6#$D+!., 46 #/% $646 +6#$%7 86/ G./.

., %7".$!:/., 46 %3$6+4!5%"6/ #:!7!5%4., 3%$% . :$6!+%/6+:. 4% /6,/% 6,:1. !+:!/%/6+:6

7!"%4%, G./ % 6,:$#:#$% 6,G.7P!4% 3%$% % $63$6,6+:%01. 4% /6,/%' Q.46H,6 4!56$ 6+:1. ;#6 .,

%7".$!:/., .# $6"$%, 46 %3$6+4!5%"6/ #:!7!5%4., +., 3$.M6:., 46 $646, +6#$%!, ,1. 6,:$#:#$%4.,'

RS#,,67 %+4 T.$E!" U==VW 4!5 ;#6 %, 6,:$#:#$%, 4%, $646, +6#$%!, 3.46/ ,6 4!E!4!$ 6/ 4#%,)

$646, %GOG7!G%, .# $646, 46 %7!/6+:%01. 4!$6:% 6 $646, GOG7!G%, .# $646, $6G.$$6+:6,' X/% $646



 ! "#$#% &#'()*% +(,*-.*)*%

 ! "#$%!&'"()*  $+!'" +!,+!-!&'" .%" /.&()*  ! -." !&'+" " "'."#0  !--! %* *1 !#" &)* '!%

&!&2.% !-'" * $&'!+&* "#3%  *- ,!-*- ,+*,+$"%!&'!  $'*-4 5*+ *.'+* #" *1 .%" +! ! +!6*++!&'!

.'$#$7" -."- -"8 "- ,"+" "#$%!&'"+  ! 9*#'" -."- ,+:,+$"- !&'+" "-4 ;--* -$<&$=6" >.! *- &89!$-

 ! "'$9"()*  " +! ! /*+%"% .% -$-'!%"  $&?%$6* >.! ,* ! "'$&<$+ .% !-'" * !-'@9!# *. !A$B$+

*-6$#"(C!-1 *. %!-%* ",+!-!&'"+ .% 6*%,*+'"%!&'* 6":'$6*4 D#3%  $--*1 " +!-,*-'"  " +! !

" .%"  !'!+%$&" " !&'+" "  !,!& !  ! -!. !-'" * $&$6$"#1 >.! ,* !  !,!& !+  ! !&'+" "-

"&'!+$*+!-4 E*&-!>.!&'!%!&'!1 +! !- +!6*++!&'!- F $/!+!&'!-  "- +! !-  ! "#$%!&'"()*  $+!'"G

,* !% " %$'$+ %!%:+$"-  ! 6.+'* ,+"7*4 ;--* "- '*+&" %"$- $&'!+!--"&'!- 6*%* %* !#*-  *

63+!B+*1 %"- '"%B3% %"$-  $/86!$-  ! 6*%,+!!& !+ ,*$- ,*--.!% 9@+$*-  !- *B+"%!&'*-4 D

-!<.$+ -!+@  !-6+$'* .% !A!%,#* -$%,#!- -*B+! " "--!+()* !% >.! .%" +! !  ! "#$%!&'"()*

 $+!'" +!,+!-!&'" !% /.&()*  ! -."- !&'+" "-4

D =<.+" H4I ",+!-!&'" .% !A!%,#*  ! +! ! &!.+"# -$%,#!- ,*--.$& *  ."- .&$ " !-  !

!&'+" "1  ."- .&$ " !- *6.#'"- ! .%" .&$ " !  ! -"8 "4 F5"+" %"&'!+ " -$%,#$6$ " !1 /*+"%

*%$'$ "- "- .&$ " !-  !  !-9$* FB$"-G &!--! !A!%,#*4G J" * .% 9!'*+  ! !&'+" " x = (x1, x2)1
" +! ! $+@ 6"#6.#"+ * +!-.#'" *  ! "6*+ * 6*% " !>."()* H4I %*-'+" " " -!<.$+4

y1 = σ1(w11x1 + w12x2)

y2 = σ2(w21x1 + w22x2)

y3 = σ(w13y1 + w23y2)

y3 = σ(w13σ1(w11x1 + w12x2) + w23σ2(w21x1 + w22x2)) FH4IG

K$<.+" H4IL MA!%,#*  ! .%" +! ! &!.+"# -$%,#!- 6*%  ."- !&'+" "-1 .%" 6"%" " *6.#'"  !

 ."- .&$ " !- ! .%" -"8 "4

N. -!O"1 !A,+!--"& * " -"8 "  ! 6" " .&$ " ! *6.#'" 6*%* .%" /.&()*  ! -."- !&'+" "-1

" !A,+!--)* %*-'+" >.! " -"8 "  " +! ! 6*%* .% '* * y3 3 .%" /.&()*  "- !&'+" "-  " +! !4

D#3%  $--*1 &*'"P-! >.! *- ,!-*- &" +! ! "'."% 6*%* ,"+?%!'+*-  !--" /.&()*0 !-6+!9!& *P-!

Q ,"+" * 6*&O.&'*  ! ,"+?%!'+*- F!&'+" "- ! ,!-*-G1 " +! ! 6"#6.#" .%" /.&()* hw(i) *& ! i 3
* &!.+R&$* !% >.!-')*4 DO.-'"& * *- ,!-*-1 %. "P-! " /.&()* >.! " +! ! +!,+!-!&'"4 S "--$%

>.! " ",+!& $7"<!% *6*++! !% +! !- &!.+"$-4

T!&!+"#$7"& *1  " * .% 9!'*+  ! !&'+" " (x0, x1, x2, ..., xn−1) &" 6"%" "  ! !&'+" " F0P
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yj = σ
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i=0

w(i,j)σ
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...σ
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n
∑

i=0

w(i,1)xi

)

...

))

;<9<'

=*&, n  ) *>#,0) &, *,/01*")! &$ %$#$&$ &, ,*20$&$ ;%$#$&$ ?' , m  ) *>#,0) &,

*,/01*")! &$ %$#$&$ &, !$-&$ ;%$#$&$ @'9

A#$ 0,&, *,/0$+ 3)&, !,0 /!$&$ 3$0$ %+$!!"B%$67) )/ 0,C0,!!7)9 D) %$!) &, %+$!!"B%$67)

E))+,$*$ %)# !$-&$! %)*2-*/$! ;3)0 ,F,#3+)( %)# /*"&$&,! !"C#G"&,!'(  20$&"%")*$+ 2,0 /#$

>*"%$ /*"&$&, &, !$-&$( %)# /# H$+)0 $%"#$ &, :(< "*2,030,2$&) %)#) /#$ %+$!!, , /# H$+)0

$E$"F) &, :(< %)#) $ )/20$9 D) %$!) &$ %+$!!"B%$67) ,# k %$2,C)0"$!( 3)&,.!, &"H"&"0 ) "*2,0H$+)

&$ >*"%$ /*"&$&, &, !$-&$ ,# k 3)06I,!( ,#E)0$ !,@$ #$"! %)#/# 2,0 k /*"&$&,! &, !$-&$

!,3$0$&$!( %)# ) H$+)0 &, %$&$ /#$ 0,30,!,*2$*&) $ 30)E$E"+"&$&, 0,+$2"H$ &,!!$ %+$!!,( &,

$%)0&) %)# $ ,*20$&$ $2/$+9

J! 0,&,! &, $+"#,*2$67) &"0,2$ *)0#$+#,*2, ,!27) )0C$*"K$&$! ,# %$#$&$!( &, 2$+ L)0#$

5/, %$&$ /*"&$&, 0,%,E$ $3,*$! $ ,*20$&$ &, /*"&$&,! !"2/$&$! *$ %$#$&$ "#,&"$2$#,*2,

30,%,&,*2,9 J !,C/"0 !,07) $E)0&$&$! $! 0,&,! &, /#$ >*"%$ %$#$&$ 5/, *7) 3)!!/,# *,*M/#$
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 !"# $%&' (")"*"( !+$ ,+$-"+ )./'!01$ 2. !'!3(,.# )$($)1"(,4$(3 "''$ ,+$-"+ /"!(.'"+$/1,5

)$+"/1" " "/16. %$''$(3 7 $/30,'" 2" ',+,0$(,2$2" 2$ ,+$-"+ )./'!01$ ).+ $' .!1($' ,+$-"/'

2. *$/). 2" 2$2.' ("1.(/$/2. $. !'!3(,. !+  !"#$"% 2" ,+$-"/' +$,' ',+,0$("'8 9'1" +.2!0.

1$+*:+ '"(3 ";%0$/$2. /$' '"<="' '"-!,/1"'8

>,-!($ ?8@A >0!;.-($+$  !" ("%("'"/1$ !+$ B,'6. -"($0 2. +.2"0. %(.%.'1.8

 !"!" #$%&'() *+ ,)-./0+1 2-(3(4.*.1

 ! "!#$! %&'(& )*+,(-"! %&#!(*.&/!' +!.0

Itrj

1 )!#2-#(! j %& 3/*$&#' %& (.&3#*/&#(!4

k
1 #5/&.! %& $.-+!' %& 3/*$&#' %& (.&3#*/&#(!4

n
1 #5/&.! %& 3/*$&#' &/ )*%* $.-+! %& 3/*$&#' %& (.&3#*/&#(!4

Ij
i

6/*$&/ i +&.(&#)&#(& *! $.-+! j4
Itri = {Ij

0 , I
j
1 , I

j
2 , I

j
n−1}7 j = 1, ...k
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Ctr
 !"#$%#&" '( !)*)!&(*+,&-!), '( .)-/" #+0(12

cj
i

 0(&"* '( !)*)&(*+,&-!), ') -34,-5) -5)6(5 '" $34,-5" 6*%7"2

Ctr = {c1
0, c

1
1, ..., c

1
kn−1, c

2
0, c

2
1, ..., c

2
kn−1, c

k
0, c

k
1, ..., c

k
kn−1}

p
 #85(*" '( 0)1"*(, 9%( *(7*(,(#&)5 ), !)*)!&(*+,&-!), '( .)-/" #+0(12

f ij
l

:)*)!&(*+,&-!) '( .)-/" #+0(1 ') -5)6(5 i '" 6*%7" j #) 134,-5) 7",-;<"2
cj
i = (f ij

0 , f ij
1 , f ij

2 , ..., f ij
p−1)

Aj
i

=(&"* '( ,)+') )10" '%*)#&( " &*(-#)5(#&" 7)*) ) -5)6(5 i '" 6*%7" j2

aij
l

> ,)+') '" 134,-5" #(%*?#-" 7)*) ) -5)6(5 i '" 6*%7" j2
Aj

i = (aij
1 , aij

2 , aij
3 , ..., aij

k )

G
> @('( A(%*)1 -571(5(#&)') 7)*) " 5"'(1" 7*"7",&"2 BC"'( ,(* 0-,&) &)5.45 !"5"

G(c)D E%#;<" '( &*)#,E"*5);<" #) E),( '( !)*)!&(*-F);<" #(%*",(5G#&-!)2H

s
(q)
j

 ,-#)1 '( ,)+') '" j34,-5" #(%*?#-" #) q34,-5) !)5)')2

w
(q)
ij

 7(," '( !"#(/<" 0-#'" '" i34,-5" #(%*?#-" #) !)5)') Bq− 1H 7)*) " j34,-5" #(%*?#-"
#) q34,-5) !)5)')2

St(c)
> E%#;<" '( 7*"7)6);<" '" 0(&"* '( !)*)!&(*+,&-!), '( .)-/" #+0(1 c 7(1) *('( #) -&(*);<"
t2

Ite
 !"#$%#&" '( -5)6(#, '( &(,&(,2

Ni

 0(&"* '( !)*)!&(*+,&-!), #(%*",(5G#&-!" ') -5)6(5 i2
Ni = (s1, s2, s3, ..., sk)
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&% 1*.)$,!&*"%+<3 $. "%(!,05* % "%(%5!',% 1*'=$',* &% 0.!2%'+ +%"> %+1*(?0&* % &050&0&!+ %.
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j
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j
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i −→ ℑ(Ij
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α × N
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 !" #$%& '( )*&+,$-&,./ 0$ 1&0& 2&3*$4 '56

 !" #$%&!$' $"#$"(")*'$ % &%)+"&,-")*% (!./"*,0% +!-')% '*$'01( 2%( "3"-#4%( #$152"6),2%(
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&'$'&*"$A(*,&'( 2" .',3% )A0"48
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$)1#-3%$50 )+ #+ 7)30$ sE 3%+B8+ /Q%+%20 2) R7)30$ $)%-S' F0"0 s
(q)
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 !"#$% &'() *+,-./0 1, $,1, 2,#$%/ #3!/!4%1% 20 -01,/0 .$0.0530'

10 j675!-0 2,#$82!0 2% q675!-% 9%-%1% 1, 5%:1% , w
(q)
ij 0 .,50 1, 902,+;0 <!210 10 i675!-0

2,#$82!0 2% 9%-%1% (q − 1) .%$% 0 j675!-0 2,#$82!0 2% q675!-% 9%-%1%'

=0-0 >0! -,29!02%10 20 9%.:3#/0 ?@ 1#$%23, 0 3$,!2%-,230@ %5 5%:1%5 s
(q)
j 5;0 %>,3%1%5 .0$

#-% >#2A;0 1, %3!<%A;0 σ(net
(q)
j ) ,- B#, 2,3 7 ",$%1% .,/% ,B#%A;0)

net
(q)
j =

nq−1
∑

i=0

w
(q)
ij sq−1

i

021, net
(q)
j 90$$,5.021, %0 2:<,/ 1, %3!<%A;0 10 2,#$82!0@ nq−1 7 0 2C-,$0 1, 2,#$82!05 2% 9%6

-%1% (q−1) , σ 7 % >#2A;0 5!"-0!1%/ 1, %3!<%A;0 1%1% .,/% *B#%A;0 &'6D' E 5#% 1,$!<%1% F1%1%
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.$0.0160 %.$,1,86%20 80 P%.46#/0 Q .%$% % <%$%<6,$!J%G@0 2, 342,01 1,"#!2% 2, #-% %3%/!%G@0

,+.,$!-,86%/' M,11% %2%.6%G@0 %1 $,2,1 8,#$%!1 1,$@0 6$,!8%2%1 <0- 342,019,+,-./0 .%$% 2%$

R $,2, 0 <%$L6,$ 1,-N86!<0 8,<,11L$!0 .%$% % $,.$,1,86%G@0 2, -03!-,8601 <0-./,+01' F.O1

% $,2, 1,$ 6$,!8%2%; 01 .,101 1,$@0 %$-%J,8%201 , ,11% $,2, S1,- %1 >#8GH,1 2, %6!3%G@0T 1,$L

#6!/!J%2% .%$% <%$%<6,$!J%$ 8,#$01,-N86!<%-,86, 01 342,01; .%$% 5#, 01 3,60$,1 $,1#/6%86,1

2,11% <%$%<6,$!J%G@0 1,U%- #6!/!J%201 8% </%11!<%G@0 0# $,<#.,$%G@0 2, .%2$H,1 2, -03!-,8601

<0-./,+01' P%2% #-%1 2,11%1 >%1,1 1,$L ,+./!<!6%2% 8%1 1,GH,1 1,"#!86,1'

 

 !"#$%$&'"#() *+$ ,#'-$ .!"/#$%$01 /$&'& 2 &3"#$!4 3 $ 5$!67!"$ +' "35!(5)0 7"(8(9)+)0 %)#) &'+(# $

5$#%$ /7&)!$ $7 07)0 %)#"'0:
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 !" #$%&'()* +, -'&'.%,&/0%1.'0 #02'(*34,52*&'10

 !"!#$%"&'$(#!' %')!*+ $%,)+"!(' -$!,./, #0!,!1+' #2.3(1%'4 '5+ )%62%7!' )!"$%' -)%8

62%7+' '2.89&1%+'4 %:$"!&1!' ;+#!;,%7$% 1+' 9&1%+' %, )+7$+' 1% (7$%"%''%< =' )+7$+' 1%

(7$%"%''% '5+ )+7$+' %7#+7$"!1+' +71% 0> ! #+7?@2"!*5+ 1% 2, ,+9(,%7$+A #+,+ )+" %:%,);+

2, +;0+ !."(71+A 2,! B%:5+ 1+ C+%;0+A +2 ! )!$! 1% 2, "!$+ '% ,+9%71+ "!)(1!,%7$% )!"!

D"%7$% % )!"! $">' EF+;;!" %$ !;< GHHIJ<

K L(@2"! M<G !)"%'%7$! ! (;2'$"!*5+ 1! "%$("!1! 1% #2.3(1%' 1% 2, 9&1%+ %, )+7$+' 1% (7$%8

"%''% )!"! + "%#+70%#(,%7$+ 1+ #+,)+"$!,%7$+' 1% "!$+'< N''%' #+,)+"$!,%7$+' '5+ 1%'#"($+'

%, $%",+' 1+' $()+' % 1!' ;+#!;(O!*P%' 1+' #2.3(1%'< Q+ "%#+70%#(,%7$+ 1% !*P%' 02,!7!'A

%''%' #2.3(1%' '5+ 2$(;(O!1+' )!"! 1%'#"%9%" +' ,+9(,%7$+' "%!;(O!1+' 12"!7$% 2,! !*5+ -#+,+

)+" %:%,);+R !71!"A #+""%"A !#%7!"A %$#<4<

L(@2"! M<GR S('2!;(O!*5+ 1+' #2.3(1%' %:$"!&1+' )!"! + "%#+70%#(,%7$+ 1% #+,)+"$!,%7$+' 1%

"!$+'-T%$("!1+ 1% EF+;;!" %$ !;< GHHIJ4<

K ,+$(9!*5+ )!"! + 2'+ 1+' #2.3(1%' / 62% ,+9(,%7$+' '(,(;!"%' )+1%, )"+12O(" #2.3(1%'

'(,(;!"%'< U+" %:%,);+A 2, +;0+ !."(71+ )+1% '%" #!"!#$%"(O!1+ 1% D+",! !".($">"(! (71%)%78

1%7$% 1! !)!"V7#(! @;+.!; -62!71+ !7!;('!,+' + 9&1%+ (7$%("+ 75+ (,)+"$! +71% + ,+9(,%7$+

+#+""%4A )+'$2"! -75+ (,)+"$! #+,+ +#+""% ! !*5+A '% %;! +#+""% + #2.3(1% '%"> 1%$%#$!1+4A

+#;2'5+ -75+ (,)+"$! '% )!"$% 1+ 9&1%+ %'$> +#;2'+A +' +2$"+' #2.3(1%' 1%$%#$!1+' )+1%, 1%'8

#"%9%" ! ,%',! !*5+4 % !''(, )+" 1(!7$%< W''+ )+1% '%" %:);(#!1+ )%;+ D!$+ 1% 62% +' #2.3(1%'

%'$!"5+ ;+#!;(O!1+' !)%7!' 7+' )+7$+' 1% (7$%"%''%A (71%)%71%7$% 1+ D271+ 1+ 9&1%+ +2 '% )!"$%'

1+ ,%',+ %'$5+ +#;2'+' )+" 2, +.C%$+<

K L(@2"! M<X ,+'$"! 2, %:%,);+ 1% #+,)!"!*5+ %7$"% 1+(' 9&1%+' 1% "!$+' %:%#2$!71+ 2,!

!*5+ -'% ;(,)!71+4<  +7'(1%"% ! ?@2"! #+,+ '%71+ 1(9(1(1! %, 12!' #+;27!'< K )"(,%("! #+;27!
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 !"#$#%& %' &'!' () *" )# +' ,-+#' #.!/010& %+' '%+# 1 + () +'$ $#0$ 1(230+#$ #.&" -+'$

#$&4 /'1 /05 +'6 7) 1 + 1'/(% 8 1 + /0%9  !"#$#%& '$ $#0$ 1(230+#$ "#!"#$#%& +'$ !'" '0&'

!#:(#%'$  !"#$%6 ;'+#<$# '2$#", " 1')! " %+' '$ &"=$ !"0)#0"'$ 1(230+#$ >&"=$ !"0)#0" $

/0%9 $? +# 1 + ,-+#' :(#8  !#$ " +'$ +'0$ " &'$ #$& "#) #) !'$0@A#$ +0*#"#%&#$ #$$#$ &"=$

1(230+#$ )'$&" +'$ % $ &"=$ !"0)#0" $ /0%9 $ ! "#1#) $#)#/9 %&#$6

B0C(" D6EF 7.#)!/' +# $#0$ 1(2'0+#$ #.&" -+'$ ! " 1 + () + $ +( $ $#:(=%10 $ +# " &'$ $#

/0)! %+'6 G + 0) C#) "#!"#$#%&  $#:(=%10 '"0C0% /6 H 1'%I(%&' +# 1(230+#$ #.&" -+'$ J

)'$&" +'  2 0.' +# 1 + 0) C#) # 1 + 1(230+# J "#!"#$#%& +' !'" '0&' !#:(#%'$ *" )#$ %'

"#$!#1&0,' &#)!' >"#&0" +' +# KL'// " #&  /6 MNNOP?6

Q4"0'$ )J&'+'$ !'+#) $#" (&0/05 +'$ ! " $# #.&" 0" '$ !'%&'$ +# 0%&#"#$$# %' +')-%0' #$! <

10 / # ()  , /0 @R' # 1')! " @R' +#$&#$ )J&'+'$ !'+#) $#" #%1'%&" +'$ #) KS19)0+ #&  /6 MNNNP6

T#$&# &" 2 /9'8 ! "   !/01 @R' +' )J&'+' !"'!'$&' (&0/05 )'$   !"'.0) @R' (&0/05 + !'"

KL'// " #&  /6 MNNOP ! " #%1'%&" " #$$#$ !'%&'$ +# "#*#"=%10 '%+# () *(%@R' "#$!'$& J 1 /<

1(/ + #) 1 + !'%&' + 0) C#) # '$ !'%&'$ +# 0%&#"#$$# $#"R' 1'""#$!'%+#%&#$  '$ !'%&'$

+# )4.0)' /'1 /6 7$$ *(%@R' "#$!'$& !'+# $#" 1 /1(/ + +' $#C(0%&# )'+'F !"0)#0" )#%&# J

 !/01 +' () +#&#1&'" +# 2'"+ $ %'$ *" )#$ # +#&#1& +'$ %'$ )#$)'$  $ $ /0=%10 $ + $ 2'"+ $6

7$$ $ $ /0=%10 $ !'+#) $#" 1 /1(/ + $ !'" ,4"0'$  /C'"0&)'$ 1')' #) KB'"$&%#"  %+ U(/19 P6

; " 1 + 1'%I(%&' +# *" )#$ #) $#:(=%10 #$$ $ $ /0=%10 $ $R' 0+#%&0V1 + $ # () *(%@R'

"#$!'$& J 1 /1(/ + ! " 0+#%&0V1 "  )(+ %@ +# !'$0@R' #%&"# () $ /0=%10 +# () *" )#

1')  $ )#$) $ $ /0=%10 $ +'$ *" )#$ !'$&#"0'"#$6 W$ ) 0'"#$ "#$!'$& $ "#&'"% " ) ' 1'%I(%&'

+# $ /0=%10 $ :(# $#"R' $#/#10'% + $ ! " *'") " '$ 1(230+#$6

G')' *'0 +0&'  %&#"0'")#%&#8 1 + !'%&' +# 0%&#"#$$# $#",0"4 +# 2 $# ! "  #.&" @R' +'

1(230+# +# & ) %9' !"#+#V%0+'8 :(# 1'%&#"4 '$ , /'"#$ +'$ &'($)% 19 ) +'$ +# &'($)% #$! @'<

&#)!'" 0$6 H & ) %9' +' 1(230+# J  &"02(-+' +# ) %#0"  1'%&#" ' ) 0'" ,'/()# +# + +'$

:(# 1'%&"02(0"R' ! "   !/01 @R'6 ; " #*#0&' +# 0/($&" @R'8 '$ ,-+#'$ (&0/05 +'$ ! "  , /0 "
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  !"#$ %&' (' )'(*"' !+'!',-' . $ + $-*+#/ %&' .*0+',*)1.-#$ ,&' 23(*', (* (#)*.,&' 4

$') 0) - 5 (* 67 8+ )*, !'+ ,*90.(': ;*,- 8'+) '!- )', !'+ *,$'"<*+ ! + ', $0=>#(*,

*5-+ 3(', ? .*" , (* - ) .<' 20× 20 $') 0) !+'80.(#( (* (* @  !"#$%:

A!>,  *5-+ %&' (*,-* $0=>#(*,B  8'+) %&' (' 2*-'+ (* $ + $-*+3,-#$ , !'(* ,*+ 8*#- (*

2C+# , 8'+) ,: A ) #, ,#)!"*, (*" D E $< - +F ' $0=>#(* $'"'$ .(' $ ( 2 "'+ (', 8+ )*, G0*

8'+) ) ' $0=>#(* *) ,*G0H.$# *) 0) 2*-'+: I'+ *5*)!"'B ,*? 0) $0=>#(* 8'+) (' !'+

$'.?0.-' (* 8+ )*, {F1, F2, ..., Fo} !"#$ o % ! "&'$(! #$ )(*'$+ ,-$ .!'/0$ .*#* .-123#$4 5

k6%+3'! )(*'$ Fk % .!"+737-8#! /!( -'* '*7(39 n×m #$  !"#$% :

Fk =











ak
11 · · · ak

1n

ak
21 · · · ak

2n
4

4

4

4

4

4

4

4

4

ak
m1 · · · ak

mn











!"#$ k = 1, 2...o4 ;*(* '!"7*( ! <$7!( #$ .*(*.7$(8+73.*+ /!#$6+$ 7(*"+)!('*( ! .!"=-"7! #$

'*7(39$+ Fk $' <$7!($+ $ .!".*7$">6?!+ "* !(#$' $' ,-$ $?$+ $+7@! #3+/!+7!+ "! <8#$!4 5 <$7!(

($+-?7*"7$ /!#$(> +$( $+.(37! #* +$A-3"7$ )!('*:

(a1
11, ..., a

1
1n, a

1
21, ..., a

1
2n, ...a

1
m1, ...a

1
mn, ...,

ak
11, ..., a

k
1n, a

k
21, ..., a

k
2n, ...a

k
m1, ...a

k
mn, ...,

ao
11, ..., a

o
1n, a

o
21, ..., a

o
2n, ...a

o
m1, ...a

o
mn).

BC3+7$' !-7(*+ '*"$3(*+ #$ +$ $C7(*3( .*(*.7$(8+73.*+ #$++$+ .-123#$ /!#$6+$ /!( $C$'/?!

)*9$( -' D3+7!A(*'* #!+ <*?!($+ #!+ /3C$?+ #$+7$ .-123#$4 ;!(%' 7*3+ '%7!#!+ +@! '-37!

+$"+8<$3+ * /$,-$"*+ 7(*"+)!('*E0$+ $ ! /(3".3/*? !1=$73<! #$+7* .*(*.7$(39*E@! % .(3*( -'*

)!('* #$ #$3C*( ! .-123#$ 3"<*(3*"7$ * $++*+ 7(*"+)!('*E0$+ .!'! /!( $C$'/?! 7(*"+?*E@! 

/$,-$"*+ '-#*"E*+ #$ 3?-'3"*E@! $7.4 ;*(* 7$"7*( !17$( ! $,-?81(3! .$(7! $"7($ * 3"<*(3F".3*

$ ! /!#$( #3+.(3'3"*73<! #!+ <$7!($+ #$ .*(*.7$(8+73.*+ $C7(*8#!+ #!+ .-123#$+ G!??*( #&' ($

HG!??*( $7 *?4 IJJKL /(!=$7!- *?A-"+ $C7(*7!($+ #$ .*(*.7$(8+73.*+ #$++$+ .-123#$+4 G!3+ #$++$+

$C7(*7!($+ )!(*' -73?39*#!+ "$++$ 7(*1*?D!: ! A(*#3$"7$ #! 1(3?D! $ ) &!*($ +),4 5+ *?A!(37'!+

/*(* * 3'/?$'$"7*E@! #$+7$+ '%7!#!+ /!#$' +$( $".!"7(*#!+ $' HG!??*( $7 *?4 IJJKL4

;*(* $+7$ 7(*1*?D! !/7*'!+ /!( $C7(*3( IK .-123#$+ /*(* .*#* <8#$! $ /*(* .*#* .-123#$

)!(*' $C7(*8#!+ #!3+ <$7!($+ #$ .*(*.7$(8+73.*+ MA(*#3$"7$ $ ) &!*($ +), N4 B++$+ #!3+ <$7!($+

($)$($"7$+ O -' .-123#$ )!(*' .!".*7$"*#!+ )!('*"#! IK <$7!($+ #$ .*(*.7$(8+73.*+ /*(* .*#*

<8#$!4 P! $"7*"7! /*(* * */?3.*E@! #! '!#$?! /(!/!+7! /($.3+*'!+ ($/($+$"7*( .*#* <8#$!

$' -' &"3.! <$7!( $ #$++$ '!#! +-(A$ -'* ,-$+7@!: 5 ,-$ )*9$( .!' !+ IK <$7!($+ #$ .*#*

<8#$! /*(* .!?!.>6?!+ $' -' &"3.! <$7!(Q R*?$ ($++*?7*( ,-$ .*#* <$7!( $+7> *++!.3*#! O -'

.-123#$ $ ,-$ $++$ .-123#$ /!#$ $+7*( ?!.*?39*#! $' ,-*?,-$( ?-A*( #! <8#$! M.!'! /!#$6

+$ !1+$(<*( "* S3A-(* T4IN4 R>(3!+ '%7!#!+ /!#$' +$( -73?39*#!+ /*(* !(#$"*( $++$+ <$7!($+

HG!??*( $7 *?4 IJJKL4 U +$A-3( % */($+$"7*#* * 7%."3.* -73?39*#* /*(* * !17$"E@! #!+ <$7!($+ #$

.*(*.7$(8+73.*+ /*(* $+7$ 7(*1*?D!4 B++* 7%."3.* '!"7* -'* $+/%.3$ #$ #3.3!">(3! #$ .-123#$+4

P$++$ .*+! ! #3.3!">(3! #$ .-123#$+ % -'* .!'/3?*E@! #$ .-123#$+ ,-*"739*#!+ $' -'* .$(7*

!(#$'4

V$=* -' .!"=-"7! #$ n <8#$!+ M7!'*"#! .!'! $C$'/?! * S3A-(* T4W +-/!"D* -' .!"=-"7!
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 ! " #$ !%&'( )* +, , #$ !%- &.% /%+,/01, %& t 2%34%&  ! 5!6!573+0, 6%5*,3 % t×n +89:0 !& ;3%

+,&%  % 3%&&% !<!*2/% = +89:0 !&- "  ! +, , #$ !%'( > /%+,/01,?.%  !&&!& 2%34%&  ! 5!6!573+0,

@ 5!,/01, , 2%5 ,/A%504*%& !&2!+$B+%& !3+%345, %& !* CD%//,5 !4 ,/( EFFGH(

>2:& , !<45,?.%  %& +89:0 !& @ !34.% 5!,/01, , , !<45,?.%  %& #!4%5!&  ! +,5,+4!5$&40+,&

 !&&!& +89:0 !& ;+%36%5*! !<2/0+04, % ,34!50%5*!34!'( I& #!4%5!& 5!&8/4,34!& &!5.%- !34.%-

+/8&4!501, %& !* k A582%& ;3% +,&%  % !<!*2/%  , J0A85, K(L % 3M*!5%  ! A582%& @ "'( I

3M*!5%  ! A582%& 05N  !B305 O8,34,& 2%&0?P!& % #!4%5 5!&8/4,34! 05N 2%&&805- 2%0& +, , 2%&0?.%

 !&&! #!4%5 05N &! 5!6!505 ,% 3M*!5%  ! +89:0 !& O8! !&4N 03&!50 % 3,O8!/! A582% 2,5, +, ,

#$ !%(

>2:& &!2,5,5 %& +89:0 !& !* A582%&- 5!4%53,Q&! !34.% R +, , #$ !% 2,5, 0 !340B+,5 O8,/

+89:0 ! !&4,#, !* O8,/ A582%- O8,3401,3 % !* 8* 3%#% #!4%5  ! +,5,+4!5$&40+,& %& +89:0 !&

 ,O8!/! #$ !% O8! !&4,#, 3,O8!/! A582% !&2!+$B+%( S%*% 5!&8/4, %  !&&, O8,3401,?.% 4!5!*%&

8*, !&2@+0!  ! T0&4%A5,*,  ! +89:0 !& %3 ! +, , 2%&0?.% 0 !340B+, % A582% !* O8!&4.% ! %&

 !"# 5!25!&!34,* % 3M*!5%  ! +89:0 !& !* +, , A582%( >2:& 6!04% 0&&% +%* 4% %& %& #$ !%&-

%& *!&*%& !&4,5.% +,5,+4!501, %& !* 8* #!4%5 kQ 0*!3&0%3,/ ! 25%34%& 2,5, &!5!* 840/01, %&(

U,5, !6!04%  ! 2, 5%301,?.% !&&!& #!4%5!&  ! +,5,+4!5$&40+,& !&2,?%Q4!*2%5,0& 25%#!30!34!&  %

 0+0%3N50%  ! +89:0 !& &!5.% +T,*, %& , 2,5405  ! ,A%5,  ! #!4%5!&  ! +,5,+4!5$&40+,&  ! 9,0<%

3$#!/(

J0A85, K(LV W/8&45,?.%  , 6%5*,?.%  % +%3X834%  ! +,5,+4!5$&40+,&  ! 8* +%3X834%  ! #$ !%&(



 !" #$%&'()*+ ,+ -+,.%+ /0+$+12+ $(0( ( 3(0('2.0&4()*+ 5.60+1.7892&'( ,.

:7(;.91 9( 3(0('2.0&4()*+ ,. <=,.+1 >?>

 !" #$%&'()*+ ,+ -+,.%+ /0+$+12+ $(0( ( 3(0('2.0&4()*+

5.60+1.7892&'( ,. :7(;.91 9( 3(0('2.0&4()*+ ,. <=,.+1

 !"#$%#!&' ()*+,#-( .+//& &!'#%&01( 2 ,+$,&" #$%("!("&" #$3("4&05+/ /+46$,#%&/ $(/ -+,("+/

.+ %&"&%,+"7/,#%&/ .+ )&#8( $7-+' !&"& /+"+4 9,#'#:&.(/ $( "+%($;+%#4+$,( .+ 4(-#4+$,(/< =>9#?

$@/ 9,#'#:&4(/ & #$,9#01( .+ >9+ (/ !+/(/ .& "+.+ $+9"&' ,"+#$&.& !&"& %'&//#A%&" !&."5+/ .+

4(-#4+$,(/ !(//&4 /+" 9,#'#:&.(/ !&"& "+&'#:&" 94 4&!+&4+$,( $1( '#$+&" .+ 94 +/!&0( .+

%&"&%,+"7/,#%&/ .+ )&#8( $7-+' !&"& 94 +/!&0( .+ %&"&%,+"7/,#%&/ $+9"(/+4&$,#%&4+$,+ !($.+"B

&.(< C(",&$,(? &//#4 %(4( $& %&"&%,+"#:&01( .+ #4&D+$/? & "+.+ $+9"&' #"E 39$%#($&" %(4( 94&

39$01( .+ ,"&$/3("4&01( .+ %&"&%,+"7/,#%&/<

F#D9"& G<HI  / .(#/ !"#$%#!&#/ !"(%+//(/ $& !"(!(/,& .+ &.&!,&01(< J& 3&/+ .+ ,"+#$&4+$,(

K+4 %#4&L? 94& "+.+ $+9"&' 2 ,"+#$&.& 9,#'#:&$.( &/ /+>9M$%#&/ .+ -7.+(/ !"2B%'&//#A%&.&/< J(

!"(%+//( .+ %&"&%,+"#:&01( $+9"(/+46$,#%& K+4 )&#8(L /1( 9,#'#:&.(/ (/ !"(,@,#!(/ + (/ !+/(/

.& "+.+ $+9"&' !&"& !"(.9:#" 94 4&!+&4+$,( .&/ %&"&%,+"7/,#%&/ .+ )&#8( $7-+' +8,"&7.&/<

N4& -#/1( D+"&' .& &.&!,&01( .( 4(.+'( !"(!(/,( !(.+ /+" -#/,& $& AD9"& G<H >9+ %($/#/,+

+4 .9&/ 3&/+/< C"#4+#"&4+$,+ 94 %($*9$,( .+ -7.+(/ !"2B%'&//#A%&.(/ {V1, V2, ...Vn} "+!"+/+$B
,&$.( .#3+"+$,+/ %&,+D("#&/ /+46$,#%&/ 2 /+'+%#($&.( !&"& & 3&/+ .+ ,"+#$&4+$,( .& "+.+ (9 /+*&?

!&"& ( &!"+$.#:&.( .( 4&!+&4+$,( /+46$,#%( .&/ %&,+D("#&/< = #.2#& &>9# 2 &!"+$.+" 94&

"+!"+/+$,&01( #4!'7%#,& .&/ %&,+D("#&/ .+ 4(-#4+$,(/ 9/&$.( & "+.+ $+9"&'< O//& "+!"+/+$,&01(

#4!'7%#,& /+"E +$,1( 9/&.& !&"& 4&!+&" &/ %&"&%,+"7/,#%&/ .+ )&#8( $7-+' .(/ -7.+(/ %($,+$.(
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Capı́tulo 9
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