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/❡ ❞✐/%❛♥❝✐♦✉ ❞♦ &✐❣♦& D✉❡ ❞❡%❡&♠✐♥❛✈❛ ♦ ❞❡/❡♥✈♦❧✈✐♠❡♥%♦ ❞❛ ▼❛%❡♠5%✐❝❛ ♥❛ +♣♦❝❛✳

❊//❛ 5&❡❛ ❝♦♥/❡❣✉✐✉ &❡❝✉♣❡&❛& ♦ ❧✉❣❛& D✉❡ ❤❛✈✐❛ ♦❝✉♣❛❞♦ ♥❛ ▼❛%❡♠5%✐❝❛ ❡♠ ♠❡❛❞♦/ ❞♦

/+❝✉❧♦ ❳❳✱ D✉❛♥❞♦ /✉❛ ❢✉♥❞❛♠❡♥%❛:C♦ ♦❝♦&&❡✉ ❞❡ ❢♦&♠❛ ✐♥%❡♥/❛ ❡ ❣&❛♥❞❡ ♣❛&%❡ ❞❡ /✉❛/ ♠❡❧❤♦&❡/

❝♦♥D✉✐/%❛/ ❢♦&❛♠ &❡❢♦&♠✉❧❛❞❛/ ❞❡ ♠♦❞♦ &✐❣♦&♦/♦✳ ❆❧+♠ ❞✐//♦✱ ♦ ❞♦♠F♥✐♦ ❞❡ ❛♣❧✐❝❛:C♦ ❞❡ /✉❛/

✐❞❡✐❛/ ❛♠♣❧✐♦✉✲/❡ ❝♦♥/✐❞❡&❛✈❡❧♠❡♥%❡ ♥❛ ❞✐&❡:C♦ %❛♥%♦ ❞❡ ✈❛&✐❡❞❛❞❡/ ❛❧❣+❜&✐❝❛/ /♦❜&❡ ❝♦&♣♦/

❛&❜✐%&5&✐♦/ D✉❛♥%♦ ❞❡ ✈❛&✐❡❞❛❞❡/ ❝♦♠♣❧❡①❛/ ♠❛✐/ ❣❡&❛✐/✳

❆ ➪❧❣❡❜&❛ ❢♦✐ ❛ ❜❛/❡ ♣❛&❛ ❡//❛ &❡❝♦♥/%&✉:C♦✳ ❆ ♣&✐♥❝F♣✐♦✱ ♦ ❡♠♣&❡❣♦ ❞❡ ❢❡&&❛♠❡♥%❛/ ❛❧❣+❜&✐✲

❝❛/ ♣&❡❝✐/❛/ ❝♦♥❞✉③✐✉ ❢&❡D✉❡♥%❡♠❡♥%❡ ❛ ✉♠❛ ♣❡&❞❛ ❞♦ ♥♦%5✈❡❧ ❡/%✐❧♦ ❣❡♦♠+%&✐❝♦ D✉❡ ♠❛&❝♦✉ ♦

♣❡&F♦❞♦ ❛♥%❡&✐♦&✳ ❈♦♥%✉❞♦✱ ❛/ ❞+❝❛❞❛/ ❞❡ ✶✾✺✵ ❡ ✶✾✻✵ %&♦✉①❡&❛♠ /✐♠♣❧✐✜❝❛:;❡/ Q ❢✉♥❞❛:C♦ ❞❛

●❡♦♠❡%&✐❛ ❆❧❣+❜&✐❝❛✱ ❛ D✉❛❧ ❛❧❝❛♥:♦✉✱ ❞❡//❡ ♠♦❞♦✱ ✉♠ ❡D✉✐❧F❜&✐♦ ❡♥%&❡ ❛ %&❛♥/♣❛&R♥❝✐❛ ❧S❣✐❝❛

❡ ❛ ✐♥%✉✐:C♦ ❣❡♦♠+%&✐❝❛✳

❖ ♣&❡/❡♥%❡ %&❛❜❛❧❤♦ ❢♦✐ ❡/❝&✐%♦ ❛//✉♠✐♥❞♦ ❝♦♥❤❡❝✐♠❡♥%♦/ ❡❧❡♠❡♥%❛&❡/ ❛ &❡/♣❡✐%♦ ❞❡ ❚❡♦&✐❛ ❞❡

❈♦♥❥✉♥%♦/✱ ❚♦♣♦❧♦❣✐❛ ●❡&❛❧✱ ❚❡♦&✐❛ ❞❡ ●&✉♣♦/ ❡ ❚❡♦&✐❛ ❞❡ ❆♥+✐/✳ ❆❧❣✉♥/ %S♣✐❝♦/ ❞❡//❛/ 5&❡❛/

❢♦&❛♠ ❛❜♦&❞❛❞♦/✱ ❞❡ ❢♦&♠❛ &❡/✉♠✐❞❛✱ ♥♦ /❡❣✉♥❞♦ ❝❛♣F%✉❧♦✳ ❆//✐♠✱ ♦ ❧❡✐%♦& ♣♦❞❡&5 ❝♦♥/✉❧%❛& ♦

❝❛♣F%✉❧♦ ✏❋✉♥❞❛♠❡♥%❛:C♦ ❚❡S&✐❝❛✑ ♣❛&❛ &❡❧❡♠❜&❛& ♦ ❡♥✉♥❝✐❛❞♦ ❞❡ ❛❧❣✉♠ &❡/✉❧%❛❞♦ ♦✉ ❝♦♥❢❡&✐&

♦ /✐❣♥✐✜❝❛❞♦ ❞❡ ❛❧❣✉♠❛ ♥♦%❛:C♦✳

❖ %❡&❝❡✐&♦ ❡ ♦ D✉❛&%♦ ❝❛♣F%✉❧♦/ ❞❡/%❡ %&❛❜❛❧❤♦ /C♦ ✐♥❞❡♣❡♥❞❡♥%❡/✳ ◆♦ %❡&❝❡✐&♦ ❝❛♣F%✉❧♦✱ ❛♣&❡✲

/❡♥%❛&❡♠♦/ ❞❡/❞❡ ❝♦♥❝❡✐%♦/ ❡ &❡/✉❧%❛❞♦/ ❡❧❡♠❡♥%❛&❡/ ❞❛ ❚❡♦&✐❛ ❞❡ ▼S❞✉❧♦/ ❛%+ ❛ ❝♦♥/%&✉:C♦ ❞♦

♣&♦❞✉%♦ %❡♥/♦&✐❛❧✳ ◆♦ D✉❛&%♦ ❝❛♣F%✉❧♦✱ %&❛%❛&❡♠♦/ ❞❛/ ✈❛&✐❡❞❛❞❡/ ❛❧❣+❜&✐❝❛/ ❛✜♥/✳ ❈♦♠ ♦ ❛✉①F✲

❧✐♦ ❞♦ ❚❡♦&❡♠❛ ❞❛ ❇❛/❡ ❞❡ ❍✐❧❜❡&%✱ ❝♦♥❝❧✉✐&❡♠♦/ D✉❡ ❡❧❛/ /C♦ ❡/♣❛:♦/ %♦♣♦❧S❣✐❝♦/ ♥♦❡%❤❡&✐❛♥♦/

❝♦♠ ❛ %♦♣♦❧♦❣✐❛ ❞❡ ❩❛&✐/❦✐✳ ■//♦ /❡&5 ❢✉♥❞❛♠❡♥%❛❧ ♣❛&❛ ♠♦/%&❛&♠♦/ D✉❡ D✉❛❧D✉❡& ✈❛&✐❡❞❛❞❡

❛❧❣+❜&✐❝❛ ❛✜♠ ♣♦❞❡ /❡& ❞❡❝♦♠♣♦/%❛ ❝♦♠♦ ❛ ✉♥✐C♦ ✜♥✐%❛ ❞❡ /✉❛/ ❝♦♠♣♦♥❡♥%❡/ ✐&&❡❞✉%F✈❡✐/✳

❇❛❝❤❛#❡❧❛❞♦ ❡♠ ▼❛"❡♠2"✐❝❛



✷ ■♥#$♦❞✉()♦

❯♥✐✈❡$.✐❞❛❞❡ ❋❡❞❡$❛❧ ❞❡ ❯❜❡$❧3♥❞✐❛ ✲ ❋❛❝✉❧❞❛❞❡ ❞❡ ▼❛#❡♠8#✐❝❛



❋✉♥❞❛♠❡♥'❛()♦ ❚❡,-✐❝❛ ✸

✷✳ ❋✉♥❞❛♠❡♥)❛*+♦ ❚❡./✐❝❛

❊!"❡ ❝❛♣'"✉❧♦ +❡,♥❡ ❛❧❣✉♥! ♣+/✲+❡1✉✐!✐"♦! ♣❛+❛ ♦ ♣+❡!❡♥"❡ "+❛❜❛❧❤♦✳ ❆1✉✐✱ ♣♦❞❡+9♦ !❡+ ❝♦♥✲

!✉❧"❛❞❛! ❞❡✜♥✐;<❡!✱ ♥♦"❛;<❡! ❡ ♣+♦♣♦!✐;<❡! 1✉❡ !❡+9♦ ❢+❡1✉❡♥"❡♠❡♥"❡ ❡♠♣+❡❣❛❞❛! ❛♦ ❧♦♥❣♦ ❞❡!"❡

"+❛❜❛❧❤♦✳ ❊!"❡ ❝❛♣'"✉❧♦ ❢♦✐ ❡❧❛❜♦+❛❞♦ ❝♦♠ ❜❛!❡ ♥❛! +❡❢❡+?♥❝✐❛! ❬✶❪✱ ❬✷❪✱ ❬✸❪✱ ❬✹❪✱ ❬✺❪ ❡ ❬✼❪✳

✷✳✶ ◆♦%&❡( ❞❡ ❚❡♦+✐❛ ❞❡ ❈♦♥❥✉♥2♦(

❇♦♥! ❧✐✈+♦! ♣❛+❛ ♦ ❡!"✉❞♦ ❞❡ ❚❡♦+✐❛ ❞❡ ❈♦♥❥✉♥"♦! !9♦ ❬✸❪ ❡ ❬✺❪✳ ❯♠ ❞♦! "N♣✐❝♦! ❛❜♦+❞❛❞♦!

♥❡!!❡! ❧✐✈+♦! / ❛ ✐♥"❡+❡!!❛♥"❡ ❝♦♥!"+✉;9♦ ❞♦ ❝♦♥❥✉♥"♦ ❞♦! ♥,♠❡+♦! ♥❛"✉+❛✐!✱ 1✉❡✱ ♥❡!"❡ "+❛❜❛❧❤♦✱

!❡+O ❞❡♥♦"❛❞♦ ♣♦+ ◆ ❡ ✐♥❝❧✉✐+O ♦ ③❡+♦ ❝♦♠♦ ✉♠ ❞❡ !❡✉! ❡❧❡♠❡♥"♦!✳ ❊✱ ♣♦+ ❢❛❧❛+ ♥❡!!❡ ❝♦♥❥✉♥"♦✱

✐♠❛❣✐♥❡♠♦✲♥♦! ❝♦♠ ♦ ♦❜❥❡"✐✈♦ ❞❡ ❞❡✜♥✐+ ✉♠❛ ❢✉♥;9♦ h ❞❡ ◆ ❡♠ ✉♠ ❝♦♥❥✉♥"♦ ♥9♦ ✈❛③✐♦ Γ ❞❡

♠♦❞♦ 1✉❡ "❡♥❤❛♠♦!

h(0) = a, h(1) = f(h(0)), h(2) = f(h(1)), h(3) = f(h(2))

❡ ❛!!✐♠ ♣♦+ ❞✐❛♥"❡✱ ♦♥❞❡ a / ✉♠ ❡❧❡♠❡♥"♦ ❞❡ Γ ❡ f : Γ → Γ / ✉♠❛ ❢✉♥;9♦✳ ❖ "❡♦+❡♠❛ !❡❣✉✐♥"❡

❣❛+❛♥"❡ ❛ ❡①✐!"?♥❝✐❛ ❞❡ ❢✉♥;<❡! ❞❡✜♥✐❞❛! ❞❡!!❛ ❢♦+♠❛✳

❚❡♦#❡♠❛ ✶ ✭❘❡❝✉+!9♦ ❡♠ ◆✮✳ ❙❡❥❛♠ Γ ✉♠ ❝♦♥❥✉♥)♦✱ a ✉♠ ❡❧❡♠❡♥)♦ ❞❡ Γ ❡ f : Γ → Γ ✉♠❛

❢✉♥./♦✳ ❊♥)/♦✱ ❡①✐4)❡ ✉♠❛ 5♥✐❝❛ ❢✉♥./♦ h : ◆ → Γ )❛❧ 6✉❡ h(0) = a ❡✱ ♣❛8❛ )♦❞♦ n ∈ ◆✱

h(n+ 1) = f(h(n))✳

❉❡♠♦♥4)8❛./♦✳ ❯♠❛ ❞❡♠♦♥!"+❛;9♦ ❞❡!!❡ +❡!✉❧"❛❞♦ ♣♦❞❡ !❡+ ❡♥❝♦♥"+❛❞❛ ❡♠ ❬✸✱ ❝❛♣'"✉❧♦ ✹❪✳

▲❡♠❜+❡♠♦! 1✉❡✱ ❞❛❞♦ ✉♠ ❝♦♥❥✉♥"♦ Γ✱ ♦ ❝♦♥❥✉♥"♦ ❞❡ "♦❞♦! ♦! !✉❜❝♦♥❥✉♥"♦! ❞❡ Γ / ❞✐"♦

❝♦♥❥✉♥,♦ ❞❛. ♣❛#,❡. ❞❡ Γ ❡ / ❞❡♥♦"❛❞♦ ♣♦+ P(Γ)✳ ◆❡!"❡ "+❛❜❛❧❤♦✱ ❛❝+❡❞✐"❛+❡♠♦! ♥♦ ❛①✐✲

♦♠❛ !❡❣✉✐♥"❡✱ ♦ 1✉❛❧ ❣❛+❛♥"❡ ❛ ❡①✐!"?♥❝✐❛ ❞❡ ✉♠❛ ❢✉♥;9♦ 1✉❡ ✏❡!❝♦❧❤❡✑ ✉♠ ❡❧❡♠❡♥"♦ ❞❡ ❝❛❞❛

!✉❜❝♦♥❥✉♥"♦ ♥9♦ ✈❛③✐♦ ❞❡ 1✉❛❧1✉❡+ ❝♦♥❥✉♥"♦ ❞❛❞♦✳

❆①✐♦♠❛ ❞❛ ❊.❝♦❧❤❛✳ :❛8❛ 6✉❛❧6✉❡8 ❝♦♥❥✉♥)♦ Γ✱ ❡①✐4)❡ ✉♠❛ ❢✉♥./♦ E : P(Γ) \ {∅} → Γ )❛❧

6✉❡ E(S) ∈ S ♣❛8❛ )♦❞♦ 4✉❜❝♦♥❥✉♥)♦ ♥/♦ ✈❛③✐♦ S ⊂ Γ✳

❉❡✜♥✐89♦ ✶✳ ❙❡❥❛ Γ ✉♠ ❝♦♥❥✉♥)♦✳ ❯♠❛ 8❡❧❛./♦ ≤ ❡♠ Γ 4❡8? ❞✐)❛ ✉♠❛ ♦!❞❡♠ ♣❛!❝✐❛❧ ❡♠

Γ 4❡ ❢♦8 ✉♠❛ 8❡❧❛./♦ 8❡✢❡①✐✈❛✱ ❛♥)✐44✐♠A)8✐❝❛ ❡ )8❛♥4✐)✐✈❛✱ ♦✉ 4❡❥❛✱ 4❡✱ ♣❛8❛ )♦❞♦4 x, y, z ∈ Γ✱

)✐✈❡8♠♦4✿

(i) x ≤ x❀

❇❛❝❤❛-❡❧❛❞♦ ❡♠ ▼❛'❡♠5'✐❝❛



✹ ❋✉♥❞❛♠❡♥(❛)*♦ ❚❡-.✐❝❛

(ii) x ≤ y ❡ y ≤ x ✐♠♣❧✐❝❛♠ x = y❀

(iii) x ≤ y ❡ y ≤ z ✐♠♣❧✐❝❛♠ x ≤ z✳

❯♠ ❝♦♥❥✉♥%♦ ♣❛(❝✐❛❧♠❡♥%❡ ♦(❞❡♥❛❞♦ * ✉♠ ♣❛, (Γ,≤)✱ ♦♥❞❡ Γ * ✉♠ ❝♦♥❥✉♥2♦ ❡ ≤✱ ✉♠❛

♦,❞❡♠ ♣❛,❝✐❛❧ ❡♠ Γ✳

❙❡❥❛ (Γ,≤) ✉♠ ❝♦♥❥✉♥)♦ ♣❛+❝✐❛❧♠❡♥)❡ ♦+❞❡♥❛❞♦ ❡ C ✉♠ /✉❜❝♦♥❥✉♥)♦ ❞❡ Γ✳ ❉✐+❡♠♦/ 3✉❡ C

4 ✉♠❛ ❝❛❞❡✐❛ ❡♠ Γ /❡ 3✉❛✐/3✉❡+ ❞♦✐/ ❞❡ /❡✉/ ❡❧❡♠❡♥)♦/ ❢♦+❡♠ ❝♦♠♣❛+6✈❡✐/✱ ✐/)♦ 4✱ /❡ x, y ∈ C✱

❡♥)9♦ x ≤ y ♦✉ y ≤ x✳ ❯♠❛ ❝♦&❛ '✉♣❡*✐♦* ❞❡ C 4 ✉♠ ❡❧❡♠❡♥)♦ s ∈ Γ )❛❧ 3✉❡ x ≤ s ♣❛+❛ )♦❞♦

x ∈ C✳ ❯♠ ❡❧❡♠❡♥&♦ ♠❛①✐♠❛❧ ❞❡ Γ 4 ✉♠ ❡❧❡♠❡♥)♦ m ∈ Γ ♣❛+❛ ♦ 3✉❛❧ m ≤ x ✐♠♣❧✐❝❛ x = m

♣❛+❛ )♦❞♦ x ∈ Γ✳ ❯♠ ❡❧❡♠❡♥&♦ ♠✐♥✐♠❛❧ ❞❡ Γ 4 ✉♠ ❡❧❡♠❡♥)♦ n ∈ Γ ♣❛+❛ ♦ 3✉❛❧ x ≤ n ✐♠♣❧✐❝❛

x = n ♣❛+❛ )♦❞♦ x ∈ Γ✳ ▲♦❣✐❝❛♠❡♥)❡✱ ❛♦ ❛❝+❡❞✐)❛+♠♦/ ♥♦ ❆①✐♦♠❛ ❞❛ ❊/❝♦❧❤❛✱ ❣❛♥❤❛♠♦/ ❞❡

❜+✐♥❞❡ ❛ ✈❛❧✐❞❛❞❡ ❞❡ /✉❛ ❢♦+♠❛ ❡3✉✐✈❛❧❡♥)❡✿ ♦ ▲❡♠❛ ❞❡ ❩♦+♥✳

▲❡♠❛ ✶ ✭❩♦+♥✮✳ ❙❡❥❛ (Γ,≤) ✉♠ ❝♦♥❥✉♥2♦ ♣❛,❝✐❛❧♠❡♥2❡ ♦,❞❡♥❛❞♦✳ ❙❡ 2♦❞❛ ❝❛❞❡✐❛ ❡♠ Γ ♣♦44✉✐,

❝♦2❛ 4✉♣❡,✐♦,✱ ❡♥25♦ Γ ♣♦44✉✐,6 ✉♠ ❡❧❡♠❡♥2♦ ♠❛①✐♠❛❧✳

✷✳✷ ◆♦$%❡' ❞❡ ❚♦♣♦❧♦❣✐❛ ●❡0❛❧

❉❡✜♥✐45♦ ✷✳ ❙❡❥❛ X ✉♠ ❝♦♥❥✉♥2♦✳ ❯♠❛ %♦♣♦❧♦❣✐❛ ❡♠ X * ✉♠❛ ❝♦❧❡85♦ τ ❞❡ 4✉❜❝♦♥❥✉♥2♦4 ❞❡

X✱ ❝❤❛♠❛❞♦4 ❝♦♥❥✉♥%♦/ ❛❜❡(%♦/✱ ❝♦♠ ❛4 ♣,♦♣,✐❡❞❛❞❡4 4❡❣✉✐♥2❡4✿

(i) ∅ ∈ τ ❡ X ∈ τ ✭✈❛③✐♦ ❡ 2♦❞♦ ♦ ❡4♣❛8♦ 45♦ ❝♦♥❥✉♥2♦4 ❛❜❡,2♦4✮❀

(ii) 4❡ U, V ∈ τ ✱ ❡♥25♦ U ∩ V ∈ τ ✭✐♥2❡,4❡85♦ ✜♥✐2❛ ❞❡ ❝♦♥❥✉♥2♦4 ❛❜❡,2♦4 * 2❛♠❜*♠ ✉♠

❝♦♥❥✉♥2♦ ❛❜❡,2♦✮❀

(iii) 4❡ (Uλ)λ∈Λ ❢♦, ✉♠❛ ❢❛♠C❧✐❛ ❞❡ ❡❧❡♠❡♥2♦4 ❞❡ τ ✱ ❡♥25♦

⋃

λ∈Λ

Uλ ∈ τ ✭✉♥✐5♦ ❛,❜✐2,6,✐❛ ❞❡

❝♦♥❥✉♥2♦4 ❛❜❡,2♦4 * 2❛♠❜*♠ ✉♠ ❝♦♥❥✉♥2♦ ❛❜❡,2♦✮✳

❯♠ ❡/♣❛1♦ %♦♣♦❧2❣✐❝♦ * ✉♠ ♣❛, (X, τ)✱ ♦♥❞❡ X * ✉♠ ❝♦♥❥✉♥2♦ ❡ τ ✱ ✉♠❛ 2♦♣♦❧♦❣✐❛ ❡♠ X✳

❖❜'❡*✈❛45♦ ✶✳ ●❡,❛❧♠❡♥2❡✱ ,❡❢❡,✐,❡♠♦4 ❛♦ ♣,E♣,✐♦ ❝♦♥❥✉♥2♦ X ❝♦♠♦ ✉♠ ❡4♣❛8♦ 2♦♣♦❧E❣✐❝♦✳

❈♦♥/✐❞❡+❡♠♦/ ✉♠ ❡/♣❛F♦ )♦♣♦❧G❣✐❝♦ X ❡ ✉♠ ♣♦♥)♦ x ∈ X✳ ❯♠❛ ✈✐③✐♥❤❛♥4❛ ❛❜❡*&❛ ❞❡ x 4

3✉❛❧3✉❡+ ❝♦♥❥✉♥)♦ ❛❜❡+)♦ ❝♦♥)❡♥❞♦ x✳ ◆♦)❡♠♦/ 3✉❡ ✉♠ /✉❜❝♦♥❥✉♥)♦ U ⊂ X /❡+6 ✉♠ ❝♦♥❥✉♥)♦

❛❜❡+)♦ ❡♠ X /❡✱ ❡ /♦♠❡♥)❡ /❡✱ )♦❞♦ ♣♦♥)♦ ❞❡ U ♣♦//✉✐+ ❛❧❣✉♠❛ ✈✐③✐♥❤❛♥F❛ ❛❜❡+)❛ ❝♦♥)✐❞❛ ❡♠

U ✳ ❯♠ /✉❜❝♦♥❥✉♥)♦ F ⊂ X /❡+6 ❞✐)♦ ❝♦♥❥✉♥&♦ ❢❡❝❤❛❞♦ /❡ /❡✉ ❝♦♠♣❧❡♠❡♥)❛+ X \ F ❢♦+ ✉♠

❝♦♥❥✉♥)♦ ❛❜❡+)♦✳ ❈♦♥/❡3✉❡♥)❡♠❡♥)❡✿

(i) ∅ ❡ X /9♦ ❝♦♥❥✉♥)♦/ ❢❡❝❤❛❞♦/❀

(ii) /❡ F ❡ G ❢♦+❡♠ ❝♦♥❥✉♥)♦/ ❢❡❝❤❛❞♦/✱ ❡♥)9♦ ❛ ✉♥✐9♦ F ∪ G /❡+6 )❛♠❜4♠ ✉♠ ❝♦♥❥✉♥)♦

❢❡❝❤❛❞♦❀

❯♥✐✈❡.3✐❞❛❞❡ ❋❡❞❡.❛❧ ❞❡ ❯❜❡.❧6♥❞✐❛ ✲ ❋❛❝✉❧❞❛❞❡ ❞❡ ▼❛(❡♠9(✐❝❛



❋✉♥❞❛♠❡♥'❛()♦ ❚❡,-✐❝❛ ✺

(iii)  ❡ (Fλ)λ∈Λ ❢♦$ ✉♠❛ ❢❛♠(❧✐❛ +✉❛❧+✉❡$ ❞❡ ❝♦♥❥✉♥0♦ ❢❡❝❤❛❞♦ ✱ ❡♥03♦ ❛ ✐♥0❡$ ❡43♦

⋂

λ∈Λ

Fλ  ❡$5

0❛♠❜7♠ ✉♠ ❝♦♥❥✉♥0♦ ❢❡❝❤❛❞♦✳

❙❡❥❛ S ✉♠  ✉❜❝♦♥❥✉♥0♦ ❞❡ X✳ ❖ ♠❡♥♦$ ❝♦♥❥✉♥0♦ ❢❡❝❤❛❞♦ ❞❡ X +✉❡ ❝♦♥07♠ S 7 ❝❤❛♠❛❞♦

❢❡❝❤♦ ❞❡ S ❡ 7 ❞❡♥♦0❛❞♦ ♣♦$ S✳ ❙❡ S = X✱ ❡♥03♦ ❞✐$❡♠♦ +✉❡ S 7 ❞❡♥'♦ ❡♠ X✳ ❖ ❧❡♠❛

 ❡❣✉✐♥0❡ ❝♦♥✈❡♥❝❡✲♥♦ ❞♦ ❢❛0♦ ❞❡ +✉❡ ♦ ❢❡❝❤♦ ❞❡ S 7 ♦ ❝♦♥❥✉♥0♦ ❞♦ ♣♦♥0♦ ❞❡ X +✉❡ ❡ 03♦

✏❛$❜✐0$❛$✐❛♠❡♥0❡ ♣$@①✐♠♦ ✑ ❞❡ S✳

▲❡♠❛ ✷✳ ❙❡❥❛ X ✉♠ ❡&♣❛(♦ *♦♣♦❧,❣✐❝♦✳ ❙❡ S ❢♦2 ✉♠ &✉❜❝♦♥❥✉♥*♦ ❞❡ X✱ ❡♥*7♦

S = {x ∈ X; 0♦❞❛ ✈✐③✐♥❤❛♥4❛ ❛❜❡$0❛ ❞❡ x ♣♦  ✉✐ ✐♥0❡$ ❡43♦ ♥3♦ ✈❛③✐❛ ❝♦♠ S}.

❉❡♠♦♥&*2❛(7♦✳ ❉❡♥♦0❡♠♦ ♦ ❝♦♥❥✉♥0♦

{x ∈ X; 0♦❞❛ ✈✐③✐♥❤❛♥4❛ ❛❜❡$0❛ ❞❡ x ♣♦  ✉✐ ✐♥0❡$ ❡43♦ ♥3♦ ✈❛③✐❛ ❝♦♠ S}

♣♦$ F ✳ ❊✈✐❞❡♥0❡♠❡♥0❡✱ S ⊂ F ✳

F$✐♠❡✐$❛♠❡♥0❡✱ ♠♦ 0$❡♠♦ +✉❡ F 7 ✉♠ ❝♦♥❥✉♥0♦ ❢❡❝❤❛❞♦ ❡♠ X✳ ❙❡ x ∈ X \F ✱ ❡♥03♦ ❡①✐ 0✐$5

✉♠❛ ✈✐③✐♥❤❛♥4❛ ❛❜❡$0❛ U ❞❡ x 0❛❧ +✉❡ U ∩ S = ∅ ❡✱ ❝♦♥ ❡+✉❡♥0❡♠❡♥0❡✱ U ⊂ X \ F ✳ ❆  ✐♠✱

X \ F 7 ✉♠ ❝♦♥❥✉♥0♦ ❛❜❡$0♦ ❡♠ X✳

❆❣♦$❛✱ ❥5  ❛❜❡♠♦ +✉❡ F 7 ✉♠ ❝♦♥❥✉♥0♦ ❢❡❝❤❛❞♦ ❝♦♥0❡♥❞♦ S ❡✱ ❧♦❣♦✱ $❡ 0❛ ♠♦ 0$❛$♠♦ +✉❡

F 7 ♦ ♠❡♥♦$  ✉❜❝♦♥❥✉♥0♦ ❞❡ X ❝♦♠ ❡  ❛ ♣$♦♣$✐❡❞❛❞❡✳ ❙❡❥❛ G ✉♠ ❝♦♥❥✉♥0♦ ❢❡❝❤❛❞♦ ❡♠ X 0❛❧

+✉❡ S ⊂ G✳ ❈♦♠ ✐  ♦✱ ❞❛❞♦ ✉♠ ♣♦♥0♦ y ∈ X \G✱ ♦ ♣$@♣$✐♦ ❝♦♥❥✉♥0♦ X \G 7 ✉♠❛ ✈✐③✐♥❤❛♥4❛

❛❜❡$0❛ ❞❡ y  ❛0✐ ❢❛③❡♥❞♦ (X \G)∩S = ∅ ❡✱ ❝♦♥ ❡+✉❡♥0❡♠❡♥0❡✱ y ∈ X \F ✳ ❆  ✐♠✱ X \G ⊂ X \F

♦✉✱ ❞❡ ♠♦❞♦ ❡+✉✐✈❛❧❡♥0❡✱ F ⊂ G✳ ■  ♦ 0♦$♥❛ ❛ ♣$♦✈❛ ❝♦♠♣❧❡0❛✳

-.♦♣♦'✐12♦ ✶✳ ❙❡❥❛ X ✉♠ ❡&♣❛(♦ *♦♣♦❧,❣✐❝♦ ❡ &❡❥❛♠ A ❡ B &✉❜❝♦♥❥✉♥*♦& ❞❡ X✳

✶✳ A ∪ B = A ∪ B✳

✷✳ A ∩ B ⊂ A ∩B✳

❉❡♠♦♥&*2❛(7♦✳

✶✳ ➱ ❢5❝✐❧ ✈❡$ +✉❡ ❛ ✉♥✐3♦ A ∪ B 7 ✉♠ ❝♦♥❥✉♥0♦ ❢❡❝❤❛❞♦ ❡♠ X ❝♦♥0❡♥❞♦ A ∪ B✳ ▲♦❣♦✱

A ∪ B ⊂ A ∪B✳

❙❡❥❛♠ a ∈ A ∪ B ❡ U ✉♠❛ ✈✐③✐♥❤❛♥4❛ ❛❜❡$0❛ ❞❡ a✳ ❱✐ 0♦ +✉❡ a ∈ A ♦✉ a ∈ B✱ 0❡♠♦ 

U ∩ A 6= ∅ ♦✉ U ∩ B 6= ∅✳ ❊♠ ❛♠❜♦ ♦ ❝❛ ♦ ✱ 0❡♠♦ U ∩ (A ∪ B) 6= ∅✳ F❡❧♦ ▲❡♠❛ ✷✱

a ∈ A ∪ B ❡ ❝♦♥❝❧✉(♠♦ +✉❡ A ∪ B = A ∪B✳

✷✳ ❈❧❛$❛♠❡♥0❡✱ ❛ ✐♥0❡$ ❡43♦ A∩B 7 ✉♠ ❢❡❝❤❛❞♦ ❝♦♥0❡♥❞♦ A∩B✳ ❱✐ 0♦ +✉❡ A ∩B 7 ♦ ♠❡♥♦$

 ✉❜❝♦♥❥✉♥0♦ ❞❡ X ❝♦♠ ❡  ❛ ♣$♦♣$✐❡❞❛❞❡✱ A ∩ B ⊂ A ∩B✳

❇❛❝❤❛-❡❧❛❞♦ ❡♠ ▼❛'❡♠5'✐❝❛



✻ ❋✉♥❞❛♠❡♥(❛)*♦ ❚❡-.✐❝❛

❖❜"❡$✈❛'(♦ ✷✳ ◆♦"❡♠♦% &✉❡ ❛ ✐♥❝❧✉%-♦ A ∩ B ⊂ A ∩B ♥-♦ . ✈0❧✐❞❛ ❡♠ ❣❡3❛❧✳ 5♦3 ❡①❡♠♣❧♦✱

❝♦♥%✐❞❡3❡♠♦% ♦ ❡%♣❛9♦ "♦♣♦❧:❣✐❝♦ X = ❘ ❝♦♠ ❛ "♦♣♦❧♦❣✐❛ ✉%✉❛❧ ❡ %❡✉% %✉❜❝♦♥❥✉♥"♦% A = (0, 1)

❡ B = (1, 2)✳ ◆❡%%❡ ❝❛%♦✱ A ∩B = [0, 1] ∩ [1, 2] = {1}✱ ❡♥&✉❛♥"♦ A ∩B = ∅ = ∅✳

❙❡❥❛ (X, τ) ✉♠ ❡&♣❛(♦ *♦♣♦❧,❣✐❝♦✳ ❙❡ Y ❢♦2 ✉♠ &✉❜❝♦♥❥✉♥*♦ ❞❡ X✱ ❛ ❝♦❧❡(7♦

τY := {Y ∩ U ; U ∈ τ}

&❡28 ✉♠❛ *♦♣♦❧♦❣✐❛ ❡♠ Y ✱ ❛ ❝❤❛♠❛❞❛ ,♦♣♦❧♦❣✐❛ ✐♥❞✉③✐❞❛✳ :♦2 ❝♦♥&❡;✉<♥❝✐❛✱ ♦& ❝♦♥❥✉♥*♦&

❢❡❝❤❛❞♦& ❡♠ Y &7♦ ❞❛ ❢♦2♠❛ Y ∩ F ✱ ♦♥❞❡ F = ✉♠ ❝♦♥❥✉♥*♦ ❢❡❝❤❛❞♦ ❡♠ X✳

❈❧❛2❛♠❡♥*❡✱ ❛ *❡♦2✐❛ &♦❜2❡ ❡&♣❛(♦& *♦♣♦❧,❣✐❝♦& ❛♣2❡&❡♥*❛❞❛ ❛;✉✐ = ❛♣❡♥❛& ✉♠❛ ♣❛2*❡ ?♥✜♠❛

❞❛ ❚♦♣♦❧♦❣✐❛ ●❡2❛❧✱ ♣♦2=♠ &✉✜❝✐❡♥*❡ ♣❛2❛ ♦ ❡&❝♦♣♦ ❞♦ ♣2❡&❡♥*❡ *2❛❜❛❧❤♦✳ ▼❛✐& ✐♥❢♦2♠❛(D❡& ❛

2❡&♣❡✐*♦ ❞♦& ❡&♣❛(♦& *♦♣♦❧,❣✐❝♦& ♣♦❞❡♠ &❡2 ❝♦♥&✉❧*❛❞❛& ❡♠ ❬✹❪✳

✷✳✸ ◆♦%&❡( ❞❡ ❚❡♦+✐❛ ❞❡ ❆♥0✐(

◆♦ ♣2❡&❡♥*❡ *2❛❜❛❧❤♦✱ ♦ *❡2♠♦ ❛♥❡❧ &✐❣♥✐✜❝❛28 &❡♠♣2❡ ❛♥❡❧ ❝♦♠✉*❛*✐✈♦ ❝♦♠ ✉♥✐❞❛❞❡✳ ❆❧=♠

❞✐&&♦✱ &❡ A ❡ B ❢♦2❡♠ ❛♥=✐&✱ ✉♠ ❤♦♠♦♠♦$✜"♠♦ ❞❡ ❛♥8✐" φ : A→ B ❞❡✈❡28 &❡♠♣2❡ &❛*✐&❢❛③❡2

φ(1A) = 1B✱ ❛❧=♠ ❞❡ ♣2❡&❡2✈❛2 &♦♠❛& ❡ ♣2♦❞✉*♦&✳ ❉❡♥♦*❛2❡♠♦& ♦ ❛♥❡❧ ❞♦& ♣♦❧✐♥M♠✐♦& ♥❛&

✈❛2✐8✈❡✐& X1, . . . , Xn ❝♦♠ ❝♦❡✜❝✐❡♥*❡& ❡♠ A ♣♦2 A[X1, . . . , Xn]✳

✷✳✸✳✶ ❉♦♠'♥✐♦* ❡ ❈♦-♣♦*

❙❡❥❛ A ✉♠ ❛♥❡❧✳ ❯♠ ❡❧❡♠❡♥*♦ a ∈ A &❡28 ❝❤❛♠❛❞♦✿

✶✳ ✐♥✈❡$,9✈❡❧ &❡ ❡①✐&*✐2 b ∈ A *❛❧ ;✉❡ ab = 1❀

✷✳ ❞✐✈✐"♦$ ❞❡ ③❡$♦ &❡ ❡①✐&*✐2 b ∈ A \ {0} *❛❧ ;✉❡ ab = 0✳

❖ ❝♦♥❥✉♥*♦ ❞♦& ❡❧❡♠❡♥*♦& ✐♥✈❡2*?✈❡✐& ❡♠ A✱ ❝♦♠ ♦ ♣2♦❞✉*♦ ❞❡ A✱ = ✉♠ ❣2✉♣♦ ❛❜❡❧✐❛♥♦

❞❡♥♦*❛❞♦ ♣♦2 A×
✳ ❆❣♦2❛✱ &✉♣♦♥❤❛♠♦& ;✉❡ ♦ ❛♥❡❧ A ♣♦&&✉❛ ♣❡❧♦ ♠❡♥♦& ❞♦✐& ❡❧❡♠❡♥*♦&✳ ❉✐2❡♠♦&

;✉❡ A =✿

✶✳ ✉♠ ❝♦$♣♦ &❡ *♦❞♦& ♦& &❡✉& ❡❧❡♠❡♥*♦& ♥7♦ ♥✉❧♦& ❢♦2❡♠ ✐♥✈❡2*?✈❡✐&❀

✷✳ ✉♠ ❞♦♠9♥✐♦ &❡ 0 ❢♦2 ♦ U♥✐❝♦ ❞✐✈✐&♦2 ❞❡ ③❡2♦ ❡♠ A✳

➱ ❢8❝✐❧ ✈❡2 ;✉❡ *♦❞♦ ❝♦2♣♦ = ✉♠ ❞♦♠?♥✐♦✳ ❊ &❡ D ❢♦2 ✉♠ ❞♦♠?♥✐♦✱ ♣♦❞❡2❡♠♦& ❝♦♥&*2✉✐2 ✉♠

✐♠♣♦2*❛♥*❡ ❝♦2♣♦ ✏❝♦♥*❡♥❞♦✑ D✿ ♦ ❝♦$♣♦ ❞❡ ❢$❛'<❡" Frac(D) ❞❡ D✳

❙♦❜2❡ ♦ ❝♦♥❥✉♥*♦ D × (D \ {0})✱ ❞❡✜♥❛♠♦& ❛ 2❡❧❛(7♦ ❞❡ ❡;✉✐✈❛❧<♥❝✐❛ &❡❣✉✐♥*❡✿

(a, b) ∼ (c, d) ⇔ ad = bc

♣❛2❛ *♦❞♦& (a, b), (c, d) ∈ D × (D \ {0})✳ ❉❡♥♦*❛♥❞♦ ❛ ❝❧❛&&❡ ❞❡ ❡;✉✐✈❛❧<♥❝✐❛ ❞❡ ❝❛❞❛ ♣❛2

(a, b) ∈ D × (D \ {0}) ♣♦2
a

b
✱ ♦ ❝♦2♣♦ Frac(D) = ♦ ❝♦♥❥✉♥*♦ ❞❛& ❝❧❛&&❡& ❞❡ ❡;✉✐✈❛❧<♥❝✐❛ ❝♦♠ ❛&

❯♥✐✈❡.3✐❞❛❞❡ ❋❡❞❡.❛❧ ❞❡ ❯❜❡.❧6♥❞✐❛ ✲ ❋❛❝✉❧❞❛❞❡ ❞❡ ▼❛(❡♠9(✐❝❛



❋✉♥❞❛♠❡♥'❛()♦ ❚❡,-✐❝❛ ✼

♦♣❡#❛%&❡'

+: Frac(D)× Frac(D) → Frac(D) ❡ · : Frac(D)× Frac(D) → Frac(D)
(a

b
,
c

d

)

7→
ad+ bc

bd

(a

b
,
c

d

)

7→
ac

bd
.

◆♦)❡♠♦' +✉❡ D ♣♦❞❡ '❡# ✈✐')♦ ❝♦♠♦ ✉♠ '✉❜❛♥❡❧ ❞❡ '❡✉ ❝♦#♣♦ ❞❡ ❢#❛%&❡' ♣♦# ♠❡✐♦ ❞♦

❤♦♠♦♠♦#✜'♠♦ ✐♥❥❡)♦# ❞❡ ❛♥8✐'

φ : D → Frac(D)

a 7→
a

1
.

❙❡ K ❢♦# ✉♠ ❝♦#♣♦✱ ♦ ❝♦#♣♦ ❞❡ ❢#❛%&❡' ❞♦ ❞♦♠;♥✐♦ K[X1, . . . , Xn] '❡#< ❞❡♥♦)❛❞♦ ♣♦#

K(X1, . . . , Xn)✳

✷✳✸✳✷ ■❞❡❛✐(

❙❡❥❛ A ✉♠ ❛♥❡❧✳ ❉✐#❡♠♦' +✉❡ ✉♠ '✉❜❝♦♥❥✉♥)♦ ♥?♦ ✈❛③✐♦ I ⊂ A 8 ✉♠ ✐❞❡❛❧ ❞❡ A '❡ I

❢♦# ❢❡❝❤❛❞♦ ♣♦# ❝♦♠❜✐♥❛%&❡' A✲❧✐♥❡❛#❡'✱ ✐')♦ 8✱ '❡ )✐✈❡#♠♦' ax + by ∈ I ♣❛#❛ )♦❞♦' a, b ∈ A ❡

x, y ∈ I✳

❊①❡♠♣❧♦ ✶✳ ❙❡❥❛ φ : A→ B ✉♠ ❤♦♠♦♠♦(✜*♠♦ ❞❡ ❛♥-✐*✳ ❈❧❛(❛♠❡♥2❡✱ φ(0) = 0✳ ❆❧-♠ ❞✐**♦✱

*❡ k1 ❡ k2 ❢♦(❡♠ ❡❧❡♠❡♥2♦* ❞❡ A 2❛✐* 6✉❡ φ(k1) = 0 ❡ φ(k2) = 0✱ ❡♥27♦

φ(a1k1 + a2k2) = φ(a1)φ(k1) + φ(a2)φ(k2) = φ(a1) · 0 + φ(a2) · 0 = 0

♣❛(❛ 2♦❞♦* a1, a2 ∈ A✳ ❆**✐♠✱ ♦ ❝♦♥❥✉♥2♦ φ−1({0}) - ✉♠ ✐❞❡❛❧ ❞❡ A✳ ❊❧❡ - ❝❤❛♠❛❞♦ ♥!❝❧❡♦ ❞❡

φ ❡ - ❞❡♥♦2❛❞♦ ♣♦( Ker(φ)✳

❈♦♥'✐❞❡#❡♠♦' ✉♠ '✉❜❝♦♥❥✉♥)♦ S ❞❡ ✉♠ ❛♥❡❧ A✳ ❖ ❝♦♥❥✉♥)♦ ❞❡ )♦❞❛' ❛' ❝♦♠❜✐♥❛%&❡' ❧✐♥❡❛#❡'

❞❡ ❡❧❡♠❡♥)♦' ❞❡ S ❝♦♠ ❝♦❡✜❝✐❡♥)❡' ❡♠ A

{a1s1 + · · ·+ arsr; r ∈ ◆ \ {0}, ai ∈ A ❡ si ∈ S}

8 ♦ ♠❡♥♦# ✐❞❡❛❧ ❞❡ A +✉❡ ❝♦♥)8♠ S✱ ♦ +✉❛❧ 8 ❝❤❛♠❛❞♦ ✐❞❡❛❧ ❣❡-❛❞♦ ♣♦# S✳ ◆♦ ❝❛'♦ ❡♠ +✉❡

S ❢♦# ✜♥✐)♦✱ ❞✐❣❛♠♦'✱ S = {s1, . . . , sn}✱ ♦ ✐❞❡❛❧ ❣❡#❛❞♦ ♣♦# S '❡#< ❞❡♥♦)❛❞♦ ♣♦# (s1, . . . , sn)✳

❉❡✜♥✐12♦ ✸✳ ❙❡❥❛♠ A ✉♠ ❛♥❡❧ ❡ I ✉♠ ✐❞❡❛❧ ❞❡ A✳ ❉✐(❡♠♦* 6✉❡ I - ✜♥✐(❛♠❡♥(❡ ❣❡,❛❞♦ *❡

❡①✐*2✐(❡♠ n ∈ ◆ \ {0} ❡ a1, . . . , an ∈ A *❛2✐*❢❛③❡♥❞♦ I = (a1, . . . , an)✳ ❊♠ ♣❛(2✐❝✉❧❛(✱ *❡ ❡①✐*2✐(

a ∈ A 2❛❧ 6✉❡ I = (a)✱ ❞✐(❡♠♦* 6✉❡ I - ✉♠ ✐❞❡❛❧ ♣,✐♥❝✐♣❛❧✳

❙❡❥❛♠ I ❡ J ✐❞❡❛✐' ❞❡ ✉♠ ❛♥❡❧ A ❡ (Iλ)λ∈Λ ✉♠❛ ❢❛♠;❧✐❛ ❞❡ ✐❞❡❛✐' ❞❡ A✳ ➱ ❢<❝✐❧ ✈❡# +✉❡ ❛

✐♥4❡-5❡12♦ I ∩ J 8 ✉♠ ✐❞❡❛❧ ❞❡ A✳ ❆ '❡❣✉✐#✱ ❞❡✜♥✐#❡♠♦' ♠❛✐' ❛❧❣✉♠❛' ✏♦♣❡#❛%&❡'✑ ❝♦♠ ✐❞❡❛✐'✳

✶✳ ❖ ✐❞❡❛❧ ❣❡#❛❞♦ ♣❡❧❛ ✉♥✐?♦

⋃

λ∈Λ

Iλ #❡❝❡❜❡ ♦ ♥♦♠❡ ❞❡ 5♦♠❛ ❞❛ ❢❛♠;❧✐❛ (Iλ)λ∈Λ ❡ 8 ❞❡♥♦)❛❞♦

❇❛❝❤❛-❡❧❛❞♦ ❡♠ ▼❛'❡♠5'✐❝❛



✽ ❋✉♥❞❛♠❡♥(❛)*♦ ❚❡-.✐❝❛

♣♦"

∑

λ∈Λ

Iλ✳ $♦" ❝♦♥'❡)✉+♥❝✐❛✱

∑

λ∈Λ

Iλ = {aλ1 + · · ·+ aλr ; r ∈ ◆ \ {0}, λi ∈ Λ ❡ aλi ∈ Iλi}.

✷✳ ❖ ✐❞❡❛❧ ❣❡"❛❞♦ ♣♦" 4♦❞♦' ♦' ♣"♦❞✉4♦' ❞❛ ❢♦"♠❛ ab✱ ♦♥❞❡ a ∈ I ❡ b ∈ J ✱ 7 ❞❡♥♦4❛❞♦ ♣♦"

IJ ❡ ❞✐4♦ ♣!♦❞✉%♦ ❞❡ I ❡ J ✳ ❊①♣❧✐❝✐4❛♠❡♥4❡✱

IJ = {a1b1 + · · ·+ arbr; r ∈ ◆ \ {0}, ai ∈ I ❡ bi ∈ J}.

✸✳ ❖ !❛❞✐❝❛❧ ❞❡ I✱ ❞❡♥♦4❛❞♦ ♣♦" Rad(I)✱ 7 ♦ '❡❣✉✐♥4❡ ✐❞❡❛❧ ❞❡ A✿

{a ∈ A; an ∈ I ♣❛"❛ ❛❧❣✉♠ n ∈ ◆ \ {0}}.

◆♦ ❝❛'♦ ❡♠ )✉❡ I = Rad(I)✱ ❞✐"❡♠♦' )✉❡ I 7 ✉♠ ✐❞❡❛❧ !❛❞✐❝❛❧✳

▲❡♠❜"❡♠♦' )✉❡ ✉♠ ✐❞❡❛❧ ♣"?♣"✐♦ P ❞❡ A '❡"@ ✉♠ ✐❞❡❛❧ ♣!✐♠♦ '❡✱ ♣❛"❛ 4♦❞♦' a, b ∈ A✱

ab ∈ P ✐♠♣❧✐❝❛" a ∈ P ♦✉ b ∈ P ✳ ❈❧❛"❛♠❡♥4❡✱ ♦' ✐❞❡❛✐' ♣"✐♠♦' 'B♦ ❡①❡♠♣❧♦' ❞❡ ✐❞❡❛✐' "❛❞✐❝❛✐'✳

✷✳✸✳✸ ❆♥❡❧ ◗✉♦❝✐❡♥,❡

❙❡❥❛♠ A ✉♠ ❛♥❡❧ ❡ I ✉♠ ✐❞❡❛❧ ❞❡ A✳ ❙♦❜"❡ ♦ ❝♦♥❥✉♥4♦ A✱ ❞❡✜♥❛♠♦' ❛ "❡❧❛FB♦ ❞❡ ❡)✉✐✈❛❧+♥❝✐❛

'❡❣✉✐♥4❡✿

a ∼ b⇔ a− b ∈ I

♣❛"❛ 4♦❞♦' a, b ∈ A✳ ❘❡♣"❡'❡♥4❡♠♦' ♦ ❝♦♥❥✉♥4♦ ❞❛' ❝❧❛''❡' ❞❡ ❡)✉✐✈❛❧+♥❝✐❛ ♣♦" A/I ❡ ❞❡♥♦4❡♠♦'

❛ ❝❧❛''❡ ❞❡ ❡)✉✐✈❛❧+♥❝✐❛ ❞❡ ✉♠ ❡❧❡♠❡♥4♦ a ∈ A ♣♦" a✳ ❖ ❛♥❡❧ -✉♦❝✐❡♥%❡ ❞❡ A ♣♦" I 7 ♦ ❝♦♥❥✉♥4♦

A/I ❝♦♠ ❛' ♦♣❡"❛FI❡'

+: A/I × A/I → A/I ❡ · : A/I × A/I → A/I

(a, b) 7→ a+ b (a, b) 7→ ab.

$❡"❝❡❜❛♠♦' )✉❡ A/I ❝♦♠ ❛ ♦♣❡"❛FB♦ + ❞❡✜♥✐❞❛ ❛❝✐♠❛ 7 ♦ ❣"✉♣♦ )✉♦❝✐❡♥4❡ ❞❡ A ♣♦" I✳

❊①❡♠♣❧♦ ✷✳ ❙❡❥❛ n ✉♠ ✐♥(❡✐)♦ ♣♦,✐(✐✈♦✳ ❖ ❛♥❡❧ 1✉♦❝✐❡♥(❡ ❞❡ ❩ ♣♦) (n) 4 ♦ ❛♥❡❧ ❞♦, ✐♥(❡✐)♦,

♠5❞✉❧♦ n ❡ 4 ❞❡♥♦(❛❞♦ ♣♦) ❩n✳

❙❡ φ : A→ B ❢♦" ✉♠ ❤♦♠♦♠♦"✜'♠♦ '♦❜"❡❥❡4♦" ❞❡ ❛♥7✐'✱ ❡❧❡ ✐♥❞✉③✐"@ ♦ ✐'♦♠♦"✜'♠♦

φ : A/Ker(φ) → B

a 7→ φ(a).

▲❡♠❜"❡♠♦' )✉❡ ✉♠ ✐❞❡❛❧ P ❞❡ A '❡"@ ♣"✐♠♦ '❡✱ ❡ '♦♠❡♥4❡ '❡✱ ♦ )✉♦❝✐❡♥4❡ A/P ❢♦" ✉♠ ❞♦♠L✲

♥✐♦✳ ❉❡''❡ ♠♦❞♦✱ ♠♦'4"❛" )✉❡ P 7 ♣"✐♠♦ 7 ❡)✉✐✈❛❧❡♥4❡ ❛ ♠♦'4"❛" )✉❡ ❡①✐'4❡ ✉♠ ❤♦♠♦♠♦"✜'♠♦

'♦❜"❡❥❡4♦" ❞❡ ❛♥7✐' ❞❡ A ❡♠ ✉♠ ❞♦♠L♥✐♦ D ❝✉❥♦ ♥O❝❧❡♦ '❡❥❛ P ✳

❯♥✐✈❡.3✐❞❛❞❡ ❋❡❞❡.❛❧ ❞❡ ❯❜❡.❧6♥❞✐❛ ✲ ❋❛❝✉❧❞❛❞❡ ❞❡ ▼❛(❡♠9(✐❝❛
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✷✳✸✳✹ ❉♦♠'♥✐♦* +,✐♥❝✐♣❛✐* ❡ ❉♦♠'♥✐♦* ❋❛2♦,✐❛✐*

❆!✉✐✱ ✈❡'❡♠♦* ❛❧❣✉♠❛* ♣'♦♣'✐❡❞❛❞❡* ❞❡ ❛♥1✐* ✏♣❛'❡❝✐❞♦*✑ ❝♦♠ ♦ ❛♥❡❧ ❞♦* ♥5♠❡'♦* ✐♥6❡✐'♦*✳

❉❡✜♥✐%&♦ ✹✳ ❙❡❥❛ D ✉♠ ❞♦♠(♥✐♦✳

✶✳ ❉❛❞♦. ❡❧❡♠❡♥0♦. a, b ∈ D✱ ❞✐2❡♠♦. 3✉❡ b ❞✐✈✐❞❡ a ❡♠ D .❡ ❡①✐.0✐2 c ∈ D 0❛❧ 3✉❡ a = bc✳

◆❡..❡ ❝❛.♦✱ ❞✐③❡♠♦. 0❛♠❜9♠ 3✉❡ b 9 ✉♠ ❢❛&♦( ❞❡ a ❡♠ D ❡ ❡.❝2❡✈❡♠♦. b|a✳

✷✳ ❉✐2❡♠♦. 3✉❡ ❞♦✐. ❡❧❡♠❡♥0♦. a, b ∈ D .<♦ ❛))♦❝✐❛❞♦) ❡♠ D .❡ ❡①✐.0✐2 ✉♠ ❡❧❡♠❡♥0♦

u ∈ D×
0❛❧ 3✉❡ a = ub✳

✸✳ ❯♠ ❡❧❡♠❡♥0♦ ♥<♦ ✐♥✈❡20(✈❡❧ a ∈ D\{0} .❡2? ✐((❡❞✉&,✈❡❧ ❡♠ D .❡ ♣♦..✉✐2 ❛♣❡♥❛. ❢❛0♦2❛B<♦

02✐✈✐❛❧ ❡♠ D✱ ✐.0♦ 9✱ .❡ a = bc ✐♠♣❧✐❝❛2 b ∈ D×
♦✉ c ∈ D×

♣❛2❛ 0♦❞♦. b, c ∈ D✳

✹✳ ❉✐2❡♠♦. 3✉❡ ✉♠ ❡❧❡♠❡♥0♦ ♥<♦ ✐♥✈❡20(✈❡❧ p ∈ D \ {0} 9 ♣(✐♠♦ ❡♠ D .❡ ♦ ✐❞❡❛❧ (p) ❢♦2

♣2✐♠♦✱ ✐.0♦ 9✱ .❡ p|ab ✐♠♣❧✐❝❛2 p|a ♦✉ p|b ♣❛2❛ 0♦❞♦. a, b ∈ D✳

✺✳ ❉❛❞♦. ❡❧❡♠❡♥0♦. a1, . . . , an ∈ D \ {0}✱ ✉♠ ❡❧❡♠❡♥0♦ d ∈ D .❡2? ✉♠ ♠0①✐♠♦ ❞✐✈✐)♦(

❝♦♠✉♠ ❞❡ a1, . . . , an .❡ d ❞✐✈✐❞✐2 ♦. ❡❧❡♠❡♥0♦. a1, . . . , an ❡ .❡ 0♦❞♦ ❡❧❡♠❡♥0♦ d′ ∈ D 3✉❡

❞✐✈✐❞❡ ♦. ❡❧❡♠❡♥0♦. a1, . . . , an ❞✐✈✐❞✐2 0❛♠❜9♠ d✳

❙❡❥❛♠ D ✉♠ ❞♦♠:♥✐♦ ❡ a1, . . . , an ❡❧❡♠❡♥6♦* ♥;♦ ♥✉❧♦* ❞❡ D✳ ➱ ❢>❝✐❧ ✈❡' !✉❡ *❡ d ❡ d
′
❢♦'❡♠

♠❛✐♦'❡* ❞✐✈✐*♦'❡* ❝♦♠✉♥* ❞❡ a1, . . . , an✱ ❡♥6;♦ d ❡ d
′
*❡';♦ ❛**♦❝✐❛❞♦* ❡♠ D✳ ?♦' 6❡'♠♦* ❡**❛

✉♥✐❝✐❞❛❞❡ ✭❛ ♠❡♥♦* ❞❡ ♠✉❧6✐♣❧✐❝❛A;♦ ♣♦' ✐♥✈❡'6:✈❡✐*✮ ❞♦ ♠>①✐♠♦ ❞✐✈✐*♦' ❝♦♠✉♠✱ ❞❡♥♦6❛'❡♠♦*

!✉❛❧!✉❡' ♠>①✐♠♦ ❞✐✈✐*♦' ❝♦♠✉♠ ❞❡ a1, . . . , an ♣♦' mdc(a1, . . . , an)✳

➱ ❢>❝✐❧ ✈❡' !✉❡ *❡ p ∈ D ❢♦' ♣'✐♠♦✱ ❡♥6;♦ p *❡'> 6❛♠❜1♠ ✐''❡❞✉6:✈❡❧✱ ♠❛* ❛ '❡❝:♣'♦❝❛ ♥;♦ 1

✈>❧✐❞❛ ❡♠ ❣❡'❛❧✳ ❊♥6'❡6❛♥6♦✱ ♥♦* 6✐♣♦* ❞❡ ❞♦♠:♥✐♦* !✉❡ ❞❡✜♥✐'❡♠♦* ❛ *❡❣✉✐'✱ ♦* 6❡'♠♦* ♣'✐♠♦

❡ ✐''❡❞✉6:✈❡❧ *;♦ *✐♥G♥✐♠♦*✳

❉❡✜♥✐%&♦ ✺✳ ❙❡❥❛ D ✉♠ ❞♦♠(♥✐♦✳

✶✳ ❙❡ 0♦❞♦ ✐❞❡❛❧ ❞❡ D ❢♦2 ♣2✐♥❝✐♣❛❧✱ ❞✐2❡♠♦. 3✉❡ D 9 ✉♠ ❞♦♠,♥✐♦ ♣(✐♥❝✐♣❛❧✳

✷✳ ❉✐2❡♠♦. 3✉❡ D 9 ✉♠ ❞♦♠,♥✐♦ ❢❛&♦(✐❛❧ .❡ 0♦❞♦ ❡❧❡♠❡♥0♦ ♥<♦ ✐♥✈❡20(✈❡❧ d ∈ D \ {0}

♣✉❞❡2 .❡2 ❡.❝2✐0♦ ❝♦♠♦ ♣2♦❞✉0♦ ❞❡ ✐22❡❞✉0(✈❡✐. ❞❡ ♠❛♥❡✐2❛ E♥✐❝❛ ❛ ♠❡♥♦. ❞❛ ♦2❞❡♠ ❞♦.

❢❛0♦2❡. ❡ ❞❡ ❡❧❡♠❡♥0♦. ❛..♦❝✐❛❞♦.✳ ❊♠ ♦✉02❛. ♣❛❧❛✈2❛.✱ ♣❛2❛ ❝❛❞❛ ❡❧❡♠❡♥0♦ ♥<♦ ✐♥✈❡20(✈❡❧

d ∈ D \ {0}✿

(i) ❡①✐.0❡♠ ✐22❡❞✉0(✈❡✐. p1, . . . , pm ∈ D 0❛✐. 3✉❡ d = p1 · · · pm❀

(ii) .❡ d = q1 · · · qn ❢♦2 ♦✉02❛ ❢❛0♦2❛B<♦ ❞❡ d ❡♠ ✐22❡❞✉0(✈❡✐. q1, . . . , qn✱ ❡♥0<♦ m = n ❡

❡①✐.0✐2? ✉♠❛ ♣❡2♠✉0❛B<♦ σ : {1, . . . ,m} → {1, . . . ,m} 0❛❧ 3✉❡ pi 9 ❛..♦❝✐❛❞♦ ❛ qσ(i) ♣❛2❛

0♦❞♦ i ∈ {1, . . . ,m}✳

❇❛❝❤❛-❡❧❛❞♦ ❡♠ ▼❛'❡♠5'✐❝❛



✶✵ ❋✉♥❞❛♠❡♥)❛*+♦ ❚❡./✐❝❛

❙❡❥❛ D ✉♠ ❞♦♠(♥✐♦ ❢❛,♦-✐❛❧ ❡ /❡❥❛♠ a1, . . . , an ❡❧❡♠❡♥,♦/ ♥0♦ ♥✉❧♦/ ❞❡ D✳ ◆♦,❡♠♦/ 3✉❡

❡①✐/,❡♠ r ∈ ◆✱ ✐--❡❞✉,(✈❡✐/ p1, . . . , pr ∈ D ♥0♦ ❛//♦❝✐❛❞♦/ ❞♦✐/ ❛ ❞♦✐/✱ u1, . . . , un ∈ D×
❡

e11, . . . , e1r, . . . , en1, . . . , enr ∈ ◆ ,❛✐/ 3✉❡ ♣♦❞❡♠♦/ ❡/❝-❡✈❡-

aj = uj

r
∏

i=1

p
eji
i

♣❛-❛ ❝❛❞❛ j ∈ {1, . . . , n}✳ ❉❡//❡ ♠♦❞♦✱ ❡①✐/,❡ ✉♠ ♠:①✐♠♦ ❞✐✈✐/♦- ❝♦♠✉♠ ❞❡ a1, . . . , an ❡

mdc(a1, . . . , an) =
r
∏

i=1

p
min{e1i,...,eni}
i .

❱❡❥❛♠♦/ ✉♠❛ ✐♠♣♦-,❛♥,❡ ❝❛-❛❝,❡-✐③❛=0♦ ❞♦/ ❞♦♠(♥✐♦/ ♣-✐♥❝✐♣❛✐/✳

❚❡♦#❡♠❛ ✷✳ ❯♠ ❞♦♠$♥✐♦ D '❡)* ♣)✐♥❝✐♣❛❧ '❡✱ ❡ '♦♠❡♥0❡ '❡✱ D ❢♦) ✉♠ ❞♦♠$♥✐♦ ❢❛0♦)✐❛❧ 0❛❧

3✉❡✱ ♣❛)❛ 0♦❞♦' a, b ∈ D \ {0}✱ ❡①✐'0❡♠ e, f ∈ D '❛0✐'❢❛③❡♥❞♦ mdc(a, b) = ea+ fb✳

❉❡✜♥✐,-♦ ✻✳ ❙❡❥❛ D ✉♠ ❞♦♠$♥✐♦ ❢❛0♦)✐❛❧✳ ❯♠ ♣♦❧✐♥9♠✐♦ ♥:♦ ♥✉❧♦ f ∈ D[X] '❡)* ❞✐0♦ ♣!✐♠✐✲

%✐✈♦ '❡ 1 ❢♦) ✉♠ ♠*①✐♠♦ ❞✐✈✐'♦) ❝♦♠✉♠ ❞❡ '❡✉' ❝♦❡✜❝✐❡♥0❡' ♥:♦ ♥✉❧♦'✱ ✐'0♦ =✱ '❡ ♥:♦ ❡①✐'0✐)

✉♠ ✐))❡❞✉0$✈❡❧ p ∈ D 3✉❡ ❞✐✈✐❞❛ 0♦❞♦' ♦' '❡✉' ❝♦❡✜❝✐❡♥0❡'✳

❙❡❥❛ D ✉♠ ❞♦♠(♥✐♦ ❢❛,♦-✐❛❧✳ ❉❛❞♦ ✉♠ ♣♦❧✐♥>♠✐♦ f ∈ D[X]✱ ♦ ❧❡♠❛ /❡❣✉✐♥,❡ ❡/,❛❜❡❧❡❝❡

✉♠❛ -❡❧❛=0♦ ❡♥,-❡ ❛ ✐--❡❞✉,✐❜✐❧✐❞❛❞❡ ❞❡ f ❡♠ D[X] ❡ ❛ ✐--❡❞✉,✐❜✐❧✐❞❛❞❡ ❞❡ f ❡♠ K[X]✱ ♦♥❞❡

K = Frac(D)✳

▲❡♠❛ ✸✳ ✭●❛✉''✮ ❙❡❥❛ D ✉♠ ❞♦♠$♥✐♦✱ K '❡✉ ❝♦)♣♦ ❞❡ ❢)❛AB❡' ❡ f ∈ D[X] ✉♠ ♣♦❧✐♥9♠✐♦ ♥:♦

❝♦♥'0❛♥0❡✳ ❖ ♣♦❧✐♥9♠✐♦ f '❡)* ✐))❡❞✉0$✈❡❧ ❡♠ D[X] '❡✱ ❡ '♦♠❡♥0❡ '❡✱ f ❢♦) ♣)✐♠✐0✐✈♦ ❡♠ D[X]

❡ ✐))❡❞✉0$✈❡❧ ❡♠ K[X]✳

❊//❡ ❧❡♠❛ B ♠✉✐,♦ C,✐❧ ♣❛-❛ ❞❡♠♦♥/,-❛- ♦ ,❡♦-❡♠❛ /❡❣✉✐♥,❡✳

❚❡♦#❡♠❛ ✸✳ ✭●❛✉''✮ ❙❡ D ❢♦) ✉♠ ❞♦♠$♥✐♦ ❢❛0♦)✐❛❧✱ ❡♥0:♦ D[X] 0❛♠❜=♠ '❡)* ✉♠ ❞♦♠$♥✐♦

❢❛0♦)✐❛❧✳

❖❜3❡#✈❛,-♦ ✸✳ ❊♠ ♣❛)0✐❝✉❧❛)✱ '❡ K ❢♦) ✉♠ ❝♦)♣♦✱ ❡♥0:♦ K[X1, . . . , Xn] '❡)* ✉♠ ❞♦♠$♥✐♦

❢❛0♦)✐❛❧✳

❆/ ❞❡♠♦♥/,-❛=E❡/ ❞♦ ❚❡♦-❡♠❛ ✷✱ ❞♦ ▲❡♠❛ ❞❡ ●❛✉// ❡ ❞♦ ❚❡♦-❡♠❛ ❞❡ ●❛✉// ♣♦❞❡♠ /❡-

❝♦♥/✉❧,❛❞❛/ ❡♠ ❬✹✱ ❝❛♣(,✉❧♦ ✷❪✳ ❉❡ ♠♦❞♦ ❣❡-❛❧✱ ♦/ ❧✐✈-♦/ ❬✶❪ ❡ ❬✹❪ /0♦ ❜♦❛/ -❡❢❡-N♥❝✐❛/ ♣❛-❛

❛♣-♦❢✉♥❞❛- ♦ ❝♦♥❤❡❝✐♠❡♥,♦ ❛ -❡/♣❡✐,♦ ❞❡ ❛♥B✐/✳

❯♥✐✈❡/4✐❞❛❞❡ ❋❡❞❡/❛❧ ❞❡ ❯❜❡/❧7♥❞✐❛ ✲ ❋❛❝✉❧❞❛❞❡ ❞❡ ▼❛)❡♠:)✐❝❛



▼!❞✉❧♦& ✶✶

✸✳ ▼#❞✉❧♦(

❉❡✜♥✐❞♦' ❡♠ ❝♦♥✈❡+'❛' ❝♦-✐❞✐❛♥❛' ✐♥❢♦+♠❛✐' ❝♦♠♦ ✏❡'♣❛1♦' ✈❡-♦+✐❛✐' '♦❜+❡ ❛❧❣✉♠ ❛♥❡❧✑✱

♦' ♠8❞✉❧♦' '9♦ ❛' ❡'-+❡❧❛' ❞❡'-❡ ❝❛♣:-✉❧♦✳ ❆=✉✐✱ ✈❡+❡♠♦' '✉❛' ♣+♦♣+✐❡❞❛❞❡' ❡❧❡♠❡♥-❛+❡' ❡

❝♦♥'-+✉✐+❡♠♦' ♦ ♣+♦❞✉-♦ -❡♥'♦+✐❛❧ ❞❡ ♠8❞✉❧♦'✳ ❆♦ ✜♥❛❧✱ -+❛-❛+❡♠♦'✱ ❜+❡✈❡♠❡♥-❡✱ ❞❛' ❡'-+✉-✉+❛'

❛❧❣>❜+✐❝❛' ✏+❡'✉❧-❛♥-❡' ❞❛ ❢✉'9♦ ❞❡ ✉♠ ❛♥❡❧ ❝♦♠ ✉♠ ♠8❞✉❧♦✑✿ ❛' @❧❣❡❜+❛'✳ ◆❡'-❡ ❝❛♣:-✉❧♦✱ ❛'

♣+✐♥❝✐♣❛✐' +❡❢❡+B♥❝✐❛' ✉-✐❧✐③❛❞❛' ❢♦+❛♠ ❬✶❪ ❡ ❬✷❪✳

✸✳✶ ▼$❞✉❧♦) ❡ ❍♦♠♦♠♦-❢✐)♠♦) ❞❡ ▼$❞✉❧♦)

❉❡✜♥✐%&♦ ✼✳ ❙❡❥❛ A ✉♠ ❛♥❡❧✳ ❯♠ A✲♠"❞✉❧♦ * ✉♠ ♣❛, (M,µ)✱ ♦♥❞❡ M * ✉♠ ❣,✉♣♦ ❛❜❡❧✐❛♥♦

❛❞✐3✐✈♦ ❡ ❛ ❢✉♥67♦

µ : A×M → M

(a,m) 7→ am

* ✉♠❛ ✏♠✉❧3✐♣❧✐❝❛67♦ ♣♦, ❡:❝❛❧❛,❡:✑ <✉❡✱ ♣❛,❛ 3♦❞♦: a, b ∈ A ❡ m,n ∈ M ✱ :❛3✐:❢❛③ >: ❝♦♥❞✐6?❡:

:❡❣✉✐♥3❡:✿

(i) a(m+ n) = am+ an❀

(ii) (a+ b)m = am+ bm❀

(iii) (ab)m = a(bm)❀

(iv) 1m = m✳

❖❜,❡-✈❛%&♦ ✹✳ ●❡,❛❧♠❡♥3❡✱ ♦♠✐3✐,❡♠♦: ❛ ✏♠✉❧3✐♣❧✐❝❛67♦ ♣♦, ❡:❝❛❧❛,❡:✑ ❞❡ ✉♠ A✲♠D❞✉❧♦✱ ❡:✲

❝,❡✈❡♥❞♦ :✐♠♣❧❡:♠❡♥3❡ M ♣❛,❛ ❞❡♥♦3❛, ✉♠ A✲♠D❞✉❧♦ (M,µ)✳

❊①❡♠♣❧♦ ✸✳ ❙❡❥❛♠ n ✉♠ ✐♥3❡✐,♦ ♣♦:✐3✐✈♦ ❡ A ✉♠ ❛♥❡❧✳

✶✳ ❖ ❣,✉♣♦ ❛❜❡❧✐❛♥♦ ❛❞✐3✐✈♦ ❩n ❝♦♠ ❛ ♦♣❡&❛'(♦

µ : ❩× ❩n → ❩n

(r, s) 7→ rs

) ✉♠ ❩✲♠,❞✉❧♦✳

✷✳ ❯♠ ✐❞❡❛❧ I ❞❡ A ) ✉♠ A✲♠,❞✉❧♦✳ ❊♠ ♣❛&4✐❝✉❧❛&✱ ♦ ♣&,♣&✐♦ ❛♥❡❧ A ) ✉♠ A✲♠,❞✉❧♦✳

✸✳ ❖ ❛♥❡❧ ❞❡ ♣♦❧✐♥9♠✐♦: A[X1, . . . , Xn] ) ✉♠ A✲♠,❞✉❧♦✳

❇❛❝❤❛$❡❧❛❞♦ ❡♠ ▼❛+❡♠,+✐❝❛



✶✷ ▼#❞✉❧♦(

❉❡✜♥✐%&♦ ✽✳ ❙❡❥❛♠ M ❡ N A✲♠&❞✉❧♦+✳ ❯♠❛ ❢✉♥01♦ φ : M → N 2 ❞✐4❛ ❤♦♠♦♠♦#✜%♠♦ ❞❡

A✲♠)❞✉❧♦% ♦✉ A✲❧✐♥❡❛# +❡

φ(am1 + bm2) = aφ(m1) + bφ(m2)

♣❛6❛ 4♦❞♦+ a, b ∈ A ❡ m1,m2 ∈ M ✳ ❖ ❝♦♥❥✉♥4♦ ❞❡ 4♦❞♦+ ♦+ ❤♦♠♦♠♦6✜+♠♦+ ❞❡ A✲♠&❞✉❧♦+ ❞❡

M ❡♠ N +❡6; ❞❡♥♦4❛❞♦ ♣♦6 HomA(M,N)✳

❊①❡♠♣❧♦ ✹✳ ❙❡❥❛♠ M ✱ N ❡ P A✲♠&❞✉❧♦+✳

✶✳ ❆ ❢✉♥01♦ ✐❞❡♥4✐❞❛❞❡

idM : M → M

m 7→ m

2 ✉♠ ❝❧;++✐❝♦ ❡①❡♠♣❧♦ ❞❡ ❤♦♠♦♠♦6✜+♠♦ ❞❡ A✲♠&❞✉❧♦+✳

✷✳ A❛6❛ ❝❛❞❛ m ∈M ✱ ❛ ❢✉♥01♦

µm : A → M

a 7→ am

2 ✉♠ ❤♦♠♦♠♦6✜+♠♦ ❞❡ A✲♠&❞✉❧♦+✳

✸✳ ❙❡ φ : M → N ❡ ψ : N → P ❢♦6❡♠ ❤♦♠♦♠♦6✜+♠♦+ ❞❡ A✲♠&❞✉❧♦+✱ ❡♥41♦ ❛ ❢✉♥01♦ ❝♦♠✲

♣♦+4❛ ψ ◦ φ +❡6; ✉♠ ❤♦♠♦♠♦6✜+♠♦ ❞❡ A✲♠&❞✉❧♦+ ❞❡ M ❡♠ P ✳

✹✳ ❖ ❝♦♥❥✉♥4♦ HomA(M,N) ❝♦♠ ❛+ ♦♣❡6❛0D❡+

+: HomA(M,N)× HomA(M,N) → HomA(M,N)

(φ, ψ) 7→ φ+ ψ : M → N

m → φ(m) + ψ(m)

❡

µ : A× HomA(M,N) → HomA(M,N)

(a, φ) 7→ aφ : M → N

m → aφ(m)

2 ✉♠ A✲♠&❞✉❧♦✳

❉❡✜♥✐%&♦ ✾✳ ❯♠ ❤♦♠♦♠♦6✜+♠♦ ❞❡ A✲♠&❞✉❧♦+ φ : M → N +❡6; ✉♠ ✐%♦♠♦#✜%♠♦ +❡ ❡①✐+4✐6

✉♠ ❤♦♠♦♠♦6✜+♠♦ ψ : N → M 4❛❧ E✉❡ φ ◦ ψ = idN ❡ ψ ◦ φ = idM ✳ ◗✉❛♥❞♦ ❡①✐+4✐6 ✉♠

✐+♦♠♦6✜+♠♦ ❡♥46❡ ❞♦✐+ A✲♠&❞✉❧♦+ M ❡ N ✱ ❞✐6❡♠♦+ E✉❡ M ❡ N +1♦ ✐+♦♠♦6❢♦+✳

12♦♣♦3✐%&♦ ✷✳ ❙❡❥❛ φ : M → N ✉♠ ❤♦♠♦♠♦6✜+♠♦ ❞❡ A✲♠&❞✉❧♦+✳ ❊♥41♦✱ φ +❡6; ✉♠ ✐+♦♠♦6✲

✜+♠♦ +❡✱ ❡ +♦♠❡♥4❡ +❡✱ φ ❢♦6 ❜✐❥❡4♦6✳

❉❡♠♦♥+46❛01♦✳ ❙✉♣♦♥❤❛♠♦( )✉❡ φ (❡❥❛ ✉♠ ✐(♦♠♦-✜(♠♦✳ ❈♦♠♦ φ ♣♦((✉✐ ✐♥✈❡-(❛✱ φ 3 ❜✐❥❡5♦-✳

❘❡❝✐♣-♦❝❛♠❡♥5❡✱ (✉♣♦♥❤❛♠♦( )✉❡ φ (❡❥❛ ❜✐❥❡5♦-✳ ❇❛(5❛ ♠♦(5-❛-♠♦( )✉❡ (✉❛ ✐♥✈❡-(❛ φ−1
3 ✉♠

❤♦♠♦♠♦-✜(♠♦✳ ❈♦♥(✐❞❡-❡♠♦( a, b ∈ A ❡ n1, n2 ∈ N ❡ ❞❡✜♥❛♠♦( m1 = φ−1(n1) ❡ m2 = φ−1(n2)✳

❯♥✐✈❡.(✐❞❛❞❡ ❋❡❞❡.❛❧ ❞❡ ❯❜❡.❧2♥❞✐❛ ✲ ❋❛❝✉❧❞❛❞❡ ❞❡ ▼❛5❡♠75✐❝❛



▼!❞✉❧♦& ✶✸

◆♦"❡♠♦% &✉❡

φ−1(an1 + bn2) = φ−1(aφ(m1) + bφ(m2)) = φ−1(φ(am1 + bm2)) = am1 + bm2

= aφ−1(n1) + bφ−1(n2),

♦ &✉❡ ❝♦♥❝❧✉✐ ❛ ♣.♦✈❛✳

✸✳✷ ❙✉❜♠'❞✉❧♦+ ❡ ▼'❞✉❧♦+ ◗✉♦❝✐❡♥2❡+

❉❡✜♥✐%&♦ ✶✵✳ ❙❡❥❛ M ✉♠ A✲♠'❞✉❧♦✳ ❯♠  ✉❜♠$❞✉❧♦ N ❞❡ M - ✉♠ .✉❜❝♦♥❥✉♥2♦ ♥3♦ ✈❛③✐♦

❞❡ M 7✉❡ - ❢❡❝❤❛❞♦ ♣♦; ❝♦♠❜✐♥❛<=❡. A✲❧✐♥❡❛;❡.✱ ✐.2♦ -✱ an1 + bn2 ∈ N ♣❛;❛ 2♦❞♦. a, b ∈ A ❡

n1, n2 ∈ N ✳

❊①❡♠♣❧♦ ✺✳ ❙❡ M ❢♦; ✉♠ A✲♠'❞✉❧♦✱ ❡♥23♦ {0} ❡ M .❡;3♦ .✉❜♠'❞✉❧♦. ❞❡ M ✳

12♦♣♦3✐%&♦ ✸✳ ❙❡❥❛♠ M ❡ N A✲♠'❞✉❧♦. ❡ .❡❥❛ φ : M → N ✉♠ ❤♦♠♦♠♦;✜.♠♦ ❞❡ A✲♠'❞✉❧♦.✳

✶✳ ❙❡ M ′
❢♦; ✉♠ .✉❜♠'❞✉❧♦ ❞❡ M ✱ ❡♥23♦ φ(M ′) .❡;A ✉♠ .✉❜♠'❞✉❧♦ ❞❡ N ✳

✷✳ ❙❡ N ′
❢♦; ✉♠ .✉❜♠'❞✉❧♦ ❞❡ N ✱ ❡♥23♦ φ−1(N ′) .❡;A ✉♠ .✉❜♠'❞✉❧♦ ❞❡ M ✳

❉❡♠♦♥.2;❛<3♦✳

✶✳ ❙❡❥❛♠ a, b ∈ A ❡ n1, n2 ∈ φ(M ′)✳ ❆%%✐♠✱ ❡①✐%"❡♠ m1,m2 ∈ M ′
"❛✐% &✉❡ n1 = φ(m1) ❡

n2 = φ(m2)✳ ◆♦"❡♠♦% &✉❡

an1 + bn2 = aφ(m1) + bφ(m2) = φ(am1 + bm2) ∈ φ(M ′),

♣♦✐% am1 + bm2 ∈M ′
✳ ▲♦❣♦✱ φ(M ′) 9 ✉♠ %✉❜♠;❞✉❧♦ ❞❡ N ✳

✷✳ ❈♦♥%✐❞❡.❡♠♦% a, b ∈ A ❡ m1,m2 ∈ φ−1(N ′)✱ ♦✉ %❡❥❛✱ φ(m1), φ(m2) ∈ N ′
✳ ❚❡♠♦%

φ(am1 + bm2) = aφ(m1) + bφ(m2) ∈ N ′,

✐%"♦ 9✱ am1 + bm2 ∈ φ−1(N ′)✳ @♦."❛♥"♦✱ φ−1(N ′) 9 ✉♠ %✉❜♠;❞✉❧♦ ❞❡ M ✳

❙❡❥❛ φ : M → N ✉♠ ❤♦♠♦♠♦.✜%♠♦ ❞❡ A✲♠;❞✉❧♦%✳ ❖ %✉❜♠;❞✉❧♦ φ(M) ❞❡ N 9 ❞❡♥♦♠✐♥❛❞♦

✐♠❛❣❡♠ ❞❡ φ ❡ 9 ❞❡♥♦"❛❞♦ ♣♦. Im(φ)✳ ❖ %✉❜♠;❞✉❧♦ φ−1({0}) ❞❡ M 9 ❞❡♥♦♠✐♥❛❞♦ ♥7❝❧❡♦ ❞❡

φ ❡ 9 ❞❡♥♦"❛❞♦ ♣♦. Ker(φ)✳ ❈♦♠ ♦ ❧❡♠❛ %❡❣✉✐♥"❡✱ ❝♦♥❝❧✉✐.❡♠♦% &✉❡ Ker(φ) 9 ✉♠ ✐♥%".✉♠❡♥"♦

♠✉✐"♦ E"✐❧ ♣❛.❛ ♠❡❞✐. ❛ ❢❛❧"❛ ❞❡ ✐♥❥❡"✐✈✐❞❛❞❡ ❞♦ ❤♦♠♦♠♦.✜%♠♦ φ✳

▲❡♠❛ ✹✳ ❙❡❥❛♠ M ❡ N A✲♠'❞✉❧♦. ❡ .❡❥❛ φ : M → N ✉♠ ❤♦♠♦♠♦;✜.♠♦ ❞❡ A✲♠'❞✉❧♦.✳ ❖

❤♦♠♦♠♦;✜.♠♦ φ .❡;A ✐♥❥❡2♦; .❡✱ ❡ .♦♠❡♥2❡ .❡✱ Ker(φ) = {0}✳

❇❛❝❤❛-❡❧❛❞♦ ❡♠ ▼❛0❡♠10✐❝❛



✶✹ ▼#❞✉❧♦(

❉❡♠♦♥%&'❛)*♦✳ ❙✉♣♦♥❤❛♠♦( )✉❡ φ (❡❥❛ ✐♥❥❡-♦.✳ ❈❧❛.❛♠❡♥-❡✱ {0} ⊂ Ker(φ)✳ ❙❡ m ∈ Ker(φ)✱

❡♥-3♦ φ(m) = 0 = φ(0)✳ ❱✐(-♦ )✉❡ φ 5 ✐♥❥❡-♦.✱ -❡♠♦( m = 0 ❡ ❝♦♥❝❧✉7♠♦( )✉❡ Ker(φ) = {0}✳

❘❡❝✐♣.♦❝❛♠❡♥-❡✱ (✉♣♦♥❤❛♠♦( )✉❡ Ker(φ) = {0}✳ ❈♦♥(✐❞❡.❡♠♦( m1,m2 ∈ M -❛✐( )✉❡

φ(m1) = φ(m2) ♦✉✱ ❡)✉✐✈❛❧❡♥-❡♠❡♥-❡✱ φ(m1 −m2) = 0✳ ❆((✐♠✱ m1 −m2 ∈ Ker(φ) = {0}✱ ♦✉

(❡❥❛✱ m1 = m2✳ ▲♦❣♦✱ φ 5 ✉♠ ❤♦♠♦♠♦.✜(♠♦ ✐♥❥❡-♦.✳

❉❛❞♦( ✉♠ A✲♠A❞✉❧♦ M ❡ ✉♠ (✉❜♠A❞✉❧♦ N ❞❡ M ✱ ♦ ❣.✉♣♦ )✉♦❝✐❡♥-❡ M/N ❝♦♠ ❛ ♦♣❡.❛C3♦

µ : A×M/N → M/N

(a,m) 7→ am

5 ✉♠ A✲♠A❞✉❧♦✱ ♦ )✉❛❧ 5 ❝❤❛♠❛❞♦ ♠!❞✉❧♦ &✉♦❝✐❡♥+❡ ❞❡ M ♣♦. N ✳ ▲❡♠❜.❡♠♦( )✉❡✱ ❞❛❞❛(

❝❧❛((❡( ❞❡ ❡)✉✐✈❛❧D♥❝✐❛ m1,m2 ∈M/N ✱ -❡♠♦(

m1 = m2 ⇔ m1 −m2 ∈ N.

❆❧5♠ ❞✐((♦✱ ❛ ❢✉♥C3♦ )✉❡ ❧❡✈❛ ❝❛❞❛ ❡❧❡♠❡♥-♦ ❡♠ (✉❛ .❡(♣❡❝-✐✈❛ ❝❧❛((❡ ❞❡ ❡)✉✐✈❛❧D♥❝✐❛

π : M → M/N

m 7→ m

5 ✉♠ ❤♦♠♦♠♦.✜(♠♦ (♦❜.❡❥❡-♦. ❞❡ A✲♠A❞✉❧♦(✱ ♦ )✉❛❧ 5 ❞❡♥♦♠✐♥❛❞♦ ❤♦♠♦♠♦-✜/♠♦ &✉♦✲

❝✐❡♥+❡✳ F♦. ♠❡✐♦ ❞❡((❡ ❤♦♠♦♠♦.✜(♠♦✱ ❞❛.❡♠♦( ✉♠❛ ✐♠♣♦.-❛♥-❡ ❝❛.❛❝-❡.✐③❛C3♦ ❞♦ ♠A❞✉❧♦

)✉♦❝✐❡♥-❡ ♥♦ -❡♦.❡♠❛ (❡❣✉✐♥-❡✳

❚❡♦-❡♠❛ ✹ ✭F.♦♣.✐❡❞❛❞❡ ❯♥✐✈❡.(❛❧ ❞♦ ◗✉♦❝✐❡♥-❡✮✳ ❙❡❥❛♠ M ✉♠ A✲♠0❞✉❧♦✱ M ′
✉♠ %✉❜♠0❞✉❧♦

❞❡ M ❡ π : M →M/M ′
♦ ❤♦♠♦♠♦'✜%♠♦ 7✉♦❝✐❡♥&❡✳ :❛'❛ 7✉❛❧7✉❡' A✲♠0❞✉❧♦ N ✱ ❞❡♥♦&❡♠♦% ♦

❝♦♥❥✉♥&♦

{φ ∈ HomA(M,N); M ′ ⊂ Ker(φ)}

♣♦' HomM ′

A (M,N)✳ ❊♥&*♦ ❛% ❢✉♥)>❡%

f : HomA(M/M ′, N) → HomM ′

A (M,N)

ψ 7→ ψ ◦ π

❡

g : HomM ′

A (M,N) → HomA(M/M ′, N)

φ 7→ φ : M/M ′ → N

m → φ(m)

%*♦ ❜✐❥❡)>❡% ❡ %*♦ ✐♥✈❡'%❛% ✉♠❛ ❞❛ ♦✉&'❛✳

❉❡♠♦♥%&'❛)*♦✳ F.✐♠❡✐.❛♠❡♥-❡✱ ♣.♦✈❡♠♦( )✉❡ f 5 ✉♠❛ ❢✉♥C3♦✳ ❙❡❥❛ ψ ∈ HomA(M/M ′, N)✳

❈❧❛.❛♠❡♥-❡✱ ψ ◦ π 5 ✉♠ ❤♦♠♦♠♦.✜(♠♦ ❞❡ A✲♠A❞✉❧♦( ❞❡ M ❡♠ N ✳ ❆❧5♠ ❞✐((♦✱ -❡♠♦(

ψ ◦ π(m′) = ψ(0) = 0

❯♥✐✈❡.(✐❞❛❞❡ ❋❡❞❡.❛❧ ❞❡ ❯❜❡.❧2♥❞✐❛ ✲ ❋❛❝✉❧❞❛❞❡ ❞❡ ▼❛5❡♠75✐❝❛
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♣❛"❛ #♦❞♦ m′ ∈ M ′
✳ ❊♠ ♦✉#"❛* ♣❛❧❛✈"❛*✱ M ′ ⊂ Ker(ψ ◦ π)✳ ▲♦❣♦✱ ψ ◦ π ∈ HomM ′

A (M,N) ❡✱

❞❡**❡ ♠♦❞♦✱ f 1 ✉♠❛ ❢✉♥45♦✳

❆❣♦"❛✱ ♠♦*#"❡♠♦* 7✉❡ g 1 ✉♠❛ ❢✉♥45♦✳ ❈♦♥*✐❞❡"❡♠♦* φ ∈ HomM ′

A (M,N)✳ ◆♦#❡♠♦* 7✉❡ φ

1 ✉♠❛ ❢✉♥45♦ ❜❡♠ ❞❡✜♥✐❞❛✱ ♣♦✐* *❡ m1,m2 ∈M/M ′
✱ ❡♥#5♦

m1 = m2 ⇔ m1 −m2 ∈M ′ ⇒ φ(m1 −m2) = 0 ⇔ φ(m1) = φ(m2).

❆❧1♠ ❞✐**♦✱ *❡ a, b ∈ A ❡ m1,m2 ∈M/M ′
✱ #❡♠♦*

φ(am1 + bm2) = φ(am1 + bm2) = φ(am1 + bm2) = aφ(m1) + bφ(m2)

= aφ(m1) + bφ(m2).

❆**✐♠✱ φ 1 ✉♠ ❤♦♠♦♠♦"✜*♠♦ ❞❡ A✲♠?❞✉❧♦*✱ ♦✉ *❡❥❛✱ φ ∈ HomA(M/M ′, N)✳ ▲♦❣♦✱ g 1 ✉♠❛

❢✉♥45♦✳

❋✐♥❛❧♠❡♥#❡✱ ♠♦*#"❡♠♦* 7✉❡ ❛* ❢✉♥4B❡* f ❡ g *5♦ ✐♥✈❡"*❛* ✉♠❛ ❞❛ ♦✉#"❛✳ ❚❡♠♦*

f ◦ g(φ) = f(φ) = φ ◦ π ❡ g ◦ f(ψ) = g(ψ ◦ π) = ψ ◦ π.

◆♦#❡♠♦* 7✉❡ *❡ m ∈M ✱ ❡♥#5♦

φ ◦ π(m) = φ(m) = φ(m),

♦✉ *❡❥❛✱ φ ◦ π = φ✳ ❆❧1♠ ❞✐**♦✱ *❡ m ∈M/M ′
✱ ❡♥#5♦

ψ ◦ π(m) = ψ ◦ π(m) = ψ(m),

✐*#♦ 1✱ ψ ◦ π = ψ✳ ❉❡**❡ ♠♦❞♦✱ ❝♦♥❝❧✉F♠♦* 7✉❡ f ◦g(φ) = φ ❡ g◦f(ψ) = ψ✳ ❊♠ ♦✉#"❛* ♣❛❧❛✈"❛*✱

f ◦ g = idHomM′

A (M,N) ❡ g ◦ f = idHomA(M/M ′,N)✳ ■**♦ ❝♦♥❝❧✉✐ ❛ ❞❡♠♦♥*#"❛45♦✳

❊♠ ♣❛"#✐❝✉❧❛"✱ ♦ #❡♦"❡♠❛ ❛♥#❡"✐♦" ♥♦* ❞✐③ 7✉❡ 7✉❛❧7✉❡" ❤♦♠♦♠♦"✜*♠♦ ❞❡ A✲♠?❞✉❧♦*

φ : M → N *❛#✐*❢❛③❡♥❞♦ φ(M ′) = {0} ✏✐♥❞✉③✑ ✉♠ K♥✐❝♦ ❤♦♠♦♠♦"✜*♠♦ ❞❡ A✲♠?❞✉❧♦*

φ : M/M ′ → N #❛❧ 7✉❡ ♦ ❞✐❛❣"❛♠❛

M N

M/M ′

φ

π ∃!φ

❝♦♠✉#❛✱ ✐*#♦ 1✱ φ = φ ◦ π✳

❚❡♦#❡♠❛ ✺ ✭❚❡♦"❡♠❛ ❞♦ ■*♦♠♦"✜*♠♦✮✳ ❙❡❥❛♠ M ❡ N A✲♠&❞✉❧♦+ ❡ φ : M → N ✉♠ ❤♦♠♦♠♦-✲

❇❛❝❤❛-❡❧❛❞♦ ❡♠ ▼❛0❡♠10✐❝❛
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✜!♠♦ ❞❡ A✲♠'❞✉❧♦!✳ ❈♦♥!✐❞❡.❡♠♦! M ′
✉♠ !✉❜♠'❞✉❧♦ ❞❡ M 0❛❧ 2✉❡ M ′ ⊂ Ker(φ) ❡

φ : M/M ′ → N

m 7→ φ(m)

♦ ❤♦♠♦♠♦.✜!♠♦ ✐♥❞✉③✐❞♦ ♣♦. φ✳ ❊♥07♦✱ Ker(φ) = Ker(φ)/M ′
❡✱ ❡♠ ♣❛.0✐❝✉❧❛.✱ M/Ker(φ) ❡

Im(φ) !7♦ ✐!♦♠♦.❢♦!✳

❉❡♠♦♥!0.❛<7♦✳ ❉❡✈✐❞♦ & ❞❡♠♦♥)*+❛-.♦ ❞♦ ❚❡♦+❡♠❛ ✹✱ φ 2✱ +❡❛❧♠❡♥*❡✱ ✉♠ ❤♦♠♦♠♦+✜)♠♦ ❞❡

A✲♠8❞✉❧♦)✳ ❙❡❥❛ x ∈ Ker(φ)✳ ◆♦*❡♠♦) =✉❡ φ(x) = φ(x) = 0✱ ♦✉ )❡❥❛✱ x ∈ Ker(φ)✳ ❆))✐♠✱

x ∈ Ker(φ)/M ′
✳ ❘❡❝✐♣+♦❝❛♠❡♥*❡✱ )❡❥❛ y ∈ Ker(φ)/M ′

✳ ❱✐)*♦ =✉❡ y ∈ Ker(φ)✱ φ(y) = φ(y) = 0✱

✐)*♦ 2✱ y ∈ Ker(φ)✳ ▲♦❣♦✱ Ker(φ) = Ker(φ)/M ′
✳

❆❣♦+❛✱ )✉♣♦♥❤❛♠♦) =✉❡ M ′ = Ker(φ)✳ ◆❡))❡ ❝❛)♦✱ *❡♠♦)

Ker(φ) = Ker(φ)/Ker(φ) = {0}.

E❡❧♦ ▲❡♠❛ ✹✱ φ 2 ✐♥❥❡*♦+ ❡✱ ❧♦❣♦✱ ❛ ❢✉♥-.♦

φ̃ : M/M ′ → Im(φ)

m 7→ φ(m)

2 ✉♠ ✐)♦♠♦+✜)♠♦ ❞❡ A✲♠8❞✉❧♦)✳

✸✳✸ ❖♣❡%❛'(❡) )♦❜%❡ ❙✉❜♠/❞✉❧♦)

❉❛❞♦ ✉♠ A✲♠8❞✉❧♦ M ✱ ♣♦❞❡♠♦) ❞❡✜♥✐+✱ ❞❡ ♠♦❞♦ ♥❛*✉+❛❧✱ ♦ ♣+♦❞✉*♦ ❞❡ ✉♠ ✐❞❡❛❧ ❞❡ A ❝♦♠

♦ ♠8❞✉❧♦ M ❡✱ ❛✐♥❞❛✱ ❛ )♦♠❛ ❞❡ ✉♠❛ ❢❛♠G❧✐❛ ❞❡ )✉❜♠8❞✉❧♦) ❞❡ M ✳

 !♦♣♦$✐&'♦ ✹✳ ❙❡❥❛♠ M ✉♠ A✲♠'❞✉❧♦✱ I ✉♠ ✐❞❡❛❧ ❞❡ A ❡ (Mλ)λ∈Λ ✉♠❛ ❢❛♠?❧✐❛ ❞❡ !✉❜♠'❞✉❧♦!

❞❡ M ✳

✶✳ ❆ ✐♥"❡$%❡&'♦

⋂

λ∈Λ

Mλ B ✉♠ !✉❜♠'❞✉❧♦ ❞❡ M ✳

✷✳ ❖ ♣$♦❞✉"♦

IM :=

{

n
∑

i=1

aimi ∈M ; n ∈ ◆ \ {0}, ai ∈ I ❡ mi ∈M

}

B ✉♠ !✉❜♠'❞✉❧♦ ❞❡ M ✳

✸✳ ❆ %♦♠❛

∑

λ∈Λ

Mλ :=

{

n
∑

i=1

mλi ∈M ; n ∈ ◆ \ {0}, λi ∈ Λ ❡ mλi ∈Mλi

}

B ♦ ♠❡♥♦. !✉❜♠'❞✉❧♦ ❞❡ M 2✉❡ ❝♦♥0B♠ Mλ ♣❛.❛ ❝❛❞❛ λ ∈ Λ✳

❉❡♠♦♥!0.❛<7♦✳

❯♥✐✈❡.(✐❞❛❞❡ ❋❡❞❡.❛❧ ❞❡ ❯❜❡.❧2♥❞✐❛ ✲ ❋❛❝✉❧❞❛❞❡ ❞❡ ▼❛5❡♠75✐❝❛
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✶✳ ➱ ❢$❝✐❧ ✈❡* +✉❡ 0 ∈
⋂

λ∈Λ

Mλ✳ ❙❡❥❛♠ a, b ∈ A ❡ x, y ∈
⋂

λ∈Λ

Mλ✳ ❱✐23♦ +✉❡Mλ 5 ✉♠ 2✉❜♠7❞✉❧♦

❞❡M ♣❛*❛ ❝❛❞❛ λ ∈ Λ✱ 2❡❣✉❡ +✉❡ ax+by ∈Mλ ♣❛*❛ 3♦❞♦ λ ∈ Λ✱ ✐23♦ 5✱ ax+by ∈
⋂

λ∈Λ

Mλ✳

▲♦❣♦✱

⋂

λ∈Λ

Mλ 5 ✉♠ 2✉❜♠7❞✉❧♦ ❞❡ M ✳

✷✳ ➱ ❝❧❛*♦ +✉❡ 0 ∈ IM ✳ ❙❡❥❛♠ a, b ∈ A ❡ x, y ∈ IM ✳ ❊♥3@♦✱ ❡①✐23❡♠ n1, n2 ∈ ◆✱

a1, . . . , an1+n2 ∈ I ❡ m1, . . . ,mn1+n2 ∈M 3❛✐2 +✉❡

x =

n1
∑

i=1

aimi ❡ y =

n1+n2
∑

i=n1+1

aimi.

◆♦3❡♠♦2 +✉❡

ax+ by = a

n1
∑

i=1

aimi + b

n1+n2
∑

i=n1+1

aimi =

n1
∑

i=1

a(aimi) +

n1+n2
∑

i=n1+1

b(aimi)

=

n1
∑

i=1

(aai)mi +

n1+n2
∑

i=n1+1

(bai)mi ∈ IM,

♣♦✐2 aai, bai ∈ I ♣❛*❛ 3♦❞♦ i ∈ {1, . . . , n1 + n2}✳ C♦*3❛♥3♦✱ IM 5 ✉♠ 2✉❜♠7❞✉❧♦ ❞❡ M ✳

✸✳ C*✐♠❡✐*❛♠❡♥3❡✱ ♣*♦✈❡♠♦2 +✉❡

∑

λ∈Λ

Mλ 5 ✉♠ 2✉❜♠7❞✉❧♦ ❞❡ M ✳ ❈❧❛*❛♠❡♥3❡✱ 0 ∈
∑

λ∈Λ

Mλ✳

❙❡❥❛♠ a, b ∈ A ❡ x, y ∈
∑

λ∈Λ

Mλ✳ ❉❡22❡ ♠♦❞♦✱ ❡①✐23❡♠ n1, n2 ∈ ◆✱ λ1, . . . , λn1+n2 ∈ Λ ❡

mλi ∈Mλi ♣❛*❛ ❝❛❞❛ i ∈ {1, . . . , n1 + n2} 3❛✐2 +✉❡

x =

n1
∑

i=1

mλi ❡ y =

n1+n2
∑

i=n1+1

mλi .

❈♦♠♦Mλi 5 ✉♠ 2✉❜♠7❞✉❧♦ ❞❡ M ♣❛*❛ 3♦❞♦ i ∈ {1, . . . , n1+n2}✱ 3❡♠♦2 amλi , bmλi ∈Mλi

♣❛*❛ ❝❛❞❛ i ∈ {1, . . . , n1 + n2}✳ ❆22✐♠✱

ax+ by = a

n1
∑

i=1

mλi + b

n1+n2
∑

i=n1+1

mλi =

n1
∑

i=1

amλi +

n1+n2
∑

i=n1+1

bmλi ∈
∑

λ∈Λ

Mλ.

▲♦❣♦✱

∑

λ∈Λ

Mλ 5 ✉♠ 2✉❜♠7❞✉❧♦ ❞❡ M ✳

❊✈✐❞❡♥3❡♠❡♥3❡✱ Mλ ⊂
∑

λ∈Λ

Mλ ♣❛*❛ 3♦❞♦ λ ∈ Λ✳ ❆❣♦*❛✱ ♠♦23*❡♠♦2 +✉❡

∑

λ∈Λ

Mλ 5 ♦ ♠❡♥♦*

2✉❜♠7❞✉❧♦ ❞❡ M ❝♦♠ ❡22❛ ♣*♦♣*✐❡❞❛❞❡✳ ❙❡❥❛ M ′
✉♠ 2✉❜♠7❞✉❧♦ ❞❡ M 3❛❧ +✉❡ Mλ ⊂M ′

♣❛*❛ 3♦❞♦ λ ∈ Λ✳ ❉❡22❡ ♠♦❞♦✱ 2❡ s ∈
∑

λ∈Λ

Mλ✱ ❡♥3@♦ s 2❡*$ ✉♠❛ 2♦♠❛ ❞❡ ❡❧❡♠❡♥3♦2 ❞❡ M ′

❡✱ ❝♦♥2❡+✉❡♥3❡♠❡♥3❡✱ s ∈M ′
✳ C♦*3❛♥3♦✱

∑

λ∈Λ

Mλ ⊂M ′
✳

❇❛❝❤❛-❡❧❛❞♦ ❡♠ ▼❛0❡♠10✐❝❛
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❙❡❥❛♠ M ✉♠ A✲♠'❞✉❧♦ ❡ m ✉♠ ❡❧❡♠❡♥,♦ ❞❡ M ✳ ❖ ❝♦♥❥✉♥,♦ ❞♦0 ✏♠2❧,✐♣❧♦0✑ ❞❡ m

Am := {am ∈M ; a ∈ A}

6 ❛ ✐♠❛❣❡♠ ❞♦ ❤♦♠♦♠♦9✜0♠♦ ❞❡ A✲♠'❞✉❧♦0

µm : A → M

a 7→ am

❡✱ ❧♦❣♦✱ ✉♠ 0✉❜♠'❞✉❧♦ ❞❡ M ✳ ❉❛❞♦ ✉♠ 0✉❜❝♦♥❥✉♥,♦ S ⊂M ✱ ❛ 0♦♠❛

∑

s∈S

As

6 ♦ ♠❡♥♦9 0✉❜♠'❞✉❧♦ ❞❡ M >✉❡ ❝♦♥,6♠ S✱ ♦ >✉❛❧ 6 ❝❤❛♠❛❞♦  ✉❜♠$❞✉❧♦ ❣❡*❛❞♦ ♣♦9 S✳

✸✳✹ #$♦❞✉(♦ ❉✐$❡(♦ ❡ ❙♦♠❛ ❉✐$❡(❛

❙❡❥❛♠ Λ ❡ X ❝♦♥❥✉♥,♦0 ♥?♦ ✈❛③✐♦0✳ ▲❡♠❜9❡♠♦0 >✉❡ ✉♠❛ ❢❛♠-❧✐❛ ❞❡ ❡❧❡♠❡♥,♦0 ❞❡ X ❝♦♠

C♥❞✐❝❡0 ❡♠ Λ 6 ✉♠❛ ❢✉♥E?♦ x : Λ → X✳ F❛9❛ ❝❛❞❛ λ ∈ Λ✱ ♦ ❡❧❡♠❡♥,♦ x(λ) 6 ❞❡♥♦♠✐♥❛❞♦ /❡*♠♦

❞❛ ❢❛♠-❧✐❛ ❡ 6 ❞❡♥♦,❛❞♦ ♣♦9 xλ✳ ❆ ❢❛♠C❧✐❛ x 6 9❡♣9❡0❡♥,❛❞❛ ♣❡❧❛ ♥♦,❛E?♦ (xλ)λ∈Λ✳ ❆❣♦9❛✱ 0❡

(Xλ)λ∈Λ ❢♦9 ✉♠❛ ❢❛♠C❧✐❛ ❞❡ ❝♦♥❥✉♥,♦0 ♥?♦ ✈❛③✐♦0✱ 0❡✉ ♣*♦❞✉/♦ ❝❛*/❡ ✐❛♥♦ 0❡9H ♦ ❝♦♥❥✉♥,♦ ❞❡

,♦❞❛0 ❛0 ❢❛♠C❧✐❛0 (xλ)λ∈Λ ❞❡ ❡❧❡♠❡♥,♦0 ❞❡

⋃

λ∈Λ

Xλ ❝♦♠ C♥❞✐❝❡0 ❡♠ Λ ,❛✐0 >✉❡ xλ ∈ Xλ ♣❛9❛ ,♦❞♦

λ ∈ Λ✳ ❖ ♣9♦❞✉,♦ ❝❛9,❡0✐❛♥♦ ❞❛ ❢❛♠C❧✐❛ (Xλ)λ∈Λ 6 ❞❡♥♦,❛❞♦ ♣♦9

∏

λ∈Λ

Xλ✳

❙❡❥❛♠ A ✉♠ ❛♥❡❧ ❡ (Mλ)λ∈Λ ✉♠❛ ❢❛♠C❧✐❛ ❞❡ A✲♠'❞✉❧♦0✳ ❖ ♣9♦❞✉,♦ ❝❛9,❡0✐❛♥♦

∏

λ∈Λ

Mλ ❝♦♠

❛0 ♦♣❡9❛EI❡0

+:
∏

λ∈Λ

Mλ ×
∏

λ∈Λ

Mλ →
∏

λ∈Λ

Mλ e µ : A×
∏

λ∈Λ

Mλ →
∏

λ∈Λ

Mλ

((mλ)λ∈Λ, (nλ)λ∈Λ) 7→ (mλ + nλ)λ∈Λ (a, (mλ)λ∈Λ) 7→ (amλ)λ∈Λ

6 ✉♠ A✲♠'❞✉❧♦✱ ♦ >✉❛❧ 6 ❝❤❛♠❛❞♦ ♣*♦❞✉/♦ ❞✐*❡/♦ ❞❛ ❢❛♠C❧✐❛ (Mλ)λ∈Λ✳

❉❡00❡ A✲♠'❞✉❧♦✱ ❞❡0,❛❝❛✲0❡ 0❡✉ 0✉❜❝♦♥❥✉♥,♦ ❝♦♥0,✐,✉C❞♦ ❞❡ ,♦❞❛0 ❛0 ❢❛♠C❧✐❛0 (mλ)λ∈Λ ❝✉❥♦0

,❡9♠♦0 0?♦ >✉❛0❡ ,♦❞♦0 ♥✉❧♦0✱ ✐0,♦ 6✱ ♦ 0✉❜❝♦♥❥✉♥,♦ 0❡❣✉✐♥,❡✿

{

(mλ)λ∈Λ ∈
∏

λ∈Λ

Mλ; m
−1

(

⋃

λ∈Λ

(Mλ \ {0Mλ
})

)

6 ✉♠ ❝♦♥❥✉♥,♦ ✜♥✐,♦

}

,

♦♥❞❡ 0Mλ
6 ♦ ❡❧❡♠❡♥,♦ ♥❡✉,9♦ ❞♦ ❣9✉♣♦ ❛❞✐,✐✈♦ Mλ ♣❛9❛ ❝❛❞❛ λ ∈ Λ✳ ❊00❡ 6 ✉♠ 0✉❜♠'❞✉❧♦ ❞♦

♣9♦❞✉,♦ ❞✐9❡,♦

∏

λ∈Λ

Mλ ❝❤❛♠❛❞♦  ♦♠❛ ❞✐*❡/❛ ❞❛ ❢❛♠C❧✐❛ (Mλ)λ∈Λ ❡ 6 ❞❡♥♦,❛❞♦ ♣♦9

⊕

λ∈Λ

Mλ✳

◆♦,❡♠♦0 >✉❡ 0❡ Λ ❢♦9 ✜♥✐,♦✱ ❡♥,?♦

∏

λ∈Λ

Mλ =
⊕

λ∈Λ

Mλ✳

❖❜ ❡*✈❛56♦ ✺✳ ❙❡ N ❢♦$ ✉♠ A✲♠(❞✉❧♦✱ (mλ)λ∈Λ ❢♦$ ✉♠ ❡❧❡♠❡♥-♦ ❞❡

⊕

λ∈Λ

Mλ ❡ φλ : Mλ → N

❢♦$ ✉♠ ❤♦♠♦♠♦$✜0♠♦ ❞❡ A✲♠(❞✉❧♦0 ♣❛$❛ ❝❛❞❛ λ ∈ Λ✱ ❛ ❢❛♠4❧✐❛ (φλ(mλ))λ∈Λ ❞❡ ❡❧❡♠❡♥-♦0 ❞❡ N

❯♥✐✈❡.(✐❞❛❞❡ ❋❡❞❡.❛❧ ❞❡ ❯❜❡.❧2♥❞✐❛ ✲ ❋❛❝✉❧❞❛❞❡ ❞❡ ▼❛5❡♠75✐❝❛



▼!❞✉❧♦& ✶✾

❝♦♠ #♥❞✐❝❡( ❡♠ Λ ♣♦((✉✐+, ❛♣❡♥❛( ✉♠❛ .✉❛♥/✐❞❛❞❡ ✜♥✐/❛ ❞❡ /❡+♠♦( ♥1♦ ♥✉❧♦(✳ 4♦+ (✐♠♣❧✐❝✐❞❛❞❡✱

❞❡♥♦/❛+❡♠♦( ❛ (♦♠❛ ❞♦( /❡+♠♦( ♥1♦ ♥✉❧♦( ❞❡ (φλ(mλ))λ∈Λ ♣♦+

∑

λ∈Λ

φλ(mλ)✳ ◆❛/✉+❛❧♠❡♥/❡✱ (❡

/♦❞♦( ♦( /❡+♠♦( ❞❛ ❢❛♠#❧✐❛ (φλ(mλ))λ∈Λ ❢♦+❡♠ ♥✉❧♦(✱ ❡♥/1♦

∑

λ∈Λ

φλ(mλ) = 0✳

❊①❡♠♣❧♦ ✻✳ ❙❡❥❛ (Mλ)λ∈Λ ✉♠❛ ❢❛♠#❧✐❛ ❞❡ A✲♠;❞✉❧♦(✳ 4❛+❛ ❝❛❞❛ #♥❞✐❝❡ λ0 ∈ Λ✱ ❛ ✐♥❝❧✉(1♦ ❞❛

♣❛+❝❡❧❛ Mλ0 ♥❛ (♦♠❛ ❞✐+❡/❛

⊕

λ∈Λ

Mλ

iλ0 : Mλ0 →
⊕

λ∈Λ

Mλ

m 7→ iλ0(m) : Λ →
⋃

λ∈Λ

Mλ

λ 7→

{

m  ❡ λ = λ0

0Mλ
 ❡ λ 6= λ0

<✱ ❝❧❛+❛♠❡♥/❡✱ ✉♠ ❤♦♠♦♠♦+✜(♠♦ ✐♥❥❡/♦+ ❞❡ A✲♠;❞✉❧♦(✳ ❚❛♠❜<♠ < ❢,❝✐❧ ✈❡+ .✉❡ ❝❛❞❛ ❡❧❡♠❡♥/♦

(mλ)λ∈Λ ∈
⊕

λ∈Λ

Mλ ♣♦❞❡ (❡+ ❡(❝+✐/♦ ❝♦♠♦ ❛ ✏(♦♠❛ ❞❡ (❡✉( /❡+♠♦(✑✱ ✐(/♦ <✱

(mλ)λ∈Λ =
∑

λ∈Λ

iλ(mλ).

❉❡✜♥✐-.♦ ✶✶✳ ❙❡❥❛♠ A ✉♠ ❛♥❡❧✱ M ✉♠ A✲♠;❞✉❧♦ ❡ S ✉♠ (✉❜❝♦♥❥✉♥/♦ ❞❡ M ✳ ❉✐+❡♠♦( .✉❡

S < ✉♠ ❝♦♥❥✉♥%♦ ❞❡ ❣❡)❛❞♦)❡+ (❡ /♦❞♦ ❡❧❡♠❡♥/♦ ❞❡ M ♣✉❞❡+ (❡+ ❡(❝+✐/♦ ❝♦♠♦ ❝♦♠❜✐♥❛D1♦

❧✐♥❡❛+ ❞♦( ❡❧❡♠❡♥/♦( ❞❡ S ❝♦♠ ❝♦❡✜❝✐❡♥/❡( ❡♠ A✱ ♦✉ (❡❥❛✱ (❡ ♦ ❤♦♠♦♠♦+✜(♠♦ ❞❡ A✲♠;❞✉❧♦(

φ :
⊕

s∈S

A → M

(as)s∈S 7→
∑

s∈S

ass

❢♦+ (♦❜+❡❥❡/♦+✳ ◗✉❛♥❞♦ φ ❢♦+ /❛♠❜<♠ ✉♠ ✐(♦♠♦+✜(♠♦✱ ❞✐+❡♠♦( .✉❡ M < ✉♠ ♠-❞✉❧♦ ❧✐✈)❡

(♦❜+❡ A ❡ .✉❡ S < ✉♠❛ ❜❛+❡ ❞❡ M ✳

❆❧<♠ ❞✐((♦✱ (❡ M ♣♦((✉✐+ ✉♠ ❝♦♥❥✉♥/♦ ✜♥✐/♦ ❞❡ ❣❡+❛❞♦+❡(✱ ❞✐+❡♠♦( .✉❡ M < ✜♥✐%❛♠❡♥%❡

❣❡)❛❞♦ (♦❜+❡ A✳

❱❡❥❛♠♦ '✉❡ '✉♦❝✐❡♥,❡ ❞❡ ♠.❞✉❧♦ ✜♥✐,❛♠❡♥,❡ ❣❡2❛❞♦ ♣♦2  ❡✉  ✉❜♠.❞✉❧♦  5♦ ,❛♠❜6♠

✜♥✐,❛♠❡♥,❡ ❣❡2❛❞♦ ✳

01♦♣♦2✐-.♦ ✺✳ ❙❡❥❛♠ M ✉♠ A✲♠;❞✉❧♦✱ N ✉♠ (✉❜♠;❞✉❧♦ ❞❡ M ❡ π : M → M/N ♦ ❤♦♠♦✲

♠♦+✜(♠♦ .✉♦❝✐❡♥/❡✳ ❙❡ S ❢♦+ ✉♠ ❝♦♥❥✉♥/♦ ❞❡ ❣❡+❛❞♦+❡( ❞❡ M ✱ ❡♥/1♦ π(S) (❡+, ✉♠ ❝♦♥❥✉♥/♦

❞❡ ❣❡+❛❞♦+❡( ❞❡ M/N ✳ ❊♠ ♣❛+/✐❝✉❧❛+✱ (❡ M ❢♦+ ✜♥✐/❛♠❡♥/❡ ❣❡+❛❞♦✱ ❡♥/1♦ M/N (❡+, /❛♠❜<♠

✜♥✐/❛♠❡♥/❡ ❣❡+❛❞♦✳

❉❡♠♦♥(/+❛D1♦✳ ❈♦♥ ✐❞❡2❡♠♦ S ✉♠ ❝♦♥❥✉♥,♦ ❞❡ ❣❡2❛❞♦2❡ ❞❡ M ✳ ❙❡ m ∈ M ✱ ❡♥,5♦ ❡①✐ ,✐25♦

n ∈ ◆✱ a1, . . . , an ∈ A ❡ s1, . . . , sn ∈ S ,❛✐ '✉❡

m = a1s1 + · · ·+ ansn

❇❛❝❤❛-❡❧❛❞♦ ❡♠ ▼❛0❡♠10✐❝❛



✷✵ ▼#❞✉❧♦(

❡✱ ♣♦$ ❝♦♥'❡(✉*♥❝✐❛✱

m = a1s1 + · · ·+ ansn = a1s1 + · · ·+ ansn.

▲♦❣♦✱ π(S) / ✉♠ ❝♦♥❥✉♥2♦ ❞❡ ❣❡$❛❞♦$❡' ❞❡ M/N ✳

❈♦♥'✐❞❡$❡♠♦' ✉♠ ❛♥❡❧ A✳ ❆❣♦$❛✱ ♥♦''♦ ♦❜❥❡2✐✈♦ / '✐♠♣❧✐✜❝❛$ ❛ ♥♦2❛;<♦ ❞♦' ❡❧❡♠❡♥2♦' ❞❛

'♦♠❛ ❞✐$❡2❛

⊕

λ∈Λ

A✳ ❆ ♥♦✈❛ ♥♦2❛;<♦ (✉❡ ♦❜2❡$❡♠♦' ❛(✉✐ '❡$= >2✐❧ ♣❛$❛ ❛ ❝♦♥'2$✉;<♦ ❞♦ ♣$♦❞✉2♦

2❡♥'♦$✐❛❧ ❞❡ ♠?❞✉❧♦' ♥❛ ♣$?①✐♠❛ '❡;<♦✳

❉❡✜♥❛♠♦' ♦ ❝♦♥❥✉♥2♦

S =

{

(sλ)λ∈Λ ∈
⊕

λ∈Λ

A; ❡①✐'2❡ λ0 ∈ Λ 2❛❧ (✉❡ sλ0 = 1 ❡ sλ = 0 ♣❛$❛ 2♦❞♦ λ 6= λ0

}

.

➱ ❢=❝✐❧ ✈❡$ (✉❡ S / ✉♠❛ ❜❛'❡ ❞❛ '♦♠❛ ❞✐$❡2❛

⊕

λ∈Λ

A✳ ❆❧/♠ ❞✐''♦✱ ❝♦♠♦ ❛ ❢✉♥;<♦

i : Λ →
⊕

λ∈Λ

A

λ0 7→ i(λ0) : Λ → A

λ 7→

{

1 '❡ λ = λ0

0 '❡ λ 6= λ0

/ ✐♥❥❡2♦$❛ ❡ '✉❛ ✐♠❛❣❡♠ / ❛ ❜❛'❡ S✱ ♣♦❞❡♠♦' ✐❞❡♥2✐✜❝❛$ Λ ❝♦♠ ❛ ✐♠❛❣❡♠ ❞❡ i ❡ ❡'❝$❡✈❡$

Λ ⊂
⊕

λ∈Λ

A✳ ❉❡''❡ ♠♦❞♦✱ ♣♦❞❡♠♦' ✈❡$

⊕

λ∈Λ

A ❝♦♠♦ ✉♠ A✲♠?❞✉❧♦ ❝♦♠ ❜❛'❡ Λ✳ ❈♦♠ ✐''♦✱ 2♦❞♦

❡❧❡♠❡♥2♦ ❞❡''❛ '♦♠❛ ❞✐$❡2❛ ♣♦❞❡ '❡$ ❡'❝$✐2♦ ❝♦♠♦ ✉♠❛ ❝♦♠❜✐♥❛;<♦ ❧✐♥❡❛$ ❢♦$♠❛❧ ❞♦' ❡❧❡♠❡♥2♦'

❞❡ Λ ❝♦♠ ❝♦❡✜❝✐❡♥2❡' ❡♠ A✳ ❊①♣❧✐❝✐2❛♠❡♥2❡✱ ✉♠ ❡❧❡♠❡♥2♦ ♥<♦ ♥✉❧♦ (aλ)λ∈Λ ∈
⊕

λ∈Λ

A ♣♦❞❡ '❡$

❡'❝$✐2♦ ❝♦♠♦

n
∑

i=1

aλi · λi✱ ♦♥❞❡ a
−1(A \ {0}) = {λ1, . . . , λn} ❡ λj 6= λk (✉❛♥❞♦ j 6= k✳

❆' ❞✉❛' ♣$♦♣♦'✐;F❡' '❡❣✉✐♥2❡' $❡'❣❛2❛♠ ✉♠ ✈❡❧❤♦ ❢❛2♦ ❝♦♥❤❡❝✐❞♦ ❡♠ ➪❧❣❡❜$❛ ▲✐♥❡❛$✿ ♣❛$❛

'❛❜❡$ ♦ (✉❡ ✉♠❛ ❛♣❧✐❝❛;<♦ ❧✐♥❡❛$ ❢❛③ ❝♦♠ ❝❛❞❛ ❡❧❡♠❡♥2♦ ❞❡ '❡✉ ❞♦♠K♥✐♦✱ ❜❛'2❛ '❛❜❡$ ❛' ✐♠❛❣❡♥'

❞♦' ❡❧❡♠❡♥2♦' ❞❡ ❝❡$2♦ ❝♦♥❥✉♥2♦ ❞❡ ❣❡$❛❞♦$❡'✳

 !♦♣♦$✐&'♦ ✻✳ ❙❡❥❛♠ M ❡ N A✲♠&❞✉❧♦+ ❡ +❡❥❛ S ✉♠ ❝♦♥❥✉♥.♦ ❞❡ ❣❡0❛❞♦0❡+ ❞❡ M ✳ ❙❡

φ, ψ : M → N ❢♦0❡♠ ❤♦♠♦♠♦0✜+♠♦+ ❞❡ A✲♠&❞✉❧♦+ 5✉❡ ❝♦✐♥❝✐❞❡♠ ❡♠ S✱ ✐+.♦ 8✱ φ|S = ψ|S✱

❡♥.9♦ φ = ψ✳

❉❡♠♦♥+.0❛;9♦✳ ❙❡❥❛ m ✉♠ ❡❧❡♠❡♥2♦ ❞❡ M ✳ ❈♦♠♦ S / ✉♠ ❝♦♥❥✉♥2♦ ❞❡ ❣❡$❛❞♦$❡' ❞❡ M ✱ ❡①✐'2❡♠

n ∈ ◆✱ a1, . . . , an ∈ A ❡ s1, . . . , sn ∈ S 2❛✐' (✉❡

m =
n
∑

i=1

aisi.

❱✐'2♦ (✉❡ φ(si) = ψ(si) ♣❛$❛ ❝❛❞❛ i ∈ {1, . . . , n}✱ 2❡♠♦'

φ(m) = φ

(

n
∑

i=1

aisi

)

=
n
∑

i=1

aiφ(si) =
n
∑

i=1

aiψ(si) = ψ

(

n
∑

i=1

aisi

)

= ψ(m).

❯♥✐✈❡.(✐❞❛❞❡ ❋❡❞❡.❛❧ ❞❡ ❯❜❡.❧2♥❞✐❛ ✲ ❋❛❝✉❧❞❛❞❡ ❞❡ ▼❛5❡♠75✐❝❛



▼!❞✉❧♦& ✷✶

▲♦❣♦✱ ♦$ ❤♦♠♦♠♦'✜$♠♦$ φ ❡ ψ $*♦ ✐❣✉❛✐$✳

 !♦♣♦$✐&'♦ ✼✳ ❙❡❥❛♠ Λ ✉♠ ❝♦♥❥✉♥)♦ ♥*♦ ✈❛③✐♦ ❡ P ✉♠ A✲♠/❞✉❧♦✳ 3❛4❛ 5✉❛❧5✉❡4 ❢✉♥7*♦

φ : Λ → P ✱ 9✉❛ ❡①)❡♥9*♦

Φ:
⊕

λ∈Λ

A → P

n
∑

i=1

ai · λi 7→
n
∑

i=1

aiφ(λi)

; ✉♠ ❤♦♠♦♠♦4✜9♠♦ ❞❡ A✲♠/❞✉❧♦9✳

❉❡♠♦♥9)4❛7*♦✳ ❈♦♥$✐❞❡'❡♠♦$ a, b ∈ A ❡ x, y ∈
⊕

λ∈Λ

A✳ ❊♥3*♦✱ ❡①✐$3❡♠ n1, n2 ∈ ◆✱

a1, . . . , an1+n2 ∈ A ❡ λ1, . . . , λn1+n2 ∈ Λ 3❛✐$ 5✉❡

x =

n1
∑

i=1

ai · λi ❡ y =

n1+n2
∑

i=n1+1

ai · λi.

❖❜$❡'✈❡♠♦$ 5✉❡

Φ(ax+ by) = Φ

(

n1
∑

i=1

a(ai · λi) +
n1+n2
∑

i=n1+1

b(ai · λi)

)

= Φ

(

n1
∑

i=1

aai · λi +
n1+n2
∑

i=n1+1

bai · λi

)

=

n1
∑

i=1

(aai)φ(λi) +

n1+n2
∑

i=n1+1

(bai)φ(λi) =

n1
∑

i=1

a(aiφ(λi)) +

n1+n2
∑

i=n1+1

b(aiφ(λi))

= a

n1
∑

i=1

aiφ(λi) + b

n1+n2
∑

i=n1+1

aiφ(λi) = a Φ(x) + b Φ(y).

9♦'3❛♥3♦✱ Φ : ✉♠ ❤♦♠♦♠♦'✜$♠♦ ❞❡ A✲♠<❞✉❧♦$✳

✸✳✺ #$♦❞✉(♦ ❚❡♥,♦$✐❛❧ ❞❡ ▼1❞✉❧♦,

❉❡✜♥✐&'♦ ✶✷✳ ❙❡❥❛ A ✉♠ ❛♥❡❧ ❡ 9❡❥❛♠ M ✱ N ❡ P A✲♠/❞✉❧♦9✳ ❯♠ ♠❛♣❛ A✲❜✐❧✐♥❡❛) ; ✉♠❛

❢✉♥7*♦ φ : M ×N → P )❛❧ 5✉❡✱ ♣❛4❛ )♦❞♦9 m0 ∈M ❡ n0 ∈ N ✱ ❛9 ❢✉♥7A❡9

φ(m0,❴) : N → P e φ(❴, n0) : M → P

n 7→ φ(m0, n) m 7→ φ(m,n0)

9*♦ A✲❧✐♥❡❛4❡9✱ ✐9)♦ ;✱

φ(am1 + bm2, n0) = aφ(m1, n0) + bφ(m2, n0) ❡ φ(m0, an1 + bn2) = aφ(m0, n1) + bφ(m0, n2)

♣❛4❛ )♦❞♦9 a, b ∈ A✱ m1,m2 ∈ M ❡ n1, n2 ∈ N ✳ ❖ ❝♦♥❥✉♥)♦ ❞❡ )♦❞♦9 ♦9 ♠❛♣❛9 ❜✐❧✐♥❡❛4❡9 ❡♥)4❡

M ×N ❡ P 9❡4E ❞❡♥♦)❛❞♦ ♣♦4 BilA(M ×N,P )✳

❇❛❝❤❛-❡❧❛❞♦ ❡♠ ▼❛0❡♠10✐❝❛



✷✷ ▼"❞✉❧♦'

❈♦♥#$%✉✐%❡♠♦# ✉♠ A✲♠+❞✉❧♦ T ❞❡ ♠♦❞♦ .✉❡ ❡①✐#$❛ ✉♠❛ ❜✐❥❡34♦ ♥❛$✉%❛❧ ❡♥$%❡ ♦# ❝♦♥❥✉♥$♦#

BilA(M × N,P ) ❡ HomA(T, P ) ♣❛%❛ $♦❞♦ A✲♠+❞✉❧♦ P ✳ ❖ $❡♦%❡♠❛ #❡❣✉✐♥$❡ %❡❡#❝%❡✈❡ ✐##♦ ❞❡

✉♠ ♠♦❞♦ ♠❛✐# ♣%❡❝✐#♦✳

❚❡♦#❡♠❛ ✻ ✭<%♦♣%✐❡❞❛❞❡ ❯♥✐✈❡%#❛❧ ❞♦ <%♦❞✉$♦ ❚❡♥#♦%✐❛❧✮✳ ❙❡❥❛♠ M ❡ N A✲♠&❞✉❧♦+✳ ❊♥/0♦✱

❡①✐+/❡ ✉♠ ♣❛5 (T, τ)✱ ❝♦♥+✐+/✐♥❞♦ ❡♠ ✉♠ A✲♠&❞✉❧♦ T ❡ ❡♠ ✉♠ ♠❛♣❛ A✲❜✐❧✐♥❡❛5 τ : M×N → T ✱

8✉❡ ♣♦++✉✐ ❛ ♣5♦♣5✐❡❞❛❞❡ +❡❣✉✐♥/❡✿ ❞❛❞♦+ 8✉❛❧8✉❡5 A✲♠&❞✉❧♦ P ❡ 8✉❛❧8✉❡5 ♠❛♣❛ A✲❜✐❧✐♥❡❛5

φ : M ×N → P ✱ ❡①✐+/❡ ✉♠ ;♥✐❝♦ ♠❛♣❛ A✲❧✐♥❡❛5 Φ: T → P /❛❧ 8✉❡ ♦ ❞✐❛❣5❛♠❛

M ×N T

P

τ

φ
∃!Φ

❝♦♠✉/❛✱ ✐+/♦ <✱ φ = Φ ◦ τ ✳ ❊♠ ♦✉/5❛+ ♣❛❧❛✈5❛+✱ /♦❞♦ ♠❛♣❛ A✲❜✐❧✐♥❡❛5 ❡♠ M × N ❢❛/♦5❛✲+❡

❛/5❛✈<+ ❞❡ T ✳ ❆❧<♠ ❞✐++♦✱ +❡ (S, δ) ❢♦5 ♦✉/5♦ ♣❛5 ❝♦♠ ❡++❛ ♣5♦♣5✐❡❞❛❞❡✱ ❡♥/0♦ ❡①✐+/✐5@ ✉♠ ;♥✐❝♦

✐+♦♠♦5✜+♠♦ β : T → S /❛❧ 8✉❡ δ = β ◦ τ ✳

❉❡♠♦♥+/5❛C0♦✳ <%✐♠❡✐%❛♠❡♥$❡✱ ♣%♦✈❡♠♦# ❛ ❡①✐#$A♥❝✐❛ ❞❡ ✉♠ ♣❛% #❛$✐#❢❛③❡♥❞♦ ❛# ❝♦♥❞✐3D❡#

#✉♣%❛❝✐$❛❞❛#✳

❙❡❥❛ C ❛ #♦♠❛ ❞✐%❡$❛

⊕

(m,n)∈M×N

A✳ ❉❡✜♥❛♠♦# ♦# .✉❛$%♦ #✉❜❝♦♥❥✉♥$♦# ❞❡ C #❡❣✉✐♥$❡#✿

(i) D1 = {(m1 +m2, n)− (m1, n)− (m2, n) ∈ C; m1,m2 ∈M e n ∈ N}❀

(ii) D2 = {(m,n1 + n2)− (m,n1)− (m,n2) ∈ C; m ∈M e n1, n2 ∈ N}❀

(iii) D3 = {(am, n)− a(m,n) ∈ C; a ∈ A, m ∈M e n ∈ N}❀

(iv) D4 = {(m, an)− a(m,n) ∈ C; a ∈ A, m ∈M e n ∈ N}✳

❙❡❥❛ D ♦ #✉❜♠+❞✉❧♦ ❣❡%❛❞♦ ♣❡❧❛ ✉♥✐4♦ D1 ∪ D2 ∪ D3 ∪ D4 ❡ #❡❥❛ T ♦ ♠+❞✉❧♦ .✉♦❝✐❡♥$❡

C/D✳ ❈♦♥#✐❞❡%❛♥❞♦ ♦ ❤♦♠♦♠♦%✜#♠♦ .✉♦❝✐❡♥$❡ π : C → T ✱ ❞❡♥♦$❛%❡♠♦# π(m,n) ♣♦% m ⊗ n

♣❛%❛ ❝❛❞❛ (m,n) ∈M ×N ✳ ❉❡✜♥❛♠♦# τ ♣♦% π|M×N ✱ ✐#$♦ K✱

τ : M ×N → T

(m,n) 7→ m⊗ n.

❙❛❜❡♠♦# .✉❡ M × N K ✉♠ ❝♦♥❥✉♥$♦ ❣❡%❛❞♦% ❞❡ C✳ <❡❧❛ <%♦♣♦#✐34♦ ✺✱ T K ❣❡%❛❞♦ ♣❡❧♦#

❡❧❡♠❡♥$♦# ❞❛ ❢♦%♠❛ m⊗n✳ ❆❣♦%❛✱ ✈❡❥❛♠♦# ❛❧❣✉♠❛# ♣%♦♣%✐❡❞❛❞❡# ❞❛ ✏♦♣❡%❛34♦✑ ⊗✳ <❛%❛ $♦❞♦#

a ∈ A✱ m1,m2 ∈M ❡ n1, n2 ∈ N ✱ $❡♠♦#✿

(i) (m1 +m2)⊗ n = (m1 +m2, n) = (m1, n) + (m2, n) = m1 ⊗ n+m2 ⊗ n❀

(ii) m⊗ (n1 + n2) = (m,n1 + n2) = (m,n1) + (m,n2) = m⊗ n1 +m⊗ n2;

(iii) (am)⊗ n = (am, n) = a(m,n) = a(m⊗ n)❀

(iv) m⊗ (an) = (m, an) = a(m,n) = a(m⊗ n)✳

❯♥✐✈❡-'✐❞❛❞❡ ❋❡❞❡-❛❧ ❞❡ ❯❜❡-❧1♥❞✐❛ ✲ ❋❛❝✉❧❞❛❞❡ ❞❡ ▼❛4❡♠64✐❝❛
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❈♦♠ ✐$$♦✱

τ(am1 + bm2, n1) = (am1 + bm2)⊗ n1 = (am1)⊗ n1 + (bm2)⊗ n1

= a(m1 ⊗ n1) + b(m2 ⊗ n1) = aτ(m1, n1) + bτ(m2, n1)

❡

τ(m1, an1 + bn2) = m1 ⊗ (an1 + bn2) = m1 ⊗ (an1) +m1 ⊗ (bn2)

= a(m1 ⊗ n1) + b(m1 ⊗ n2) = aτ(m1, n1) + bτ(m1, n2)

♣❛)❛ *♦❞♦$ a, b ∈ A✱ m1,m2 ∈M ❡ n1, n2 ∈ N ✳ ▲♦❣♦✱ τ / ✉♠ ♠❛♣❛ A✲❜✐❧✐♥❡❛)✳

❈♦♥$✐❞❡)❡♠♦$ ✉♠ A✲♠5❞✉❧♦ P ❡ ✉♠ ♠❛♣❛ A✲❜✐❧✐♥❡❛) φ : M ×N → P ✳ 6❡❧❛ 6)♦♣♦$✐78♦ ✼✱

❛ ❡①*❡♥$8♦

Φ: C → P
r
∑

i=1

ai · (mi, ni) 7→
r
∑

i=1

aiφ(mi, ni)

/ ✉♠ ❤♦♠♦♠♦)✜$♠♦ ❞❡ A✲♠5❞✉❧♦$✳ ❈♦♠♦ φ / A✲❜✐❧✐♥❡❛)✱ ♣❛)❛ *♦❞♦$ a ∈ A✱ m,m1,m2 ∈M ❡

n, n1, n2 ∈ N ✱ *❡♠♦$✿

(i) Φ((m1 +m2, n)− (m1, n)− (m2, n)) = φ(m1 +m2, n)− φ(m1, n)− φ(m2, n) = 0❀

(ii) Φ((m,n1 + n2)− (m,n1)− (m,n2)) = φ(m,n1 + n2)− φ(m,n1)− φ(m,n2) = 0❀

(iii) Φ((am, n)− a(m,n)) = φ(am, n)− aφ(m,n) = 0❀

(iv) Φ((m, an)− a(m,n)) = φ(m, an)− aφ(m,n) = 0✳

❊♠ ♦✉*)❛$ ♣❛❧❛✈)❛$✱ Φ ❛♥✉❧❛✲$❡ ❡♠ *♦❞♦$ ♦$ ❣❡)❛❞♦)❡$ ❞❡ D ❡✱ ❧♦❣♦✱ D ⊂ Ker(Φ)✳ 6❡❧♦

❚❡♦)❡♠❛ ✹✱ ❡①✐$*❡ ✉♠ C♥✐❝♦ ❤♦♠♦♠♦)✜$♠♦ ❞❡ A✲♠5❞✉❧♦$ Φ: T → P *❛❧ E✉❡ Φ = Φ ◦ π✳ ❉❡$$❡

♠♦❞♦✱

Φ ◦ τ(m,n) = Φ ◦ π(m,n) = Φ(m,n) = φ(m,n)

♣❛)❛ *♦❞♦$ (m,n) ∈M ×N ✱ ✐$*♦ /✱ φ = Φ ◦ τ ✳

❆❣♦)❛✱ ♠♦$*)❡♠♦$ E✉❡ Φ / ♦ C♥✐❝♦ ♠❛♣❛ A✲❧✐♥❡❛) ❞❡ T ❡♠ P ❝♦♠ ❡$$❛ ♣)♦♣)✐❡❞❛❞❡✳ ❈♦♥✲

$✐❞❡)❡♠♦$ ρ : T → P ✉♠ ♠❛♣❛ A✲❧✐♥❡❛) *❛❧ E✉❡ φ = ρ ◦ τ ✳ ❙❡ c ∈ C✱ ❡♥*8♦ ❡①✐$*✐)8♦ r ∈ ◆✱

a1, . . . , ar ∈ A ❡ (x1, y1), . . . , (xr, yr) ∈M ×N *❛✐$ E✉❡ c =
r
∑

i=1

ai · (xi, yi)✳ ❆$$✐♠✱

ρ ◦ π(c) =
r
∑

i=1

ai ρ ◦ π(xi, yi) =
r
∑

i=1

ai ρ ◦ τ(xi, yi) =
r
∑

i=1

ai φ(xi, yi) = Φ(c).

▲♦❣♦✱ Φ = ρ ◦ π✳ ❱✐$*♦ E✉❡ Φ / ♦ C♥✐❝♦ ♠❛♣❛ A✲❧✐♥❡❛) ❞❡ T ❡♠ P $❛*✐$❢❛③❡♥❞♦ Φ = Φ ◦ π✱

❝♦♥❝❧✉L♠♦$ E✉❡ ρ = Φ✳ 6♦)*❛♥*♦✱ ♦ ♣❛) (T, τ) ❝♦♥$*)✉L❞♦ $❛*✐$❢❛③ ❛ ❝♦♥❞✐78♦ $❡❣✉✐♥*❡✿ ♣❛)❛

E✉❛❧E✉❡) A✲♠5❞✉❧♦ P ❡ E✉❛❧E✉❡) ♠❛♣❛ A✲❜✐❧✐♥❡❛) φ : M × N → P ✱ ❡①✐$*❡ ✉♠ C♥✐❝♦ ♠❛♣❛

A✲❧✐♥❡❛) Φ: T → P *❛❧ E✉❡ φ = Φ ◦ τ ✳

❋✐♥❛❧♠❡♥*❡✱ $❡❥❛ (S, δ) ✉♠ ♣❛) E✉❡ ♣♦$$✉✐ ❡$$❛ ♠❡$♠❛ ♣)♦♣)✐❡❞❛❞❡✳ ❆$$✐♠✱ ❝♦♥$✐❞❡)❛♥❞♦ ♦

A✲♠5❞✉❧♦ T ❡ ♦ ♠❛♣❛ A✲❜✐❧✐♥❡❛) τ ✱ ❡①✐$*❡ ✉♠ C♥✐❝♦ ♠❛♣❛ A✲❧✐♥❡❛) α : S → T *❛❧ E✉❡ τ = α◦ δ✳

❇❛❝❤❛-❡❧❛❞♦ ❡♠ ▼❛0❡♠10✐❝❛



✷✹ ▼#❞✉❧♦(

❆❣♦#❛✱ ✉'✐❧✐③❛♥❞♦ ❛ ♣#♦♣#✐❡❞❛❞❡ ❞♦ ♣❛# (T, τ) ♣❛#❛ ♦ A✲♠1❞✉❧♦ S ❡ ♣❛#❛ ♦ ♠❛♣❛ A✲❜✐❧✐♥❡❛# δ✱

♦❜'❡♠♦3 4✉❡ ❡①✐3'❡ ✉♠ 6♥✐❝♦ ♠❛♣❛ A✲❧✐♥❡❛# β : T → S '❛❧ 4✉❡ δ = β ◦ τ ✳ ❉❡33❡ ♠♦❞♦✱

τ = (α ◦ β) ◦ τ ❡ δ = (β ◦ α) ◦ δ.

M ×N

T

T M ×N

S

S

τ

τ

α ◦ β

idT

δ

δ

β ◦ α

idS

:♦# ♦✉'#♦ ❧❛❞♦✱ ❛ ♣#♦♣#✐❡❞❛❞❡ ❞♦ ♣❛# (T, τ) ❢♦#♥❡❝❡ 4✉❡ idT < ♦ 6♥✐❝♦ ♠❛♣❛ A✲❧✐♥❡❛# '❛❧ 4✉❡

τ = idT ◦ τ ❡♥4✉❛♥'♦ ❛ ♣#♦♣#✐❡❞❛❞❡ ❞♦ ♣❛# (S, δ) ❢♦#♥❡❝❡ 4✉❡ idS < ♦ 6♥✐❝♦ ♠❛♣❛ A✲❧✐♥❡❛# 4✉❡

3❛'✐3❢❛③ δ = idS ◦δ✳ ▲♦❣♦✱ α◦β = idT ❡ β ◦α = idS✳ :♦# ❝♦♥3❡4✉>♥❝✐❛✱ β < ✉♠ ✐3♦♠♦#✜3♠♦✳

❖❜"❡$✈❛'(♦ ✻✳ ❖ A✲♠#❞✉❧♦ T ❝♦♥*+,✉-❞♦ ♥❛ ❞❡♠♦♥*+,❛01♦ ❞♦ +❡♦,❡♠❛ ❛♥+❡,✐♦, 3 ❝❤❛♠❛❞♦

♣!♦❞✉%♦ %❡♥(♦!✐❛❧ ❞❡ M ❡ N *♦❜,❡ A ❡ 3 ❞❡♥♦+❛❞♦ ♣♦, M ⊗A N ✳ ❊ τ 3 ♦ ♠❛♣❛ A✲❜✐❧✐♥❡❛,

❝♦,,❡*♣♦♥❞❡♥+❡ ❛♦ ♣,♦❞✉+♦ +❡♥*♦,✐❛❧ M ⊗A N ✳

❊①❡♠♣❧♦ ✼✳ ❈♦♥*✐❞❡,❡♠♦* ✉♠ ❛♥❡❧ A ❡ ✐♥+❡✐,♦* ♣♦*✐+✐✈♦* m ❡ n✳

✶✳ ▼♦*+,❡♠♦* =✉❡ ♦ ♣,♦❞✉+♦ +❡♥*♦,✐❛❧ A[X]⊗A A[Y ] 3 ✐*♦♠♦,❢♦ ❛ A[X, Y ]✳

?❡❧❛ ?,♦♣,✐❡❞❛❞❡ ❯♥✐✈❡,*❛❧ ❞♦ ?,♦❞✉+♦ ❚❡♥*♦,✐❛❧✱ ♦ ♠❛♣❛ A✲❜✐❧✐♥❡❛,

φ : A[X]× A[Y ] → A[X, Y ]
(

r
∑

i=0

aiX
i,

s
∑

j=0

bjY
j

)

7→

(

r
∑

i=0

aiX
i

)

(

s
∑

j=0

bjY
j

)

✐♥❞✉③ ♦ ♠❛♣❛ A✲❧✐♥❡❛,

Φ: A[X]⊗A A[Y ] → A[X, Y ]
(

r
∑

i=0

aiX
i

)

⊗

(

s
∑

j=0

bjY
j

)

7→

(

r
∑

i=0

aiX
i

)

(

s
∑

j=0

bjY
j

)

.

❉❡✜♥❛♠♦* ♦ ♠❛♣❛ A✲❧✐♥❡❛,

Ψ: A[X, Y ] → A[X]⊗A A[Y ]
r
∑

i=0

s
∑

j=0

aijX
iY j 7→

r
∑

i=0

s
∑

j=0

aij(X
i ⊗ Y j).

❈♦♥*✐❞❡,❡♠♦* f0 ∈ A[X, Y ]✱ g0 ∈ A[X] ❡ h0 ∈ A[Y ]✳ ❊♥+1♦✱ ❡①✐*+❡♠ r, s ∈ ◆ ❡

a00, . . . , a0s, . . . , ar0, . . . , ars, a0, . . . , ar, b0, . . . , bs ∈ A +❛✐* =✉❡

f0(X, Y ) =
r
∑

i=0

s
∑

j=0

aijX
iY j, g0(X) =

r
∑

i=0

aiX
i
❡ h0(Y ) =

s
∑

j=0

bjY
j.

❯♥✐✈❡.(✐❞❛❞❡ ❋❡❞❡.❛❧ ❞❡ ❯❜❡.❧2♥❞✐❛ ✲ ❋❛❝✉❧❞❛❞❡ ❞❡ ▼❛5❡♠75✐❝❛
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◆♦"❡♠♦% &✉❡

Φ ◦Ψ(f0) = Φ

(

r
∑

i=0

s
∑

j=0

aij(X
i ⊗ Y j)

)

=
r
∑

i=0

s
∑

j=0

aijΦ(X
i ⊗ Y j) = f0

❡

Ψ ◦ Φ(g0 ⊗ h0) = Ψ

((

r
∑

i=0

aiX
i

)(

s
∑

j=0

bjY
j

))

= Ψ

(

r
∑

i=0

s
∑

j=0

aibjX
iY j

)

=
r
∑

i=0

s
∑

j=0

aibj(X
i ⊗ Y j) =

r
∑

i=0

s
∑

j=0

(aiX
i)⊗ (bjY

j)

=
r
∑

i=0

(aiX
i)⊗

(

s
∑

j=0

bjY
j

)

= g0 ⊗ h0.

❉❡%%❡ ♠♦❞♦✱ Φ ◦Ψ = idA[X,Y ] ❡ Ψ ◦ Φ|S = idA[X]⊗AA[Y ]|S✱ ♦♥❞❡

S = {g ⊗ h; g ∈ A[X] ❡ h ∈ A[Y ]}.

❆ -.♦♣♦%✐12♦ ✻ ❢♦"♥❡❝❡ &✉❡ Ψ ◦ Φ = idA[X]⊗AA[Y ]✱ ✉♠❛ ✈❡③ &✉❡ S - ✉♠ ❝♦♥❥✉♥/♦ ❞❡

❣❡"❛❞♦"❡2 ❞❡ A[X]⊗A A[Y ]✳ ❆22✐♠✱ ❝♦♥❝❧✉7♠♦2 &✉❡ Φ - ✉♠ ✐2♦♠♦"✜2♠♦✳

✷✳ ❙❡❥❛ d ♦ ✐♥/❡✐"♦ ♣♦2✐/✐✈♦ /❛❧ &✉❡ d = mdc(m,n)✳ <"♦✈❡♠♦2 &✉❡ ♦ ♣"♦❞✉/♦ /❡♥2♦"✐❛❧

❩m ⊗
❩

❩n - ✐2♦♠♦"❢♦ ❛ ❩d✳

❙❡❥❛♠ r1, r2, s1, s2 ∈ ❩ /❛✐2 &✉❡ m|r1 − r2 ❡ n|s1 − s2✳ ◆♦/❡♠♦2 &✉❡ d|r1s1 − r2s2✱ ♣♦✐2

r1s1 − r2s2 = r1s1 − r2s1 + r2s1 − r2s2 = (r1 − r2)s1 + r2(s1 − s2).

■22♦ ♠♦2/"❛ &✉❡ ❛ ❢✉♥?@♦

φ : ❩m × ❩n → ❩d

(r, s) 7→ rs

❡2/A ❜❡♠ ❞❡✜♥✐❞❛✳ ➱ ❢A❝✐❧ ✈❡" &✉❡ φ - ✉♠ ♠❛♣❛ ❩✲❜✐❧✐♥❡❛"✳ <❡❧❛ <"♦♣"✐❡❞❛❞❡ ❯♥✐✈❡"2❛❧

❞♦ <"♦❞✉/♦ ❚❡♥2♦"✐❛❧✱ φ ✐♥❞✉③ ♦ ♠❛♣❛ ❩✲❧✐♥❡❛"

Φ: ❩m ⊗
❩

❩n → ❩d

r ⊗ s 7→ rs.

❆❣♦"❛✱ ❞❡✜♥❛♠♦2 ❛ ❢✉♥?@♦

Ψ: ❩d → ❩m ⊗
❩

❩n

t 7→ t(1⊗ 1).

❱❡"✐✜&✉❡♠♦2 &✉❡ ❡22❛ ❢✉♥?@♦ ❡2/A✱ ❞❡ ❢❛/♦✱ ❜❡♠ ❞❡✜♥✐❞❛✳ ❱✐2/♦ &✉❡ ❩ - ✉♠ ❞♦♠7♥✐♦

♣"✐♥❝✐♣❛❧✱ ❡①✐2/❡♠ e, f ∈ ❩ /❛✐2 &✉❡ d = em + fn✳ ❙❡❥❛♠ t1, t2 ∈ ❩ /❛✐2 &✉❡ d|t1 − t2✱ ♦✉

❇❛❝❤❛$❡❧❛❞♦ ❡♠ ▼❛+❡♠,+✐❝❛



✷✻ ▼#❞✉❧♦(

 ❡❥❛✱ ❡①✐ '❡ c ∈ ❩ '❛❧ )✉❡

t1 − t2 = dc = (em+ fn)c.

❈♦♠ ✐  ♦✱ ♦❜'❡♠♦ 

Ψ(t1) = (t2 + emc+ fnc)(1⊗ 1)

= t2(1⊗ 1) + emc(1⊗ 1) + fnc(1⊗ 1)

= t2(1⊗ 1) + (emc⊗ 1) + (1⊗ fnc)

= t2(1⊗ 1) + (0⊗ 1) + (1⊗ 0)

= Ψ(t2).

❈❧❛/❛♠❡♥'❡✱ Ψ 1 ✉♠ ♠❛♣❛ ❩✲❧✐♥❡❛/✳ ❆❧1♠ ❞✐  ♦✱ '❡♠♦ 

Φ ◦Ψ(t) = Φ(t(1⊗ 1)) = Φ(t⊗ 1) = t

❡

Ψ ◦ Φ(r ⊗ s) = Ψ(rs) = rs(1⊗ 1) = r ⊗ s

♣❛/❛ '♦❞♦ r ∈ ❩m✱ s ∈ ❩n ❡ t ∈ ❩d✳ ❉❡  ❡ ♠♦❞♦✱ Φ ◦Ψ = id
❩d

❡ Ψ ◦ Φ|S′ = id
❩m⊗

❩

❩n
|S′

✱

♦♥❞❡

S ′ = {r ⊗ s; r ∈ ❩m ❡ s ∈ ❩n}.

❈♦♠♦ S ′
1 ✉♠ ❝♦♥❥✉♥'♦ ❞❡ ❣❡/❛❞♦/❡ ❞❡ ❩m ⊗

❩

❩n✱ '❡♠♦ Ψ ◦ Φ = id
❩m⊗

❩

❩n
✳ :♦/'❛♥'♦✱

Φ 1 ✉♠ ✐ ♦♠♦/✜ ♠♦✳

▲❡♠❛ ✺✳ ❙❡❥❛♠ M ✱ N ❡ P A✲♠=❞✉❧♦ ✳

✶✳ ❚♦❞♦ ❡❧❡♠❡♥'♦ ❞❡ M ⊗A N 1 ✉♠❛  ♦♠❛ ❞❡ ❡❧❡♠❡♥'♦ ❞❛ ❢♦/♠❛ m ⊗ n✱ ♦♥❞❡ m ∈ M ❡

n ∈ N ✳

✷✳ ❚♦❞♦ ❡❧❡♠❡♥'♦ ❞❡ (M ⊗AN)⊗A P 1 ✉♠❛  ♦♠❛ ❞❡ ❡❧❡♠❡♥'♦ ❞❛ ❢♦/♠❛ (m⊗n)⊗ p✱ ♦♥❞❡

m ∈M ✱ n ∈ N ❡ p ∈ P ✳ ❊♠ ♣❛/'✐❝✉❧❛/✱

S1 = {(m⊗ n)⊗ p; m ∈M, n ∈ N ❡ p ∈ P}

1 ✉♠ ❝♦♥❥✉♥'♦ ❞❡ ❣❡/❛❞♦/❡ ❞❡ (M ⊗A N)⊗A P ✳

✸✳ ❚♦❞♦ ❡❧❡♠❡♥'♦ ❞❡ M ⊗A (N ⊗A P ) 1 ✉♠❛  ♦♠❛ ❞❡ ❡❧❡♠❡♥'♦ ❞❛ ❢♦/♠❛ m⊗ (n⊗ p)✱ ♦♥❞❡

m ∈M ✱ n ∈ N ❡ p ∈ P ✳ ❊♠ ♣❛/'✐❝✉❧❛/✱

S2 = {m⊗ (n⊗ p); m ∈M, n ∈ N ❡ p ∈ P}

1 ✉♠ ❝♦♥❥✉♥'♦ ❞❡ ❣❡/❛❞♦/❡ ❞❡ M ⊗A (N ⊗A P )✳

❉❡♠♦♥ '/❛DE♦✳

❯♥✐✈❡.(✐❞❛❞❡ ❋❡❞❡.❛❧ ❞❡ ❯❜❡.❧2♥❞✐❛ ✲ ❋❛❝✉❧❞❛❞❡ ❞❡ ▼❛5❡♠75✐❝❛
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✶✳ ❙❡❥❛ t ∈ M ⊗A N ✳ ❉❛ ❝♦♥*+,✉./♦ ❢❡✐+❛ ♥♦ +❡♦,❡♠❛ ❛♥+❡,✐♦,✱ *❛❜❡♠♦* 5✉❡ M ⊗A N 6

❣❡,❛❞♦ ♣♦, ❡❧❡♠❡♥+♦* ❞❛ ❢♦,♠❛ m⊗n✱ ♦♥❞❡ m ∈M ❡ n ∈ N ✳ ❉❡**❡ ♠♦❞♦✱ ❡①✐*+❡♠ r ∈ ◆✱

a1, . . . , ar ∈ A✱ m1, . . . ,mr ∈M ❡ n1, . . . , nr ∈ N +❛✐* 5✉❡

t =
r
∑

i=1

ai(mi ⊗ ni) =
r
∑

i=1

(aimi)⊗ ni.

❈❧❛,❛♠❡♥+❡✱ aimi ∈M ♣❛,❛ +♦❞♦ i ∈ {1, . . . , r} ❡✱ ❧♦❣♦✱ ❡*❝,❡✈❡♠♦* t ❞❛ ♠❛♥❡✐,❛ ❞❡*❡❥❛❞❛✳

✷✳ ❈♦♥*✐❞❡,❡♠♦* t ∈ (M⊗AN)⊗AP ✳ ?❡❧♦ ✐+❡♠ ❛♥+❡,✐♦,✱ ❡①✐*+❡♠ r ∈ ◆✱ t1, . . . , tr ∈M⊗AN

❡ p1, . . . , pr ∈ P +❛✐* 5✉❡

t =
r
∑

i=1

ti ⊗ pi.

?❛,❛ ❝❛❞❛ i ∈ {1, . . . , r}✱ ♦ ✐+❡♠ ❛♥+❡,✐♦, +❛♠❜6♠ ❢♦,♥❡❝❡ 5✉❡ ❡①✐*+❡♠ si ∈ ◆✱

mi1, . . . ,misi ∈M ❡ ni1, . . . , nisi ∈ N *❛+✐*❢❛③❡♥❞♦

ti =

si
∑

j=1

mij ⊗ nij.

❈♦♠ ✐**♦✱ ♣♦❞❡♠♦* ,❡❡*❝,❡✈❡, ♦ ❡❧❡♠❡♥+♦ t ❞❛ ♠❛♥❡✐,❛ *❡❣✉✐♥+❡

t =
r
∑

i=1

(

si
∑

j=1

mij ⊗ nij

)

⊗ pi =
r
∑

i=1

si
∑

j=1

((mij ⊗ nij)⊗ pi).

✸✳ ❆ ❞❡♠♦♥*+,❛./♦ ❞❡*+❡ ✐+❡♠ 6 *✐♠✐❧❛, C ♣,♦✈❛ ❞♦ ✐+❡♠ ❛♥+❡,✐♦,✳

 !♦♣♦$✐&'♦ ✽✳ ❙❡❥❛♠ M ❡ N A✲♠&❞✉❧♦+✳ ❙❡ S1 ❡ S2 ❢♦.❡♠ ❝♦♥❥✉♥1♦+ ❞❡ ❣❡.❛❞♦.❡+ ❞❡ M ❡

N ✱ .❡+♣❡❝1✐✈❛♠❡♥1❡✱ ❡♥17♦

S := {m⊗ n ∈M ⊗A N ; m ∈ S1 ❡ n ∈ S2}

+❡.8 ✉♠ ❝♦♥❥✉♥1♦ ❞❡ ❣❡.❛❞♦.❡+ ❞❡ M⊗AN ✳ ❊♠ ♣❛.1✐❝✉❧❛.✱ +❡ M ❡ N ❢♦.❡♠ ✜♥✐1❛♠❡♥1❡ ❣❡.❛❞♦+✱

❡♥17♦ M ⊗A N +❡.8 1❛♠❜<♠ ✜♥✐1❛♠❡♥1❡ ❣❡.❛❞♦✳

❉❡♠♦♥+1.❛>7♦✳ ❙❡❥❛ x ∈M⊗AN ✳ ?❡❧♦ ♣,✐♠❡✐,♦ ✐+❡♠ ❞♦ ▲❡♠❛ ✺✱ ❡①✐*+❡♠ r ∈ ◆✱ x1, . . . , xr ∈M

❡ y1, . . . , yr ∈ N +❛✐* 5✉❡

x =
r
∑

i=1

xi ⊗ yi.

❉❡**❡ ♠♦❞♦✱ ♣❛,❛ ❝❛❞❛ i ∈ {1, . . . , n}✱ ❡①✐*+❡♠ ri, ti ∈ ◆✱ ai1, . . . , airi , a
′
i1, . . . , a

′
iti

∈ A✱

si1, . . . , siri ∈ S1 ❡ s′i1, . . . , s
′
iti

∈ S2 +❛✐* 5✉❡

xi =

ri
∑

j=1

aijsij ❡ yi =

ti
∑

k=1

a′iks
′
ik.

❇❛❝❤❛-❡❧❛❞♦ ❡♠ ▼❛0❡♠10✐❝❛



✷✽ ▼#❞✉❧♦(

❆!!✐♠✱

x =
r
∑

i=1

(

ri
∑

j=1

aijsij

)

⊗

(

ti
∑

k=1

a′iks
′
ik

)

=
r
∑

i=1

ri
∑

j=1

(aijsij)⊗

(

ti
∑

k=1

a′iks
′
ik

)

=
r
∑

i=1

ri
∑

j=1

ti
∑

k=1

(aijsij)⊗ (a′iks
′
ik) =

r
∑

i=1

ri
∑

j=1

ti
∑

k=1

aij (sij ⊗ a′iks
′
ik)

=
r
∑

i=1

ri
∑

j=1

ti
∑

k=1

aija
′
ik (sij ⊗ s′ik) ,

♦✉ !❡❥❛✱ x * ✉♠❛ ❝♦♠❜✐♥❛./♦ ❧✐♥❡❛1 ❞❡ ❡❧❡♠❡♥3♦! ❞❡ S ❝♦♠ ❝♦❡✜❝✐❡♥3❡! ❡♠ A✳ 6♦13❛♥3♦✱ S *

✉♠ ❝♦♥❥✉♥3♦ ❞❡ ❣❡1❛❞♦1❡! ❞❡ M ⊗A N ✳

◆♦ 3❡♦1❡♠❛ !❡❣✉✐♥3❡✱ ✈❡1❡♠♦! :✉❡ ♦ ♣1♦❞✉3♦ 3❡♥!♦1✐❛❧ ♣♦!!✉✐ ♣1♦♣1✐❡❞❛❞❡! ❢❛♠✐❧✐❛1❡!✳

❚❡♦#❡♠❛ ✼✳ ❙❡❥❛♠ M ✱ N ❡ P A✲♠'❞✉❧♦, ❡ ,❡❥❛ (Nλ)λ∈Λ ✉♠❛ ❢❛♠.❧✐❛ ❞❡ A✲♠'❞✉❧♦,✳

✶✳ ❖ ♣4♦❞✉5♦ 5❡♥,♦4✐❛❧ 7 ❝♦♠✉5❛5✐✈♦✱ ✐,5♦ 7✱ M ⊗A N 7 ✐,♦♠♦4❢♦ ❛ N ⊗AM ✳

✷✳ ❖ ♣4♦❞✉5♦ 5❡♥,♦4✐❛❧ 7 ❛,,♦❝✐❛5✐✈♦✱ ✐,5♦ 7✱ (M ⊗A N)⊗A P 7 ✐,♦♠♦4❢♦ ❛ M ⊗A (N ⊗A P )✳

✸✳ ❖ ♣4♦❞✉5♦ 5❡♥,♦4✐❛❧ ♣♦,,✉✐ ❞✐,54✐❜✉5✐✈✐❞❛❞❡ ❝♦♠ 4❡❧❛=>♦ ? ,♦♠❛ ❞✐4❡5❛✱ ✐,5♦ 7✱

M ⊗A

(

⊕

λ∈Λ

Nλ

)

7 ✐,♦♠♦4❢♦ ❛

⊕

λ∈Λ

(M ⊗A Nλ)✳

✹✳ ❖ A✲♠'❞✉❧♦ A 7 ♦ ❡❧❡♠❡♥5♦ ♥❡✉54♦ ❞♦ ♣4♦❞✉5♦ 5❡♥,♦4✐❛❧✱ ✐,5♦ 7✱ A⊗AM 7 ✐,♦♠♦4❢♦ ❛ M ✳

❉❡♠♦♥,54❛=>♦✳

✶✳ ❈♦♥!✐❞❡1❡♠♦! ❛ ❢✉♥./♦

φ : M ×N → N ⊗AM

(m,n) 7→ n⊗m.

❖❜!❡1✈❡♠♦! :✉❡

φ(am1 + bm2, n1) = n1 ⊗ (am1 + bm2) = a(n1 ⊗m1) + b(n1 ⊗m2)

= aφ(m1, n1) + bφ(m2, n1)

❡

φ(m1, an1 + bn2) = (an1 + bn2)⊗m1 = a(n1 ⊗m1) + b(n2 ⊗m1)

= aφ(m1, n1) + bφ(m1, n2)

♣❛1❛ 3♦❞♦! a, b ∈ A✱ m1,m2 ∈ M ❡ n1, n2 ∈ N ✱ ✐!3♦ *✱ φ * ✉♠ ♠❛♣❛ A✲❜✐❧✐♥❡❛1✳ 6❡❧❛

61♦♣1✐❡❞❛❞❡ ❯♥✐✈❡1!❛❧ ❞♦ 61♦❞✉3♦ ❚❡♥!♦1✐❛❧✱ φ ✐♥❞✉③ ♦ ♠❛♣❛ A✲❧✐♥❡❛1

Φ: M ⊗A N → N ⊗AM

m⊗ n 7→ n⊗m.

❯♥✐✈❡.(✐❞❛❞❡ ❋❡❞❡.❛❧ ❞❡ ❯❜❡.❧2♥❞✐❛ ✲ ❋❛❝✉❧❞❛❞❡ ❞❡ ▼❛5❡♠75✐❝❛
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❉❡ ♠❛♥❡✐&❛ ❛♥'❧♦❣❛✱ ♦ ♠❛♣❛

ψ : N ×M → M ⊗A N

(n,m) 7→ m⊗ n

- A✲❜✐❧✐♥❡❛& ❡ ✐♥❞✉③ ♦ ♠❛♣❛ A✲❧✐♥❡❛&

Ψ: N ⊗AM → M ⊗A N

n⊗m 7→ m⊗ n.

❉❡✜♥✐♥❞♦ ♦4 ❝♦♥❥✉♥7♦4

S = {m⊗ n; m ∈M ❡ n ∈ N} ❡ S ′ = {n⊗m; m ∈M ❡ n ∈ N},

7❡♠♦4 Φ ◦ Ψ|S′ = idN⊗AM |S′
❡ Ψ ◦ Φ|S = idM⊗AN |S✳ ❆❧-♠ ❞✐44♦✱ 4❛❜❡♠♦4 :✉❡ S ❡ S ′

4;♦

❝♦♥❥✉♥7♦4 ❞❡ ❣❡&❛❞♦&❡4 ❞❡ M ⊗A N ❡ ❞❡ N ⊗A M ✱ &❡4♣❡❝7✐✈❛♠❡♥7❡✳ =❡❧❛ =&♦♣♦4✐>;♦ ✻✱

Φ ◦Ψ = idN⊗AM ❡ Ψ ◦ Φ = idM⊗AN ✳ =♦&7❛♥7♦✱ Φ - ✉♠ ✐4♦♠♦&✜4♠♦✳

✷✳ =❛&❛ ❝❛❞❛ p ∈ P ✱ ❞❡✜♥❛♠♦4 ♦ ♠❛♣❛

φp : M ×N → M ⊗A (N ⊗A P )

(m,n) 7→ m⊗ (n⊗ p),

♦ :✉❛❧ - A✲❜✐❧✐♥❡❛&✳ ❉❡ ❢❛7♦✱ ♣❛&❛ ❝❛❞❛ p ∈ P ✱ 7❡♠♦4

φp(am1 + bm2, n1) = (am1 + bm2)⊗ (n1 ⊗ p) = a(m1 ⊗ (n1 ⊗ p)) + b(m2 ⊗ (n1 ⊗ p))

= aφp(m1, n1) + bφp(m2, n1)

❡

φp(m1, an1 + bn2) = m1 ⊗ ((an1 + bn2)⊗ p) = m1 ⊗ (a(n1 ⊗ p) + b(n2 ⊗ p))

= a(m1 ⊗ (n1 ⊗ p)) + b(m1 ⊗ (n2 ⊗ p))

= aφp(m1, n1) + bφp(m1, n2)

♣❛&❛ 7♦❞♦4 a, b ∈ A✱ m1,m2 ∈ M ❡ n1, n2 ∈ N ✳ =❡❧❛ =&♦♣&✐❡❞❛❞❡ ❯♥✐✈❡&4❛❧ ❞♦ =&♦❞✉7♦

❚❡♥4♦&✐❛❧✱ φp ✐♥❞✉③ ♦ ♠❛♣❛ A✲❧✐♥❡❛&

Φp : M ⊗A N → M ⊗A (N ⊗A P )

m⊗ n 7→ m⊗ (n⊗ p)

♣❛&❛ ❝❛❞❛ p ∈ P ✳ ❆❣♦&❛✱ ❞❡✜♥❛♠♦4 ♦ ♠❛♣❛

φ : (M ⊗A N)× P → M ⊗A (N ⊗A P )

(t, p) 7→ Φp(t),

❇❛❝❤❛-❡❧❛❞♦ ❡♠ ▼❛0❡♠10✐❝❛
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♦ !✉❛❧ % A✲❜✐❧✐♥❡❛+✱ ♣♦✐. φ(❴, p) = Φp % A✲❧✐♥❡❛+ ♣❛+❛ ❝❛❞❛ p ∈ P ❡

φ

(

r
∑

i=1

mi ⊗ ni, ap1 + bp2

)

= Φap1+bp2

(

r
∑

i=1

mi ⊗ ni

)

=
r
∑

i=1

mi ⊗ (ni ⊗ (ap1 + bp2))

=
r
∑

i=1

a(mi ⊗ (ni ⊗ p1)) + b(mi ⊗ (ni ⊗ p2))

= a
r
∑

i=1

φ(mi ⊗ ni, p1) + b
r
∑

i=1

φ(mi ⊗ ni, p2)

= aφ

(

r
∑

i=1

mi ⊗ ni, p1

)

+ bφ

(

r
∑

i=1

mi ⊗ ni, p2

)

♣❛+❛ 2♦❞♦. a, b ∈ A✱ r ∈ ◆ \ {0}✱ m1, . . . ,mr ∈ M ✱ n1, . . . , nr ∈ N ❡ p1, p2 ∈ P ✳ 4❡❧❛

4+♦♣+✐❡❞❛❞❡ ❯♥✐✈❡+.❛❧ ❞♦ 4+♦❞✉2♦ ❚❡♥.♦+✐❛❧✱ φ ✐♥❞✉③ ♦ ♠❛♣❛ A✲❧✐♥❡❛+

Φ: (M ⊗A N)⊗A P → M ⊗A (N ⊗A P )

(m⊗ n)⊗ p 7→ m⊗ (n⊗ p).

❆♥❛❧♦❣❛♠❡♥2❡✱ ♣❛+❛ ❝❛❞❛ m ∈M ✱ ♦ ♠❛♣❛

ψm : N × P → (M ⊗A N)⊗A P

(n, p) 7→ (m⊗ n)⊗ p

% A✲❜✐❧✐♥❡❛+ ❡ ✐♥❞✉③ ♦ ♠❛♣❛ A✲❧✐♥❡❛+

Ψm : N ⊗A P → (M ⊗A N)⊗A P

n⊗ p 7→ (m⊗ n)⊗ p.

❆✐♥❞❛ ❞❡ ♠♦❞♦ .✐♠✐❧❛+✱ ♦ ♠❛♣❛

ψ : M × (N ⊗A P ) → (M ⊗A N)⊗A P

(m, t) 7→ Ψm(t)

% A✲❜✐❧✐♥❡❛+ ❡ ✐♥❞✉③ ♦ ♠❛♣❛ A✲❧✐♥❡❛+

Ψ: M ⊗A (N ⊗A P ) → (M ⊗A N)⊗A P

m⊗ (n⊗ p) 7→ (m⊗ n)⊗ p.

❉❡✜♥❛♠♦. ♦. ❝♦♥❥✉♥2♦.

S = {(m⊗n)⊗p; m ∈M, n ∈ N ❡ p ∈ P} ❡ S ′ = {m⊗(n⊗p); m ∈M, n ∈ N ❡ p ∈ P}.

❯♥✐✈❡.(✐❞❛❞❡ ❋❡❞❡.❛❧ ❞❡ ❯❜❡.❧2♥❞✐❛ ✲ ❋❛❝✉❧❞❛❞❡ ❞❡ ▼❛5❡♠75✐❝❛
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❈❧❛#❛♠❡♥'❡✱ Φ ◦Ψ|S′ = idM⊗A(N⊗AP )|S′
❡ Ψ ◦Φ|S = id(M⊗AN)⊗AP |S✳ ❱✐,'♦ .✉❡ S ❡ S

′
,0♦

❝♦♥❥✉♥'♦, ❞❡ ❣❡#❛❞♦#❡, ❞❡ (M ⊗A N) ⊗A P ❡ M ⊗A (N ⊗A P )✱ #❡,♣❡❝'✐✈❛♠❡♥'❡✱ '❡♠♦,

Φ ◦Ψ = idM⊗A(N⊗AP ) ❡ Ψ ◦ Φ = id(M⊗AN)⊗AP ✳ 7♦#'❛♥'♦✱ Φ 8 ✉♠ ✐,♦♠♦#✜,♠♦✳

✸✳ ❈♦♥,✐❞❡#❡♠♦, ❛ ❢✉♥<0♦

φ : M ×
⊕

λ∈Λ

Nλ →
⊕

λ∈Λ

(M ⊗A Nλ)

(m, (nλ)λ∈Λ) 7→ (m⊗ nλ)λ∈Λ.

◆♦'❡♠♦, .✉❡

φ(am1 + bm2, (nλ)λ∈Λ) = ((am1 + bm2)⊗ nλ)λ∈Λ = (a(m1 ⊗ nλ) + b(m2 ⊗ nλ))λ∈Λ

= a(m1 ⊗ nλ)λ∈Λ + b(m2 ⊗ nλ)λ∈Λ

= aφ(m1, (nλ)λ∈Λ) + bφ(m2, (nλ)λ∈Λ)

❡

φ(m1, a(nλ)λ∈Λ + b(n′
λ)λ∈Λ) = φ(m1, (anλ + bn′

λ)λ∈Λ) = (m1 ⊗ (anλ + bn′
λ))λ∈Λ

= (a(m1 ⊗ nλ) + b(m1 ⊗ n′
λ))λ∈Λ

= a(m1 ⊗ nλ)λ∈Λ + b(m1 ⊗ n′
λ)λ∈Λ

= aφ(m1, (nλ)λ∈Λ) + bφ(m1, (n
′
λ)λ∈Λ)

♣❛#❛ '♦❞♦, a, b ∈ A✱ m1,m2 ∈ M ❡ (nλ)λ∈Λ, (n
′
λ)λ∈Λ ∈

⊕

λ∈Λ

Nλ✱ ♦✉ ,❡❥❛✱ φ 8 ✉♠ ♠❛♣❛

A✲❜✐❧✐♥❡❛#✳ 7❡❧❛ 7#♦♣#✐❡❞❛❞❡ ❯♥✐✈❡#,❛❧ ❞♦ 7#♦❞✉'♦ ❚❡♥,♦#✐❛❧✱ φ ✐♥❞✉③ ♦ ♠❛♣❛ A✲❧✐♥❡❛#

Φ: M ⊗A

⊕

λ∈Λ

Nλ →
⊕

λ∈Λ

(M ⊗A Nλ)

m⊗ (nλ)λ∈Λ 7→ (m⊗ nλ)λ∈Λ.

7❛#❛ ❝❛❞❛ λ0 ∈ Λ✱ ❞❡✜♥❛♠♦, ♦ ♠❛♣❛

ψλ0 : M ×Nλ0 → M ⊗A

⊕

λ∈Λ

Nλ

(m,n) 7→ m⊗ iλ0(n),

♦♥❞❡ iλ0 8 ♦ ❤♦♠♦♠♦#✜,♠♦ ❞❡ ✐♥❝❧✉,0♦ ❞❛ ♣❛#❝❡❧❛ Nλ0 ♥❛ ,♦♠❛ ❞✐#❡'❛
⊕

λ∈Λ

Nλ✱ ✐,'♦ 8✱

iλ0 : Nλ0 →
⊕

λ∈Λ

Nλ

n 7→ iλ0(n) : Λ →
⋃

λ∈Λ

Nλ

λ 7→

{

n ,❡ λ = λ0

0Nλ
,❡ λ 6= λ0.

❇❛❝❤❛-❡❧❛❞♦ ❡♠ ▼❛0❡♠10✐❝❛
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 ❛"❛ ❝❛❞❛ λ0 ∈ Λ✱ ♦❜(❡"✈❡♠♦( ,✉❡

ψλ0(am1 + bm2, n1) = (am1 + bm2)⊗ iλ0(n1) = aψλ0(m1, n1) + bψλ0(m2, n1)

❡

ψλ0(m1, an1 + bn2) = m1 ⊗ iλ0(an1 + bn2) = m1 ⊗ (aiλ0(n1) + biλ0(n2))

= aψλ0(m1, n1) + bψλ0(m1, n2)

♣❛"❛ /♦❞♦( a, b ∈ A✱ m1,m2 ∈M ❡ n1, n2 ∈ Nλ0 ✱ ♦✉ (❡❥❛✱ ψλ0 1 ✉♠ ♠❛♣❛ A✲❜✐❧✐♥❡❛"✳  ❡❧❛

 "♦♣"✐❡❞❛❞❡ ❯♥✐✈❡"(❛❧ ❞♦  "♦❞✉/♦ ❚❡♥(♦"✐❛❧✱ ψλ0 ✐♥❞✉③ ♦ ♠❛♣❛ A✲❧✐♥❡❛"

Ψλ0 : M ⊗A Nλ0 → M ⊗A

⊕

λ∈Λ

Nλ

m⊗ n 7→ m⊗ iλ0(n)

♣❛"❛ ❝❛❞❛ λ0 ∈ Λ✳ ❆❣♦"❛✱ ❞❡✜♥❛♠♦( ♦ ♠❛♣❛

Ψ:
⊕

λ∈Λ

(M ⊗A Nλ) → M ⊗A

⊕

λ∈Λ

Nλ

(tλ)λ∈Λ 7→
∑

λ∈Λ

Ψλ(tλ).

➱ ❢?❝✐❧ ✈❡" ,✉❡ Ψ 1 A✲❧✐♥❡❛"✳ ❆❧1♠ ❞✐((♦✱ Φ ◦ Ψ = id⊕

λ∈Λ

(M⊗ANλ)✳ ❉❡ ❢❛/♦✱ (❡

(tλ)λ∈Λ ∈
⊕

λ∈Λ

(M ⊗A Nλ)✱ ❡♥/A♦✱ ♣❛"❛ ❝❛❞❛ λ ∈ Λ✱ ❡①✐(/❡♠ rλ ∈ ◆✱ mλ1, . . . ,mλrλ ∈ M ❡

nλ1, . . . , nλrλ ∈ Nλ /❛✐( ,✉❡ tλ =
rλ
∑

i=1

mλi ⊗ nλi ❡✱ ❝♦♥(❡,✉❡♥/❡♠❡♥/❡✱

Φ ◦Ψ((tλ)λ∈Λ) = Φ

(

∑

λ∈Λ

Ψλ

(

rλ
∑

i=1

mλi ⊗ nλi

))

= Φ

(

∑

λ∈Λ

rλ
∑

i=1

Ψλ(mλi ⊗ nλi)

)

= Φ

(

∑

λ∈Λ

rλ
∑

i=1

(mλi ⊗ iλ(nλi))

)

=
∑

λ∈Λ

rλ
∑

i=1

Φ(mλi ⊗ iλ(nλi))

=
∑

λ∈Λ

rλ
∑

i=1

iλ(mλi ⊗ nλi) =
∑

λ∈Λ

iλ

(

rλ
∑

i=1

mλi ⊗ nλi

)

=

(

rλ
∑

i=1

mλi ⊗ nλi

)

λ∈Λ

= (tλ)λ∈Λ.

◆♦/❡♠♦( ,✉❡

Ψ ◦ Φ(m⊗ (nλ)λ∈Λ) = Ψ((m⊗ nλ)λ∈Λ) =
∑

λ∈Λ

Ψλ(m⊗ nλ)

=
∑

λ∈Λ

m⊗ iλ(nλ) = m⊗
∑

λ∈Λ

iλ(nλ)

= m⊗ (nλ)λ∈Λ
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♣❛"❛ #♦❞♦& m ∈M ❡ (nλ)λ∈Λ ∈
⊕

λ∈Λ

Nλ✳ ❉❡✜♥✐♥❞♦

S =

{

m⊗ (nλ)λ∈Λ; m ∈M ❡ (nλ)λ∈Λ ∈
⊕

λ∈Λ

Nλ

}

,

✈❛❧❡ Ψ ◦ Φ|S = idM⊗A

⊕

λ∈Λ

Nλ
|S✳ ❈♦♠♦ S 1 ✉♠ ❝♦♥❥✉♥#♦ ❞❡ ❣❡"❛❞♦"❡& ❞❡ M ⊗A

⊕

λ∈Λ

✱ #❡♠♦&

Ψ ◦ Φ = idM⊗A

⊕

λ∈Λ

Nλ
✳ 7♦"#❛♥#♦✱ Φ 1 ✉♠ ✐&♦♠♦"✜&♠♦✳

✹✳ ❙❡❥❛ φ ❛ ♦♣❡"❛:;♦ ❞❡ ✏♠✉❧#✐♣❧✐❝❛:;♦ ♣♦" ❡&❝❛❧❛"❡&✑ ❞♦ A✲♠?❞✉❧♦ M ✱ ✐&#♦ 1✱

φ : A×M → M

(a,m) 7→ am.

❊✈✐❞❡♥#❡♠❡♥#❡✱ φ 1 A✲❜✐❧✐♥❡❛"✳ 7❡❧❛ 7"♦♣"✐❡❞❛❞❡ ❯♥✐✈❡"&❛❧ ❞♦ 7"♦❞✉#♦ ❚❡♥&♦"✐❛❧✱ φ ✐♥❞✉③

♦ ♠❛♣❛ A✲❧✐♥❡❛"

Φ: A⊗AM → M

a⊗m 7→ am.

❆❣♦"❛✱ ❞❡✜♥❛♠♦& ♦ ♠❛♣❛

Ψ: M → A⊗AM

m 7→ 1⊗m.

➱ ❢H❝✐❧ ✈❡" I✉❡ Ψ 1 A✲❧✐♥❡❛"✳ ◆♦#❡♠♦& I✉❡

Φ ◦Ψ(m) = Φ(1⊗m) = 1m = m

❡

Ψ ◦ Φ(a⊗m) = Ψ(am) = 1⊗ (am) = a(1⊗m) = a⊗m

♣❛"❛ #♦❞♦& a ∈ A ❡ m ∈M ✳ ❆&&✐♠✱ Φ ◦Ψ = idM ❡ Ψ ◦ Φ|S = idA⊗AM |S✱ ♦♥❞❡

S = {a⊗m; a ∈ A ❡ m ∈M}.

❱✐&#♦ I✉❡ S 1 ✉♠ ❝♦♥❥✉♥#♦ ❞❡ ❣❡"❛❞♦"❡& ❞❡ A⊗AM ✱ #❡♠♦& Ψ◦Φ = idA⊗AM ✳ ❋✐♥❛❧♠❡♥#❡✱

❝♦♥❝❧✉M♠♦& I✉❡ Φ 1 ✉♠ ✐&♦♠♦"✜&♠♦✳

✸✳✻ ➪❧❣❡❜(❛*

❙❡❥❛♠ A ❡ B ❛♥1✐& ❡ &❡❥❛ φ : A → B ✉♠ ❤♦♠♦♠♦"✜&♠♦ ❞❡ ❛♥1✐&✳ ❉❡ ♠♦❞♦ ♥❛#✉"❛❧✱ ❡&&❡

❤♦♠♦♠♦"✜&♠♦ ✐♥❞✉③ ❛ ✏♠✉❧#✐♣❧✐❝❛:;♦ ♣♦" ❡&❝❛❧❛"❡&✑ &❡❣✉✐♥#❡✿

❇❛❝❤❛,❡❧❛❞♦ ❡♠ ▼❛/❡♠0/✐❝❛



✸✹ ▼#❞✉❧♦(

µ : A× B → B

(a, b) 7→ φ(a)b.

➱ ❢"❝✐❧ ✈❡( )✉❡ (B, µ) + ✉♠ A✲♠.❞✉❧♦✳ ❈♦♠♦ 3❡♠♣(❡✱ ❞❡♥♦7❛(❡♠♦3 µ(a, b) ♣♦(✱ 3✐♠♣❧❡3♠❡♥7❡✱

ab✳ ❉❡33❡ ♠♦❞♦✱ B ♣♦33✉✐ 7❛♥7♦ ✉♠❛ ❡37(✉7✉(❛ ❞❡ ❛♥❡❧ )✉❛♥7♦ ✉♠❛ ❡37(✉7✉(❛ ❞❡ A✲♠.❞✉❧♦✱ ❛3

)✉❛✐3 3:♦ ❝♦♠♣❛7;✈❡✐3 ♥♦ 3❡♥7✐❞♦ ❞❡ )✉❡ 3❛7✐3❢❛③❡♠ = ❝♦♥❞✐>:♦ 3❡❣✉✐♥7❡✿

a(b1b2) = (ab1)b2 = b1(ab2)

♣❛(❛ 7♦❞♦3 a ∈ A ❡ b1, b2 ∈ B✳

❉❡✜♥✐%&♦ ✶✸✳ ❙❡❥❛ A ✉♠ ❛♥❡❧✳ ❯♠❛ A✲!❧❣❡❜&❛ * ✉♠ ♣❛, (B, φ)✱ ♦♥❞❡ B * ✉♠ ❛♥❡❧ ❡

φ : A→ B * ✉♠ ❤♦♠♦♠♦,✜2♠♦ ❞❡ ❛♥*✐2✳ ❆❧*♠ ❞✐22♦✱ ❝❤❛♠❛♠♦2 φ ❞❡ ❤♦♠♦♠♦&✜,♠♦ ❜❛,❡✳

❖❜-❡.✈❛%&♦ ✼✳ ◗✉❛♥❞♦ ♦ ❤♦♠♦♠♦,✜2♠♦ φ ❡27✐✈❡, ❝❧❛,♦ ♣❡❧♦ ❝♦♥7❡①7♦✱ ,❡❢❡,✐,❡♠♦2 ❛♦ ♣,;♣,✐♦

❛♥❡❧ B ❝♦♠♦ ✉♠❛ A✲=❧❣❡❜,❛✳

❊①❡♠♣❧♦ ✽✳ ❙❡❥❛ A ✉♠ ❛♥❡❧✳

✶✳ ❖ ❛♥❡❧ A * ✉♠❛ ❩✲=❧❣❡❜,❛ ❝♦♠ ♦ ❤♦♠♦♠♦,✜2♠♦ ♥❛7✉,❛❧

φ : ❩ → A

n 7→ n1A,

♦♥❞❡ 1A ❞❡♥♦7❛ ♦ ❡❧❡♠❡♥7♦ ♥❡✉7,♦ ❝♦♠ ,❡2♣❡✐7♦ ❛♦ ♣,♦❞✉7♦ ❞❡ A✳

✷✳ ❖ ❛♥❡❧ ❞❡ ♣♦❧✐♥C♠✐♦2 A[X1, . . . , Xn] * ✉♠❛ A✲=❧❣❡❜,❛ ❝♦♠ ♦ ❤♦♠♦♠♦,✜2♠♦ ✐♥❝❧✉2D♦

i : A → A[X1, . . . , Xn]

a 7→ a.

❉❡✜♥✐%&♦ ✶✹✳ ❙❡❥❛ A ✉♠ ❛♥❡❧ ❡ 2❡❥❛♠ (B, φ) ❡ (C,ψ) A✲=❧❣❡❜,❛2✳ ❯♠ ❤♦♠♦♠♦&✜,♠♦ ❞❡

A✲!❧❣❡❜&❛, * ✉♠ ❤♦♠♦♠♦,✜2♠♦ ❞❡ ❛♥*✐2 α : B → C ❝♦♠♣❛7E✈❡❧ ❝♦♠ ♦2 ❤♦♠♦♠♦,✜2♠♦2 ❜❛2❡

φ : A→ B ❡ ψ : A→ C✱ ✐27♦ *✱ 7❛❧ F✉❡ α ◦ φ = ψ✳

A

B C
φ ψ

α

9.♦♣♦-✐%&♦ ✾✳ ❙❡❥❛ A ✉♠ ❛♥❡❧ ❡ 2❡❥❛♠ (B, φ) ❡ (C,ψ) A✲=❧❣❡❜,❛2✳ ❯♠ ♠❛♣❛ α : B → C 2❡,=

✉♠ ❤♦♠♦♠♦,✜2♠♦ ❞❡ A✲=❧❣❡❜,❛2 2❡✱ ❡ 2♦♠❡♥7❡ 2❡✱ ❢♦, 7❛♥7♦ ✉♠ ❤♦♠♦♠♦,✜2♠♦ ❞❡ ❛♥*✐2 F✉❛♥7♦

✉♠ ❤♦♠♦♠♦,✜2♠♦ ❞❡ A✲♠;❞✉❧♦2✳

❯♥✐✈❡.(✐❞❛❞❡ ❋❡❞❡.❛❧ ❞❡ ❯❜❡.❧2♥❞✐❛ ✲ ❋❛❝✉❧❞❛❞❡ ❞❡ ▼❛5❡♠75✐❝❛



▼!❞✉❧♦& ✸✺

❉❡♠♦♥%&'❛)*♦✳ ❙✉♣♦♥❤❛♠♦( )✉❡ α (❡❥❛ ✉♠ ❤♦♠♦♠♦,✜(♠♦ ❞❡ A✲0❧❣❡❜,❛(✳ ❊♠ ♣❛,6✐❝✉❧❛,✱ α :

✉♠ ❤♦♠♦♠♦,✜(♠♦ ❞❡ ❛♥:✐(✳ ❱✐(6♦ )✉❡ α ◦ φ = ψ✱ 6❡♠♦(

α(a1b1 + a2b2) = α(φ(a1)b1 + φ(a2)b2) = α(φ(a1))α(b1) + α(φ(a2))α(b2)

= ψ(a1)α(b1) + ψ(a2)α(b2) = a1α(b1) + a2α(b2)

♣❛,❛ 6♦❞♦( a1, a2 ∈ A ❡ b1, b2 ∈ B✳ ▲♦❣♦✱ α : 6❛♠❜:♠ ✉♠ ❤♦♠♦♠♦,✜(♠♦ ❞❡ A✲♠=❞✉❧♦(✳

❘❡❝✐♣,♦❝❛♠❡♥6❡✱ (✉♣♦♥❤❛♠♦( )✉❡ α (❡❥❛ 6❛♥6♦ ✉♠ ❤♦♠♦♠♦,✜(♠♦ ❞❡ ❛♥:✐( )✉❛♥6♦ ✉♠ ❤♦✲

♠♦♠♦,✜(♠♦ ❞❡ A✲♠=❞✉❧♦(✳ ❆((✐♠✱ ♣❛,❛ ♠♦(6,❛, )✉❡ α : ✉♠ ❤♦♠♦♠♦,✜(♠♦ ❞❡ A✲0❧❣❡❜,❛(✱

❜❛(6❛ ✈❡,✐✜❝❛, )✉❡ α ◦ φ = ψ✳ ❊ ❡((❛ ✐❣✉❛❧❞❛❞❡ :✱ ❞❡ ❢❛6♦✱ ✈0❧✐❞❛✱ ♣♦✐(

α ◦ φ(a) = α(φ(a)1B) = α(a1B) = aα(1B) = a1C = ψ(a)1C = ψ(a)

♣❛,❛ 6♦❞♦ a ∈ A✳

❊①❡♠♣❧♦ ✾✳ ❙❡❥❛♠ A ✉♠ ❛♥❡❧✱ B ✉♠❛ A✲2❧❣❡❜'❛ ❡ λ1, . . . , λn ∈ B✳ ❖ ♠❛♣❛ ❞❡ ❛✈❛❧✐❛)*♦

α : A[X1, . . . , Xn] → B

f(X1, . . . , Xn) 7→ f(λ1, . . . , λn)

: ✉♠ ❤♦♠♦♠♦'✜%♠♦ ❞❡ A✲2❧❣❡❜'❛%✳

❉❡✜♥✐-.♦ ✶✺✳ ❙❡❥❛♠ A ✉♠ ❛♥❡❧ ❡ B ✉♠❛ A✲2❧❣❡❜'❛✳ ❯♠❛ A✲!✉❜$❧❣❡❜(❛ ❞❡ B : ✉♠ %✉❜❝♦♥✲

❥✉♥&♦ C ❞❡ B ?✉❡ : &❛♥&♦ ✉♠ %✉❜❛♥❡❧ ?✉❛♥&♦ ✉♠ A✲♠@❞✉❧♦✳ ❆❧:♠ ❞✐%%♦✱ %❡ Λ ❢♦' ✉♠ %✉❜❝♦♥❥✉♥&♦

?✉❛❧?✉❡' ❞❡ B✱ ❛ ♠❡♥♦' A✲%✉❜2❧❣❡❜'❛ ❞❡ B ❝♦♥&❡♥❞♦ Λ %❡'2 ❝❤❛♠❛❞❛ A✲!✉❜$❧❣❡❜(❛ ❣❡(❛❞❛

♣♦' Λ ❡ %❡'2 ❞❡♥♦&❛❞❛ ♣♦' A[Λ]✳

❖❜3❡4✈❛-.♦ ✽✳ ◆♦ ❝❛%♦ ❡♠ ?✉❡ Λ ❢♦' ✜♥✐&♦✱ ❞✐❣❛♠♦%✱ Λ = {λ1, . . . , λn}✱ ❛ A✲%✉❜2❧❣❡❜'❛ ❣❡'❛❞❛

♣♦' Λ %❡'2 ❞❡♥♦&❛❞❛ ♣♦' A[λ1, . . . , λn]✳

84♦♣♦3✐-.♦ ✶✵✳ ❙❡❥❛♠ A ✉♠ ❛♥❡❧✱ B ✉♠❛ A✲2❧❣❡❜'❛ ❡ Λ ✉♠ %✉❜❝♦♥❥✉♥&♦ ❞❡ B✳ ❚❡♠♦%

A[Λ] = {f(λ1, . . . , λr) ∈ B; r ∈ ◆ \ {0}, f ∈ A[X1, . . . , Xr] ❡ λ1, . . . , λr ∈ Λ}.

❉❡♠♦♥%&'❛)*♦✳ ❉❡♥♦6❡♠♦( ♦ ❝♦♥❥✉♥6♦

{f(λ1, . . . , λr) ∈ B; r ∈ ◆ \ {0}, f ∈ A[X1, . . . , Xr] ❡ λ1, . . . , λr ∈ Λ}

♣♦, S✳ ➱ ❢0❝✐❧ ✈❡, )✉❡ S : ✉♠❛ A✲(✉❜0❧❣❡❜,❛ ❞❡ B ❝♦♥6❡♥❞♦ Λ ❡✱ ❧♦❣♦✱ A[Λ] ⊂ S✳

❈♦♥(✐❞❡,❡♠♦( s ∈ S✳ ❊♥6E♦✱ ❡①✐(6❡♠ n, r ∈ ◆✱ m11, . . . ,m1r, . . . ,mn1, . . . ,mnr ∈ ◆✱

a1, . . . , an ∈ A ❡ λ1, . . . , λr ∈ Λ 6❛✐( )✉❡ s =
n
∑

i=1

ai
r
∏

j=1

λ
mij

j ✳ ❱✐(6♦ )✉❡ A[Λ] : ✉♠ (✉❜❛♥❡❧

❞❡ B ❝♦♥6❡♥❞♦ Λ✱ ♦ ♣,♦❞✉6♦

r
∏

j=1

λ
mij

j : ✉♠ ❡❧❡♠❡♥6♦ ❞❡ A[Λ] ♣❛,❛ 6♦❞♦ i ∈ {1, . . . , n}✳ ❆❧:♠

❞✐((♦✱ ❝♦♠♦ A[Λ] : ✉♠ (✉❜♠=❞✉❧♦ ❞❡ B✱ ❛ ❝♦♠❜✐♥❛GE♦ A✲❧✐♥❡❛,
n
∑

i=1

ai
r
∏

j=1

λ
mij

j ♣❡,6❡♥❝❡ 6❛♠❜:♠

❛ A[Λ]✳ ❆((✐♠✱ S ⊂ A[Λ]✱ ♦ )✉❡ ❝♦♥❝❧✉✐ ❛ ♣,♦✈❛✳

❇❛❝❤❛-❡❧❛❞♦ ❡♠ ▼❛0❡♠10✐❝❛



✸✻ ▼#❞✉❧♦(

❖❜"❡$✈❛'(♦ ✾✳ ◆♦ ❝❛$♦ ❡♠ '✉❡ Λ ❢♦* ✜♥✐.♦✱ ❞✐❣❛♠♦$✱ Λ = {λ1, . . . , λn}✱ .❡*❡♠♦$

A[λ1, . . . , λn] = {f(λ1, . . . , λn) ∈ B; f ∈ A[X1, . . . , Xn]}.

❉❡✜♥✐'(♦ ✶✻✳ ❙❡❥❛ A ✉♠ ❛♥❡❧✳ ❯♠❛ A✲8❧❣❡❜*❛ B $❡*8 ❞✐.❛ ✜♥✐#❛♠❡♥#❡ ❣❡(❛❞❛ $❡ ❡①✐$.✐*

✉♠ $✉❜❝♦♥❥✉♥.♦ ✜♥✐.♦ {λ1, . . . , λn} ⊂ B .❛❧ '✉❡ B = A[λ1, . . . , λn]✳

2$♦♣♦"✐'(♦ ✶✶✳ ❙❡❥❛ A ✉♠ ❛♥❡❧✳ ❯♠❛ A✲8❧❣❡❜*❛ B $❡*8 ✜♥✐.❛♠❡♥.❡ ❣❡*❛❞❛ $❡✱ ❡ $♦♠❡♥.❡ $❡✱

❡①✐$.✐* ✉♠ ❤♦♠♦♠♦*✜$♠♦ $♦❜*❡❥❡.♦* ❞❡ A✲8❧❣❡❜*❛$ α : A[X1, . . . , Xn] → B ♣❛*❛ ❛❧❣✉♠ ✐♥.❡✐*♦

♣♦$✐.✐✈♦ n✳

❉❡♠♦♥$.*❛?@♦✳ ❙✉♣♦♥❤❛♠♦( )✉❡ B (❡❥❛ ✉♠❛ A✲-❧❣❡❜1❛ ✜♥✐4❛♠❡♥4❡ ❣❡1❛❞❛✱ ✐(4♦ 7✱

B = A[λ1, . . . , λm] ♣❛1❛ ❝❡14♦( m ∈ ◆ \ {0} ❡ λ1, . . . , λm ∈ B✳ ❉❡✜♥❛♠♦( ♦ ❤♦♠♦♠♦1✜(♠♦

❛✈❛❧✐❛<=♦

β : A[X1, . . . , Xm] → B

f(X1, . . . , Xm) 7→ f(λ1, . . . , λm).

◆♦4❡♠♦( )✉❡

β(A[X1, . . . , Xm]) = {f(λ1, . . . , λm) ∈ B; f ∈ A[X1, . . . , Xm]} = A[λ1, . . . , λm] = B,

✐(4♦ 7✱ β 7 ✉♠ ❤♦♠♦♠♦1✜(♠♦ (♦❜1❡❥❡4♦1 ❞❡ A✲-❧❣❡❜1❛(✳

❘❡❝✐♣1♦❝❛♠❡♥4❡✱ (✉♣♦♥❤❛♠♦( )✉❡ α : A[X1, . . . , Xn] → B (❡❥❛ ✉♠ ❤♦♠♦♠♦1✜(♠♦ (♦❜1❡❥❡4♦1

❞❡ A✲-❧❣❡❜1❛( ♣❛1❛ ❞❡4❡1♠✐♥❛❞♦ ✐♥4❡✐1♦ ♣♦(✐4✐✈♦ n✳ ▼♦(41❡♠♦( )✉❡ B = A[α(X1), . . . , α(Xn)]✳

❈❧❛1❛♠❡♥4❡✱ 4❡♠♦( ❛ ✐♥❝❧✉(=♦ A[α(X1), . . . , α(Xn)] ⊂ B✳ ❱✐(4♦ )✉❡ α 7 (♦❜1❡❥❡4♦1✱ ❞❛❞♦

b ∈ B✱ ❡①✐(4❡ f ∈ A[X1, . . . , Xn] 4❛❧ )✉❡ b = α(f)✳ D♦1 (✉❛ ✈❡③✱ ❡①✐(4❡♠ r ∈ ◆✱

m11, . . . ,m1n . . . ,mr1, . . . ,mrn ∈ ◆ ❡ a1, . . . , ar ∈ A 4❛✐( )✉❡ f(X1, . . . , Xn) =
r
∑

i=1

ai
n
∏

j=1

X
mij

j ✳

❉❡((❡ ♠♦❞♦✱

b = α

(

r
∑

i=1

ai

n
∏

j=1

X
mij

j

)

=
r
∑

i=1

aiα

(

n
∏

j=1

X
mij

j

)

=
r
∑

i=1

ai

n
∏

j=1

α(Xj)
mij = f(α(X1), . . . , α(Xn)),

♦✉ (❡❥❛✱ b ∈ A[α(X1), . . . , α(Xn)]✳ ▲♦❣♦✱ B = A[α(X1), . . . , α(Xn)] 7 ✉♠❛ A✲-❧❣❡❜1❛ ✜♥✐4❛♠❡♥4❡

❣❡1❛❞❛✳

✸✳✼ #$♦❞✉(♦ ❚❡♥,♦$✐❛❧ ❞❡ ➪❧❣❡❜$❛,

❈♦♥(✐❞❡1❡♠♦( ✉♠ ❛♥❡❧ A ❡ (❡❥❛♠ B ❡ C A✲-❧❣❡❜1❛(✳ ◆❡(4❛ (❡<=♦✱ ✈❡1❡♠♦( )✉❡ ♦ ♣1♦❞✉4♦

4❡♥(♦1✐❛❧ B ⊗A C ❛❞♠✐4❡ ✉♠❛ ❡(41✉4✉1❛ ❞❡ A✲-❧❣❡❜1❛✳ D1✐♠❡✐1❛♠❡♥4❡✱ ♥♦((♦ ♦❜❥❡4✐✈♦ 7 ❞❡✜♥✐1

✉♠ ♣1♦❞✉4♦ ❡♠ B ⊗A C✳

❯♥✐✈❡.(✐❞❛❞❡ ❋❡❞❡.❛❧ ❞❡ ❯❜❡.❧2♥❞✐❛ ✲ ❋❛❝✉❧❞❛❞❡ ❞❡ ▼❛5❡♠75✐❝❛



▼!❞✉❧♦& ✸✼

 ❛"❛ ❝❛❞❛ ♣❛" (b, c) ∈ B × C✱ ❞❡✜♥❛♠♦, ♦ ♠❛♣❛

φ(b,c) : B × C → B ⊗A C

(b′, c′) 7→ bb′ ⊗ cc′,

♦ -✉❛❧ 0 A✲❜✐❧✐♥❡❛"✱ ♣♦✐,

φ(b,c)(a1b
′
1 + a2b

′
2, c

′
1) = b(a1b

′
1 + a2b

′
2)⊗ cc′1 = (b(a1b

′
1) + b(a2b

′
2))⊗ cc′1

= (a1(bb
′
1) + a2(bb

′
2))⊗ cc′1 = a1(bb

′
1 ⊗ cc′1) + a2(bb

′
2 ⊗ cc′1)

= a1φ(b,c)(b
′
1, c

′
1) + a2φ(b,c)(b

′
2, c

′
1)

❡

φ(b,c)(b
′
1, a1c

′
1 + a2c

′
2) = bb′1 ⊗ c(a1c

′
1 + a2c

′
2) = bb′1 ⊗ (c(a1c

′
1) + c(a2c

′
2))

= bb′1 ⊗ (a1(cc
′
1) + a2(cc

′
2)) = a1(bb

′
1 ⊗ cc′1) + a2(bb

′
1 ⊗ cc′2)

= a1φ(b,c)(b
′
1, c

′
1) + a2φ(b,c)(b

′
1, c

′
2)

♣❛"❛ 4♦❞♦, a1, a2 ∈ A✱ b′1, b
′
2 ∈ B ❡ c′1, c

′
2 ∈ C✳  ❡❧❛  "♦♣"✐❡❞❛❞❡ ❯♥✐✈❡",❛❧ ❞♦  "♦❞✉4♦ ❚❡♥,♦"✐❛❧✱

♦ ♠❛♣❛ A✲❜✐❧✐♥❡❛" φ(b,c) ✐♥❞✉③ ♦ ❤♦♠♦♠♦"✜,♠♦ ❞❡ A✲♠;❞✉❧♦,

Φ(b,c) : B ⊗A C → B ⊗A C

b′ ⊗ c′ 7→ bb′ ⊗ cc′

♣❛"❛ ❝❛❞❛ (b, c) ∈ B × C✳ ■,,♦ ♥♦, ♣❡"♠✐4❡ ❞❡✜♥✐" ♦ ♠❛♣❛ ,❡❣✉✐♥4❡✿

ψ : B × C → HomA(B ⊗A C,B ⊗A C)

(b, c) 7→ Φ(b,c).

◆♦4❡♠♦, -✉❡✱ ♣❛"❛ 4♦❞♦, a1, a2 ∈ A✱ b1, b2, b
′ ∈ B ❡ c1, c2, c

′ ∈ C✱ 4❡♠♦,

ψ(a1b1 + a2b2, c1)(b
′ ⊗ c′) = (a1b1 + a2b2)b

′ ⊗ c1c
′

= a1(b1b
′ ⊗ c1c

′) + a2(b2b
′ ⊗ c1c

′)

= a1(ψ(b1, c1)(b
′ ⊗ c′)) + a2(ψ(b2, c1)(b

′ ⊗ c′))

= (a1ψ(b1, c1) + a2ψ(b2, c1))(b
′ ⊗ c′)

❡

ψ(b1, a1c1 + a2c2)(b
′ ⊗ c′) = b1b

′ ⊗ (a1c1 + a2c2)c
′

= a1(b1b
′ ⊗ c1c

′) + a2(b1b
′ ⊗ c2c

′)

= a1(ψ(b1, c1)(b
′ ⊗ c′)) + a2(ψ(b1, c2)(b

′ ⊗ c′))

= (a1ψ(b1, c1) + a2ψ(b1, c2))(b
′ ⊗ c′).

❇❛❝❤❛-❡❧❛❞♦ ❡♠ ▼❛0❡♠10✐❝❛



✸✽ ▼#❞✉❧♦(

❊♠ ♦✉$%❛' ♣❛❧❛✈%❛'✱ ♣❛%❛ $♦❞♦' a1, a2 ∈ A✱ b1, b2 ∈ B ❡ c1, c2 ∈ C✱ ✈❛❧❡♠

ψ(a1b1 + a2b2, c1)|S = (a1ψ(b1, c1) + a2ψ(b2, c1))|S

❡

ψ(b1, a1c1 + a2c2)|S = (a1ψ(b1, c1) + a2ψ(b1, c2))|S,

♦♥❞❡ S = {b⊗ c; b ∈ B ❡ c ∈ C}✳ ❱✐'$♦ 2✉❡ S 3 ✉♠ ❝♦♥❥✉♥$♦ ❞❡ ❣❡%❛❞♦%❡' ❞♦ ♣%♦❞✉$♦ $❡♥'♦%✐❛❧

B ⊗A C✱ $❡♠♦'

ψ(a1b1 + a2b2, c1) = a1ψ(b1, c1) + a2ψ(b2, c1) ❡ ψ(b1, a1c1 + a2c2) = a1ψ(b1, c1) + a2ψ(b1, c2)

♣❛%❛ $♦❞♦' a1, a2 ∈ A✱ b1, b2 ∈ B ❡ c1, c2 ∈ C✱ ♦✉ '❡❥❛✱ ♦ ♠❛♣❛ ψ 3 A✲❜✐❧✐♥❡❛%✳ 9❡❧❛ 9%♦♣%✐❡❞❛❞❡

❯♥✐✈❡%'❛❧ ❞♦ 9%♦❞✉$♦ ❚❡♥'♦%✐❛❧✱ ❡''❡ ♠❛♣❛ ✐♥❞✉③ ♦ ❤♦♠♦♠♦%✜'♠♦ ❞❡ A✲♠?❞✉❧♦'

Ψ: B ⊗A C → HomA(B ⊗A C,B ⊗A C)

b⊗ c 7→ Φ(b,c).

❋✐♥❛❧♠❡♥$❡✱ ❞❡✜♥❛♠♦' ♦ ♣%♦❞✉$♦ ❡♠ B ⊗A C ❞❛ ♠❛♥❡✐%❛ '❡❣✉✐♥$❡✿

· : (B ⊗A C)× (B ⊗A C) → B ⊗A C

(t1, t2) 7→ Ψ(t1)(t2).

❊①♣❧✐❝✐$❛♠❡♥$❡✱ $❡♠♦'

(b1 ⊗ c1) · (b2 ⊗ c2) = Ψ(b1 ⊗ c1)(b2 ⊗ c2) = Φ(b1,c1)(b2 ⊗ c2) = b1b2 ⊗ c1c2

♣❛%❛ $♦❞♦' b1, b2 ∈ B ❡ c1, c2 ∈ C✳ ❊✱ ❞❡ ♠♦❞♦ ❣❡%❛❧✱

(

m
∑

i=1

bi ⊗ ci

)

·

(

n
∑

j=1

b′j ⊗ c′j

)

= Ψ

(

m
∑

i=1

bi ⊗ ci

)(

n
∑

j=1

b′j ⊗ c′j

)

=

(

m
∑

i=1

Φ(bi,ci)

)(

n
∑

j=1

b′j ⊗ c′j

)

=
m
∑

i=1

Φ(bi,ci)

(

n
∑

j=1

b′j ⊗ c′j

)

=
m
∑

i=1

n
∑

j=1

Φ(bi,ci)(b
′
j ⊗ c′j)

=
m
∑

i=1

n
∑

j=1

bib
′
j ⊗ cic

′
j

♣❛%❛ $♦❞♦' m,n ∈ ◆ \ {0}✱ b1, . . . , bm, b
′
1, . . . , b

′
n ∈ B ❡ c1, . . . , cm, c

′
1, . . . , c

′
n ∈ C✳

❆❣♦%❛✱ ✈❡%✐✜2✉❡♠♦' 2✉❡ (B⊗AC,+, ·) 3 ✉♠ ❛♥❡❧✳ ❏E '❛❜❡♠♦' 2✉❡ (B⊗AC,+) 3 ✉♠ ❣%✉♣♦

❛❜❡❧✐❛♥♦✳ ❆❧3♠ ❞✐''♦✱ ❞❛❞♦' t1, t2, t3 ∈ B ⊗A C✱ ❡①✐'$❡♠ m,n, p ∈ ◆✱ b1, . . . , bm+n+p ∈ B ❡

c1, . . . , cm+n+p ∈ C $❛✐' 2✉❡

t1 =
m
∑

i=1

bi ⊗ ci, t2 =
n
∑

j=1

bm+j ⊗ cm+j ❡ t3 =

p
∑

k=1

bm+n+k ⊗ cm+n+k.

❯♥✐✈❡.(✐❞❛❞❡ ❋❡❞❡.❛❧ ❞❡ ❯❜❡.❧2♥❞✐❛ ✲ ❋❛❝✉❧❞❛❞❡ ❞❡ ▼❛5❡♠75✐❝❛



▼!❞✉❧♦& ✸✾

■!!♦ ♥♦! ♣❡&♠✐)❡ ❝♦♥❝❧✉✐& -✉❡ ♦ ♣&♦❞✉)♦ / ❛!!♦❝✐❛)✐✈♦✿

(t1 · t2) · t3 =

(

m
∑

i=1

n
∑

j=1

bibm+j ⊗ cicm+j

)

·

(

p
∑

k=1

bm+n+k ⊗ cm+n+k

)

=
m
∑

i=1

n
∑

j=1

p
∑

k=1

(bibm+j)bm+n+k ⊗ (cicm+j)cm+n+k

=
m
∑

i=1

n
∑

j=1

p
∑

k=1

bi(bm+jbm+n+k)⊗ ci(cm+jcm+n+k)

=

(

m
∑

i=1

bi ⊗ ci

)

·

(

n
∑

j=1

p
∑

k=1

bm+jbm+n+k ⊗ cm+jcm+n+k

)

= t1 · (t2 · t3).

❖ ♣&♦❞✉)♦ / )❛♠❜/♠ ❝♦♠✉)❛)✐✈♦✿

t1 · t2 =
m
∑

i=1

n
∑

j=1

bibm+j ⊗ cicm+j =
n
∑

j=1

m
∑

i=1

bm+jbi ⊗ cm+jci = t2 · t1.

❖ ♣&♦❞✉)♦ / ❞✐!)&✐❜✉)✐✈♦ ❝♦♠ &❡❧❛56♦ 7 !♦♠❛✿

t1 · (t2 + t3) =

(

m
∑

i=1

bi ⊗ ci

)

·

(

n+p
∑

j=1

bm+j ⊗ cm+j

)

=
m
∑

i=1

n+p
∑

j=1

bibm+j ⊗ cicm+j

=
m
∑

i=1

((

n
∑

j=1

bibm+j ⊗ cicm+j

)

+

(

n+p
∑

k=n+1

bibm+k ⊗ cicm+k

))

=
m
∑

i=1

n
∑

j=1

bibm+j ⊗ cicm+j +
m
∑

i=1

p
∑

k=1

bibm+n+k ⊗ cicm+n+k

= t1 · t2 + t1 · t3.

❊✱ ♣♦& ✜♠✱ 1B ⊗ 1C / ♦ ❡❧❡♠❡♥)♦ ♥❡✉)&♦ ❝♦♠ &❡!♣❡✐)♦ ❛♦ ♣&♦❞✉)♦✿

t1 · (1B ⊗ 1C) =
m
∑

i=1

bi1B ⊗ ci1C = t1.

▲♦❣♦✱ (B ⊗A C,+, ·) /✱ ❞❡ ❢❛)♦✱ ✉♠ ❛♥❡❧✳ ?❛&❛ ✈❡&♠♦! ❡!!❡ ❛♥❡❧ ❝♦♠♦ ✉♠❛ A✲A❧❣❡❜&❛✱ &❡!)❛

❞❡✜♥✐&♠♦! ✉♠ ❤♦♠♦♠♦&✜!♠♦ ❞❡ ❛♥/✐! ❞❡ A ❡♠ B ⊗A C✳ ?❛&❛ )❛❧✱ ❝♦♥!✐❞❡&❡♠♦! ♦ ♠❛♣❛

ϕ : A → B ⊗A C

a 7→ (a1B)⊗ 1C .

❖❜!❡&✈❡♠♦! -✉❡✱ ♣❛&❛ )♦❞♦! a1, a2 ∈ A✱ )❡♠♦!✿

❇❛❝❤❛-❡❧❛❞♦ ❡♠ ▼❛0❡♠10✐❝❛



✹✵ ▼#❞✉❧♦(

(i) ϕ(a1 + a2) = ((a1 + a2)1B)⊗ 1C = (a11B + a21B)⊗ 1C = ϕ(a1) + ϕ(a2)❀

(ii) ϕ(a1a2) = ((a1a2)(1B1B))⊗ 1C = ((a11B)(a21B))⊗ 1C = ϕ(a1) · ϕ(a2)❀

(iii) ϕ(1A) = (1A1B)⊗ 1C = 1B ⊗ 1C .

!♦#$❛♥$♦✱ ϕ ( ✉♠ ❤♦♠♦♠♦#✜-♠♦ ❞❡ ❛♥(✐- ❡ B⊗AC ( ✉♠❛ A✲2❧❣❡❜#❛ ❝♦♠ ❡--❡ ❤♦♠♦♠♦#✜-♠♦✳

❖❜"❡$✈❛'(♦ ✶✵✳ ◆♦"❡♠♦% &✉❡ ❛ ✏♠✉❧"✐♣❧✐❝❛./♦ ♣♦0 ❡%❝❛❧❛0❡%✑ ✐♥❞✉③✐❞❛ ♣❡❧♦ ❤♦♠♦♠♦0✜%♠♦ ϕ

❡♠ B⊗AC ❝♦✐♥❝✐❞❡ ❝♦♠ ❛ ✏♠✉❧"✐♣❧✐❝❛./♦ ♣♦0 ❡%❝❛❧❛0❡%✑ ❞❛ ❡%"0✉"✉0❛ ❞❡ A✲♠8❞✉❧♦ &✉❡ B⊗AC

♣♦%%✉✐ ❝♦♠♦ ♣0♦❞✉"♦ "❡♥%♦0✐❛❧ ❞❡ A✲♠8❞✉❧♦%✳ ❉❡ ❢❛"♦✱ ♣❛0❛ "♦❞♦ a ∈ A✱ ✈❛❧❡

ϕ(a) · t1 = ((a1B)⊗ 1C) ·

(

m
∑

i=1

bi ⊗ ci

)

=
m
∑

i=1

((a1B)bi)⊗ (1Cci)

=
m
∑

i=1

(a(1Bbi))⊗ ci =
m
∑

i=1

a(bi ⊗ ci) = at1.

❊①❡♠♣❧♦ ✶✵✳ ❙❡❥❛♠ B ❡ C A✲@❧❣❡❜0❛%✳ ❖% ♠❛♣❛%

α : B → B ⊗A C ❡ β : C → B ⊗A C

b 7→ b⊗ 1C c 7→ 1B ⊗ c

%/♦ ❤♦♠♦♠♦0✜%♠♦% ❞❡ A✲@❧❣❡❜0❛%✳ ❉❡ ❢❛"♦✱ ♣❛0❛ "♦❞♦% a1, a2 ∈ A✱ b1, b2 ∈ B ❡ c1, c2 ∈ C✱

"❡♠♦%✿

(i) α(a1b1 + a2b2) = (a1b1 + a2b2)⊗ 1C = ((a1b1)⊗ 1C) + ((a2b2)⊗ 1C) = a1α(b1) + a2α(b2)❀

(ii) α(b1b2) = (b1b2)⊗ 1C = (b1 ⊗ 1C) · (b2 ⊗ 1C) = α(b1) · α(b2)❀

(iii) α(1B) = 1B ⊗ 1C❀

(iv) β(a1c1 + a2c2) = 1B ⊗ (a1c1 + a2c2) = (1B ⊗ (a1c1)) + (1B ⊗ (a2c2)) = a1β(c1) + a2β(c2)❀

(v) β(c1c2) = 1B ⊗ (c1c2) = (1B ⊗ c1) · (1B ⊗ c2) = β(c1) · β(c2)❀

(vi) β(1C) = 1B ⊗ 1C✳

!♦# ♠❡✐♦ ❞❡--❡- ❤♦♠♦♠♦#✜-♠♦-✱ ♣♦❞❡#❡♠♦- ❛♣#❡-❡♥$❛# ✉♠❛ ✐♠♣♦#$❛♥$❡ ♣#♦♣#✐❡❞❛❞❡ ❞♦

♣#♦❞✉$♦ $❡♥-♦#✐❛❧ ❞❡ 2❧❣❡❜#❛- ♥♦ ♣#9①✐♠♦ $❡♦#❡♠❛✳ !❛#❛ ✐--♦✱ ♣#❡❝✐-❛#❡♠♦- ❞♦ ❧❡♠❛ -❡❣✉✐♥$❡✳

▲❡♠❛ ✻✳ ❙❡❥❛♠ B ❡ C A✲@❧❣❡❜0❛%✱ S ✉♠ ❝♦♥❥✉♥"♦ ❞❡ ❣❡0❛❞♦0❡% ❞♦ A✲♠8❞✉❧♦ B ❡ φ : B → C

✉♠ ❤♦♠♦♠♦0✜%♠♦ ❞❡ A✲♠8❞✉❧♦% "❛❧ &✉❡ φ(1B) = 1C✳ ❙❡ φ(s1s2) = φ(s1)φ(s2) ♣❛0❛ "♦❞♦%

s1, s2 ∈ S✱ ❡♥"/♦ φ %❡0@ ✉♠ ❤♦♠♦♠♦0✜%♠♦ ❞❡ A✲@❧❣❡❜0❛%✳

❉❡♠♦♥%"0❛./♦✳ ❙❡❥❛♠ b1 ❡ b2 ❡❧❡♠❡♥$♦- ❞❡ B✳ ❊♥$>♦✱ ❡①✐-$❡♠ a1, . . . , am, a
′
1, . . . , a

′
n ∈ A ❡

s1, . . . , sm, s
′
1, . . . , s

′
n ∈ S $❛✐- ?✉❡

b1 =
m
∑

i=1

aisi ❡ b2 =
n
∑

j=1

a′js
′
j.

❯♥✐✈❡.(✐❞❛❞❡ ❋❡❞❡.❛❧ ❞❡ ❯❜❡.❧2♥❞✐❛ ✲ ❋❛❝✉❧❞❛❞❡ ❞❡ ▼❛5❡♠75✐❝❛



▼!❞✉❧♦& ✹✶

◆♦"❡♠♦% &✉❡

φ(b1b2) = φ

((

m
∑

i=1

aisi

)(

n
∑

j=1

a′js
′
j

))

= φ

(

m
∑

i=1

(aisi)

(

n
∑

j=1

a′js
′
j

))

= φ

(

m
∑

i=1

n
∑

j=1

(aisi)(a
′
js

′
j)

)

= φ

(

m
∑

i=1

n
∑

j=1

(aia
′
j)(sis

′
j)

)

=
m
∑

i=1

n
∑

j=1

(aia
′
j)φ(sis

′
j) =

m
∑

i=1

n
∑

j=1

(aia
′
j)(φ(si)φ(s

′
j))

=
m
∑

i=1

n
∑

j=1

(aiφ(si))(a
′
jφ(s

′
j)) =

m
∑

i=1

(aiφ(si))

(

n
∑

j=1

a′jφ(s
′
j)

)

=

(

m
∑

i=1

aiφ(si)

)(

n
∑

j=1

a′jφ(s
′
j)

)

= φ

(

m
∑

i=1

aisi

)

φ

(

n
∑

j=1

a′js
′
j

)

= φ(b1)φ(b2).

▲♦❣♦✱ φ + ✉♠ ❤♦♠♦♠♦-✜%♠♦ ❞❡ A✲1❧❣❡❜-❛%✳

❚❡♦#❡♠❛ ✽✳ ❙❡❥❛♠ B ❡ C A✲&❧❣❡❜*❛+ ❡ ❝♦♥+✐❞❡*❡♠♦+ ♦+ ❤♦♠♦♠♦*✜+♠♦+ ❞❡ A✲&❧❣❡❜*❛+

α : B → B ⊗A C ❡ β : C → B ⊗A C

b 7→ b⊗ 1C c 7→ 1B ⊗ c.

❙❡❥❛ D ✉♠❛ A✲&❧❣❡❜*❛ 4✉❛❧4✉❡*✳ ❉❛❞♦+ ❤♦♠♦♠♦*✜+♠♦+ ❞❡ A✲&❧❣❡❜*❛+ φ : B → D ❡ ψ : C → D✱

❡①✐+9❡ ✉♠ :♥✐❝♦ ❤♦♠♦♠♦*✜+♠♦ ❞❡ A✲&❧❣❡❜*❛+ Γ: B ⊗A C → D 9❛❧ 4✉❡ ♦ ❞✐❛❣*❛♠❛

D

B ⊗A C

A

B C

α β

φ ψ

∃!Γ

❝♦♠✉9❛✱ ✐+9♦ ;✱ Γ ◦ α = φ ❡ Γ ◦ β = ψ✳

❉❡♠♦♥+9*❛<=♦✳ 6-✐♠❡✐-❛♠❡♥"❡✱ ♠♦%"-❡♠♦% ❛ ❡①✐%":♥❝✐❛ ❞❡ ✉♠ ❤♦♠♦♠♦-✜%♠♦ ❞❡ A✲1❧❣❡❜-❛%

❝♦♠ ❡%%❛ ♣-♦♣-✐❡❞❛❞❡✳ ❙❡❥❛♠ φ : B → D ❡ ψ : C → D ❤♦♠♦♠♦-✜%♠♦% ❞❡ A✲1❧❣❡❜-❛%✳ 6❡❧❛

6-♦♣-✐❡❞❛❞❡ ❯♥✐✈❡-%❛❧ ❞♦ 6-♦❞✉"♦ ❚❡♥%♦-✐❛❧✱ ♦ ♠❛♣❛ A✲❜✐❧✐♥❡❛-

γ : B × C → D

(b, c) 7→ φ(b)ψ(c)

✐♥❞✉③ ♦ ❤♦♠♦♠♦-✜%♠♦ ❞❡ A✲♠C❞✉❧♦%

Γ: B ⊗A C → D

b⊗ c 7→ φ(b)ψ(c).

❇❛❝❤❛-❡❧❛❞♦ ❡♠ ▼❛0❡♠10✐❝❛



✹✷ ▼#❞✉❧♦(

◆♦"❡♠♦% &✉❡

Γ(1B ⊗ 1C) = φ(1B)ψ(1C) = 1D1D = 1D

❡

Γ((b1 ⊗ c1) · (b2 ⊗ c2)) = Γ(b1b2 ⊗ c1c2) = φ(b1b2)ψ(c1c2) = φ(b1)ψ(c1)φ(b2)ψ(c2)

= Γ(b1 ⊗ c1)Γ(b2 ⊗ c2)

♣❛*❛ "♦❞♦% b1, b2 ∈ B ❡ c1, c2 ∈ C✳ -❡❧♦ ▲❡♠❛ ✻✱ Γ 2 "❛♠❜2♠ ✉♠ ❤♦♠♦♠♦*✜%♠♦ ❞❡ A✲7❧❣❡❜*❛%✳

❆❧2♠ ❞✐%%♦✱ ♣❛*❛ "♦❞♦% b ∈ B ❡ c ∈ C✱ "❡♠♦%

Γ ◦ α(b) = Γ(b⊗ 1C) = φ(b)ψ(1C) = φ(b)1D = φ(b)

❡

Γ ◦ β(c) = Γ(1B ⊗ c) = φ(1B)ψ(c) = 1Dψ(c) = ψ(c),

♦✉ %❡❥❛✱ Γ ◦ α = φ ❡ Γ ◦ β = ψ✳

❆❣♦*❛✱ ♠♦%"*❡♠♦% &✉❡ Γ 2 ♦ <♥✐❝♦ ❤♦♠♦♠♦*✜%♠♦ ❞❡ A✲7❧❣❡❜*❛% &✉❡ ❢❛③ ♦ ❞✐❛❣*❛♠❛ ❛♥"❡*✐♦*

❝♦♠✉"❛*✳ ❙❡❥❛ δ : B ⊗A C → D ✉♠ ❤♦♠♦♠♦*✜%♠♦ ❞❡ A✲7❧❣❡❜*❛% "❛❧ &✉❡ δ ◦ α = φ ❡ δ ◦ β = ψ✳

❖❜%❡*✈❡♠♦% &✉❡

δ(b⊗ c) = δ((b⊗ 1C) · (1B ⊗ c)) = δ(b⊗ 1C)δ(1B ⊗ c) = δ(α(b))δ(β(c)) = φ(b)ψ(c) = Γ(b⊗ c)

♣❛*❛ "♦❞♦% b ∈ B ❡ c ∈ C✳ ❊♠ ♦✉"*❛% ♣❛❧❛✈*❛%✱ δ|S = Γ|S✱ ♦♥❞❡

S = {b⊗ c; b ∈ B ❡ c ∈ C}.

❱✐%"♦ &✉❡ S 2 ✉♠ ❝♦♥❥✉♥"♦ ❞❡ ❣❡*❛❞♦*❡% ❞♦ A✲♠F❞✉❧♦ B ⊗A C✱ ❛ -*♦♣♦%✐GH♦ ✻ ❢♦*♥❡❝❡ &✉❡

δ = Γ✳ ■%%♦ ❝♦♥❝❧✉✐ ❛ ♣*♦✈❛✳

❯♥✐✈❡.(✐❞❛❞❡ ❋❡❞❡.❛❧ ❞❡ ❯❜❡.❧2♥❞✐❛ ✲ ❋❛❝✉❧❞❛❞❡ ❞❡ ▼❛5❡♠75✐❝❛



❱❛"✐❡❞❛❞❡& ❆❧❣*❜"✐❝❛& ❆❢✐♥& ✹✸

✹✳ ❱❛$✐❡❞❛❞❡( ❆❧❣,❜$✐❝❛( ❆❢✐♥(

❖! ❡!♣❛%♦! ❛✜♥! ❡ ❛! ✈❛*✐❡❞❛❞❡! ❛❧❣/❜*✐❝❛! ❛✜♥! !2♦ ♦! ♣*✐♥❝✐♣❛✐! ✐♥❣*❡❞✐❡♥3❡! ❞❡!3❡ ❝❛♣43✉❧♦✳

■♥✐❝✐❛❧♠❡♥3❡✱ 3*❛3❛*❡♠♦! ❞❛! ♣*♦♣*✐❡❞❛❞❡! ❜:!✐❝❛! ❞❛! ✈❛*✐❡❞❛❞❡! ❛❧❣/❜*✐❝❛! ❛✜♥! ❡ ❞❡ !❡✉! ✐❞❡❛✐!

❝♦**❡!♣♦♥❞❡♥3❡!✳ ❊♠ !❡❣✉✐❞❛✱ ❛♣*❡!❡♥3❛*❡♠♦! ♦ ❚❡♦*❡♠❛ ❞❛ ❇❛!❡ ❞❡ ❍✐❧❜❡*3 ❡ ❛ ❚♦♣♦❧♦❣✐❛ ❞❡

❩❛*✐!❦✐ ♥♦! ❡!♣❛%♦! ❛✜♥!✳ ❆♦ ✜♥❛❧ ❞❡!3❡ ❝❛♣43✉❧♦✱ ❡!!❛! ❞✉❛! ❢❡**❛♠❡♥3❛! !❡*2♦ ❡!!❡♥❝✐❛✐! ♣❛*❛

♣*♦✈❛*♠♦! C✉❡ / ♣♦!!4✈❡❧ ❡!❝*❡✈❡* C✉❛❧C✉❡* ✈❛*✐❡❞❛❞❡ ❛❧❣/❜*✐❝❛ ❛✜♠ ❝♦♠♦ ❛ ✉♥✐2♦ ✜♥✐3❛ ❞❡ !✉❛!

❝♦♠♣♦♥❡♥3❡! ✐**❡❞✉34✈❡✐!✳ ❆! ♣*✐♥❝✐♣❛✐! *❡❢❡*D♥❝✐❛! ✉3✐❧✐③❛❞❛! ♥❡!3❡ ❝❛♣43✉❧♦ ❢♦*❛♠ ❬✷❪ ❡ ❬✻❪✳

❆♦ ❧♦♥❣♦ ❞❡!3❡ ❝❛♣43✉❧♦✱ L ❞❡♥♦3❛*: ✉♠ ❝♦*♣♦ ❡ K ✉♠ !✉❜❝♦*♣♦ ❞❡ L✳

✹✳✶ ❱❛%✐❡❞❛❞❡) ❆❧❣-❜%✐❝❛) ❆❢✐♥) ❡ )❡✉) ❘❡)♣❡❝5✐✲

✈♦) ■❞❡❛✐)

❉❡✜♥✐%&♦ ✶✼✳ ❙❡❥❛ n ✉♠ ✐♥(❡✐)♦ ♣♦,✐(✐✈♦✳

✶✳ ❖ ❝♦♥❥✉♥(♦ Ln 2 ❝❤❛♠❛❞♦ ❡!♣❛$♦ ❛✜♠ ❞❡ ❞✐♠❡♥,5♦ n ,♦❜)❡ L ❡ 2 ❞❡♥♦(❛❞♦ ♣♦) ❆

n(L)✳

✷✳ ❯♠ ,✉❜❝♦♥❥✉♥(♦ V ⊂ ❆

n(L) ,❡)9 ❝❤❛♠❛❞♦ K✲✈❛*✐❡❞❛❞❡ ❛❧❣/❜*✐❝❛ ❛✜♠ ,❡ ❡①✐,(✐)❡♠

♣♦❧✐♥<♠✐♦, f1, . . . , fm ∈ K[X1, . . . , Xn] ❞❡ ♠♦❞♦ =✉❡ V ,❡❥❛ ♦ ❝♦♥❥✉♥(♦ ,♦❧✉>5♦ ❞♦ ,✐,(❡♠❛

❞❡ ❡=✉❛>?❡,























f1(X1, . . . , Xn) = 0

f2(X1, . . . , Xn) = 0
✳

✳

✳

fm(X1, . . . , Xn) = 0

❡♠ ❆

n(L)✳ ❊,,❡ ,✐,(❡♠❛ 2 ❞✐(♦ !✐!2❡♠❛ ❞❡ ❡3✉❛$5❡! 3✉❡ ❞❡✜♥❡ V ✳

❖❜-❡.✈❛%&♦ ✶✶✳

✶✳ A♦) ,✐♠♣❧✐❝✐❞❛❞❡✱ ❡,❝)❡✈❡)❡♠♦, ❛♣❡♥❛, K✲✈❛)✐❡❞❛❞❡ ♣❛)❛ ♥♦, )❡❢❡)✐)♠♦, ❛ ✉♠❛

K✲✈❛)✐❡❞❛❞❡ ❛❧❣2❜)✐❝❛ ❛✜♠✳ ❆❧2♠ ❞✐,,♦✱ ❡,❝)❡✈❡)❡♠♦, ,✐♠♣❧❡,♠❡♥(❡

fi(X1, . . . , Xn) = 0 (i ∈ {1, . . . ,m})

♣❛)❛ )❡♣)❡,❡♥(❛) ♦ ,✐,(❡♠❛ ❞♦ ,❡❣✉♥❞♦ ✐(❡♠ ❞❛ ❞❡✜♥✐>5♦ ❛♥(❡)✐♦)✳

❇❛❝❤❛"❡❧❛❞♦ ❡♠ ▼❛6❡♠76✐❝❛



✹✹ ❱❛#✐❡❞❛❞❡' ❆❧❣+❜#✐❝❛' ❆❢✐♥'

✷✳ ❯♠❛ K✲✈❛'✐❡❞❛❞❡ V + ,❛♠❜+♠ ✉♠❛ K ′
✲✈❛'✐❡❞❛❞❡ ♣❛'❛ 0✉❛❧0✉❡' 2✉❜❝♦'♣♦ K ′ ⊂ L 0✉❡

❝♦♥,+♠ ,♦❞♦2 ♦2 ❝♦❡✜❝✐❡♥,❡2 ❞❡ ✉♠ 2✐2,❡♠❛ ❞❡ ❡0✉❛78❡2 0✉❡ ❞❡✜♥❡ V ✳ ■22♦ ♦❝♦''❡✱ ♣♦'

❡①❡♠♣❧♦✱ 2❡ ,✐✈❡'♠♦2 K ⊂ K ′
✳

❊♠ ♥♦$$♦ ❝♦&✐❞✐❛♥♦✱ + ❝♦♠✉♠ ♥♦$ ❞❡♣❛/❛/♠♦$ ❝♦♠ K✲✈❛/✐❡❞❛❞❡$✳ ❱❡❥❛♠♦$ ❞♦✐$ ❡①❡♠♣❧♦$

❜❡♠ ❢❛♠✐❧✐❛/❡$✳

❊①❡♠♣❧♦ ✶✶✳

✶✳ ❊♠ ❆

n(L)✱ ♦2 ❝♦♥❥✉♥,♦2 0✉❡ 2?♦ 2♦❧✉7?♦ ❞❡ 2✐2,❡♠❛2 ❞❡ ❡0✉❛78❡2 ❧✐♥❡❛'❡2 ❝♦♠ ❝♦❡✜❝✐❡♥,❡2

❡♠ K✱ ♣♦♣✉❧❛'✐③❛❞♦2 ♣❡❧❛ ➪❧❣❡❜'❛ ▲✐♥❡❛'✱ 2?♦ ❛2 K✲✈❛'✐❡❞❛❞❡2 ❧✐♥❡❛'❡2✳

✷✳ ❊♠ ❆

n(L)✱ ♦ ❝♦♥❥✉♥,♦ ❞♦2 ③❡'♦2 ❞❡ ✉♠ ♣♦❧✐♥D♠✐♦ ♥?♦ ❝♦♥2,❛♥,❡ f ∈ K[X1, . . . , Xn] +

✉♠❛ K✲❤✐♣❡%&✉♣❡%❢)❝✐❡✳ ❊♠ ♣❛',✐❝✉❧❛'✱ K✲❤✐♣❡'2✉♣❡'❢G❝✐❡2 ❡♠ ❆

2(L) '❡❝❡❜❡♠ ♦ ♥♦♠❡ ❞❡

❝✉'✈❛2 ❛❧❣+❜'✐❝❛2 ♣❧❛♥❛2✳ H♦' ❞❡✜♥✐7?♦✱ ,♦❞❛ K✲✈❛'✐❡❞❛❞❡ V ❡♠ ❆

n(L)✱ ❝♦♠ V 6= ❆

n(L)✱

+ ❛ ✐♥,❡'2❡7?♦ ❞❡ ✉♠❛ 0✉❛♥,✐❞❛❞❡ ✜♥✐,❛ ❞❡ K✲❤✐♣❡'2✉♣❡'❢G❝✐❡2✳

❋✐❣✉/❛ ✹✳✶✿ ◗✲❤✐♣❡/$✉♣❡/❢?❝✐❡ ❞❡✜♥✐❞❛ ♣❡❧❛ ❡A✉❛BC♦ X2
1 −X2

2 −X3 = 0 ❡♠ ❆

3(❘)

▲❡♠❛ ✼✳ ❆ ✉♥✐?♦ ❡ ❛ ✐♥,❡'2❡7?♦ ❞❡ ❞✉❛2 K✲✈❛'✐❡❞❛❞❡2 ❞❡ ❆

n(L) 2?♦ ,❛♠❜+♠ K✲✈❛'✐❡❞❛❞❡2 ❞❡

❆

n(L)✳

❉❡♠♦♥2,'❛7?♦✳ ❙❡❥❛♠ V1 ❡ V2 K✲✈❛/✐❡❞❛❞❡$ ❞❡✜♥✐❞❛$ ♣❡❧♦$ $✐$&❡♠❛$

fi(X1, . . . , Xn) = 0 (i ∈ {1, . . . , r})

❡

fj(X1, . . . , Xn) = 0 (j ∈ {r + 1, . . . , r + s}),

/❡$♣❡❝&✐✈❛♠❡♥&❡✳ ➱ ❢F❝✐❧ ✈❡/ A✉❡ ❛ ✐♥&❡/$❡BC♦ V1 ∩ V2 + ❛ K✲✈❛/✐❡❞❛❞❡ ❞❡✜♥✐❞❛ ♣❡❧♦ $✐$&❡♠❛

fi(X1, . . . , Xn) (i ∈ {1, . . . , r + s}).

❆❣♦/❛✱ ♠♦$&/❡♠♦$ A✉❡ ❛ ✉♥✐C♦ V1 ∪ V2 + ❛ K✲✈❛/✐❡❞❛❞❡ ❞❡✜♥✐❞❛ ♣❡❧♦ $✐$&❡♠❛

fi(X1, . . . , Xn)fj(X1, . . . , Xn) = 0 (i ∈ {1, . . . , r} ❡ j ∈ {r + 1, . . . , r + s}).

❯♥✐✈❡#'✐❞❛❞❡ ❋❡❞❡#❛❧ ❞❡ ❯❜❡#❧3♥❞✐❛ ✲ ❋❛❝✉❧❞❛❞❡ ❞❡ ▼❛7❡♠97✐❝❛



❱❛"✐❡❞❛❞❡& ❆❧❣*❜"✐❝❛& ❆❢✐♥& ✹✺

❙❡❥❛ x ∈ V1 ∪ V2✱ ✐&'♦ )✱ x ) ③❡+♦ ❞♦& ♣♦❧✐♥0♠✐♦& f1, . . . , fr ♦✉ x ) ③❡+♦ ❞♦& ♣♦❧✐♥0♠✐♦&

fr+1, . . . , fr+s✳ ❊♠ ❛♠❜♦& ♦& ❝❛&♦&✱ x ) &♦❧✉78♦ ❞♦ &✐&'❡♠❛

fi(X1, . . . , Xn)fj(X1, . . . , Xn) = 0 (i ∈ {1, . . . , r} ❡ j ∈ {r + 1, . . . , r + s}).

❘❡❝✐♣+♦❝❛♠❡♥'❡✱ &❡❥❛ y ✉♠❛ &♦❧✉78♦ ❞♦ &✐&'❡♠❛ ❛❝✐♠❛✳ ❙✉♣♦♥❤❛♠♦& ;✉❡ y /∈ V1✱ ✐&'♦ )✱

❡①✐&'❡ i ∈ {1, . . . , r} '❛❧ ;✉❡ fi(y) 6= 0✳ =♦+ ❤✐♣>'❡&❡✱ ♣❛+❛ ❝❛❞❛ j ∈ {r + 1, . . . , r + s}✱ '❡♠♦&

fi(y)fj(y) = 0 ❡✱ ♣♦+ ❝♦♥&❡;✉?♥❝✐❛✱ ✈❛❧❡ fj(y) = 0✳ ▲♦❣♦✱ y ∈ V1∪V2✱ ♦ ;✉❡ ❝♦♥❝❧✉✐ ❛ ♣+♦✈❛✳

◆♦& ❡&♣❛7♦& ❛✜♥& ❞❡ ❞✐♠❡♥&8♦ n ≥ 2 &♦❜+❡ ♦ ❝♦+♣♦ ❘✱ ✉♠❛ K✲❤✐♣❡+&✉♣❡+❢G❝✐❡ ♣♦❞❡ &❡+

✈❛③✐❛ ♦✉ ❝♦♥&✐&'✐+ ❡♠ ✉♠ H♥✐❝♦ ♣♦♥'♦✳ =♦+ ❡①❡♠♣❧♦✱ ❛& ❡;✉❛7I❡& X2
1 + · · · + X2

n + 1 = 0 ❡

X2
1 + · · ·+X2

n = 0 ❞❡✜♥❡♠ ❛& ◗✲❤✐♣❡+&✉♣❡+❢G❝✐❡& ∅ ❡ {0}✱ +❡&♣❡❝'✐✈❛♠❡♥'❡✳ ❊♥'+❡'❛♥'♦✱ ❡①✐&'❡♠

❝♦+♣♦& ✐♠✉♥❡& ❛ ❡&&❡ ❢❡♥0♠❡♥♦✿ ♦& ❝♦+♣♦& ❛❧❣❡❜+✐❝❛♠❡♥'❡ ❢❡❝❤❛❞♦&✳

❉❡✜♥✐%&♦ ✶✽✳ ❉✐"❡♠♦& '✉❡ L ) ✉♠ ❝♦"♣♦ ❛❧❣❡❜"✐❝❛♠❡♥,❡ ❢❡❝❤❛❞♦ &❡ *♦❞♦ ♣♦❧✐♥/♠✐♦ ♥0♦

❝♦♥&*❛♥*❡ f ∈ L[X] ♣♦&&✉✐" ✉♠❛ "❛✐③ a ∈ L✳

❖❜-❡.✈❛%&♦ ✶✷✳ ❚♦❞♦ ❝♦"♣♦ ❛❧❣❡❜"✐❝❛♠❡♥*❡ ❢❡❝❤❛❞♦ ) ✐♥✜♥✐*♦✳ ❉❡ ❢❛*♦✱ &❡ L ❢♦" ✜♥✐*♦✱ ❞✐❣❛✲

♠♦&✱ L = {a1, . . . , ar}✱ ❡♥*0♦ ♦ ♣♦❧✐♥/♠✐♦ ♥0♦ ❝♦♥&*❛♥*❡ (X−a1)(X−a2) · · · (X−ar)+1 ∈ L[X]

♥0♦ ♣♦&&✉✐"= "❛✐③ ❡♠ L✳

◆❛ ♣+♦♣♦&✐78♦ &❡❣✉✐♥'❡✱ ✈❡+❡♠♦&✱ ❡♠ ♣❛+'✐❝✉❧❛+✱ ;✉❡ ❡①✐&'❡♠ ✐♥✜♥✐'♦& ♣♦♥'♦& ✏❞❡♥'+♦✑ ❡

✏❢♦+❛✑ ❞❛& ❤✐♣❡+&✉♣❡+❢G❝✐❡& ;✉❡ ❤❛❜✐'❛♠ ❡&♣❛7♦& ❛✜♥& ❞❡ ❞✐♠❡♥&8♦ n ≥ 2 &♦❜+❡ ❝♦+♣♦& ❛❧❣❡❜+✐✲

❝❛♠❡♥'❡ ❢❡❝❤❛❞♦&✳

2.♦♣♦-✐%&♦ ✶✷✳

✶✳ ❙❡ L ❢♦" ✐♥✜♥✐*♦ ❡ n ≥ 1✱ ❡♥*0♦ ♦ ❝♦♠♣❧❡♠❡♥*❛" ❞❡ '✉❛❧'✉❡" K✲❤✐♣❡"&✉♣❡"❢@❝✐❡ ❡♠ ❆

n(L)

❝♦♥*❡"= ✐♥✜♥✐*♦& ♣♦♥*♦&✳ ❊♠ ♣❛"*✐❝✉❧❛"✱ ♦ ❝♦♠♣❧❡♠❡♥*❛" ❞❡ '✉❛❧'✉❡" K✲✈❛"✐❡❞❛❞❡ V ❡♠

❆

n(L)✱ ❝♦♠ V 6= ❆

n(L)✱ ❝♦♥*❡"= ✐♥✜♥✐*♦& ♣♦♥*♦&✳

✷✳ ❙❡ L ❢♦" ❛❧❣❡❜"✐❝❛♠❡♥*❡ ❢❡❝❤❛❞♦ ❡ n ≥ 2✱ ❡♥*0♦ *♦❞❛ K✲❤✐♣❡"&✉♣❡"❢@❝✐❡ ❡♠ ❆

n(L) ❝♦♥*❡"=

✐♥✜♥✐*♦& ♣♦♥*♦&✳

❉❡♠♦♥&*"❛D0♦✳

✶✳ =+♦✈❡♠♦& ❛ ♣+✐♠❡✐+❛ ❛✜+♠❛78♦ ✉'✐❧✐③❛♥❞♦ ✐♥❞✉78♦ &♦❜+❡ n✳

❙❡❥❛ f ✉♠ ♣♦❧✐♥0♠✐♦ ♥8♦ ❝♦♥&'❛♥'❡ ❡♠ K[X1]✳ ❱✐&'♦ ;✉❡ L ) ✐♥✜♥✐'♦ ❡ f ♣♦&&✉✐ ✉♠❛

;✉❛♥'✐❞❛❞❡ ✜♥✐'❛ ❞❡ ③❡+♦& ❡♠ L✱ ❡①✐&'❡♠ ✐♥✜♥✐'♦& ❡❧❡♠❡♥'♦& ❡♠ ❆

1(L) ;✉❡ ♥8♦ &8♦ ③❡+♦&

❞❡ f ✳ ▲♦❣♦✱ ❛ ❛✜+♠❛78♦ ) ✈❡+❞❛❞❡✐+❛ ;✉❛♥❞♦ n = 1✳

❙✉♣♦♥❤❛♠♦& ;✉❡ ♦ ❝♦♠♣❧❡♠❡♥'❛+ ❞❡ ;✉❛❧;✉❡+ K✲❤✐♣❡+&✉♣❡+❢G❝✐❡ ❡♠ ❆

n−1(L) ♣♦&&✉❛ ✐♥✲

✜♥✐'♦& ♣♦♥'♦&✱ ♦♥❞❡ n − 1 ) ❞❡'❡+♠✐♥❛❞♦ ✐♥'❡✐+♦ ♣♦&✐'✐✈♦✱ ❡ ♣+♦✈❡♠♦& ;✉❡ ❛ ❛✜+♠❛78♦ )

✈O❧✐❞❛ ♣❛+❛ n✳ ❙❡❥❛ g ✉♠ ♣♦❧✐♥0♠✐♦ ♥8♦ ❝♦♥&'❛♥'❡ ❡♠ K[X1, . . . , Xn]✳ ❈♦♠ ✐&&♦✱

g = g0 + g1Xn + · · ·+ grX
r
n

❇❛❝❤❛"❡❧❛❞♦ ❡♠ ▼❛6❡♠76✐❝❛



✹✻ ❱❛$✐❡❞❛❞❡( ❆❧❣,❜$✐❝❛( ❆❢✐♥(

♣❛"❛ ❝❡"%♦' r ∈ ◆ ❡ g0, . . . , gr ∈ K[X1, . . . , Xn−1]✱ ❝♦♠ gr 6= 0✳ +❡❧❛ ❤✐♣/%❡'❡ ❞❡

✐♥❞✉34♦✱ ❡①✐'%❡ (a1, . . . , an−1) ∈ ❆

n−1(L) %❛❧ 6✉❡ gr(a1, . . . , an−1) 6= 0✳ ❉❡''❡ ♠♦❞♦✱

g(a1, . . . , an−1, Xn) 8 ✉♠ ♣♦❧✐♥9♠✐♦ ♥4♦ ♥✉❧♦ ❡♠ L[Xn]✳ ❈♦♠♦ ❡❧❡ ♣♦''✉✐ ✉♠❛ 6✉❛♥%✐✲

❞❛❞❡ ✜♥✐%❛ ❞❡ ③❡"♦' ♥♦ ❝♦"♣♦ ✐♥✜♥✐%♦ L✱ ♦ ❝♦♥❥✉♥%♦

{(a1, . . . , an−1, an) ∈ ❆
n(L); g(a1, . . . , an−1, an) 6= 0}

8 ✐♥✜♥✐%♦ ❡ ❡'%? ❝♦♥%✐❞♦ ♥♦ ❝♦♠♣❧❡♠❡♥%❛" ❞❛ K✲❤✐♣❡"'✉♣❡"❢A❝✐❡ ❞❡✜♥✐❞❛ ♣❡❧❛ ❡6✉❛34♦

g(X1, . . . , Xn) = 0 ❡♠ ❆

n(L)✳ +❡❧♦ +"✐♥❝A♣✐♦ ❞❡ ■♥❞✉34♦ ❋✐♥✐%❛✱ ❛ ❛✜"♠❛34♦ 8 ✈?❧✐❞❛ ♣❛"❛

%♦❞♦ ✐♥%❡✐"♦ ♣♦'✐%✐✈♦ n✳

✷✳ ❙❡❥❛♠ n ≥ 2✱ h ✉♠ ♣♦❧✐♥9♠✐♦ ♥4♦ ❝♦♥'%❛♥%❡ ❡♠ K[X1, . . . , Xn] ❡ H ❛ K✲❤✐♣❡"'✉♣❡"❢A❝✐❡

❞❡✜♥✐❞❛ ♣❡❧❛ ❡6✉❛34♦ h(X1, . . . , Xn) = 0 ❡♠ ❆

n(L)✳ ❙❡♠ ♣❡"❞❛ ❞❡ ❣❡♥❡"❛❧✐❞❛❞❡✱ '✉♣♦✲

♥❤❛♠♦' 6✉❡ '❡❥❛ ♣♦''A✈❡❧ ❡'❝"❡✈❡"

h = h0 + h1Xn + · · ·+ hsX
s
n

♣❛"❛ ❝❡"%♦' s ∈ ◆ \ {0} ❡ h0, · · · , hs ∈ K[X1, . . . , Xn−1]✱ ❝♦♠ hs 6= 0✳ +❡❧♦ ✐%❡♠ ❛♥%❡"✐♦"✱

♦ ❝♦♥❥✉♥%♦

B := {(b1, . . . , bn−1) ∈ ❆
n−1(L); hs(b1, . . . , bn−1) 6= 0}

8 ✐♥✜♥✐%♦✳ ◆♦%❡♠♦' 6✉❡✱ ♣❛"❛ ❝❛❞❛ (b′1, . . . , b
′
n−1) ∈ B✱ h(b′1, . . . , b

′
n−1, Xn) 8 ✉♠ ♣♦❧✐♥9♠✐♦

♥4♦ ❝♦♥'%❛♥%❡ ❡♠ L[Xn] ❡✱ ❝♦♠♦ L 8 ❛❧❣❡❜"✐❝❛♠❡♥%❡ ❢❡❝❤❛❞♦✱ ❡①✐'%❡ b′n ∈ L %❛❧ 6✉❡

h(b′1, . . . , b
′
n−1, b

′
n) = 0✳ +♦"%❛♥%♦✱ ♦ ❝♦♥❥✉♥%♦

{(b1, . . . , bn−1, bn) ∈ ❆
n(L); (b1, . . . , bn−1) ∈ B ❡ h(b1, . . . , bn−1, bn) = 0}

8 ✐♥✜♥✐%♦ ❡ ❡'%? ❝♦♥%✐❞♦ ❡♠ H✳

➱ ❝❧❛"♦ 6✉❡✱ ♣❛"❛ ✉♠ '✉❜❝♦♥❥✉♥%♦ V ⊂ ❆

n(L)✱ ♦ ♣♦❧✐♥9♠✐♦ 0 ∈ K[X1, . . . , Xn] ❛♥✉❧❛✲'❡ ❡♠

%♦❞♦' ♦' ♣♦♥%♦' ❞❡ V ✳ ❆❧8♠ ❞✐''♦✱ '❡ f, g ∈ K[X1, . . . , Xn] ❢♦"❡♠ ♣♦❧✐♥9♠✐♦' 6✉❡ '❡ ❛♥✉❧❛♠ ❡♠

%♦❞♦' ♦' ♣♦♥%♦' ❞❡ V ✱ ❡♥%4♦

(af + bg)(x) = a(x)f(x) + b(x)g(x) = a(x) · 0 + b(x) · 0 = 0

♣❛"❛ %♦❞♦' a, b ∈ K[X1, . . . , Xn] ❡ x ∈ V ✳ +♦"%❛♥%♦✱ ♦ ❝♦♥❥✉♥%♦ ❞❡ %♦❞♦' ♦' ♣♦❧✐♥9♠✐♦' ❡♠

K[X1, . . . , Xn] 6✉❡ '❡ ❛♥✉❧❛♠ ❡♠ V 8 ✉♠ ✐❞❡❛❧ ❞❡''❡ ❛♥❡❧✱ ❢❛③❡♥❞♦ ❥✉' L ❞❡✜♥✐34♦ '❡❣✉✐♥%❡✳

❉❡✜♥✐%&♦ ✶✾✳ ❙❡❥❛ V ✉♠ &✉❜❝♦♥❥✉♥+♦ ❞❡ ❆

n(L)✳ ❖ ❝♦♥❥✉♥+♦

{f ∈ K[X1, . . . , Xn]; f(x) = 0 ♣❛"❛ %♦❞♦ x ∈ V }

/ ❝❤❛♠❛❞♦ ✐❞❡❛❧ ❞❡ V ❡♠ K[X1, . . . , Xn] ❡ ! ❞❡♥♦%❛❞♦ ♣♦( I(V )✳

❯♥✐✈❡%&✐❞❛❞❡ ❋❡❞❡%❛❧ ❞❡ ❯❜❡%❧,♥❞✐❛ ✲ ❋❛❝✉❧❞❛❞❡ ❞❡ ▼❛1❡♠31✐❝❛



❱❛"✐❡❞❛❞❡& ❆❧❣*❜"✐❝❛& ❆❢✐♥& ✹✼

 !♦♣♦$✐&'♦ ✶✸✳ ❙❡❥❛♠ L ✉♠ ❝♦(♣♦ ❛❧❣❡❜(✐❝❛♠❡♥/❡ ❢❡❝❤❛❞♦ ❡ n ≥ 1✳ ❈♦♥5✐❞❡(❡♠♦5 ✉♠ ♣♦❧✐♥6✲

♠✐♦ ♥8♦ ❝♦♥5/❛♥/❡ f ∈ K[X1, . . . , Xn] ❡ H ❛ K✲❤✐♣❡(5✉♣❡(❢9❝✐❡ ❡♠ ❆

n(L) ❞❡✜♥✐❞❛ ♣❡❧❛ ❡;✉❛<8♦

f(X1, . . . , Xn) = 0✳ ❙❡❥❛ f = ufα1
1 fα2

2 · · · fαr
r ❛ ❞❡❝♦♠♣♦5✐<8♦ ❞❡ f ❡♠ ✉♠ ♣(♦❞✉/♦ ❞❡ ♣♦/=♥❝✐❛5

❞❡ ♣♦❧✐♥6♠✐♦5 ✐((❡❞✉/9✈❡✐5 f1, . . . , fr ∈ K[X1, . . . , Xn] ;✉❡ 58♦ ❞♦✐5 ❛ ❞♦✐5 ♥8♦ ❛55♦❝✐❛❞♦5✱ ♦♥❞❡

u ∈ K×
✳ ❊♥/8♦✱ I(H) = (f1f2 · · · fr)✳

❉❡♠♦♥5/(❛<8♦✳  !✐♠❡✐!❛♠❡♥'❡✱ ♠♦*'!❡♠♦* +✉❡ ♦ ♣♦❧✐♥/♠✐♦ f1f2 · · · fr ❛♥✉❧❛✲*❡ ❡♠ '♦❞♦* ♦*

♣♦♥'♦* ❞❡ H✳ ❙❡ x ∈ H✱ ❡♥'4♦

ufα1
1 (x)fα2

2 (x) · · · fαr

r (x) = f(x) = 0.

❉❡**❡ ♠♦❞♦✱ ❡①✐*'❡ j ∈ {1, . . . , r} '❛❧ +✉❡ fj(x) = 0 ❡✱ ❛**✐♠✱

(f1f2 · · · fr)(x) = fj(x) ·
r
∏

i=1
i 6=j

fi(x) = 0 ·
r
∏

i=1
i 6=j

fi(x) = 0.

▲♦❣♦✱ f1f2 · · · fr ∈ I(H) ❡✱ ❝♦♥*❡+✉❡♥'❡♠❡♥'❡✱ (f1f2 · · · fr) ⊂ I(H)✳

❙❡❥❛ g ∈ I(H)✳ ❈♦♠♦ K[X1, . . . , Xn] < ✉♠ ❞♦♠=♥✐♦ ❢❛'♦!✐❛❧ ❡ f1, . . . , fr *4♦ ♣♦❧✐♥/♠✐♦*

✐!!❡❞✉'=✈❡✐* +✉❡ *4♦ ❞♦✐* ❛ ❞♦✐* ♥4♦ ❛**♦❝✐❛❞♦*✱ ♣❛!❛ ♠♦*'!❛! +✉❡ g ∈ (f1f2 · · · fr)✱ ❜❛*'❛ ♣!♦✈❛!

+✉❡ fi | g ❡♠ K[X1, . . . , Xn] ♣❛!❛ '♦❞♦ i ∈ {1, . . . , r}✳ ❙✉♣♦♥❤❛♠♦*✱ ♣♦! ❛❜*✉!❞♦✱ +✉❡ ❡①✐*'❛

k ∈ {1, . . . , r} '❛❧ +✉❡ fk ♥4♦ *❡❥❛ ✉♠ ❞✐✈✐*♦! ❞❡ g ❡♠ K[X1, . . . , Xn]✳ ❈♦♠♦ fk < ✉♠ ♣♦❧✐♥/♠✐♦

♥4♦ ❝♦♥*'❛♥'❡✱ ♣♦❞❡♠♦* *✉♣♦!✱ *❡♠ ♣❡!❞❛ ❞❡ ❣❡♥❡!❛❧✐❞❛❞❡✱ +✉❡ *❡❥❛ ♣♦**=✈❡❧ ❡*❝!❡✈❡!

fk = h0 + h1Xn + · · ·+ hsX
s
n

♣❛!❛ ❞❡'❡!♠✐♥❛❞♦* s ∈ ◆ \ {0} ❡ h0, . . . , hs ∈ K[X1, . . . , Xn−1]✱ ❝♦♠ hs 6= 0✳

❙✉♣♦♥❤❛♠♦*✱ ♣♦! ❛❜*✉!❞♦✱ +✉❡ fk *❡❥❛ ✉♠ ❞✐✈✐*♦! ❞❡ g ❡♠ K(X1, . . . , Xn−1)[Xn]✳ ❆**✐♠✱

❡①✐*'❡♠ c1 ∈ K[X1, . . . , Xn] ❡ c2 ∈ K[X1, . . . , Xn−1] '❛✐* +✉❡ c1fk = c2g✳ ❱✐*'♦ +✉❡ fk <

♣!✐♠♦ ❡ fk ♥4♦ ❞✐✈✐❞❡ g ❡♠ K[X1, . . . , Xn]✱ '❡♠♦* fk | c2 ❡♠ K[X1, . . . , Xn]✱ ♦ +✉❡ ❝♦♥'!❛❞✐③

♦ ❢❛'♦ ❞❡ +✉❡ Xn ♦❝♦!!❡ ❡♠ fk ♠❛* ♥4♦ ❡♠ c2✳ ❈♦♠ ✐**♦✱ ❝♦♥❝❧✉=♠♦* +✉❡ fk ♥4♦ < ✉♠ ❞✐✲

✈✐*♦! ❞❡ g '❛♠❜<♠ ❡♠ K(X1, . . . , Xn−1)[Xn]✳ ❆❧<♠ ❞✐**♦✱ ♦ ▲❡♠❛ ❞❡ ●❛✉** ❢♦!♥❡❝❡ +✉❡ fk <

✐!!❡❞✉'=✈❡❧ ❡♠ K(X1, . . . , Xn−1)[Xn]✳ ❉❡**❡ ♠♦❞♦✱ mdc(fk, g) = 1 ❡♠ K(X1, . . . , Xn−1)[Xn]✳

❈♦♠♦ K(X1, . . . , Xn−1)[Xn] < ✉♠ ❞♦♠=♥✐♦ ♣!✐♥❝✐♣❛❧✱ ❡①✐*'❡♠ ♣♦❧✐♥/♠✐♦* a, b ∈ K[X1, . . . , Xn]

❡ d ∈ K[X1, . . . , Xn−1] \ {0} '❛✐* +✉❡

d = afk + bg.

 ❡❧♦ ♣!✐♠❡✐!♦ ✐'❡♠ ❞❛  !♦♣♦*✐F4♦ ✶✷✱ ❡①✐*'❡ (a1, . . . , an−1) ∈ ❆

n−1(L) *❛'✐*❢❛③❡♥❞♦

d(a1, . . . , an−1)hs(a1, . . . , an−1) 6= 0.

❱✐*'♦ +✉❡ fk(a1, . . . , an−1, Xn) < ✉♠ ♣♦❧✐♥/♠✐♦ ♥4♦ ❝♦♥*'❛♥'❡ ❡♠ L[Xn]✱ ❡①✐*'❡ an ∈ L '❛❧

+✉❡ fk(a1, . . . , an−1, an) = 0✳ ❆**✐♠✱ (a1, . . . , an) ∈ H ❡✱ ♣♦! ❝♦♥*❡+✉I♥❝✐❛✱ g(a1, . . . , an) = 0✳

❇❛❝❤❛"❡❧❛❞♦ ❡♠ ▼❛6❡♠76✐❝❛



✹✽ ❱❛$✐❡❞❛❞❡( ❆❧❣,❜$✐❝❛( ❆❢✐♥(

■!!♦ ❝♦♥%&❛❞✐③ ♦ ❢❛%♦ ❞❡ -✉❡ d(a1, . . . , an−1) 6= 0✳ ▲♦❣♦✱ g ∈ (f1f2 · · · fr) ❡ ❝♦♥❝❧✉4♠♦! -✉❡

I(H) = (f1f2 · · · fr)✳

❖❜"❡$✈❛'(♦ ✶✸✳ ◆❛ ❞❡♠♦♥'()❛*+♦ ❞❛ ♣)♦♣♦'✐*+♦ ❛♥(❡)✐♦)✱ ❝♦♥✈❡♥❝✐♦♥❡♠♦' 1✉❡ (❛♥(♦

K[X1, . . . , Xn−1] 1✉❛♥(♦ K(X1, . . . , Xn−1) )❡♣)❡'❡♥(❛♠ ♦ ❝♦)♣♦ K 1✉❛♥❞♦ n = 1✳

❉❡✜♥✐'(♦ ✷✵✳ ❙❡❥❛ I ✉♠ ✐❞❡❛❧ ❞❡ K[X1, . . . , Xn]✳ ❖ ❝♦♥❥✉♥(♦ ❞♦' ③❡)♦' ❝♦♠✉♥' ❛ (♦❞♦' ♦'

♣♦❧✐♥9♠✐♦' ❞❡ I : ❞✐(♦ ❝♦♥❥✉♥%♦ ❛❧❣)❜+✐❝♦ ❛✜♠ ❞❡✜♥✐❞♦ ♣♦) I ❡ : ❞❡♥♦(❛❞♦ ♣♦) V(I)✱ ✐'(♦ :✱

V(I) = {x ∈ ❆

n(L); f(x) = 0 ♣❛&❛ %♦❞♦ f ∈ I}.

❖❜"❡$✈❛'(♦ ✶✹✳

✶✳ ❙❡ I ❡ J ❢♦)❡♠ ✐❞❡❛✐' ❞❡ K[X1, . . . , Xn] '❛(✐'❢❛③❡♥❞♦ I ⊂ J ✱ ❡♥(+♦✱ (♦♠❛♥❞♦ ♦' ❝♦♥❥✉♥(♦'

❛❧❣:❜)✐❝♦' ❛✜♥' ❝♦))❡'♣♦♥❞❡♥(❡'✱ (❡)❡♠♦' ❛ )❡✈❡)'+♦ ❞❡''❛ ✐♥❝❧✉'+♦✿ V(I) ⊃ V(J)✳

✷✳ ◆♦ ❝❛'♦ ❡♠ 1✉❡ I ❢♦) ✉♠ ✐❞❡❛❧ ✜♥✐(❛♠❡♥(❡ ❣❡)❛❞♦✱ ❞✐❣❛♠♦'✱ I = (f1, . . . , fm)✱ ✉(✐❧✐③❛)❡♠♦'

(❛♠❜:♠ ❛ ♥♦(❛*+♦ V(f1, . . . , fm) ♣❛)❛ ♥♦' )❡❢❡)✐)♠♦' ❛♦ ❝♦♥❥✉♥(♦ ❛❧❣:❜)✐❝♦ ❛✜♠ ❞❡✜♥✐❞♦

♣♦) I✱ ♦ 1✉❛❧ : ❛ K✲✈❛)✐❡❞❛❞❡ ❞❡✜♥✐❞❛ ♣❡❧♦ '✐'(❡♠❛ ❞❡ ❡1✉❛*C❡'

fi(X1, . . . , Xn) = 0 (i ∈ {1, . . . ,m}).

❉❡''❡ ♠♦❞♦✱ ♣❡)❝❡❜❡♠♦' 1✉❡ (♦❞❛ K✲✈❛)✐❡❞❛❞❡ : ✉♠ ❝♦♥❥✉♥(♦ ❛❧❣:❜)✐❝♦ ❛✜♠✳

❱❡❥❛♠♦! ❛❧❣✉♠❛! ♣&♦♣&✐❡❞❛❞❡! ❞❛! ✏♦♣❡&❛:;❡!✑ I ❡ V ✳

4$♦♣♦"✐'(♦ ✶✹✳ ❈♦♥'✐❞❡)❡♠♦' ✉♠ '✉❜❝♦♥❥✉♥(♦ V ⊂ ❆

n(L)✱ ❞✉❛' K✲✈❛)✐❡❞❛❞❡' V1 ❡ V2 ❞❡

❆

n(L) ❡ ✉♠❛ ❢❛♠F❧✐❛ ❞❡ K✲✈❛)✐❡❞❛❞❡' (Vλ)λ∈Λ ❞❡ ❆
n(L)✳

✶✳ ❙❡ L ❢♦) ✐♥✜♥✐(♦✱ ❡♥(+♦ I(❆n(L)) = (0)✳

✷✳ I(∅) = (1)✳

✸✳ I(V ) = Rad(I(V ))✳

✹✳ V(I(V1)) = V1✳

✺✳ V1 ⊂ V2 '❡✱ ❡ '♦♠❡♥(❡ '❡✱ I(V1) ⊃ I(V2)✱ ♦♥❞❡ ♦❝♦))❡)J ❛ ✐❣✉❛❧❞❛❞❡ V1 = V2 '❡✱ ❡ '♦♠❡♥(❡

'❡✱ I(V1) = I(V2)✳

✻✳ I(V1 ∪ V2) = I(V1) ∩ I(V2)✳

✼✳ V1 ∪ V2 = V(I(V1) · I(V2))✳

✽✳

⋂

λ∈Λ

Vλ = V

(

∑

λ∈Λ

I(Vλ)

)

✳

❉❡♠♦♥'()❛*+♦✳ ◆♦%❡♠♦! -✉❡ > ♣♦!!4✈❡❧ ❡!❝&❡✈❡& V1 = V(f1, . . . , fr) ❡ V2 = V(g1, . . . , gs) ♣❛&❛

❝❡&%♦! ♣♦❧✐♥@♠✐♦! f1, . . . , fr, g1, . . . , gs ∈ K[X1, . . . , Xn]✳

❯♥✐✈❡$(✐❞❛❞❡ ❋❡❞❡$❛❧ ❞❡ ❯❜❡$❧4♥❞✐❛ ✲ ❋❛❝✉❧❞❛❞❡ ❞❡ ▼❛8❡♠:8✐❝❛



❱❛"✐❡❞❛❞❡& ❆❧❣*❜"✐❝❛& ❆❢✐♥& ✹✾

✶✳ ❈❧❛%❛♠❡♥)❡✱ (0) ⊂ I(❆n(L))✳ +❡❧♦ ♣%✐♠❡✐%♦ ✐)❡♠ ❞❛ +%♦♣♦0✐12♦ ✶✷✱ 0❡ f ❢♦% ✉♠ ♣♦❧✐♥6♠✐♦

♥2♦ ♥✉❧♦✱ ❡♥)2♦ ❡①✐0)✐%8 x ∈ ❆

n(L) 0❛)✐0❢❛③❡♥❞♦ f(x) 6= 0✳ ❉❡ ♠♦❞♦ ❡;✉✐✈❛❧❡♥)❡✱ 0❡

f ∈ I(❆n(L))✱ ❡♥)2♦ f = 0✳ ❆00✐♠✱ ❝♦♥❝❧✉?♠♦0 ;✉❡ I(❆n(L)) = (0)✳

✷✳ +❛%❛ )♦❞♦0 f ∈ K[X1, . . . , Xn] ❡ x ∈ ❆

n(L)✱ ❛ ♣%♦♣♦0✐12♦

x ∈ ∅ ⇒ f(x) = 0

@ ✈❡%❞❛❞❡✐%❛✳ ▲♦❣♦✱ I(∅) = K[X1, . . . , Xn] = (1)✳

✸✳ ❈♦♠♦ 0❡♠♣%❡✱ I(V ) ⊂ Rad(I(V ))✳ ❈♦♥0✐❞❡%❡♠♦0 f ∈ Rad(I(V ))✱ ♦✉ 0❡❥❛✱ ❡①✐0)❡ ✉♠

✐♥)❡✐%♦ ♣♦0✐)✐✈♦ m )❛❧ ;✉❡ fm ∈ I(V )✳ ❙❡ x ∈ V ✱ ❡♥)2♦ (f(x))m = 0 ❡✱ ♣♦% ❝♦♥0❡;✉F♥❝✐❛✱

f(x) = 0✳ +♦%)❛♥)♦✱ f ∈ I(V ) ❡ ❝♦♥❝❧✉?♠♦0 ;✉❡ I(V ) = Rad(I(V ))✳

✹✳ ➱ ❢8❝✐❧ ✈❡% ;✉❡ V1 ⊂ V(I(V1))✳ ❈♦♠♦ (f1, . . . , fr) ⊂ I(V1)✱ )❡♠♦0

V(I(V1)) ⊂ V(f1, . . . , fr) = V1.

▲♦❣♦✱ V(I(V1)) = V1✳

✺✳ ❊✈✐❞❡♥)❡♠❡♥)❡✱ 0❡ V1 ⊂ V2✱ ❡♥)2♦ I(V1) ⊃ I(V2)✳ ❘❡❝✐♣%♦❝❛♠❡♥)❡✱ 0✉♣♦♥❞♦ ❛ ✐♥❝❧✉02♦

I(V2) ⊂ I(V1)✱ ♣♦❞❡♠♦0 %❡✈❡%)F✲❧❛ )♦♠❛♥❞♦ ♦0 ❝♦♥❥✉♥)♦0 ❛❧❣@❜%✐❝♦0 ❛✜♥0 ❝♦%%❡0♣♦♥❞❡♥)❡0✿

V(I(V1)) ⊂ V(I(V2))✳ ■00♦✱ ♣❡❧♦ ✐)❡♠ ❛♥)❡%✐♦%✱ 0✐❣♥✐✜❝❛ ;✉❡ V1 ⊂ V2✳

❆❧@♠ ❞✐00♦✱ @ ❝❧❛%♦ ;✉❡ V1 = V2 ✐♠♣❧✐❝❛ I(V1) = I(V2)✳ ❆❣♦%❛✱ ❛00✉♠✐♥❞♦ ❛ ✐❣✉❛❧❞❛❞❡

I(V1) = I(V2)✱ )❡♠♦0 V(I(V1)) = V(I(V2))✱ ♦ ;✉❡ ♦ ✐)❡♠ ❛♥)❡%✐♦% )%❛❞✉③ ❡♠ V1 = V2✳

✻✳ ➱ ❢8❝✐❧ ✈❡% ;✉❡ I(V1) ∩ I(V2) ⊂ I(V1 ∪ V2)✳ ❱✐0)♦ ;✉❡ V1 ⊂ V1 ∪ V2 ❡ V2 ⊂ V1 ∪ V2✱

)❡♠♦0 I(V1 ∪ V2) ⊂ I(V1) ∩ I(V2) ❞❡✈✐❞♦ ❛♦ ▲❡♠❛ ✼ ❡ ❛♦ ✐)❡♠ ❛♥)❡%✐♦%✳ ❉❡00❡ ♠♦❞♦✱

I(V1 ∪ V2) = I(V1) ∩ I(V2)✳

✼✳ ❙❡❥❛ x ∈ V1 ∪ V2✳ ❙❡ f ∈ I(V1) · I(V2)✱ ❡♥)2♦ ❡①✐0)✐%2♦ ♣♦❧✐♥6♠✐♦0 p1, . . . , pm ∈ I(V1) ❡

q1, . . . , qm ∈ I(V2) )❛✐0 ;✉❡

f = p1q1 + · · ·+ pmqm.

❆❧@♠ ❞✐00♦✱ )❡♠♦0 x ∈ V1 ♦✉ x ∈ V2✳ ❊♠ ♣❛%)✐❝✉❧❛%✱ x @ ③❡%♦ ❞♦0 ♣♦❧✐♥6♠✐♦0 p1, . . . , pm

♦✉ x @ ③❡%♦ ❞♦0 ♣♦❧✐♥6♠✐♦0 q1, . . . , qm✳ ❊♠ ❛♠❜♦0 ♦0 ❝❛0♦0✱ ♦ ♣♦♥)♦ x @ ③❡%♦ ❞❡ f ✳ ▲♦❣♦✱

x ∈ V(I(V1) · I(V2))✳

❘❡❝✐♣%♦❝❛♠❡♥)❡✱ ❝♦♥0✐❞❡%❡♠♦0 y ∈ V(I(V1) · I(V2))✳ ❙✉♣♦♥❤❛♠♦0 ;✉❡ y /∈ V1✱ ♦✉ 0❡❥❛✱

❡①✐0)❡ i ∈ {1, . . . , r} )❛❧ ;✉❡ fi(y) 6= 0✳ ❙❡❥❛ j ∈ {1, . . . , s} ;✉❛❧;✉❡%✳ ❈❧❛%❛♠❡♥)❡✱

figj ∈ I(V1) · I(V2) ❡✱ ❝♦♥0❡;✉❡♥)❡♠❡♥)❡✱

fi(y)gj(y) = figj(y) = 0.

❖ ❢❛)♦ ❞❡ ;✉❡ fi(y) 6= 0 ✐♠♣❧✐❝❛ gj(y) = 0✳ +♦%)❛♥)♦✱ y ∈ V1 ∪ V2 ❡ ❝♦♥❝❧✉?♠♦0 ;✉❡

V1 ∪ V2 = V(I(V1) · I(V2))✳
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✺✵ ❱❛$✐❡❞❛❞❡( ❆❧❣,❜$✐❝❛( ❆❢✐♥(

✽✳ ◆♦$❡♠♦' (✉❡✱ ♣❛-❛ $♦❞♦ λ0 ∈ Λ✱ $❡♠♦' ❛ ✐♥❝❧✉'3♦

V

(

∑

λ∈Λ

I(Vλ)

)

⊂ V(I(Vλ0)) = Vλ0

♦❜$✐❞❛ ♣♦- ♠❡✐♦ ❞❛ -❡✈❡-'3♦ ❞❛ ❢❛♠✐❧✐❛- ✐♥❝❧✉'3♦ I(Vλ0) ⊂
∑

λ∈Λ

I(Vλ)✳ ❆''✐♠✱

V

(

∑

λ∈Λ

I(Vλ)

)

⊂
⋂

λ∈Λ

Vλ.

❙❡❥❛♠ x ∈
⋂

λ∈Λ

Vλ ❡ f ∈
∑

λ∈Λ

I(Vλ)✳ ❉❡''❡ ♠♦❞♦✱ ❡①✐'$❡♠ λ1, . . . , λm ∈ Λ ❡ fλi ∈ I(Vλi)✱

♣❛-❛ ❝❛❞❛ i ∈ {1, . . . ,m}✱ '❛$✐'❢❛③❡♥❞♦

f = fλ1 + · · ·+ fλm .

❱✐'$♦ (✉❡ ♦ ♣♦♥$♦ x > ③❡-♦ ❞♦' ♣♦❧✐♥?♠✐♦' fλ1 , . . . , fλm ✱ ❡''❡ ♣♦♥$♦ $❛♠❜>♠ > ③❡-♦ ❞♦

♣♦❧✐♥?♠✐♦ f ✳ @♦-$❛♥$♦✱ x ∈ V

(

∑

λ∈Λ

I(Vλ)

)

❡ ❝♦♥❝❧✉A♠♦' (✉❡ V

(

∑

λ∈Λ

I(Vλ)

)

=
⋂

λ∈Λ

Vλ✳

❊♠ ♣❛-$✐❝✉❧❛-✱ ❛' ♣-♦♣-✐❡❞❛❞❡' ❛❝✐♠❛ ♠♦'$-❛♠ (✉❡ ♦ ♠❛♣❛

I : {K✲✈❛-✐❡❞❛❞❡' V ⊂ ❆

n(L)} → {✐❞❡❛✐' -❛❞✐❝❛✐' I ⊂ K[X1, . . . , Xn]}

V 7→ I(V )

-❡✈❡-$❡ ❛ -❡❧❛D3♦ ❞❡ ✐♥❝❧✉'3♦ ❞❡ ✈❛-✐❡❞❛❞❡' ❡ > ✐♥❥❡$✐✈♦✱ ♣♦✐' ♣♦''✉✐ ♦ ♠❛♣❛ ✐♥✈❡-'♦ E ❡'(✉❡-❞❛

V : {✐❞❡❛✐' -❛❞✐❝❛✐' I ⊂ K[X1, . . . , Xn]} → {K✲✈❛-✐❡❞❛❞❡' V ⊂ ❆

n(L)}

I 7→ V(I).

❉❡✜♥✐%&♦ ✷✶✳ ❯♠❛ K✲✈❛%✐❡❞❛❞❡ V ⊂ ❆

n(L) )❡%* ❞✐+❛ ✐!!❡❞✉%&✈❡❧ )❡✱ ♣❛%❛ .✉❛✐).✉❡%

K✲✈❛%✐❡❞❛❞❡) V1 ❡ V2 ❞❡ ❆
n(L) +❛✐) .✉❡ V = V1 ∪ V2✱ +✐✈❡%♠♦) V = V1 ♦✉ V = V2✳

+,♦♣♦.✐%&♦ ✶✺✳ ❯♠❛ K✲✈❛%✐❡❞❛❞❡ V ⊂ ❆

n(L) )❡%* ✐%%❡❞✉+2✈❡❧ )❡✱ ❡ )♦♠❡♥+❡ )❡✱ )❡✉ ✐❞❡❛❧ I(V )

❢♦% ♣%✐♠♦✳

❉❡♠♦♥)+%❛78♦✳ ❙✉♣♦♥❤❛♠♦' (✉❡ V '❡❥❛ ✐--❡❞✉$A✈❡❧✳ ❙❡❥❛♠ f1, f2 ∈ K[X1, . . . , Xn] ♣♦❧✐♥?♠✐♦'

$❛✐' (✉❡ f1f2 ∈ I(V )✳ @❡❧♦ ▲❡♠❛ ✼✱ ❛' ✐♥$❡-'❡DI❡' V ∩ V(f1) ❡ V ∩ V(f2) '3♦ K✲✈❛-✐❡❞❛❞❡' ❞❡

❆

n(L)✳ ▼♦'$-❡♠♦' (✉❡ V > ❛ ✉♥✐3♦ ❞❡''❛' ❞✉❛' K✲✈❛-✐❡❞❛❞❡'✳

❙❡❥❛ x ∈ V $❛❧ (✉❡ x /∈ V(f1)✳ ◆♦$❡♠♦' (✉❡ f1(x) 6= 0✱ ❡♥(✉❛♥$♦ f1f2(x) = 0✳ ■''♦ ✐♠♣❧✐❝❛

f2(x) = 0 ❡✱ ♣♦- ❝♦♥'❡(✉L♥❝✐❛✱ x ∈ V(f2)✳ ▲♦❣♦✱ $❡♠♦' ❛ ❞❡❝♦♠♣♦'✐D3♦

V = (V ∩ V(f1)) ∪ (V ∩ V(f2)).

❯♥✐✈❡$(✐❞❛❞❡ ❋❡❞❡$❛❧ ❞❡ ❯❜❡$❧4♥❞✐❛ ✲ ❋❛❝✉❧❞❛❞❡ ❞❡ ▼❛8❡♠:8✐❝❛



❱❛"✐❡❞❛❞❡& ❆❧❣*❜"✐❝❛& ❆❢✐♥& ✺✶

 ♦" ❤✐♣&'❡)❡✱ V = V ∩V(f1) ♦✉ V = V ∩V(f2)✳ ❱✐)'♦ .✉❡ V ⊂ V(f1) ♦✉ V ⊂ V(f2)✱ '❡♠♦)

f1 ∈ I(V ) ♦✉ f2 ∈ I(V )✳ ❉❡))❡ ♠♦❞♦✱ ♦ ✐❞❡❛❧ I(V ) 4 ♣"✐♠♦✳

❘❡❝✐♣"♦❝❛♠❡♥'❡✱ )✉♣♦♥❤❛♠♦) .✉❡ ♦ ✐❞❡❛❧ I(V ) )❡❥❛ ♣"✐♠♦✳ ❙❡❥❛♠ V1 ❡ V2 ❞✉❛) K✲✈❛"✐❡❞❛❞❡)

❞❡ ❆

n(L) '❛✐) .✉❡ V = V1∪V2✳ ❙✉♣♦♥❤❛♠♦)✱ ♣♦" ❛❜)✉"❞♦✱ .✉❡ V 6= V1 ❡ V 6= V2✳ ❆  "♦♣♦)✐>?♦

✶✹ ❢♦"♥❡❝❡ .✉❡ I(V ) = I(V1) ∩ I(V2)✱ I(V ) $ I(V1) ❡ I(V ) $ I(V2)✳ ❉❡))❡ ♠♦❞♦✱ ❡①✐)'❡♠

♣♦❧✐♥D♠✐♦) g1 ∈ I(V1) ❡ g2 ∈ I(V2) '❛✐) .✉❡ g1, g2 /∈ I(V )✳ ❈❧❛"❛♠❡♥'❡✱

g1g2 ∈ I(V1) ∩ I(V2) = I(V )

❡✱ ❝♦♠♦ I(V ) 4 ♣"✐♠♦✱ g1 ∈ I(V ) ♦✉ g2 ∈ I(V )✱ ♦ .✉❡ 4 ✉♠❛ ❝♦♥'"❛❞✐>?♦✳ ▲♦❣♦✱ ❛ K✲✈❛"✐❡❞❛❞❡

V 4 ✐""❡❞✉'H✈❡❧✳

✹✳✷ ❖ ❚❡♦'❡♠❛ ❞❛ ❇❛,❡ ❞❡ ❍✐❧❜❡'1

◆❡)'❛ )❡>?♦✱ ✈❡"❡♠♦) .✉❡ ✐❞❡❛✐) ❡♠ ❛♥4✐) ❞❡ ♣♦❧✐♥D♠✐♦) ❝♦♠ ❝♦❡✜❝✐❡♥'❡) ❡♠ ✉♠ ❝♦"♣♦ )?♦

✜♥✐'❛♠❡♥'❡ ❣❡"❛❞♦)✳ ❈♦♠♦ ❝♦♥)❡.✉K♥❝✐❛✱ ♣"♦✈❛"❡♠♦) .✉❡ ❝♦♥❥✉♥'♦) ❛❧❣4❜"✐❝♦) ❛✜♥) ♣♦❞❡♠ )❡"

)❡♠♣"❡ ❞❡✜♥✐❞♦) ♣♦" ✉♠❛ .✉❛♥'✐❞❛❞❡ ✜♥✐'❛ ❞❡ ♣♦❧✐♥D♠✐♦)✳

❉❡✜♥✐%&♦ ✷✷✳ ❯♠ ❛♥❡❧ A &❡'( ❞✐+♦ ♥♦❡#❤❡%✐❛♥♦ &❡ +♦❞♦& ♦& &❡✉& ✐❞❡❛✐& ❢♦'❡♠ ✜♥✐+❛♠❡♥+❡

❣❡'❛❞♦&✳

◆♦'❡♠♦) .✉❡ '♦❞♦ ❞♦♠H♥✐♦ ♣"✐♥❝✐♣❛❧ 4 ✉♠ ❛♥❡❧ ♥♦❡'❤❡"✐❛♥♦✳ ❊♠ ♣❛"'✐❝✉❧❛"✱ ❩✱ K ❡ K[X]

)?♦ ❡①❡♠♣❧♦) ❞❡ ❛♥4✐) ♥♦❡'❤❡"✐❛♥♦)✳

*+♦♣♦-✐%&♦ ✶✻✳ ❙❡❥❛ A ✉♠ ❛♥❡❧✳ ❊♥+5♦✱ &5♦ ❡7✉✐✈❛❧❡♥+❡&✿

✶✳ A ; ♥♦❡+❤❡'✐❛♥♦❀

✷✳ 7✉❛❧7✉❡' ❝❛❞❡✐❛ ❛&❝❡♥❞❡♥+❡ ❞❡ ✐❞❡❛✐& ❞❡ A ; ❡&+❛❝✐♦♥('✐❛✱ ✐&+♦ ;✱ &❡

I1 ⊂ I2 ⊂ · · · ⊂ Im ⊂ · · ·

❢♦' ✉♠❛ ❝❛❞❡✐❛ ❛&❝❡♥❞❡♥+❡ ❞❡ ✐❞❡❛✐& ❞❡ A✱ ❡♥+5♦ ❡①✐&+❡ m ∈ ◆ +❛❧ 7✉❡ Ik = Im ♣❛'❛ +♦❞♦&

k ≥ m❀

✸✳ +♦❞♦ ❝♦♥❥✉♥+♦ Γ ♥5♦ ✈❛③✐♦ ❞❡ ✐❞❡❛✐& ❞❡ A ♣♦&&✉✐ ✉♠ ❡❧❡♠❡♥+♦ ♠❛①✐♠❛❧ ❝♦♠ '❡&♣❡✐+♦ D

✐♥❝❧✉&5♦✱ ✐&+♦ ;✱ ❡①✐&+❡ ✉♠ ✐❞❡❛❧ M ∈ Γ +❛❧ 7✉❡✱ ♣❛'❛ +♦❞♦ I ∈ Γ✱ M ⊂ I ✐♠♣❧✐❝❛ I =M ✳

❉❡♠♦♥&+'❛F5♦✳

✶ ⇒ ✷✳ ❙✉♣♦♥❤❛♠♦) .✉❡ A )❡❥❛ ♥♦❡'❤❡"✐❛♥♦ ❡ )❡❥❛

I1 ⊂ I2 ⊂ · · · ⊂ Im ⊂ · · ·
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✺✷ ❱❛$✐❡❞❛❞❡( ❆❧❣,❜$✐❝❛( ❆❢✐♥(

✉♠❛ ❝❛❞❡✐❛ ❛'❝❡♥❞❡♥)❡ ❞❡ ✐❞❡❛✐' ❞❡ A✳ ❊♥),♦✱ ❛ ✉♥✐,♦ I :=
⋃

k∈◆\{0}

Ik / ✉♠ ✐❞❡❛❧ ❞❡

A ❡✱ ❝♦♥'❡1✉❡♥)❡♠❡♥)❡✱ ❡①✐')❡♠ a1, . . . , ar ∈ A )❛✐' 1✉❡ I = (a1, . . . , ar)✳ 3❛4❛ ❝❛❞❛

i ∈ {1, . . . , r}✱ ❡①✐')❡ mi ∈ ◆ )❛❧ 1✉❡ ai ∈ Imi
✳ ❉❡✜♥✐♥❞♦ m = max{m1, . . . ,mr}✱ )❡♠♦'

I = (a1, . . . , ar) ⊂ Im ⊂ Ik ⊂ I

♣❛4❛ )♦❞♦ k ≥ m✳ ■''♦ ♠♦')4❛ 1✉❡ Ik = I = Im ♣❛4❛ )♦❞♦ k ≥ m✳ ▲♦❣♦✱ ❛ ❝❛❞❡✐❛

❛'❝❡♥❞❡♥)❡ ❞❡ ✐❞❡❛✐' / ❡')❛❝✐♦♥;4✐❛✳

✷ ⇒ ✸✳ ❙✉♣♦♥❤❛♠♦' 1✉❡ ❡①✐')❛ ✉♠ ❝♦♥❥✉♥)♦ ♥,♦ ✈❛③✐♦ Γ ❞❡ ✐❞❡❛✐' ❞❡ A 1✉❡ ♥,♦ ♣♦''✉❛ ✉♠

❡❧❡♠❡♥)♦ ♠❛①✐♠❛❧ ❝♦♠ 4❡'♣❡✐)♦ C ✐♥❝❧✉',♦✳ ❊♥),♦✱ ♣❛4❛ ❝❛❞❛ I ∈ Γ✱ ♦ ❝♦♥❥✉♥)♦

SI := {J ∈ Γ; I $ J}

/ ♥,♦ ✈❛③✐♦✳ 3❡❧♦ ❆①✐♦♠❛ ❞❛ ❊'❝♦❧❤❛✱ ❡①✐')❡ ✉♠❛ ❢✉♥F,♦ E : P(Γ) \ {∅} → Γ )❛❧ 1✉❡

E(S) ∈ S ♣❛4❛ ❝❛❞❛ '✉❜❝♦♥❥✉♥)♦ ♥,♦ ✈❛③✐♦ S ⊂ Γ✳ ❉❡✜♥❛♠♦' ❛ ❢✉♥F,♦

f : Γ → Γ

I 7→ E(SI).

❊✈✐❞❡♥)❡♠❡♥)❡✱ I $ f(I) ♣❛4❛ )♦❞♦ I ∈ Γ✳ ❚♦♠❡♠♦' ✉♠ ❡❧❡♠❡♥)♦ I0 ❡♠ Γ✳ 3❡❧♦ ❚❡♦4❡♠❛

❞❛ ❘❡❝✉4',♦ ❡♠ ◆✱ ❡①✐')❡ ✉♠❛ ❢✉♥F,♦ h : ◆ → Γ )❛❧ 1✉❡ h(0) = I0 ❡ h(n + 1) = f(h(n))

♣❛4❛ )♦❞♦ n ∈ ◆✳ ❉❡''❡ ♠♦❞♦✱

h(n) $ f(h(n)) = h(n+ 1)

♣❛4❛ 1✉❛❧1✉❡4 n ∈ ◆✳ ▲♦❣♦✱ ❛ ❝❛❞❡✐❛ ❛'❝❡♥❞❡♥)❡ ❞❡ ✐❞❡❛✐'

h(1) $ h(2) $ · · · $ h(n) $ · · ·

♥,♦ / ❡')❛❝✐♦♥;4✐❛✳

✸ ⇒ ✶✳ ❙✉♣♦♥❤❛♠♦' 1✉❡ )♦❞♦ ❝♦♥❥✉♥)♦ ♥,♦ ✈❛③✐♦ ❞❡ ✐❞❡❛✐' ❞❡ A ♣♦''✉❛ ✉♠ ❡❧❡♠❡♥)♦ ♠❛①✐♠❛❧

❝♦♠ 4❡'♣❡✐)♦ C ✐♥❝❧✉',♦✳ ❙❡❥❛ I ✉♠ ✐❞❡❛❧ ❞❡ A✳ ❉❡✜♥❛♠♦' ♦ ❝♦♥❥✉♥)♦

Γ = {J ⊂ I; J / ✉♠ ✐❞❡❛❧ ✜♥✐)❛♠❡♥)❡ ❣❡4❛❞♦ ❞❡ A}.

◆♦)❡♠♦' 1✉❡ Γ 6= ∅✱ ✉♠❛ ✈❡③ 1✉❡ (0) ∈ Γ✳ ❙❡❥❛ M ✉♠ ❡❧❡♠❡♥)♦ ♠❛①✐♠❛❧ ❞❡ Γ✳

❈❧❛4❛♠❡♥)❡✱ M ⊂ I ❡ M / ✜♥✐)❛♠❡♥)❡ ❣❡4❛❞♦✱ ❞✐❣❛♠♦'✱ M = (a1, . . . , ar) ♣❛4❛ ❝❡4✲

)♦' a1, . . . , ar ∈ A✳ ◆♦)❡♠♦' 1✉❡ I ⊂ M ✱ ♣♦✐'✱ ❝❛'♦ ❝♦♥)4;4✐♦✱ ❡①✐')✐4✐❛ ✉♠ ❡❧❡♠❡♥)♦

ar+1 ∈ I \M ❡✱ ❛''✐♠✱ )❡4N❛♠♦'

M $ (a1, . . . , ar, ar+1) ⊂ I,

❯♥✐✈❡$(✐❞❛❞❡ ❋❡❞❡$❛❧ ❞❡ ❯❜❡$❧4♥❞✐❛ ✲ ❋❛❝✉❧❞❛❞❡ ❞❡ ▼❛8❡♠:8✐❝❛



❱❛"✐❡❞❛❞❡& ❆❧❣*❜"✐❝❛& ❆❢✐♥& ✺✸

❝♦♥#$❛❞✐③❡♥❞♦ ❛ ♠❛①✐♠❛❧✐❞❛❞❡ ❞❡ M ❡♠ Γ✳ ▲♦❣♦✱ I =M 1 ✜♥✐#❛♠❡♥#❡ ❣❡$❛❞♦✳

❚❡♦#❡♠❛ ✾ ✭❚❡♦$❡♠❛ ❞❛ ❇❛6❡ ❞❡ ❍✐❧❜❡$#✮✳ ❙❡ A ❢♦$ ✉♠ ❛♥❡❧ ♥♦❡*❤❡$✐❛♥♦✱ ❡♥*.♦ A[X1, . . . , Xn]

/❡$0 *❛♠❜2♠ ♥♦❡*❤❡$✐❛♥♦✳

❉❡♠♦♥/*$❛5.♦✳ ❇❛6#❛ ♠♦6#$❛$♠♦6 ❛ ♣$♦♣♦6✐;<♦ 6❡❣✉✐♥#❡✿

A ♥♦❡#❤❡$✐❛♥♦ ⇒ A[X] ♥♦❡#❤❡$✐❛♥♦.

❋❛③❡♥❞♦ ✐♥❞✉;<♦ 6♦❜$❡ n✱ ♦ ❢❛#♦ ❞❡ B✉❡✱ ♣❛$❛ #♦❞♦ ✐♥#❡✐$♦ ♣♦6✐#✐✈♦ n✱ A ♥♦❡#❤❡$✐❛♥♦ ✐♠♣❧✐❝❛

A[X1, . . . , Xn] ♥♦❡#❤❡$✐❛♥♦ ❞❡❝♦$$❡$D ❞❡66❛ ♣$♦♣♦6✐;<♦✳

❙✉♣♦♥❤❛♠♦6 B✉❡ A 6❡❥❛ ✉♠ ❛♥❡❧ ♥♦❡#❤❡$✐❛♥♦✳ ❙❡❥❛ I ✉♠ ✐❞❡❛❧ ❞❡ A[X]✳ ▼♦6#$❡♠♦6 B✉❡

I 1 ✜♥✐#❛♠❡♥#❡ ❣❡$❛❞♦✳ ❈❧❛$❛♠❡♥#❡✱ ♣♦❞❡♠♦6 6✉♣♦$ I 6= (0)✳ I❛$❛ ❝❛❞❛ k ∈ ◆✱ ❞❡✜♥❛♠♦6 ♦

❝♦♥❥✉♥#♦

Jk = {a ∈ A; ❡①✐6#❡♠ f ∈ I ❡ a0, . . . , ak−1 ∈ A #❛✐6 B✉❡ f(X) = aXk + ak−1X
k−1 + · · ·+ a0}.

➱ ❢D❝✐❧ ✈❡$ B✉❡ Jk 1 ✉♠ ✐❞❡❛❧ ❞❡ A ♣❛$❛ #♦❞♦ k ∈ ◆✳ ❆❧1♠ ❞✐66♦✱ Jk ⊂ Jk+1 ♣❛$❛ #♦❞♦

k ∈ ◆✳ ❉❡ ❢❛#♦✱ 6❡❥❛♠ k0 ∈ ◆ ❡ ak0 ∈ Jk0 ✳ ❊♥#<♦ ❡①✐6#❡♠ p ∈ I ❡ a0, . . . , ak0−1 ∈ A 6❛#✐6❢❛③❡♥❞♦

p(X) = ak0X
k0 + ak0−1X

k0−1 + · · ·+ a0✳ ❱✐6#♦ B✉❡

ak0X
k0+1 + ak0−1X

k0 + · · ·+ a0X = Xp(X) ∈ I,

#❡♠♦6 ak0 ∈ Jk0+1✳

❈♦♠♦ A 1 ♥♦❡#❤❡$✐❛♥♦✱ ❛ ❝❛❞❡✐❛ ❛6❝❡♥❞❡♥#❡ ❞❡ ✐❞❡❛✐6 ❞❡ A

J0 ⊂ J1 ⊂ · · · ⊂ Jm ⊂ · · ·

1 ❡6#❛❝✐♦♥D$✐❛✱ ✐6#♦ 1✱ ❡①✐6#❡ m ∈ ◆ #❛❧ B✉❡ Jk = Jm ♣❛$❛ #♦❞♦ k ≥ m✳ ❊♠ ❛❞✐;<♦ ❛ ✐66♦✱ ♦6

✐❞❡❛✐6 J0, . . . , Jm 6<♦ ✜♥✐#❛♠❡♥#❡ ❣❡$❛❞♦6✱ ♦✉ 6❡❥❛✱ ❡①✐6#❡♠ ak1, ak2, . . . , aknk
∈ A #❛✐6 B✉❡

Jk = (ak1, ak2, . . . , aknk
)

♣❛$❛ ❝❛❞❛ k ∈ {0, . . . ,m}✳ ❊✈✐❞❡♥#❡♠❡♥#❡✱ ♣❛$❛ #♦❞♦6 k ∈ {0, . . . ,m} ❡ j ∈ {1, . . . , nk}✱ ❡①✐6#❡

fkj ∈ I #❛❧ B✉❡ ♣♦❞❡♠♦6 ❡6❝$❡✈❡$

fkj(X) = akjX
k + ak,j,k−1X

k−1 + · · ·+ ak,j,0

♣❛$❛ ❝❡$#♦6 ak,j,0, . . . , ak,j,k−1 ∈ A✳ ❉❡✜♥❛♠♦6 ♦ ✐❞❡❛❧

I ′ = ({fkj ∈ I; k ∈ {0, . . . ,m} ❡ j ∈ {1, . . . , nk}})

❡ ♠♦6#$❡♠♦6 B✉❡ I = I ′✳
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✺✹ ❱❛$✐❡❞❛❞❡( ❆❧❣,❜$✐❝❛( ❆❢✐♥(

❆ ✐♥❝❧✉&'♦ I ′ ⊂ I ) *❜✈✐❛✳ /❛0❛ ♠♦&20❛0 3✉❡ I ⊂ I ′✱ ❜❛&2❛ ♣0♦✈❛0 ❛ ❛✜0♠❛8'♦ &❡❣✉✐♥2❡

✉2✐❧✐③❛♥❞♦ ✐♥❞✉8'♦ &♦❜0❡ k✳

❆❢✐#♠❛&'♦✿ /❛0❛ 2♦❞♦& k ∈ ◆ ❡ f ∈ A[X] \ {0}✱ &❡ f ∈ I ❡ grau(f) = k✱ ❡♥2'♦ f ∈ I ′✳

❙❡❥❛ f ∈ I ✉♠ ♣♦❧✐♥>♠✐♦ ❝♦♥&2❛♥2❡✱ ✐&2♦ )✱ f(X) = a ♣❛0❛ ❛❧❣✉♠ a ∈ A✳ ❆&&✐♠✱ a ∈ J0 ❡✱

♣♦0 ❝♦♥&❡3✉?♥❝✐❛✱ ❡①✐&2❡♠ b1, . . . , bn0 ∈ A 2❛✐& 3✉❡

f(X) = a = b1a01 + · · ·+ bn0a0n0 = b1f01(X) + · · ·+ bn0f0n0(X) ∈ I ′.

▲♦❣♦✱ ❛ ❛✜0♠❛8'♦ ) ✈❡0❞❛❞❡✐0❛ 3✉❛♥❞♦ k = 0✳

❆❣♦0❛✱ &✉♣♦♥❤❛♠♦& 3✉❡✱ ♣❛0❛ ❞❡2❡0♠✐♥❛❞♦ ✐♥2❡✐0♦ ♣♦&✐2✐✈♦ k ❡ ♣❛0❛ 2♦❞♦& h ∈ A[X] \ {0}✱

&❡ h ∈ I ❝♦♠ grau(h) < k✱ ❡♥2'♦ h ∈ I ′✳ ❙❡❥❛ g ∈ I ✉♠ ♣♦❧✐♥>♠✐♦ ❞❡ ❣0❛✉ k✳ ❊&❝0❡✈❛♠♦&

g(X) = ckX
k + ck−1X

k−1 + . . .+ c0

♣❛0❛ ❝❡02♦& c0, . . . , ck ∈ A✳ ❚❡♠♦& ❞♦✐& ❝❛&♦&✳

❈❛+♦ ✶✿ ❙✉♣♦♥❤❛♠♦& 3✉❡ k ≤ m✳ ◆❡&&❡ ❝❛&♦✱ ck ∈ Jk ❡✱ ❞❡&&❡ ♠♦❞♦✱ ❡①✐&2❡♠ d1, . . . , dnk
∈ A

2❛✐& 3✉❡

ck = d1ak1 + · · ·+ dnk
aknk

.

❉❡✜♥✐♥❞♦

h(X) = g(X)− (d1fk1(X) + · · ·+ dnk
fknk

(X)),

2❡♠♦& h ∈ I ❡✱ ❛❧)♠ ❞✐&&♦✱ h = 0 ♦✉ grau(h) < k✳ ❊♠ ❛♠❜♦& ♦& ❝❛&♦&✱ h ∈ I ′✳ ❉❡ ❢❛2♦✱ &❡

h 6= 0✱ ❛ ❤✐♣*2❡&❡ ❞❡ ✐♥❞✉8'♦ ❢♦0♥❡❝❡0H 3✉❡ h ∈ I ′✳ ▲♦❣♦✱

g(X) = h(X) + (d1fk1(X) + · · ·+ dnk
fknk

(X)) ∈ I ′.

❈❛+♦ ✷✿ ❙✉♣♦♥❤❛♠♦& 3✉❡ k > m✳ ◆❡&&❡ ❝❛&♦✱ ck ∈ Jk = Jm ❡✱ ❧♦❣♦✱ ) ♣♦&&I✈❡❧ ❡&❝0❡✈❡0

ck = d1am1 + · · ·+ dnm
amnm

♣❛0❛ ❝❡02♦& d1, . . . , dnm
∈ A✳ ❉❡✜♥❛♠♦& ♦ ♣♦❧✐♥>♠✐♦

h(X) = g(X)−Xk−m(d1fm1(X) + · · ·+ dnm
fmnm

(X)).

◆♦2❡♠♦& 3✉❡ h ∈ I✱ ♦♥❞❡ h = 0 ♦✉ grau(h) < k✳ ❉❡ 3✉❛❧3✉❡0 ❢♦0♠❛✱ ❛♥❛❧♦❣❛♠❡♥2❡ ❛♦ ❝❛&♦

❛♥2❡0✐♦0✱ 2❡♠♦& h ∈ I ′ ❡ ❝♦♥❝❧✉I♠♦& 3✉❡

g(X) = h(X) +Xk−m(d1fm1(X) + · · ·+ dnm
fmnm

(X)) ∈ I ′.

/❡❧♦ /0✐♥❝I♣✐♦ ❞❡ ■♥❞✉8'♦ ❋✐♥✐2❛✱ ❛ ❛✜0♠❛8'♦ ) ✈H❧✐❞❛ ♣❛0❛ 2♦❞♦ k ∈ ◆✳ /♦02❛♥2♦✱ I = I ′ )

✜♥✐2❛♠❡♥2❡ ❣❡0❛❞♦ ❡ A[X] ) ♥♦❡2❤❡0✐❛♥♦✳

❯♥✐✈❡$(✐❞❛❞❡ ❋❡❞❡$❛❧ ❞❡ ❯❜❡$❧4♥❞✐❛ ✲ ❋❛❝✉❧❞❛❞❡ ❞❡ ▼❛8❡♠:8✐❝❛



❱❛"✐❡❞❛❞❡& ❆❧❣*❜"✐❝❛& ❆❢✐♥& ✺✺

❈♦"♦❧$"✐♦ ✶✳ ◗✉❛❧$✉❡& ❝❛❞❡✐❛ ❞❡*❝❡♥❞❡♥,❡ ❞❡ K✲✈❛&✐❡❞❛❞❡* ❞❡ ❆n(L) / ❡*,❛❝✐♦♥1&✐❛✱ ✐*,♦ /✱ *❡

V1 ⊃ V2 ⊃ · · · ⊃ Vm ⊃ · · ·

❢♦& ✉♠❛ ❝❛❞❡✐❛ ❞❡*❝❡♥❞❡♥,❡ ❞❡ K✲✈❛&✐❡❞❛❞❡* ❞❡ ❆n(L)✱ ❡♥,5♦ ❡①✐*,❡ m ∈ ◆ ,❛❧ $✉❡ Vk = Vm

♣❛&❛ ,♦❞♦* k ≥ m✳

❉❡♠♦♥*,&❛:5♦✳ ❈♦♥#✐❞❡'❡♠♦#

V1 ⊃ V2 ⊃ · · · ⊃ Vm ⊃ · · ·

✉♠❛ ❝❛❞❡✐❛ ❞❡#❝❡♥❞❡♥,❡ ❞❡ K✲✈❛'✐❡❞❛❞❡# ❞❡ ❆n(L)✳ 0❡❧♦ 2✉✐♥,♦ ✐,❡♠ ❞❛ 0'♦♣♦#✐45♦ ✶✹✱ ,♦♠❛♥❞♦

♦ ✐❞❡❛❧ ❝♦''❡#♣♦♥❞❡♥,❡ ❛ ❝❛❞❛ K✲✈❛'✐❡❞❛❞❡✱ ♦❜,❡♠♦# ❛ #❡❣✉✐♥,❡ ❝❛❞❡✐❛ ❛#❝❡♥❞❡♥,❡ ❞❡ ✐❞❡❛✐# ❞♦

❛♥❡❧ K[X1, . . . , Xn]✿

I(V1) ⊂ I(V2) ⊂ · · · ⊂ I(Vm) ⊂ · · · .

0❡❧♦ ❚❡♦'❡♠❛ ❞❛ ❇❛#❡ ❞❡ ❍✐❧❜❡',✱ K[X1, . . . , Xn] ? ♥♦❡,❤❡'✐❛♥♦ ❡✱ ❡♠ ♣❛',✐❝✉❧❛'✱ ❡①✐#,❡

m ∈ ◆ ,❛❧ 2✉❡ I(Vk) = I(Vm) ♣❛'❛ ,♦❞♦ k ≥ m✳ ❘❡❝♦''❡♥❞♦ ♥♦✈❛♠❡♥,❡ ❛♦ 2✉✐♥,♦ ✐,❡♠ ❞❛

0'♦♣♦#✐45♦ ✶✹✱ ♦❜,❡♠♦# Vk = Vm ♣❛'❛ ❝❛❞❛ k ≥ m✱ ♦ 2✉❡ ❝♦♥❝❧✉✐ ❛ ♣'♦✈❛✳

◆♦ #❡❣✉♥❞♦ ✐,❡♠ ❞❛ ❖❜#❡'✈❛45♦ ✶✹✱ ✈✐♠♦# 2✉❡ ,♦❞❛ K✲✈❛'✐❡❞❛❞❡ ❡♠ ❆

n(L) ? ✉♠ ❝♦♥❥✉♥,♦

❛❧❣?❜'✐❝♦ ❛✜♠✳ ❈♦♠ ❛✉①G❧✐♦ ❞♦ ❚❡♦'❡♠❛ ❞❛ ❇❛#❡ ❞❡ ❍✐❧❜❡',✱ ♣♦❞❡♠♦# ♠♦#,'❛' ❛ ♣❛',❡ 2✉❡ ❢❛❧,❛

♣❛'❛ ❝♦♥❝❧✉✐'♠♦# 2✉❡ K✲✈❛'✐❡❞❛❞❡ ❡ ❝♦♥❥✉♥,♦ ❛❧❣?❜'✐❝♦ ❛✜♠ #5♦ #✐♥I♥✐♠♦#✳

❈♦"♦❧$"✐♦ ✷✳ ❙❡ I ❢♦& ✉♠ ✐❞❡❛❧ ❞❡ K[X1, . . . , Xn]✱ ❡♥,5♦ V(I) *❡&1 ✉♠❛ K✲✈❛&✐❡❞❛❞❡ ❡♠ ❆

n(L)✳

❉❡♠♦♥*,&❛:5♦✳ ◆♦,❡♠♦# 2✉❡ ❡①✐#,❡♠ f1, . . . , fm ∈ K[X1, . . . , Xn] ,❛✐# 2✉❡ I = (f1, . . . , fm)✱

✉♠❛ ✈❡③ 2✉❡ ♦ ❚❡♦'❡♠❛ ❞❛ ❇❛#❡ ❞❡ ❍✐❧❜❡', ❢♦'♥❡❝❡ 2✉❡ K[X1, . . . , Xn] ? ♥♦❡,❤❡'✐❛♥♦✳ ❉❡##❡

♠♦❞♦✱ V(I) = V(f1, . . . , fm) ? ♦ ❝♦♥❥✉♥,♦ #♦❧✉45♦ ❞♦ #✐#,❡♠❛ ❞❡ ❡2✉❛4L❡#

fi(X1, . . . , Xn) = 0 (i ∈ {1, . . . ,m}).

✹✳✸ ❉❡❝♦♠♣♦)✐+,♦ ❞❡ ❱❛0✐❡❞❛❞❡) ❡♠ ❈♦♠♣♦♥❡♥3❡)

■00❡❞✉36✈❡✐)

❈♦♠❡❝❡♠♦# ❡#,❛ #❡45♦ ✐♥,'♦❞✉③✐♥❞♦ ✉♠❛ ,♦♣♦❧♦❣✐❛ ♥♦# ❡#♣❛4♦# ❛✜♥# ❡✱ ♣♦' ❝♦♥#❡2✉M♥❝✐❛✱

♥❛# K✲✈❛'✐❡❞❛❞❡#✳

▲❡♠❛ ✽ ✭❚♦♣♦❧♦❣✐❛ ❞❡ ❩❛'✐#❦✐✮✳ ❊♠ ❆

n(L)✱ ,❡♠♦* ❛* ♣&♦♣&✐❡❞❛❞❡* *❡❣✉✐♥,❡*✿

✶✳ ♦ ❡*♣❛:♦ ❛✜♠ ❆

n(L) ❡ ♦ ❝♦♥❥✉♥,♦ ✈❛③✐♦ *5♦ K✲✈❛&✐❡❞❛❞❡*❀

✷✳ ✉♥✐5♦ ✜♥✐,❛ ❞❡ K✲✈❛&✐❡❞❛❞❡* / ✉♠❛ K✲✈❛&✐❡❞❛❞❡❀

❇❛❝❤❛"❡❧❛❞♦ ❡♠ ▼❛5❡♠65✐❝❛



✺✻ ❱❛$✐❡❞❛❞❡( ❆❧❣,❜$✐❝❛( ❆❢✐♥(

✸✳ ✐♥$❡&'❡()♦ ❛&❜✐$&-&✐❛ ❞❡ K✲✈❛&✐❡❞❛❞❡' 1 ✉♠❛ K✲✈❛&✐❡❞❛❞❡✳

❉❡''❡ ♠♦❞♦✱ ❛' K✲✈❛&✐❡❞❛❞❡' ')♦ ♦' ❝♦♥❥✉♥$♦' ❢❡❝❤❛❞♦' ❞❡ ✉♠❛ $♦♣♦❧♦❣✐❛ ❡♠ ❆

n(L)✱ ❛ ❝❤❛♠❛❞❛

 ♦♣♦❧♦❣✐❛ ❞❡ ❩❛*✐+❦✐ ❝♦♠ *❡+♣❡✐ ♦ ❛ K✳

❉❡♠♦♥'$&❛()♦✳

✶✳ ➱ ❢$❝✐❧ ✈❡* +✉❡ ❆

n(L) = V(0) ❡ ∅ = V(1)✳ ❆..✐♠✱ ❆

n(L) ❡ ∅ .1♦ K✲✈❛*✐❡❞❛❞❡.✳

✷✳ ❈♦♥❢♦*♠❡ ✈✐♠♦. ♥♦ ▲❡♠❛ ✼✱ ✉♥✐1♦ ✜♥✐<❛ ❞❡ K✲✈❛*✐❡❞❛❞❡. = ✉♠❛ K✲✈❛*✐❡❞❛❞❡✳

✸✳ ❙❡❥❛ (Vλ)λ∈Λ ✉♠❛ ❢❛♠A❧✐❛ ❞❡ K✲✈❛*✐❡❞❛❞❡. ❞❡ ❆

n(L)✳ B❡❧♦ ♦✐<❛✈♦ ✐<❡♠ ❞❛ B*♦♣♦.✐D1♦ ✶✹✱

<❡♠♦.

⋂

λ∈Λ

Vλ = V

(

∑

λ∈Λ

I(Vλ)

)

✳ B❡❧♦ ❈♦*♦❧$*✐♦ ✷✱

⋂

λ∈Λ

Vλ = ✉♠❛ K✲✈❛*✐❡❞❛❞❡✳

❖❜"❡$✈❛'(♦ ✶✺✳ ❙❡❥❛ V ✉♠❛ K✲✈❛&✐❡❞❛❞❡ ❡♠ ❆

n(L)✳ ❆ $♦♣♦❧♦❣✐❛ ❞❡ ❩❛&✐'❦✐ ♥♦ ❡'♣❛(♦ ❛✜♠

❆

n(L) ❝♦♠ &❡'♣❡✐$♦ ❛ K ✐♥❞✉③ ✉♠❛ $♦♣♦❧♦❣✐❛ ❡♠ V ✱ ❛ ❝❤❛♠❛❞❛  ♦♣♦❧♦❣✐❛ ❞❡ ❩❛*✐+❦✐ ❡♠ V

❝♦♠ *❡+♣❡✐ ♦ ❛ K✳ ◆♦$❡♠♦' D✉❡ ♦' ❝♦♥❥✉♥$♦' ❢❡❝❤❛❞♦' ❞❡''❛ $♦♣♦❧♦❣✐❛ ')♦ ❛' K✲✈❛&✐❡❞❛❞❡'

❝♦♥$✐❞❛' ❡♠ V ✳ ❉❡ ❢❛$♦✱ '❡ W ⊂ V ❢♦& ✉♠❛ K✲✈❛&✐❡❞❛❞❡✱ ❡♥$)♦ W 1 ✉♠ ❝♦♥❥✉♥$♦ ❢❡❝❤❛❞♦ ❡♠

❆

n(L) ❡✱ ♣♦& ❝♦♥'❡D✉E♥❝✐❛✱ W = V ∩W 1 ✉♠ ❝♦♥❥✉♥$♦ ❢❡❝❤❛❞♦ ❡♠ V ✳ ❘❡❝✐♣&♦❝❛♠❡♥$❡✱ '❡ F

❢♦& ✉♠ ❝♦♥❥✉♥$♦ ❢❡❝❤❛❞♦ ❡♠ V ✱ ♣♦❞❡&❡♠♦' ❡'❝&❡✈❡& F = V ∩G ♣❛&❛ ❝❡&$♦ ❝♦♥❥✉♥$♦ ❢❡❝❤❛❞♦ G

❡♠ ❆

n(L)✳ ❈♦♠♦ V ❡ G ')♦ K✲✈❛&✐❡❞❛❞❡'✱ F 1 ✉♠❛ K✲✈❛&✐❡❞❛❞❡ ❝♦♥$✐❞❛ ❡♠ V ✳

❉❡✜♥✐'(♦ ✷✸✳ ❙❡❥❛ X ✉♠ ❡'♣❛(♦ $♦♣♦❧H❣✐❝♦✳ ❉✐&❡♠♦' D✉❡ X 1 ✐**❡❞✉ 0✈❡❧ '❡✱ ♣❛&❛ D✉❛✐'D✉❡&

❝♦♥❥✉♥$♦' ❢❡❝❤❛❞♦' F1 ❡ F2 ❡♠ X $❛✐' D✉❡ X = F1 ∪ F2✱ $✐✈❡&♠♦' X = F1 ♦✉ X = F2✳ ❯♠

'✉❜❝♦♥❥✉♥$♦ Y ❞❡ X '❡&- ✐&&❡❞✉$J✈❡❧ '❡ Y ❢♦& ✐&&❡❞✉$J✈❡❧ ❝♦♠♦ ✉♠ ❡'♣❛(♦ $♦♣♦❧H❣✐❝♦ ❝♦♠ ❛

$♦♣♦❧♦❣✐❛ ✐♥❞✉③✐❞❛✳

❖❜"❡$✈❛'(♦ ✶✻✳ ❆ ❖❜'❡&✈❛()♦ ✶✺ ❡'❝❧❛&❡❝❡ ♦ ❢❛$♦ ❞❡ D✉❡ ✉♠❛ K✲✈❛&✐❡❞❛❞❡ '❡&- ✐&&❡❞✉$J✈❡❧

♥♦ '❡♥$✐❞♦ ❞❛ ❉❡✜♥✐()♦ ✷✶ '❡✱ ❡ '♦♠❡♥$❡ '❡✱ ❡❧❛ ❢♦& ✐&&❡❞✉$J✈❡❧ ❝♦♠♦ ❡'♣❛(♦ $♦♣♦❧H❣✐❝♦ ❝♦♠ ❛

$♦♣♦❧♦❣✐❛ ❞❡ ❩❛&✐'❦✐ ❝♦♠ &❡'♣❡✐$♦ ❛ K✳

▲❡♠❛ ✾✳ ❙❡❥❛ X ✉♠ ❡'♣❛(♦ $♦♣♦❧H❣✐❝♦✳ ❊♥$)♦✱ ')♦ ❡D✉✐✈❛❧❡♥$❡'✿

✶✳ X 1 ✐&&❡❞✉$J✈❡❧❀

✷✳ '❡ U1 ❡ U2 ❢♦&❡♠ ❝♦♥❥✉♥$♦' ❛❜❡&$♦' ♥)♦ ✈❛③✐♦' ❡♠ X✱ ❡♥$)♦ U1 ∩ U2 6= ∅❀

✸✳ D✉❛❧D✉❡& ❝♦♥❥✉♥$♦ ❛❜❡&$♦ ♥)♦ ✈❛③✐♦ ❡♠ X 1 ❞❡♥'♦ ❡♠ X✳

❉❡♠♦♥'$&❛()♦✳

✶ ⇒ ✷✳ ❙✉♣♦♥❤❛♠♦. +✉❡ X .❡❥❛ ✐**❡❞✉<A✈❡❧ ❡ .❡❥❛♠ U1 ❡ U2 ❝♦♥❥✉♥<♦. ❛❜❡*<♦. ♥1♦ ✈❛③✐♦. ❡♠

X✳ ❙✉♣♦♥❤❛♠♦.✱ ♣♦* ❛❜.✉*❞♦✱ +✉❡ U1∩U2 = ∅✳ ■..♦ ♥♦. ❢♦*♥❡❝❡ ❛ .❡❣✉✐♥<❡ ❞❡❝♦♠♣♦.✐D1♦

❞❡ X ❝♦♠♦ ✉♥✐1♦ ❞❡ ❝♦♥❥✉♥<♦. ❢❡❝❤❛❞♦.✿

X = (X \ U1) ∪ (X \ U2).

❯♥✐✈❡$(✐❞❛❞❡ ❋❡❞❡$❛❧ ❞❡ ❯❜❡$❧4♥❞✐❛ ✲ ❋❛❝✉❧❞❛❞❡ ❞❡ ▼❛8❡♠:8✐❝❛



❱❛"✐❡❞❛❞❡& ❆❧❣*❜"✐❝❛& ❆❢✐♥& ✺✼

❱✐"#♦ %✉❡ X ( ✐))❡❞✉#+✈❡❧✱ #❡♠♦" X = X \U1 ♦✉ X = X \U2✳ ❊♠ ♦✉#)❛" ♣❛❧❛✈)❛"✱ U1 = ∅

♦✉ U2 = ∅✱ ♦ %✉❡ ( ✉♠❛ ❝♦♥#)❛❞✐67♦✳ ▲♦❣♦✱ ❛ ✐♥#❡)"❡67♦ U1 ∩ U2 ( ♥7♦ ✈❛③✐❛✳

✷ ⇒ ✸✳ ❙✉♣♦♥❤❛♠♦" %✉❡ %✉❛✐"%✉❡) ❞♦✐" ❝♦♥❥✉♥#♦" ❛❜❡)#♦" ♥7♦ ✈❛③✐♦" ❡♠ X ♣♦""✉❡♠ ✐♥#❡)"❡67♦

♥7♦ ✈❛③✐❛✳ ❙❡❥❛ U ✉♠ ❝♦♥❥✉♥#♦ ❛❜❡)#♦ ♥7♦ ✈❛③✐♦ ❡♠ X✳ A♦) ❤✐♣B#❡"❡✱ ♣❛)❛ ❝❛❞❛ x ∈ X✱

❛ ✐♥#❡)"❡67♦ ❞❡ U ❝♦♠ %✉❛❧%✉❡) ❝♦♥❥✉♥#♦ ❛❜❡)#♦ ❡♠ X ❝♦♥#❡♥❞♦ ♦ ♣♦♥#♦ x ( ♥7♦ ✈❛③✐❛✳

▲♦❣♦✱ U = X✳

✸ ⇒ ✶✳ ❙✉♣♦♥❤❛♠♦" %✉❡ #♦❞♦ ❝♦♥❥✉♥#♦ ❛❜❡)#♦ ♥7♦ ✈❛③✐♦ ❡♠ X "❡❥❛ ❞❡♥"♦ ❡♠ X✳ ❙❡❥❛♠ F1

❡ F2 ❝♦♥❥✉♥#♦" ❢❡❝❤❛❞♦" ❡♠ X #❛✐" %✉❡ X = F1 ∪ F2✳ ❙✉♣♦♥❤❛♠♦" %✉❡ X 6= F1✳ ❉❡""❡

♠♦❞♦✱ X \F1 ( ✉♠ ❝♦♥❥✉♥#♦ ❛❜❡)#♦ ♥7♦ ✈❛③✐♦ ❡♠ X✳ A♦) ❤✐♣B#❡"❡✱ X ( ♦ ♠❡♥♦) ❝♦♥❥✉♥#♦

❢❡❝❤❛❞♦ ❡♠ X ❝♦♥#❡♥❞♦ X \ F1✳ ❱✐"#♦ %✉❡ F2 ( ✉♠ ❝♦♥❥✉♥#♦ ❢❡❝❤❛❞♦ ❡♠ X ❝♦♥#❡♥❞♦

X \ F1✱ #❡♠♦" X = F2✱ ♦ %✉❡ ❝♦♥❝❧✉✐ ❛ ♣)♦✈❛✳

❈♦"♦❧$"✐♦ ✸✳ ❙❡❥❛ Y ✉♠ &✉❜❝♦♥❥✉♥+♦ ❞❡ ✉♠ ❡&♣❛.♦ +♦♣♦❧0❣✐❝♦ X✳ ❊♥+5♦✱ &5♦ ❡7✉✐✈❛❧❡♥+❡&✿

✶✳ Y ; ✐<<❡❞✉+=✈❡❧❀

✷✳ &❡ U1 ❡ U2 ❢♦<❡♠ ❝♦♥❥✉♥+♦& ❛❜❡<+♦& ❡♠ X +❛✐& 7✉❡ U1 ∩ Y 6= ∅ ❡ U2 ∩ Y 6= ∅✱ ❡♥+5♦

U1 ∩ U2 ∩ Y 6= ∅❀

✸✳ ♦ ❢❡❝❤♦ Y ; ✐<<❡❞✉+=✈❡❧✳

❉❡♠♦♥&+<❛.5♦✳

✶ ⇔ ✷✳ ❆ ❡%✉✐✈❛❧G♥❝✐❛ ❡♥#)❡ ❛" ❛✜)♠❛6I❡" ✶ ❡ ✷ ( ✉♠❛ ❝♦♥"❡%✉G♥❝✐❛ ❞♦ ▲❡♠❛ ✾✳

✶ ⇒ ✸✳ ❙✉♣♦♥❤❛♠♦" %✉❡ Y "❡❥❛ ✐))❡❞✉#+✈❡❧✳ ❙❡❥❛♠ F1 ❡ F2 ❝♦♥❥✉♥#♦" ❢❡❝❤❛❞♦" ❡♠ Y #❛✐" %✉❡

Y = F1 ∪ F2✳ ❊♠ ♣❛)#✐❝✉❧❛)✱ F1 ❡ F2 "7♦ ❢❡❝❤❛❞♦" ❡♠ X✱ ✉♠❛ ✈❡③ %✉❡ Y ( ❢❡❝❤❛❞♦ ❡♠

X✳ ❆""✐♠✱ Y ∩ F1 ❡ Y ∩ F2 "7♦ ❢❡❝❤❛❞♦" ❡♠ Y "❛#✐"❢❛③❡♥❞♦

Y = (Y ∩ F1) ∪ (Y ∩ F2).

A♦) ❤✐♣B#❡"❡✱ Y = Y ∩ F1 ♦✉ Y = Y ∩ F2✳ ■""♦ "✐❣♥✐✜❝❛ %✉❡ Y ⊂ F1 ♦✉ Y ⊂ F2✳ ▲♦❣♦✱

Y = F1 ♦✉ Y = F2✳

✸ ⇒ ✶✳ ❙✉♣♦♥❤❛♠♦" %✉❡ Y "❡❥❛ ✐))❡❞✉#+✈❡❧✳ ❙❡❥❛♠ G1 ❡ G2 ❝♦♥❥✉♥#♦" ❢❡❝❤❛❞♦" ❡♠ Y #❛✐" %✉❡

Y = G1 ∪G2✳ A❡❧♦ ♣)✐♠❡✐)♦ ✐#❡♠ ❞❛ A)♦♣♦"✐67♦ ✶✱ #❡♠♦" ❛ "❡❣✉✐♥#❡ ❞❡❝♦♠♣♦"✐67♦ ❞❡ Y

❝♦♠♦ ✉♥✐7♦ ❞❡ ❞♦✐" ❞❡ "❡✉" ❝♦♥❥✉♥#♦" ❢❡❝❤❛❞♦"✿

Y = G1 ∪G2.

A♦) ❤✐♣B#❡"❡✱ Y = G1 ♦✉ Y = G2✳ ❙❡♠ ♣❡)❞❛ ❞❡ ❣❡♥❡)❛❧✐❞❛❞❡✱ "✉♣♦♥❤❛♠♦" %✉❡ Y = G1✳

❇❛❝❤❛"❡❧❛❞♦ ❡♠ ▼❛6❡♠76✐❝❛



✺✽ ❱❛$✐❡❞❛❞❡( ❆❧❣,❜$✐❝❛( ❆❢✐♥(

◆♦"❡♠♦% &✉❡ ❡①✐%"❡ ✉♠ ❝♦♥❥✉♥"♦ ❢❡❝❤❛❞♦ F ❡♠ X %❛"✐%❢❛③❡♥❞♦ G1 = Y ∩F ✳ 3❡❧♦ %❡❣✉♥❞♦

✐"❡♠ ❞❛ 36♦♣♦%✐89♦ ✶✱ G1 ⊂ Y ∩ F = Y ∩ F ❡✱ ♣♦6 ❝♦♥%❡&✉<♥❝✐❛✱

G1 ⊂ Y ∩G1 ⊂ (Y ∩ Y ) ∩ F = Y ∩ F = G1.

❈♦♠ ✐%%♦✱ G1 = Y ∩G1 = Y ∩ Y = Y ❡✱ ♣♦6"❛♥"♦✱ Y > ✐66❡❞✉"?✈❡❧✳

❉❡✜♥✐%&♦ ✷✹✳ ❙❡❥❛ X ✉♠ ❡&♣❛(♦ *♦♣♦❧,❣✐❝♦✳ ❯♠❛ ❝♦♠♣♦♥❡♥&❡ ✐((❡❞✉&+✈❡❧ ❞❡ X 3 ✉♠

&✉❜❝♦♥❥✉♥*♦ ✐66❡❞✉*7✈❡❧ ❞❡ X 9✉❡ 3 ♠❛①✐♠❛❧ ❝♦♠ 6❡&♣❡✐*♦ ; ✐♥❝❧✉&<♦✳

❖❜-❡.✈❛%&♦ ✶✼✳ =❡❧♦ *❡6❝❡✐6♦ ✐*❡♠ ❞♦ ❈♦6♦❧?6✐♦ ✸✱ 9✉❛❧9✉❡6 ❝♦♠♣♦♥❡♥*❡ ✐66❡❞✉*7✈❡❧ ❡♠ ✉♠

❡&♣❛(♦ *♦♣♦❧,❣✐❝♦ 3 ✉♠ ❝♦♥❥✉♥*♦ ❢❡❝❤❛❞♦ ♥❡&&❡ ❡&♣❛(♦✳ ❉❡ ❢❛*♦✱ &❡ Y ❢♦6 ✉♠❛ ❝♦♠♣♦♥❡♥*❡

✐66❡❞✉*7✈❡❧ ❞❡ ✉♠ ❡&♣❛(♦ *♦♣♦❧,❣✐❝♦ X✱ ❡♥*<♦ ♦ ❢❡❝❤♦ Y &❡6? ✉♠ &✉❜❝♦♥❥✉♥*♦ ✐66❡❞✉*7✈❡❧✳ ❱✐&*♦

9✉❡ Y ⊂ Y ✱ ❛ ♠❛①✐♠❛❧✐❞❛❞❡ ❞❡ Y ❢♦6♥❡❝❡ 9✉❡ Y = Y ✳

3.♦♣♦-✐%&♦ ✶✼✳ ❙❡❥❛ X ✉♠ ❡&♣❛(♦ *♦♣♦❧,❣✐❝♦✳

✶✳ ❙❡❥❛ C ✉♠❛ ❝❛❞❡✐❛ ❞❡ &✉❜❝♦♥❥✉♥*♦& ✐66❡❞✉*7✈❡✐& ❞❡ X ❝♦♠ 6❡❧❛(<♦ ; ✐♥❝❧✉&<♦✱ ✐&*♦ 3✱

W1,W2 ∈ C ⇒ W1 ⊂ W2 ♦✉ W2 ⊂ W1.

❊♥*<♦✱ Y :=
⋃

W∈C

W 3 *❛♠❜3♠ ✉♠ &✉❜❝♦♥❥✉♥*♦ ✐66❡❞✉*7✈❡❧ ❞❡ X✳

✷✳ ◗✉❛❧9✉❡6 &✉❜❝♦♥❥✉♥*♦ ✐66❡❞✉*7✈❡❧ ❞❡ X ❡&*? ❝♦♥*✐❞♦ ❡♠ ✉♠❛ ❝♦♠♣♦♥❡♥*❡ ✐66❡❞✉*7✈❡❧ ❞❡ X✳

✸✳ X 3 ❛ ✉♥✐<♦ ❞❡ &✉❛& ❝♦♠♣♦♥❡♥*❡& ✐66❡❞✉*7✈❡✐&✳

❉❡♠♦♥&*6❛(<♦✳

✶✳ ❙❡❥❛♠ U1 ❡ U2 ❝♦♥❥✉♥"♦% ❛❜❡6"♦% ❡♠ X "❛✐% &✉❡ U1∩Y 6= ∅ ❡ U2∩Y 6= ∅✳ ❆%%✐♠✱ ❡①✐%"❡♠

%✉❜❝♦♥❥✉♥"♦% ✐66❡❞✉"?✈❡✐% W1,W2 ∈ C "❛✐% &✉❡ U1 ∩W1 6= ∅ ❡ U2 ∩W2 6= ∅✳ ❙❡♠ ♣❡6❞❛

❞❡ ❣❡♥❡6❛❧✐❞❛❞❡✱ %✉♣♦♥❤❛♠♦% &✉❡ W2 ⊂ W1✳ ❈♦♠ ✐%%♦✱ U2 ∩W1 6= ∅✳ 3❡❧♦ ❈♦6♦❧D6✐♦ ✸✱

U1 ∩ U2 ∩W1 6= ∅ ❡✱ ❛ ❢♦6"✐♦6✐✱ U1 ∩ U2 ∩ Y 6= ∅✳ ❘❡❝♦66❡♥❞♦ ♥♦✈❛♠❡♥"❡ ❛♦ ❈♦6♦❧D6✐♦ ✸✱

❝♦♥❝❧✉?♠♦% &✉❡ Y > ✐66❡❞✉"?✈❡❧✳

✷✳ ❙❡❥❛ Z ✉♠ %✉❜❝♦♥❥✉♥"♦ ✐66❡❞✉"?✈❡❧ ❞❡ X✳ ❯"✐❧✐③❛6❡♠♦% ♦ ▲❡♠❛ ❞❡ ❩♦6♥ ♣❛6❛ ♠♦%"6❛6 ❛

❡①✐%"<♥❝✐❛ ❞❡ ✉♠❛ ❝♦♠♣♦♥❡♥"❡ ♠❛①✐♠❛❧ ❝♦♥"❡♥❞♦ Z✳ ❉❡✜♥❛♠♦% ♦ ❝♦♥❥✉♥"♦

Γ = {W ⊂ X; W > ✉♠ %✉❜❝♦♥❥✉♥"♦ ✐66❡❞✉"?✈❡❧ ❞❡ X "❛❧ &✉❡ Z ⊂ W}.

◆♦"❡♠♦% &✉❡ Γ 6= ∅✱ ♣♦✐% Z ∈ Γ✳ ❆❧>♠ ❞✐%%♦✱ Γ > ✉♠ ❝♦♥❥✉♥"♦ ♣❛6❝✐❛❧♠❡♥"❡ ♦6❞❡♥❛❞♦ ♣❡❧❛

✐♥❝❧✉%9♦ ❡✱ ❞❡ ❛❝♦6❞♦ ❝♦♠ ♦ ✐"❡♠ ❛♥"❡6✐♦6✱ "♦❞❛ ❝❛❞❡✐❛ ❡♠ Γ ♣♦%%✉✐ ❝♦"❛ %✉♣❡6✐♦6✳ 3❡❧♦

▲❡♠❛ ❞❡ ❩♦6♥✱ ❡①✐%"❡ ✉♠ ❡❧❡♠❡♥"♦ ♠❛①✐♠❛❧ M ∈ Γ✳ ❊✈✐❞❡♥"❡♠❡♥"❡✱ M > ✉♠ %✉❜❝♦♥❥✉♥"♦

❯♥✐✈❡$(✐❞❛❞❡ ❋❡❞❡$❛❧ ❞❡ ❯❜❡$❧4♥❞✐❛ ✲ ❋❛❝✉❧❞❛❞❡ ❞❡ ▼❛8❡♠:8✐❝❛



❱❛"✐❡❞❛❞❡& ❆❧❣*❜"✐❝❛& ❆❢✐♥& ✺✾

✐!!❡❞✉%&✈❡❧ ❞❡ X ❝♦♥%❡♥❞♦ Z✳ ❘❡.%❛ ♠♦.%!❛!♠♦. 1✉❡ M 2 ✉♠❛ ❝♦♠♣♦♥❡♥%❡ ✐!!❡❞✉%&✈❡❧ ❞❡

X✳

❙❡ N ❢♦! ✉♠ .✉❜❝♦♥❥✉♥%♦ ✐!!❡❞✉%&✈❡❧ ❞❡ X %❛❧ 1✉❡ M ⊂ N ✱ ❡♥%9♦ N ❝♦♥%❡!: Z ❡✱ ♣♦!

❝♦♥.❡1✉;♥❝✐❛✱ %❡!❡♠♦. N ∈ Γ✳ <❡❧❛ ♠❛①✐♠❛❧✐❞❛❞❡ ❞❡ M ❡♠ Γ✱ %❡♠♦. M = N ✳ ▲♦❣♦✱ M

2 ✉♠❛ ❝♦♠♣♦♥❡♥%❡ ✐!!❡❞✉%&✈❡❧ ❞❡ X✳

✸✳ ➱ ❢:❝✐❧ ✈❡! 1✉❡✱ ♣❛!❛ ❝❛❞❛ x ∈ X✱ {x} 2 ✉♠ .✉❜❝♦♥❥✉♥%♦ ✐!!❡❞✉%&✈❡❧ ❞❡ X ❡✱ ♣❡❧♦ ✐%❡♠

❛♥%❡!✐♦!✱ ❡①✐.%❡ ✉♠❛ ❝♦♠♣♦♥❡♥%❡ ✐!!❡❞✉%&✈❡❧ Mx ❞❡ X ❝♦♥%❡♥❞♦ {x}✳ ❉❡..❡ ♠♦❞♦✱

X =
⋃

x∈X

{x} =
⋃

x∈X

Mx.

■..♦ %♦!♥❛ ❛ ♣!♦✈❛ ❝♦♠♣❧❡%❛✳

❉❡✜♥✐%&♦ ✷✺✳ ❯♠ ❡#♣❛&♦ (♦♣♦❧*❣✐❝♦ X #❡./ ❞✐(♦ ♥♦❡#❤❡%✐❛♥♦ #❡ (♦❞❛ ❝❛❞❡✐❛ ❞❡#❝❡♥❞❡♥(❡ ❞❡

❝♦♥❥✉♥(♦# ❢❡❝❤❛❞♦# ❡♠ X ❢♦. ❡#(❛❝✐♦♥/.✐❛✱ ✐#(♦ 7✱ #❡

F1 ⊃ F2 ⊃ · · · ⊃ Fm ⊃ · · ·

❢♦. ✉♠❛ ❝❛❞❡✐❛ ❞❡#❝❡♥❞❡♥(❡ ❞❡ ❝♦♥❥✉♥(♦# ❢❡❝❤❛❞♦# ❡♠ X✱ ❡♥(8♦ ❡①✐#(✐./ m ∈ ◆ (❛❧ :✉❡ Fk = Fm

♣❛.❛ (♦❞♦ k ≥ m✳

❊①❡♠♣❧♦ ✶✷✳ ❈♦♥❢♦.♠❡ ✈✐♠♦# ♥♦ ❈♦.♦❧/.✐♦ ✶✱ :✉❛❧:✉❡. K✲✈❛.✐❡❞❛❞❡ V ❞❡ ❆

n(L) ❝♦♠ ❛ (♦♣♦✲

❧♦❣✐❛ ❞❡ ❩❛.✐#❦✐ 7 ✉♠ ❡#♣❛&♦ (♦♣♦❧*❣✐❝♦ ♥♦❡(❤❡.✐❛♥♦✳

▲❡♠❛ ✶✵✳ ❯♠ ❡#♣❛&♦ (♦♣♦❧*❣✐❝♦ X #❡./ ♥♦❡(❤❡.✐❛♥♦ #❡✱ ❡ #♦♠❡♥(❡ #❡✱ (♦❞♦ ❝♦♥❥✉♥(♦ Γ ♥8♦

✈❛③✐♦ ❞❡ #✉❜❝♦♥❥✉♥(♦# ❢❡❝❤❛❞♦# ❡♠ X ♣♦##✉✐. ✉♠ ❡❧❡♠❡♥(♦ ♠✐♥✐♠❛❧ ❝♦♠ .❡❧❛&8♦ D ✐♥❝❧✉#8♦✳

❉❡♠♦♥#(.❛&8♦✳ ❙✉♣♦♥❤❛♠♦. 1✉❡ X .❡❥❛ ♥♦❡%❤❡!✐❛♥♦✳ ❙❡❥❛ Γ ✉♠ ❝♦♥❥✉♥%♦ ♥9♦ ✈❛③✐♦ ❞❡ .✉❜✲

❝♦♥❥✉♥%♦. ❢❡❝❤❛❞♦. ❡♠ X✳ ❙✉♣♦♥❤❛♠♦.✱ ♣♦! ❛❜.✉!❞♦✱ 1✉❡ Γ ♥9♦ ♣♦..✉❛ ✉♠ ❡❧❡♠❡♥%♦ ♠✐♥✐♠❛❧

❝♦♠ !❡❧❛G9♦ H ✐♥❝❧✉.9♦✳ ■..♦ .✐❣♥✐✜❝❛ 1✉❡✱ ♣❛!❛ ❝❛❞❛ F ∈ Γ✱ ♦ ❝♦♥❥✉♥%♦

SF := {G ∈ Γ; G $ F}

2 ♥9♦ ✈❛③✐♦✳ <❡❧♦ ❆①✐♦♠❛ ❞❛ ❊.❝♦❧❤❛✱ ❡①✐.%❡ ✉♠❛ ❢✉♥G9♦ E : P(Γ) \ {∅} → Γ %❛❧ 1✉❡ E(S) ∈ S

♣❛!❛ ❝❛❞❛ .✉❜❝♦♥❥✉♥%♦ ♥9♦ ✈❛③✐♦ S ⊂ Γ✳ ❉❡✜♥❛♠♦. ❛ ❢✉♥G9♦

f : Γ → Γ

F 7→ E(SF ).

➱ ❢:❝✐❧ ✈❡! 1✉❡ f(F ) $ F ♣❛!❛ ❝❛❞❛ F ∈ Γ✳ ❈♦♥.✐❞❡!❡♠♦. ✉♠ ❡❧❡♠❡♥%♦ F0 ∈ Γ✳ <❡❧♦ ❚❡♦!❡♠❛

❞❛ ❘❡❝✉!.9♦ ❡♠ ◆✱ ❡①✐.%❡ ✉♠❛ ❢✉♥G9♦ h : ◆ → Γ %❛❧ 1✉❡ h(0) = F0 ❡ h(n + 1) = f(h(n)) ♣❛!❛

%♦❞♦ n ∈ ◆✳ ❈♦♠ ✐..♦✱

h(n) % f(h(n)) = h(n+ 1)
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✻✵ ❱❛$✐❡❞❛❞❡( ❆❧❣,❜$✐❝❛( ❆❢✐♥(

♣❛"❛ ❝❛❞❛ n ∈ ◆✳ ❉❡((❡ ♠♦❞♦✱ ❝♦♥(-"✉/♠♦( ❛ (❡❣✉✐♥-❡ ❝❛❞❡✐❛ ❞❡(❝❡♥❞❡♥-❡ ❞❡ ❝♦♥❥✉♥-♦( ❢❡❝❤❛❞♦(

❡♠ X✿

h(1) % h(2) % · · · % h(n) % · · · .

■((♦ ❝♦♥-"❛❞✐③ ♦ ❢❛-♦ ❞❡ 8✉❡ X 9 ♥♦❡-❤❡"✐❛♥♦✳ ▲♦❣♦✱ Γ ♣♦((✉✐ ✉♠ ❡❧❡♠❡♥-♦ ♠✐♥✐♠❛❧✳

❘❡❝✐♣"♦❝❛♠❡♥-❡✱ (✉♣♦♥❤❛♠♦( 8✉❡ -♦❞♦ ❝♦♥❥✉♥-♦ ♥=♦ ✈❛③✐♦ ❞❡ ❝♦♥❥✉♥-♦( ❢❡❝❤❛❞♦( ❡♠ X

♣♦((✉❛ ✉♠ ❡❧❡♠❡♥-♦ ♠✐♥✐♠❛❧ ❝♦♠ "❡❧❛?=♦ @ ✐♥❝❧✉(=♦✳ ❙❡❥❛

F1 ⊃ F2 ⊃ · · · ⊃ Fm ⊃ · · ·

✉♠❛ ❝❛❞❡✐❛ ❞❡(❝❡♥❞❡♥-❡ ❞❡ ❝♦♥❥✉♥-♦( ❢❡❝❤❛❞♦( ❡♠ X✳ B♦" ❤✐♣C-❡(❡✱ ❡①✐(-❡ m ∈ ◆ -❛❧ 8✉❡ Fm 9

✉♠ ❡❧❡♠❡♥-♦ ♠✐♥✐♠❛❧ ❞♦ ❝♦♥❥✉♥-♦

{Fi ⊂ X; i ∈ ◆ \ {0}}.

❆((✐♠✱ Fk = Fm ♣❛"❛ -♦❞♦ k ≥ m ❡✱ ♣♦"-❛♥-♦✱ X 9 ♥♦❡-❤❡"✐❛♥♦✳

 !♦♣♦$✐&'♦ ✶✽✳ ❚♦❞♦ ❡$♣❛'♦ (♦♣♦❧*❣✐❝♦ ♥♦❡(❤❡0✐❛♥♦ ♣♦$$✉✐ ❛♣❡♥❛$ ✉♠❛ 3✉❛♥(✐❞❛❞❡ ✜♥✐(❛ ❞❡

❝♦♠♣♦♥❡♥(❡$ ✐00❡❞✉(5✈❡✐$ ❡ ♥❡♥❤✉♠❛ ❝♦♠♣♦♥❡♥(❡ ❡$(7 ❝♦♥(✐❞❛ ♥❛ ✉♥✐8♦ ❞❛$ ♦✉(0❛$✳

❉❡♠♦♥$(0❛'8♦✳ ❙❡❥❛♠ X ✉♠ ❡(♣❛?♦ -♦♣♦❧C❣✐❝♦ ♥♦❡-❤❡"✐❛♥♦ ❡ Γ ♦ ❝♦♥❥✉♥-♦ ❞❡ -♦❞♦( ♦( (✉❜✲

❝♦♥❥✉♥-♦( ❢❡❝❤❛❞♦( ❞❡ X 8✉❡ ♥=♦ ♣♦❞❡♠ (❡" ❡(❝"✐-♦( ❝♦♠♦ ✉♠❛ ✉♥✐=♦ ✜♥✐-❛ ❞❡ (✉❜❝♦♥❥✉♥-♦(

✐""❡❞✉-/✈❡✐( ❞❡ X✳

❙✉♣♦♥❤❛♠♦(✱ ♣♦" ❛❜(✉"❞♦✱ 8✉❡ Γ (❡❥❛ ♥=♦ ✈❛③✐♦✳ B❡❧♦ ▲❡♠❛ ✶✵✱ ❡①✐(-❡ ✉♠ ❡❧❡♠❡♥-♦ ♠✐♥✐♠❛❧

Y ∈ Γ✳ ❱✐(-♦ 8✉❡ Y ♥=♦ 9 ✐""❡❞✉-/✈❡❧✱ ❡①✐(-❡♠ ❝♦♥❥✉♥-♦( ❢❡❝❤❛❞♦( Y1, Y2 ❡♠ Y -❛✐( 8✉❡

Y = Y1 ∪ Y2✱ Y1 $ Y ❡ Y2 $ Y ✳ ❱✐(-♦ 8✉❡ Y 9 ♠✐♥✐♠❛❧ ❡♠ Γ✱ Y1 /∈ Γ ❡ Y2 /∈ Γ✳ ❈♦♠

✐((♦✱ Y1 ❡ Y2 (=♦ ✉♥✐M❡( ✜♥✐-❛( ❞❡ (✉❜❝♦♥❥✉♥-♦( ✐""❡❞✉-/✈❡✐( ❞❡ X ❡✱ ❝♦♥(❡8✉❡♥-❡♠❡♥-❡✱ ♦ ♠❡(♠♦

♣♦❞❡ (❡" ❞✐-♦ (♦❜"❡ Y ✱ ♦ 8✉❡ 9 ✉♠❛ ❝♦♥-"❛❞✐?=♦✳

❈♦♠♦ Γ = ∅✱ -♦❞♦ ❝♦♥❥✉♥-♦ ❢❡❝❤❛❞♦ ❡♠ X✱ ❡♠ ♣❛"-✐❝✉❧❛" ♦ ♣"C♣"✐♦ X✱ ♣♦❞❡ (❡" ❡(❝"✐-♦ ❝♦♠♦

✉♥✐=♦ ✜♥✐-❛ ❞❡ (✉❜❝♦♥❥✉♥-♦( ✐""❡❞✉-/✈❡✐( ❞❡ X✳ B❡❧♦ (❡❣✉♥❞♦ ✐-❡♠ ❞❛ B"♦♣♦(✐?=♦ ✶✼✱ ❡①✐(-❡♠

❝♦♠♣♦♥❡♥-❡( ✐""❡❞✉-/✈❡✐(✱ ❞✐(-✐♥-❛( ❞✉❛( ❛ ❞✉❛(✱ X1, . . . , Xm ❞❡ X -❛✐( 8✉❡

X = X1 ∪ · · · ∪Xm.

❙❡❥❛ W ✉♠❛ ❝♦♠♣♦♥❡♥-❡ ✐""❡❞✉-/✈❡❧ 8✉❛❧8✉❡" ❞❡ X✳ B❡❧❛ ❖❜(❡"✈❛?=♦ ✶✼✱ (W ∩ Xi) 9 ✉♠

❝♦♥❥✉♥-♦ ❢❡❝❤❛❞♦ ❡♠ W ♣❛"❛ -♦❞♦ i ∈ {1, . . . ,m}✳ ❆❧9♠ ❞✐((♦✱

W =
m
⋃

i=1

(W ∩Xi).

❈♦♠♦ W 9 ✐""❡❞✉-/✈❡❧✱ ❡①✐(-❡ j ∈ {1, . . . ,m} -❛❧ 8✉❡ W = W ∩ Xj✳ ❱✐(-♦ 8✉❡ W ⊂ Xj ❡ W

9 ✉♠❛ ❝♦♠♣♦♥❡♥-❡ ✐""❡❞✉-/✈❡❧ ❞❡ X✱ W = Xj✳ ▲♦❣♦✱ X1, . . . , Xm (=♦ -♦❞❛( ❛( ❝♦♠♣♦♥❡♥-❡(

✐""❡❞✉-/✈❡✐( ❞❡ X✳

❯♥✐✈❡$(✐❞❛❞❡ ❋❡❞❡$❛❧ ❞❡ ❯❜❡$❧4♥❞✐❛ ✲ ❋❛❝✉❧❞❛❞❡ ❞❡ ▼❛8❡♠:8✐❝❛



❱❛"✐❡❞❛❞❡& ❆❧❣*❜"✐❝❛& ❆❢✐♥& ✻✶

❋✐♥❛❧♠❡♥'❡✱ )✉♣♦♥❤❛♠♦)✱ ♣♦. ❛❜)✉.❞♦✱ 1✉❡ ❡①✐)'❛ k ∈ {1, . . . ,m} '❛❧ 1✉❡ Xk ⊂
m
⋃

i=1
i 6=k

Xi✳

◆❡))❡ ❝❛)♦✱ '❡♠♦) ❛ )❡❣✉✐♥'❡ ❞❡❝♦♠♣♦)✐78♦ ❞❡ Xk ❝♦♠♦ ✉♥✐8♦ ❞❡ ❝♦♥❥✉♥'♦) ❢❡❝❤❛❞♦) ❡♠ Xk✿

Xk =
m
⋃

i=1
i 6=k

(Xk ∩Xi).

❉❡ ♠♦❞♦ )✐♠✐❧❛. ❛♦ ♦❝♦..✐❞♦ ❛♥'❡.✐♦.♠❡♥'❡✱ Xk = Xk ∩ Xl ♣❛.❛ ❛❧❣✉♠ l ∈ {1, . . . ,m} \ {k}

❡✱ ❝♦♥)❡1✉❡♥'❡♠❡♥'❡✱ Xk = Xl✱ ♦ 1✉❡ = ✉♠❛ ❝♦♥'.❛❞✐78♦✳ >♦.'❛♥'♦✱ ♥❡♥❤✉♠❛ ❝♦♠♣♦♥❡♥'❡

✐..❡❞✉'?✈❡❧ ❞❡ X ❡)'A ❝♦♥'✐❞❛ ♥❛ ✉♥✐8♦ ❞❛) ♦✉'.❛) ❝♦♠♣♦♥❡♥'❡) ✐..❡❞✉'?✈❡✐) ❞❡ X✳

❈♦"♦❧$"✐♦ ✹✳ ◗✉❛❧$✉❡& K✲✈❛&✐❡❞❛❞❡ V ❞❡ ❆

n(L) ♣♦--✉✐ ❛♣❡♥❛- ✉♠❛ $✉❛♥0✐❞❛❞❡ ✜♥✐0❛ ❞❡ ❝♦♠✲

♣♦♥❡♥0❡- ✐&&❡❞✉03✈❡✐- V1, . . . , Vm✳ ❆❧6♠ ❞✐--♦✱ 0❡♠♦- V = V1 ∪ · · · ∪ Vm ❡✱ ♥❡--❛ &❡♣&❡-❡♥0❛89♦✱

♥❡♥❤✉♠ Vi 6 -✉♣6&✢✉♦✳

❉❡♠♦♥-0&❛89♦✳ ❊))❡ .❡)✉❧'❛❞♦ )❡❣✉❡ ✐♠❡❞✐❛'❛♠❡♥'❡ ❞❛ ♣.♦♣♦)✐78♦ ❛♥'❡.✐♦. ❡ ❞♦ '❡.❝❡✐.♦ ✐'❡♠

❞❛ >.♦♣♦)✐78♦ ✶✼✳

❊①❡♠♣❧♦ ✶✸✳ ▼♦-0&❡♠♦- $✉❡ ❛ ◗✲✈❛&✐❡❞❛❞❡ V(XY ) ❞❡ ❆2(❘) ♣♦--✉✐ ❛♣❡♥❛- ❞✉❛- ❝♦♠♣♦♥❡♥0❡-

✐&&❡❞✉03✈❡✐-✱ ❛ -❛❜❡&✱ V(X) ❡ V(Y )✳

?&✐♠❡✐&❛♠❡♥0❡✱ ♥♦0❡♠♦- $✉❡

V(X) = {(0, y) ∈ ❆

2(❘); y ∈ ❘}, V(Y ) = {(x, 0) ∈ ❆

2(❘); x ∈ ❘} ❡ V(XY ) = V(X) ∪ V(Y ).

❉❛❞♦ g ∈ ◗[X, Y ]✱ ❡①✐-0❡♠ r, s ∈ ◆ ❡ a00, . . . , a0s, . . . , ar0, . . . , ars ∈ ◗ 0❛✐- $✉❡

g(X, Y ) =
s
∑

j=0

r
∑

i=0

aijX
iY j =

s
∑

j=0

(

a0jY
j +

r
∑

i=1

aijX
iY j

)

=
s
∑

j=0

a0jY
j +X

r
∑

i=1

s
∑

j=0

aijX
i−1Y j.

❉❡--❡ ♠♦❞♦✱ -❡ g ∈ I(V(X))✱ ❡♥09♦

s
∑

j=0

a0jy
j = 0

♣❛&❛ 0♦❞♦ y ∈ ❘✱ ♦✉ -❡❥❛✱ ♦ ♣♦❧✐♥B♠✐♦

s
∑

j=0

a0jY
j
6 ♥✉❧♦✳ ?♦& ❝♦♥-❡$✉C♥❝✐❛✱

g(X, Y ) = X

r
∑

i=1

s
∑

j=0

aijX
i−1Y j ∈ (X).

■--♦ ♠♦-0&❛ $✉❡ I(V(X)) ⊂ (X)✳ ❊✈✐❞❡♥0❡♠❡♥0❡✱ 0❡♠♦- ❛ ✐♥❝❧✉-9♦ (X) ⊂ I(V(X))✳ ▲♦❣♦✱

I(V(X)) = (X) ❡✱ ❞❡ ♠♦❞♦ ❛♥H❧♦❣♦✱ ❝♦♥❝❧✉✐✲-❡ $✉❡ I(V(Y )) = (Y )✳
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✻✷ ❱❛$✐❡❞❛❞❡( ❆❧❣,❜$✐❝❛( ❆❢✐♥(

➱ ❢"❝✐❧ ✈❡( )✉❡

φ : ◗[X, Y ] → ◗[Z] ❡ ψ : ◗[X, Y ] → ◗[Z]

f(X, Y ) 7→ f(0, Z) f(X, Y ) 7→ f(Z, 0)

+,♦ ❤♦♠♦♠♦(✜+♠♦+ +♦❜(❡❥❡3♦(❡+ ❞❡ ❛♥7✐+✳ ❆❧7♠ ❞✐++♦✱ Ker(φ) = (X) ❡ Ker(ψ) = (Y )✳ ❱✐+3♦

)✉❡ ◗[Z] 7 ✉♠ ❞♦♠<♥✐♦✱ ♦+ ✐❞❡❛✐+ (X) ❡ (Y ) +,♦ ♣(✐♠♦+ ❡♠ ◗[X, Y ]✳ >❡❧❛ >(♦♣♦+✐?,♦ ✶✺✱ ❛+

◗✲✈❛(✐❡❞❛❞❡+ V(X) ❡ V(Y ) +,♦ +✉❜❝♦♥❥✉♥3♦+ ✐((❡❞✉3<✈❡✐+ ❞❡ V(XY )✳

❙❡❥❛ W ✉♠ +✉❜❝♦♥❥✉♥3♦ ✐((❡❞✉3<✈❡❧ ❞❡ V(XY ) 3❛❧ )✉❡ V(X) ⊂ W ✳ ❈❧❛(❛♠❡♥3❡✱ V(X) ❡

W ∩ V(Y ) +,♦ ❝♦♥❥✉♥3♦+ ❢❡❝❤❛❞♦+ ❡♠ W +❛3✐+❢❛③❡♥❞♦

W = V(X) ∪ (W ∩ V(Y )).
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