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Abstract

In this thesis we study the physical properties of quantum magnetic impurities in con-
densed matter systems. More precisely, we are interested in the quantum many-body
phenomena emerging in metallic quantum wires with spin-orbit coupling (SOC) in the
presence of magnetic impurities. In particular, we investigate Kondo effect in topological
superconducting quantum wires sustaining Majorana zero modes (MZMs) bound to their
edges. The first part of this work is dedicated to a general digression on the formation
of localized magnetic moments in solid state materials and the emergence of the Kondo
effect in single-impurity systems. We further study a system composed by a single level
quantum dot coupled to a metallic reservoir and to two MZMs with opposite polarizations.
The system is described by a version of single impurity Anderson model (STAM) adapted
to account for the MZMs. To access the Kondo physics we used the projection approach
to derive an effective Kondo-like Hamiltonian from the STAM. We show the coexistence
of the many-body Kondo singlet and a local Majorana singlet which results from the
robustness of the Kondo fixed points even in the presence local Majorana operators. More-
over, we show that the free MZMs of the system are responsible for the impurity residual
entropy Spes = %]{?BID(Q), where Ny is the number of free MZMs. This result reveals
a fractional residual entropy for an odd number of free MZMs associated with a local
non-Fermi liquid behavior. Both results were confirmed by the perturbative Anderson’s
Poor Man’s scaling (PMS), and the nonperturbative Wilson’s numerical renormalization
group (NRG). The second part of the thesis is dedicated to the low-temperature physics of
two-impurity systems. We revisit the well known Ruderman-Kittel-Kasuya-Yosida (RKKY)
interaction between two spatially separated magnetic impurities in a quantum wire with
SOC. To compute the RKKY coupling we use the original Ruderman-Kittel approach,
based on the traditional second-order perturbation theory. This allows us find also the
Dzaloshinskii-Moriya and Ising interactions between the impurities, both originated from
the SOC. Our results show that due to momentum-spin-lock, provided by the SOC, the
RKKY coupling does not decay with the inverse of the inter-impurities distance, as in
the usual case. Instead, the coupling survives even at large distances oscillating with a

characteristic wave-vector 2kg, where kg is proportional to the Rashba SOC.

Keywords: Quantum magnetic impurities, Majorana zero modes, quantum wires, Kondo

effect, RKKY interaction, spin-orbit coupling.






Resumo

Na presente tese estudamos as propriedades fisicas de impurezas magnéticas quanticas em
sistemas de matéria condensada. Mais precisamente, estamos interessados em fenémenos
de muitos corpos em fios quanticos metalicos com acoplamento spin-6rbita (SOC) na
presenca de impurezas magnéticas. Particularmente, investigamos o efeito Kondo em fios
quanticos supercondutores com fases topolégicas que apresentem modos de Majorana
de energia zero (MZMs) ligados a suas pontas. A primeira parte da tese é dedicada
a discussao geral da formacao de momentos magnéticos localizados e a emergéncia do
efeito Kondo em sistemas de tinica impureza. Posteriormente, estudamos um sistema
composto por um ponto quantico de um nivel acoplado a um reservatorio metélico e
dois MZMs polarizados. O sistema é descrito por um modelo de Anderson de uma tnica
impureza (SIAM) adaptado para comportar os dois MZMs. Para acessar a fisica de Kondo
utilizamos o método projecdo para deduzir um Hamiltoniano do tipo Kondo extraido do
STAM. Nés mostramos a coexisténcia do singleto de muitos corpos de Kondo e do singleto
local de Majorana que resulta da robustez dos pontos fixos de Kondo, mesmo na presenca
de operadores locais de Majorana. Além disso, mostramos que os MZMs livres do sistema
sao responsaveis por uma entropia residual da impureza Spes = %kgln(Q), onde Ny é o
numero de MZMs livres. Esse resultado revela uma entropia residual fracionaria para um
numero impar de MZMs livres associado com um comportamento local de non-Fermi liguid.
Ambos os resultados foram confirmados usando o método perturbativo de Anderson, Poor
Man’s scaling (PMS), e o método néo perturbativo de Wilson, o grupo de renormalizagiao
numérico (NRG). A segunda parte da tese é dedicada a fisica de baixas temperaturas
de sistemas de duas impurezas. Nés revisitamos a tradicional interagdo de Ruderman-
Kittel-Kasuya-Yosida (RKKY) entre duas impurezas quanticas em um fio quantico com
SOC. Para calcular o acoplamento RKKY usamos a abordagem original de Ruderman e
Kittel, baseada na teoria quantica de perturbacgao. Além da interacao RKKY, encontramos
também interagoes adicionais do tipo Dzyaloshinskii-Moriya e Ising entre as impurezas
originada do SOC. Nossos resultados mostram que devido ao “spin-lock” do momento,
devido ao SOC, o acoplamento RKKY nao decai com o inverso da distancia entre as
impurezas, como no caso usual. Ao invés disso, ele sobrevive a distancias significativamente
grandes e possui um comportamento oscilatorio com o vetor de onda caracteristico 2kg,

onde kg ¢é o proporcional ao acoplamento spin-orbita de Rashba.

Palavras-chave: Impurezas magnéticas quanticas, modos de Majorana de energia zero,

fios quanticos, efeito Kondo, interacdo RKKY, acoplamento spin-érbita.
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1 Introduction

One of the most interesting physical effect is magnetism (MEYER, 1971). Classical
statistics calculations for a gas in the presence of a magnetic field showed that the system’s
thermodynamic properties are not affected by the magnetic field (ROSENFELD; NIELSEN,
1972). This fact was a prelude to the genuine quantum nature of magnetic effects in matter.
Heisenberg and Neél were the first physicists to study magnetism from a true quantum
mechanical perspective (Heisenberg, 1928; NEEL, 1932), and developed a theory that is
still widely used to study several magnetic effects of matter (AUERBACH, 2012) .

Another fascinating phenomenon associated with magnetism is the formation
of localized magnetic moments in metallic systems. This process is fundamental to an
important class of strongly correlated materials. In these materials, one component of the
electronic system is highly localized, inside of partially filled d- or f-orbitals (COLEMAN;,
2015). The interaction between the localized magnetic moment and the electronic sea gives
rise to strong correlations in the system. These correlations are responsible for important
physical phenomena, as the physical behavior of heavy-fermions materials and cuprate
superconductors, the Kondo effect and many others (KRONMULLER; PARKIN, 2007).
The microscopic origin of localized magnetic moments was developed by Anderson in the
1960s (ANDERSON, 1961) and will be summarized in section 2.1.

The Kondo effect plays a central role in phenomena associated with the influence of
diluted magnetic impurities in metallic alloys (HEWSON, 1997). Experimentally discovered
in the 1930s (de Haas; de Boer; van dén Berg, 1934), the Kondo effect is responsible for
the increase of the resistivity of metals doped with magnetic ions at low-temperatures.
This observation was counter-intuitive within the microscopic explanation for the re-
sistivity at that time, based on the scattering of conduction electrons with the lattice
ions (KITTEL, 2004). In fact, the magnetic nature of the impurities gives rise to a new
strong coupling at low-temperatures between the localized magnetic moment and the spin
of conduction electrons. As a result, the magnetic impurities becomes large scattering
centers, producing the increase of the resistivity at low-temperatures. In the 1990s a
renewed interest in the Kondo effect was motived by the discovery of the effect in quantum
dots (QD) (GOLDHABER-GORDON et al., 1998; INOSHITA, 1998). The Kondo effect

in metals and QDs is explained in detail in section 2.2.

Besides Kondo effect, several other interesting phenomena occurs in condensed
matter systems. Over the recent years, the so-called topological materials received attention
because their exotic properties and its potential application to new technologies (LIU;
WILLIAMS; CHA, 2019). One of the most interesting physics associated with topological
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phases in matter are the so-called Majorana zero modes. The MZMs are excitations in
topological superconductors which have the astonishing property to be their own antiparti-
cles (or anti-quasiparticles), see section 2.6. The Majorana particle concept was conceived
by Etore Majorana in the search for a real solution of the Dirac equation (MAJORANA,
1937). In condensed matter system, MZMs received attention because their prominent po-
tential for applications in quantum information theory (SARMA; FREEDMAN; NAYAK,
2015).

The search for experimental signatures of MZMs in topological superconductors
demanded intensive effort in the last years (MOURIK et al., 2012; DENG et al., 2012;
DAS et al., 2012; CHURCHILL et al., 2013; NADJ-PERGE et al., 2014). The first claim
of a true experimental MZMs measurement was made by Mourik (MOURIK et al., 2012).
However, those results were quite controversial. The zero-bias conductance pointed as the
signature of the MZM also can be produced by other phenomena, for example the Kondo
effect, see section 2.2, and Andreev bound states (LAW; LEE; NG, 2009; CHURCHILL et
al., 2013). These effects were not totally distinguished from the possible zero-bias MZM
influence (FRANZ, 2013). Moreover, the interplay between MZMs and Andreev bound
states was studied by us in (SILVA; VERNEK, 2016).

To clarify distinct zero-bias contributions to the conductance, Vernek et al. proposed
a system composed by a Kitaev chain coupled to a quantum dot in one of the chain
edges (VERNEK et al., 2014). In the proposed system, the QD is also coupled to a metallic
lead, and it was shown that the MZMs in the Kitaev chain “leaks” to the QD. This is an
important result considering that the QD transport properties can be controlled with high
experimental precision (FOLSCH et al., 2014). This proposed setup is, therefore, very
attractive from an experimental perspective. Moreover, Vernek’s work also shows that the
zero-bias contribution of MZMs to the conductance occurs when the QD energy level is
far above (or far bellow) the metallic lead Fermi level. This establishes a clear distinction
from the Kondo effect, that occurs only when the QD level is bellow the lead Fermi level,

section 2.2.2.

More recently, in 2018 a highly reliable measurement of MZM was reported on
InSb-Al hybrid semiconductor-superconductor nanowire devices (ZHANG et al., 2018).
However, in 2021 these experimental results were re-analyzed and other effects which can
mimic topological induced MZMs have not been discarded, leading to a retraction (ZHANG
et al., 2021). The principal reason for this is disorder-induced subgap bound states and low-
energy Andreev states which can appear in semiconductor-superconductor systems (PAN
et al., 2021). Therefore, an unquestionable experimental signature of MZMs has not yet
been reported. On the other hand, the fact of that MZM signature in the conductance
be robust for a large range of the gate-controlled dot energy level is one of the main

advantages of indirect MZM measurement using QDs which possible may avoid misleadings
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as the reported in the 2018 experiment.
In the aforementioned Vernek’s paper (VERNEK et al., 2014), local Coulomb

interaction U in the QD was not taken into account. This was latter addressed in the
Tijerina’s work (RUIZ-TIJERINA et al., 2015). It was shown that even in the interacting
QD, MZMs zero-bias contribution still survives coexisting with the Kondo contribution.
Moreover, the results showed the coexistence of a Majorana local singlet, composed by the
MZM and the metallic lead conduction electrons, and the traditional many-body Kondo
singlet. However, the question of why Kondo screening still takes place in the presence
of MZMs is still not well understood. In this context, the first part of the present thesis
is dedicated to the study of the Kondo effect in the presence of two polarized MZMs
with opposite polarization. This is a natural generalization of the previous scenario of an
interacting QD in the presence of one MZM (RUIZ-TIJERINA et al., 2015). The main
results from the first part of the thesis were published in (SILVA; SILVA; VERNEK, 2020).

The essence of the Kondo effect is the interaction between a magnetic impurity and
the conduction electrons. It is observed in systems with few diluted magnetic impurities, or
an isolated impurity connected to metallic leads, as in single QD experiments (BERA et al.,
2010). When the density of impurities becomes large, the interaction between the impurities
can not be neglected. Two or more magnetic impurities can interact between themselves
even at large distances indirectly via the host conduction electrons. This indirect interaction
is called Ruderman-Kittel-Kasuya-Yosida (RKKY) interaction (RUDERMAN; KITTEL,
1954; KASUYA, 1956; YOSIDA, 1957). The physical mechanism responsible for the RKKY
interaction is a magnetic polarization of the conduction electrons around a magnetic
impurity. This polarization can be “felt” by another magnetic impurity, giving rise to an
indirect interaction between them. The magnetic polarization has an oscillatory behavior,
with a characteristic wave-vector 2kp, analogue to the Friedel oscillations promoted by
charged impurities (GROSSO; PARRAVICINI, 2000). The oscillations are damped as
distance between the impurities R increases. The interaction decays essentially with 1/RP

where D is the dimension of the impurity host.

Nowadays, expedited by the advance of the experimental techniques and increase
of technological developments, low-dimensional (1D and 2D) systems are accessible ex-
perimentally. Low-dimensional physics has interesting features from both fundamental
science perspective and technological applications (DAVIES, 1997). One of the most
interesting low-dimensional system are the so-called quantum wires (QW), also known as
nanowires due to their nanoscopic length (BAND; AVISHAI, 2013). The quantum nature
of QW gives rise to several physical phenomena (DAVIES, 1997). In the last few years,
superconducting topological quantum wires (TQWSs) have attracted attention due their
ability to host Majorana Fermions, see section 2.6. The most prominent experimental

realizations of TQWs have as essential keys the application of an external magnetic field,
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the proximity to a superconducting material and a QW with strong intrinsic spin-orbit
coupling (SOC) (ALICEA, 2012).

Indeed, perfect quality samples are almost impossible to be obtained in practice,
even in extreme controlled environments impurities can be present. Sometimes the presence
of impurities is desirable and originates novel physical phenomena. For example, the influ-
ence in magnetic processes in metallic and superconducting systems (WATTS et al., 2019;
M6CKLI; HAIM; KHODAS, 2020). While scalar impurities affects only the linear moment
of the incident particles, the magnetic impurities can affect both linear and magnetic
moment (spin) of an incident particle. However, most of the theoretical calculations of
QW’s physical properties assume perfect QWs without any kind of imperfection (BAND;
AVISHALI, 2013). Therefore, to a better understanding of experimental realizations of QWs
it is necessary to consider impurities and how they affect the physics of the QW or TQWs.
Generically, we have more than one single impurity, for this reason, other important aspect
to be considered is the mutual interaction between the impurities, as the aforementioned
RKKY interaction. Within these perspectives, the objective of the second part of the thesis
is the understanding of how the RKKY interaction is modified in QWs in the presence of
SOC. The main results of the second part of the present thesis were published in (SILVA;
VERNEK, 2019).

This thesis is organized as follows. The first part is dedicated to the study of
the Kondo effect in the presence of MZMs. The theoretical background of the physics
of the localized magnetic moment, such as the Kondo effect and MZMs is given in
Chapter 2. The first part results are given in Chapter 3 followed by the conclusion and an
outlook (Chapter 4). The second part is dedicated to the study of the RKKY interaction in
QWs with SOC. The theoretical background of the RKKY physics in different dimensions,
as well the SOC in solids, are given in Chapter 5. The results of the second part are
presented in Chapter 6. Finally, the conclusion of the second part is given in Chapter 7.

Complementary appendices are presented after the thesis body.
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2 Background

2.1 Magnetic impurities
2.1.1 The Anderson model for magnetic impurities

The microscopic formation of localized magnetic moments in metals was explained
in 1961 by P.W. Anderson (ANDERSON;, 1961), inspired by the phenomenological work
of Friedel (FRIEDEL, 1958). The simple model proposed by Anderson consisted of a
single impurity in a metallic host, for this reason is called single impurity Anderson
model (SIAM).

Nowadays, more than six decades after the original Anderson’s work, the STAM
is still one of the most fundamental model to the study of quantum impurity prob-
lems (HEWSON, 1997). The Hamiltonian proposed by Anderson can be written as

H = Z EqNds + UndTnCu + Z é‘kCLUCkg + Z de(CLadg + d:r,Ckg). (21)
o ko ko

In the above, ¢l _(cy,) creates (annihilates) a electron with moment k, spin o and energy
€k, d! (d,) creates (annihilates) an electron in the impurity with spin ¢ and energy &g,
ngs = did, is the impurity number operator. The impurity local Coulomb interaction
is denoted by U, and the last term describes the hybridization of the impurity and the

conduction electrons of the metallic host, with the hybridization matrix element Vi.

Despite its simplicity, the STAM is a surprisingly good model for metals, such as Au,
Ag, Cu, etc, doped with magnetic impurities with the d-orbitals half-filled, for example Fe,
Co and Ni (SMITH; KMETKO, 1983). Let us start by exposing an important feature of
the SIAM. Performing the particle-hole transformation, d, — df, to the Hamiltonian (2.1),

the operator number modifies as ng, — (1 — ng4,) and the STAM becomes

H — Z[Ed - (Ed + U)ndo'] + UndTn@ + Z SkCLUCkU + Z de(CchrdJ + di,ckg) +U

ko ko
= Z[_<€d + U)ndg] + UndTn(u + Z &TkCleCkg —+ Z de<cledg + dlckg) + 25(1 + U.
o ko ko
Note now that if e, = —U/2 the STAM is invariant under the particle-hole transformations.

In this case the STAM is called symmetric SIAM.

Let us now analyze the non-interacting limit of the SIAM (U = 0), for with the
Hamiltonian (2.1)

H = Z EaNds + Z EkCIerkJ + Z de(cirwdg + dLCkU). (2.2)
o ko ko
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Clearly, the Hamiltonian above is quadratic, and have exact solution. To compute the
impurity occupation we will use the Green functions approach!. Following the Zubarev’s
approach (ZUBAREV, 1960), the impurity Green’s function can be denoted as {{d,;d})).

oy Yo

and obey the equation of motion (EOM)
wi{dy:dh)) =1+ (({ds, H] ;db)). (2.3)

The commutation in the EOM can be calculated using the fermionic canonical algebra?
[da, d}]+ = 0a,5 and the relation [4, BC] = [A, B],C — B[A, C]., which leads to

[dm H]i = E4oldy + Z ViCio.
ko
Replacing this expression into Eq.(2.3) we obtain
W((do; d1)) = 1+ e4l{dy; D)) + 37 Via({cros 1))

ko

Note that a new Green’s function ({cy,;d!)) appears on the right hand side of the equation

o

above. The EOM for this new Green function is given by

wi{ewoidy)) = ((lexo, H] 3 dh)).

Now
[cko, H] = exCho + Viado,

rendering the set of coupled equations for the Green functions

Giao(W) = gao (W) + gao () Y VieaGrodo (W),

ko

Gka,da (w) = ko (w) VkaGao (w) )

where we define Gy, (w) = ((d,;d!)), denoting the full impurity Green function, Gy, 4, (w) =
{{cro;dl)) is the host full Green function, and g4 (W) = (W — €45) !, Gko (W) = (W — Exp)
are the impurity and host free propagators, respectively. Combining the two equations

above we get
Gao (W) = o (W) + Gio (W) E(w)Gao (w). (2.4)
This is the known Dyson’s equation for the impurity with the self-energy
2((,0) = Z de(w — ek)’led. (25)
ko

Required by analytical continuation, we must take w — w + in, with n — 0%, hence the
self-energy can be written as

S(w) =) Vi

_ 2.6
o Wi — ek (26)

Further information about the Green’s functions methods in condensed matter problems can be found
in the nicely article (ODASHIMA; PRADO; VERNEK, 2017).
2 Here [A,B] = AB — BA, stands for the usual commutation and [A4, B]; = AB + BA denotes the

anti-commutation relation.
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The self-energy can be decomposed in real and imaginary parts as
Y(w) = Aw) +iA(w), (2.7)

with
o Vial*(w = &) _
A(("J) - Z (W N 5k)2 _|_1727 A(CU) - _nzk: (

k

[ Vica|?
w—ek)? + 1%

(2.8)

The impurity Green function can be extracted from the Dyson equation (2.4) and acquires

the form
1
Garw) = w—¢eq— N(w)
B 1
 w—eg— [Aw) +iAW))]
w—¢eq— Aw) iA(w)

w—cs = AMw)?+ [AW)P?  [w—ea— Aw)P + [Aw)]*
From now we assume Vg = V, the moment sum in the self-energy can be computed in the
energy space using that >, gk — [ p(€)g(e)de, where p(e) is the density of states (DOS)
of the conduction electrons. If we consider a constant DOS p(e) = pof(D — |¢|), where
po = 1/2D, and D is the half of the conduction bandwidth. Then, for the real part of the

self-energy we obtain

/2
Vil *(w — ero) 2 [P w—e 2, [+ DR+ ]
Aw) = = V/ —————de = po|V|In | ———— ,
W) =2 e =PV L =l | D
and for the imaginary one

N ViP
(W> - _nzk: (w — 5k0)2 + 772

_ —p0|V|2/D e
S Y e

D
= —po\V|2W[D5(w—5)d5

= —7Tp0|V|2,

where we have used

.1 n

Note that if D > w, the real part of the self-energy reduces to A(w) = po|V |*In(1)}/2 =0

and only the imaginary part contributes for the self-energy which becomes
Y(w) = =il (2.10)

where T' = mpo|V|[%. This is an important limit known as wide band limit (WBL). The
impurity local density of states (LDOS) can be computed by the relation

Pdo (W) = —ilm[GdJ(w)]‘ (2.11)
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In the WBL, the impurity LDOS is

(w) ! L (2.12)
o\W) = — . .
pd T (w—e€q)?+ 1?2
The impurity occupations for an individual spin is given by
(o) = | S ()par (), (2.13)

where f(w) is the Fermi-Dirac distribution. For 7" = 0, the Fermi-Dirac distribution is
the step-function f(w) = 0(Er — w) , where Er is the Fermi level. Then, at the zero

temperature the impurity occupation is

(i) = [ puoleo) s

By setting the Fermi level ez = 0 and using the LDOS (2.12) together with

/dx T tg! [x ; a} + constant

1 Er=0 r 1 _1( —Ed ™
T
(o) 7T/—oo w(w—ed)Q—i—FQ 7T|:g r +2

The result above can be written in a more compact form noting that tg™'a + 7/2 = 6, so
a = tg(f — 7/2), and using tg(0 — 7/2) = cot(—0). Then, § = cot~!(—a), so we have for

the impurity occupation

we obtain

(Ngo) = 71rCOt1 (?) (2.14)

In the interacting case, Anderson solved the aforementioned model using a mean-
field approach to the quartic Coulomb interaction. To do so, Anderson performed the

decoupling Ungyng, — U(ngr)nag, + U(nag)ngr. Then, the Hamiltonian (A.1) becomes

Hpr = Z Euonas + Xl Clor + > Vil (chod, +dory), (2.15)
ko ko
where
Eir =4+ U(ngs). (2.16)

The mean-field Hamiltonian has the same structure of the non-interacting case (2.2), but
now the impurity energy is spin-dependent. The same procedure used above leads to the

coupled self-consistent equations for the impurity occupation

(ngy) = 71T ot~ 1<W) (2.17)
(ng) = iot%W). (2.18)

Magnetic solution are those for which (ng;y) # (ng). Note that for U = 0 the set of

equations above recovered the non-interacting result (2.14). Other important limit is
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when I' — o0, so using that cot™!(z) = tg~!(1/x) in the mean-field equations results in
(nar) = (nq;) = 1/2 which is other non-magnetic solution. In this limit, the impurity is
strongly hybridized with the host and the local moment formation is not possible. We must
find the critical size of the Coulomb interaction which allows the local moment formation.
To do so, let us define ng = Y_,(n,) and the local magnetization M = (ng) — (nq4), then

(n4o) = %(nd—FJM ), with 0 = £1. These new definitions results in the novel self-consistent

equations
1 Umng—oM)/2
ng = - cot_1(€d+ (na = o M)/ ) (2.19)
7ro=:|:1 I
1 —olM)/2
Moo= - Ucot1<€d+U(nd oM)/ ) (2.20)
71-U::I:l I

When M — 0" an infinitesimal magnetization rises up, and in this limit the equation for

ng becomes

1 U —oM)/2
ng = — lim Z cot1(5d+ (na—o )/)
T M—0t I
_ 2 Ot_1<ed+(Ucnd>/2)7
T T
which leads to the condition
U. 2
cot(ngﬂ) _ Gat (F”d)/ , (2.21)

where U, is the critical size of the Coulomb interaction for the local moment formation.

Now, for an infinitesimal change of the magnetization, we have

d 1 . d 1 _ 8d—|—U(nd—O'M)/2
—M = — lim —— t 1( )
M 7o dM 220 T
1 LU, 1
T or ZU(W) U2\
o==1 1+ <11Ifcl)
The result above results in the algebraic equation
U. 1
1= - (2.22)
m eqt+(Ueng)/2
e
but using the fact that cot(ngr/2) = M we obtain
NS S Y

wl 5 n 2 E ngm wl’
1+ (d“UFdW) 1+ cotz(;>
At least, in the half filling we have ngy = 1, which finally results in

U, = 7T, (2.23)
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this is the critical size of the Coulomb interaction where the local moment develops. The
formation of local moments in diluted magnetic ions dissolved in metallic hosts depends on
the ratio U/xT" be smaller or bigger than 1. As we saw that I" is associated with the DOS
of the metallic host, then hosts with large DOS are more unfavorable to the local moment
formation (CLOGSTON et al., 1962). Even though the Anderson mean-field approach can
be able to predict the local moment formation, it neglects spin fluctuations, which are
fundamental for many important phenomena, as the Kondo effect, the main subject of the

next section.

2.1.2 Local moment in quantum dots

The local moment formation is not restricted to magnetic ions dissolved in metals,
but is also a key ingredient in the physics of the so called quantum dots (QDs). Quantum
dots are artificial structures where the electrons are confined in the three spacial dimensions,
leading to a discrete energy spectrum. For this reason, QDs are also known as artificial
atoms (MARCOVICH; SHINN, 2014; SCHROER; PETTA, 2008; KOUWENHOVEN;
MARCUS, 1998). One of the main advantages of QDs, in comparison with natural atoms,
is the precisely fine-tuning control of the QDS energy-levels. The energy-levels can be
experimentally changed with an external gate voltage V. A simple model for a multi-level
QD is

Haot = Y _(ex + eVy)nan, + gN(N —1), (2.24)
Ao

where ng.» is the QD number operator for the A level with energy €, and N = >y, ngy, is
the total number of electrons in the QD. Notice that the QD Hamiltonian is a generalization
of the atomic part of the Anderson model (2.1). Due to the spatial confinement, the
Coulomb repulsion is an important energy scale in QD physics and it is responsible for
the formation of local magnetic moment. The QD can be coupled to a metallic reservoir,
as schematically illustrated in figure [1]. The contact here behaves as the metallic host
in the STAM, as said, the QD occupation can be precisely controlled by an external gate
voltage V. For an even occupation all the QD energy levels are fully filled and the QD do
not have magnetic moment (S = 0). However, for odd occupation the highest energy level
is partially filled and the QD have a finite magnetic moment (S = 1/2)3. In the doubly
occupied state, the Coulomb repulsion acts on the electrons at the same energy-level.
For this reason, for large Coulomb repulsion the partial occupation is more energetically
favorable. In this case, the QD have finite magnetic moment and behaves as a magnetic
ion. We saw that for U. > 7" we have a moment local formation. Then, when the Coulomb
repulsion in the QD is larger than the hybridization with the metallic leads (I"), the same
physics described by the SIAM is expected.

3

Here we consider a single particle QD, the situation is quite different for multi-particle QDs.
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Figure 1 — Experimental realization of quantum dots in different configurations. (a) lateral
quantum dot (STM image). (b) Vertical quantum dot. (¢) Carbon nanotube
quantum dots. Figure extracted from S. Sasaki et all., Nature, 405, 764—767
(2000).

2.2 The Kondo effect

Although the local moment formation can be explained by the Anderson mean-field
approach, the spin scattering process cannot be described by this limit. This occurs
because in the mean-field treatment the spin fluctuations are neglected. However, spin
dynamics plays a fundamental role in the physics of magnetic ions diluted in metals. Indeed,
spin-dependent process are the heart of one of the most important physical phenomena

associated with magnetic ions, the so-called Kondo effect, the main subject of this section.

2.2.1 The Kondo effect in metals

One of the most surprising effects in magnetic ion diluted in metals is the minimum
of the resistivity occurring at low temperatures. This fact was experimental known
since 1930’s when the freezing techniques was developed by the important physicist
Onnes (ONNES, 1991). Following the Drude model, the metal resistivity results from
atomic collisions and for T = 0 the system presents only a residual constant resistivity
R(0) (de Haas; de Boer; van dén Berg, 1934; MACDONALD; MENDELSSOHN; SIMON,
1950). Experimental results showed that this scenario was completely changed in metals

doped with magnetic ions, see figure [2].

The theoretical explanation of the increase of the resistivity was absent until the
middle of the 1960’s, when Jun Kondo proposed the first theoretical model to explain the
experimental results (KONDO, 1964). For this reason, this phenomena nowadays is called
Kondo effect (KONDO, 1970; HEWSON, 1997). In the Kondo model, the ion’s magnetic
moment and the metallic host conduction electrons interacts by a local Heisenberg exchange
as

Hy = Ji(r)s-S. (2.25)

Where 6(r) is the Dirac delta function, s is the conduction electron magnetic moment (spin)

and S is the ion magnetic moment. For J > 0 we have an antiferromagnetic interaction and
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Figure 2 — Resistivity for low temperatures for coper (Cu) doped with iron (Fe) for different
concentrations. Figure extracted from J. P. Franck, F. D. Manchester and D.
L. Martin, Proc. Roy. Soc. (London) A 263, 494 (1961).

for J < 0 the interaction is ferromagnetic. Using spin-dependent second order perturbation
theory, Kondo showed that the resistivity as function of the temperature in the presence

of a magnetic ion is given by

R(T)=C [1 + 2Jn01nAC] , (2.26)
kgT

where C'is a constant, A, is a high-energy cutoff and nyg = p(Er)/N is the density of states

per electron. Notice that only for antiferromagnetic interactions the resistivity increases.

Then, from the Kondo model the resistivity increase is explained by a coupling between

the magnetic moment of the ion and the spin of the conduction electrons; the ion with

the surrounding electrons becomes a scattering center with a large extension which is

responsible for the resistivity increase experimentally observed.

The logarithmic dependence in the perturbative Kondo result is a prelude for the
nonperturbative behavior of the problem at low temperatures. The divergence occurs
for temperatures in the order of kgTk; for this reason this energy scale is called Kondo
temperature Ty .* For temperatures T' > Tk the conduction electrons are weakly coupled
with the magnetic ion and perturbative calculations gives qualitative aspects of the
system. However, for temperatures T' < T the conduction electrons are strongly coupled

with the magnetic impurity and in this regime the situation is more complicated. This

4 Despite the name, the Kondo temperature is an energy scale, but is widely denoted only as Tk with

the omission of the Boltzmann constant kg.
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fact is known as the Kondo problem (HEWSON, 1997). The Kondo problem is one
of the most intriguing questions in condensed matter. To address the Kondo problem
several techniques were applied over the years (ANDERSON; YUVAL; HAMANN, 1970;
ANDERSON;, 1970; ANDERSON; YUVAL, 1971; FOWLER; ZAWADOWSKI, 1971).
Nevertheless, it was exactly solved only with the nonperturbative Wilson’s numerical
renormalization group (WILSON, 1975), and later with rigorous analytical tools (ANDREI,
1980; ANDREI; FURUYA; LOWENSTEIN, 1983). In the upcoming sections we will see

some of the techniques used to approach the Kondo physics.

2.2.2 The Kondo effect in quantum dots

In the Section 2.1.2 we argued that quantum dots can behave as magnetic im-
purities. As such, at low temperatures is expected the manifest of the Kondo effect
for QDs coupled to metallic leads. Indeed, for low temperatures the Kondo effect was
observed in QDs experiments for the first time in experiments conducted by Goldhaber-
Gordon (GOLDHABER-GORDON et al., 1998). In systems composed by QDs the Kondo
effect has a different physical signature, which is not associated with the increase of the
resistivity, but with the increase of the conductance. This fundamental difference between

the Kondo effect in metals and in QDs results from the geometrical difference between the

——e  reservoir reservoir
- Quantum

T-[\_ gate- dﬁt
L

Figure 3 — Schematic representation of a single level quantum dot coupled to two metallic
reservoir. The quantum dot energy level is controlled by the gate potencial V.
Figure adapted from the talk “Quantum Noise of a Carbon Nanotube Quantum
Dot in the Kondo Regime”, R. Deblock, Orsay, 2001.

systems.

To see how the Kondo effect takes place in QDs, let us consider the schematic single
level QD coupled to two metallic reservoir with the Fermi energy Er, showed in the figure 3.
At finite bias an electron can go from the left to the right reservoir across the QD, whose
energy level £y can be controlled by the gate potential Vi;. For ¢y < Er and large Coulomb

repulsion U the double occupation is energetically unfavorable and the QD remains filled
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virtual

@ (b)

Figure 4 — (a) “Spin-flip” virtual charge fluctuation between the QD and the reservoir.
(b) Formation of the Kondo resonance at the Fermi level. Figure adapted from
the talk “Quantum Noise of a Carbon Nanotube Quantum Dot in the Kondo
Regime”, R. Deblock, Orsay, 2001.

with only one trapped electron and the current trough the two reservoir is blocked by the
QD. This phenomenon is called Coulomb blockage. The conductance measured between
the two reservoir will be finite only when |e|Ve = o + U. At low temperatures, even for
o + U > Ep ,“spin-flip” virtual charge fluctuations between the reservoir and the QD
take place and gives rise to a resonance at the Fermi level. This is the famous Kondo
resonance, see figure [4]°. The resonance opens up a channel between the two reservoirs.
Thus, enhancing the conductance even in the Coulomb blockage regime. This remarkable
effect is the experimental signature of the Kondo effect in QDs. An experimental result is

showed in figure 5.

The Kondo resonance described in the previous paragraph is one of the most
prominent signatures of the Kondo effect (SUHL, 1965; ABRIKOSOV, 1965). The hy-
bridization between a localized state and the continuum conduction band states results in
a characteristic spectral line shape, the so-called Fano shape (FANO, 1961). The presence
of a Kondo impurity modifies the Fano shape and provide a good experimental observation
of physical effects related with the Kondo effect (UJ SAGHY et al., 2000). Scanning tun-
neling microscopy and spectroscopy techniques utilized Fano shapes to the determination
of the Kondo temperature of magnetic impurities at the bulk and surfaces of metallic
systems (UJSAGHY et al., 2000; KNORR et al., 2002; WAHL et al., 2004).

5 At low temperatures spin-independent charge fluctuation also occurs, however these process only

renormalizes the scalar scattering potential which is not responsible for important physical effects in
the system, see Appendix A.
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Figure 5 — Linear conductance of a QD coupled to metallic leads as function of the gate
potential V;. (a) In the Kondo regime (7" < Tk), the Kondo resonance opens
a large conductance window. (b) At temperatures 7' > Tk the system is in
the Coulomb blockage regime and the conduction occurs only for specific
degenerated points. Figure extract from Goldhaber-Gordon et all., Phys. Rev.
Lett., 81, 5225-5228 (1998).

2.2.3 Connection between the Anderson and the Kondo model

In the previous sections we saw two fundamental models for magnetic impurities
coupled to a metallic host, the STAM, whose Hamiltonian is given by the equation (2.1) and
the Kondo’s model given by (2.25). Although both models deal with magnetic impurities
coupled to a metallic bath, the STAM is more complete. This occurs because in the latter
the impurity spin is treated as just another electron site, whereas in the Kondo model the
local spin is treat as a separated entity. Consequently, in the Kondo’s model the interaction
between the conduction electrons and the local spin is purely magnetic, without charge

fluctuations.

In the STAM, charge fluctuations are controlled by the hybridization I'. For large
hybridization the impurity is strongly hybridized to the metallic host and the local moment
formation is not possible. When the local Coulomb repulsion U at the impurity is large
relative to I', true charge fluctuations are inhibited and only virtual process are allowed.
Furthermore, in this regime the impurity is magnetic and the interaction between the
impurity and the conduction electrons is essentially magnetic mediated by the local spin

and the conduction electrons spin as in the Kondo model.

Formally, the STAM can be mapped in the Kondo model. The reason for this is the
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fact that the Kondo Hamiltonian can be described by the single occupied subspace of the
single level STAM Hilbert space. The first connection between the two models was done
by Schrieffer and Wolf (SCHRIEFFER; WOLFF, 1966), using a unitary transformation,
nowadays called Schrieffer-Wolf transformation. Later, Hewson used a projection approach
to obtain the same effective Kondo Hamiltonian from the SIAM (HEWSON;, 1997). The
details of this mapping are given in Appendix A. The resulting effective Kondo Hamiltonian
obtained from the SIAM is

Heﬁ‘ = Z Jkk/skk’ : S, (227)
kk’
where . .
Towr = ViVAl < ) . 2.8
ke KTk 5k_5d+5d+U_5k’ ( )

Note that now the coupling Jy is dependent on the STAM parameters. Many proprieties
obtained from the Kondo model are obtained by the SIAM one, which still has more
general physical effects that can be captured by the Kondo model. In this sense, the STAM
is not only more complete, but also more realistic. Yet, in regimes where only the spin
degree of freedom is important, it is interesting look at the effective Kondo model to

understand the involved process.

2.3 Renormalization Group

One of the most important concepts in physics is the concept of scale. Almost
all the physical phenomena are ruled by characteristic scales of length, time, and energy.
For this reason, for several physical systems the different scales do not contributes in the
same way to their fundamental physical features, so it is important to keep the focus
in the most relevant degrees of freedom. The formal way to do so is the main subject
of the called renormalization group (RG). In the RG procedure a high energy (short
wavelength) cutoff is imposed to the original system with a set of coupling constants and
scales. Then, the high energy cutoff is systematically reduced. As consequence, the system
acquire “renormalized” coupling constants, which depends on the systematic reduction of

the original high energy cutoff.

There are two types of RG: the renormalization group in the real space, where
the systematic reduction of the system scale is done using the called Kadanoff’s block
spin (KADANOFF et al., 1967; WILSON, 1971a; CAPPELLIL; MUSSARDO, 2012). The
principal playground for this method is in statistical physics. The second RG procedure is
done in the momentum (energy) space and it was introduced by K.G.Wilson (WILSON,
1971b). This method has been applied from high energy physics to condensed matter
physics. Here, we will use the method developed by Wilson. First, let us discuss the Wilson
RG procedure from a heuristic approach. Let us take a generic field ¢(z), that can be

either a scalar or vector associated with a boson or a fermion (or even a classical particle),
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and @(x) = ¢(x,1)5. The degrees of freedom of the field ¢(x) may be spins (quantum or
classical), fermions, gauge fields, etc. The Fourier transformation of the field ¢(x) in a
D-dimensional space is
A"k s
6() = [ Gy o) (2.29)
where we define ¢(k,w) = ¢(k)(e*® = e!k*x=w)) The partition function of a system with
degrees of freedom described by ¢ is given by 7

z = / De5@. (2.30)
In the equation above
Do = ][ do(k),
|k|<A

and A is the high energy cutoff and S(¢) is the Euclidean action. The next steep is the
rescale of the system by a parameter b(b < 1). Then, the degrees of freedom can be written

as
¢ =g+ 9>, (2.31)

where the ¢ are the degrees of freedom with |k| < bA and ¢~ are the degrees of freedom
in the region bA < |k| < A. The degrees of freedom ¢ are called “slow-modes” and ¢~
“fast-modes” (high energy), and the momentum region bA < |k| < A is called momentum
shell, see figure 6. In the RG procedure the fast-modes ¢~ in the momentum shell are

integrate out, rendering an effective action Seg. Using the partition function (2.30) we

have
Z=[Doe5® = [ Do Do 0o
= /ng<e‘ err(d<) (2.32)
where
e Sett($<) — /D¢>€_S(¢<+¢>), (2'3?))
and

D¢<: H d¢(k); D¢>: H d¢(k>

|k|<bA bA<|k|<A

Once the energy scale is reduced by the parameter b, all the other characteristic scale

should to be rescale to keep their original dimensional consistency. Then we have
= K =bk (W =w), (2.34)

the relations above can be verified by direct inspection. This is done showing that the

. . . . . 1) ol .
dimensional analysis of the Fourier modes is unaltered under the rescale (¢?*® = ).
6

In the present section we adopt the RG ideas using the quantum field theory concepts, an analogue
procedure using the Hamiltonian formulation was done by Cardy (CARDY; GODDARD; YEOMANS;
1996).

See Appendix D.
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¢ =x/b, K=kb

Figure 6 — The rescale of the momentum cutoff. The black area is called momentum shell
and represents the degrees of freedom which will be integrate out in the RG
procedure.

Suppose we find reach an action S* that is invariant under the RG-transformations
(rescale), in other words

cr(9<) = 57(9). (2.35)

This is a scale invariance called the fixed point of the RG. Then, a system at the fixed point

presents a scale invariance that can be interpreted as a new symmetry of the system.® To

see what occurs with a system under the RG transformations is interesting look around

the fixed point. To this end, let us consider a system close to the fixed point, whose action

can be written as
S(¢) = 57(¢) +05(9). (2.36)
In the above §5(¢) is a small deviation from the action at the fixed point, thus still linear

in the fields. We can expand dS(¢) in the complete bases {¢,,(z)}, with the correspondent

eigenvalues g, associated with a system’s fixed point. Then, the action (2.36) becomes
S(¢) = 5(9) + / Az gt (). (2.37)

We already saw that the RG transformation rescale the energy as A — bA (and the length

as x — b~'x). Moreover, the fields ¢, () also transforms under the RG transformations.
8

This is the origin of the term “group” in the Renormalization Group nomination. However, from the
formal mathematical definition of group, the RG transformations do not represents a group. This occurs
because the RG transformations do not have inversion. Even so, for historic reasons the denomination
“Renormalization Group” was remained.
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This transformation is given by
Pn(b7 1) = b2 (), (2.38)

where A, is called scale dimension of the operator ¢, (z). Operators that transform irre-
ducibly (i.e. homogeneously) under rescaling are called primary (scaling) fields (CAPPELLI;
MUSSARDO, 2012). Using this we obtain

[a” S guon@) = [ da® 3 gudn(a)
o / A0~ 2)P Y gb® ()
— /d:UDZ<gnb(An_D))¢n(x)'

Notice from the equation above that all the RG transformation dependence can be

associated with the transformation of the coupling constant as
Gn = gub D) = g (b). (2.39)

Now we can ask what occurs with the system under a infinitesimal rescale. The RG is
applicable to systems where the different scales do not contributes in the same way for
the physical phenomena. This naturally occurs in a logarithmic scale dependence. Note
that from (2.39) the renormalized coupling constant g, (b) have a logarithmic dependence
on the rescale parameter b. Therefore, a good way to written the rescale parameter b
is b = =%, where §¢ — 0, which is consistent with b~ — 1. The infinitesimal change
of the coupling constant g,(b) can be encoded in g”(;ﬁl;g” = don

b Br=P) = g M0(An=D) and Inb = —4¢, which finally leads to the differential equation

However, note that

dgn
S~ (D= Au)ga + O(g2): (2.40)

Before extending the discussion for a more general point of view, let us understand
the physical consequences of the RG transformations solving the equation (2.40). The

differential equation
dgn

ar (D = An)gn,
can be solved by direct integration
/W) Dn _ /E(An — D)dr, (2.41)
n(0)  Gn 0
which leads to
9a(0) = ga(0)eP=20). (2.42)

Where ¢,,(0) = g,(¢ = 0) is the original coupling constant before the rescale, sometimes
called bare coupling constant. Using the fact that the rescaled moment cutoff is bA and

b = e~% we have the systematic rescale of the cutoff as b decreases (¢ increases), which
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corresponds to the system running for low-energies. From (2.42) we can see that dependence
of the dimension system and the dimension scale have three different situation: when
D — A, >0(D > A,) the constant coupling grows under the momentum rescale, in this
case the operator ¢, (x) is called relevant. The second case is when D — A, = 0(D = A,,),
s0 ¢n(x) is called marginal. In this case to determine how the operator behaves under the
RG transformation high orders are necessary. The last case is when D — A,, < 0(D < A,,),
then the coupling constant g, decreases under the RG transformation, so ¢,(z) is called

irrelevant.

The differential equation which rules the renormalization of the coupling constants
under the RG transformations, for the example above, the equation (2.40), carries all the
relevant information of the rescale dependence of the system. The general form of this RG
differential equation is given by the called Gell-Mann-Low equation (GELL-MANN; LOW,

1954) °

dg

W~ o), (2.43)
where (3(g) is called -function. The equation (2.40) is called three level 5-function. For

the most physical problems the beta function may be expressed by the perturbative series

B(g) = ang" + > ] var-9ags--- - (2.44)
n ab- af-
As we saw in the discussion above, the signal of the coefficients of the S-functions are

fundamental to the understanding of the behavior of the renormalized coupling constants.

2.3.1 Renormalization Group

In the previous section we discussed the principal aspects of the renormalization

group procedure, which consist of three fundamental steps:

1. Subdivision of the field manifold: The first step is the division of the integration
manifold of the field {¢} in two submanifolds: The submanifold of the fast-modes
{¢~} which will be integrate out and the complementary submanifold of the slow-
modes {¢-}. This can be done using the already mentioned Kadanoff block spin,
or integrating out some momentum region, the called momentum shell, bA < |k| <
A. The later is called momentum shell integration, see figure 6. There are other

RG methods to make the manifold division of the field manifold used in some

9 The Gell-Mann-Low equation also can be expressed in terms of the rescale parameter b as

In the present thesis we will also use the terminology RG equation to describe the Gell-Mann-Low
equation.
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physical fields, for example, dimension regulation and the operator product expansion,
etc (CAPPELLI; MUSSARDO, 2012).

2. RG step: The second step is integrate out the fast-modes, which results in an

effective action (or Hamiltonian). Generically, the effective action can be written as
Seff(¢<) = ZgnO;(¢<)a (245)

where {g,} are the altered coupling constants and 0" describe some generic operator
composed by the slow-modes. The effective action (or Hamiltonian) may be obtained
using several methods, by direct integration, using projection operators, Feynman
diagrams (loop expansion), etc (ALTLAND; SIMONS, 2010).

3. Rescaling: The last step is the rescale of the effective fields ¢’ to recover the original

scale of the field ¢, in the momentum/frequency space. This is done by
K — bk, W —bw, (2.46)

where z is the called frequency renormalization exponent or dynamical exponent, z
can be one, two, three, or even a non-integer. The field renormalization under the
rescaling is given by

¢ — b0, (2.47)

where Ay is the field scaling dimension. After returning to the original scales we

obtain the generic effective action
Set(¢) = > 9,0(9). (2.48)

The functional structure of the effective action (Hamiltonian) should preserve the
original action (Hamiltonian) structure. Sometimes, new terms not present in the
original action can be generated in the effective action, if relevant (in the RG sense)
they must be introduced in the original action since the beginning. All the information

of the RG transformations is contained in the map

g’ =R(g). (2.49)

where R maps the set g = {g,,} of bare coupling constants (before the RG procedure)
into the renormalized set of coupling constants g’ = {g/,}. Using the control parameter

? we can write

and results in the generalized Gell-Mann-Low equation

& _ R(g),

= (2.50)

with the generalized [-function

£—0

R(g) = lim [ﬁ(gij_g] | (2.51)
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2.3.2 The Renormalization Group flow

To analyze how the set of coupling constant g changes under the RG transformations,
it is interesting to look to the submanifold composed by the fized points g*. This submanifold
is constituted by the points that are invariant under the scale, in other words, R(g*) = 0.

If we choose a manifold g close to the manifold g*, g = g* + dg we can write

/ * * 8Ra
g +0g ~R(g"+0g) = R(g") + Kig, KM::<€wb> :

and using that R(g*) = 0 we obtain
og' ~ Kog — g*.
This results shows that close to the fixed points manifold the RG mapping is linear, then

R(g) ~ K(g—g"). (2.52)

The matrix I is general and may be not symmetric. Therefore, the left-eigenvalues
can be different of the right-eigenvalues, denoting the left-eigenvalues by A\, and the
left-eigenvectors by ¢, with a = 1,2, -+ N we have the equation

ng]c = ¢£)\a- (253)

Now, let us take the vector (g — g*), the ath component of this vector in the basis {¢}
can be written as
= ¢a (g — &) (2.54)
With this we have that "
Mo g1 (e )
Using now the fact that R(g) ~ IC(g —g*), together with the generalized S-function (2.50)

we have

d ES
M@ gH)=Klg-g).
Then
dva T * T *
E@Z%K@—g)zM%K@—g)zM%,

so the component v, obey a simple RG equation that can be easily solved resulting in
Vo (£) ~ et (2.55)

The components {v,} are called scaling variables in the RG language. We see that the

components {v,} are associated with the vector (g—g*), which shows the direction towards

which the system flows. From (2.55) we have three possibilities: '°:

10" Note that when the RG equation is written in terms of the rescale parameter b, as % = B(g), the
flow direction follows the opposite direction that when is expressed by ¢. This occurs because b = e~ 9.
In this case when A, > 0(\, < 0) corresponds to irrelevant(relevant) scaling variables.
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e For A\, < 0 under the renormalization the flow goes towards the fixed points. In this

case the scaling variable v, is said to be irrelevant.

e For A\, > 0 the flow is in the opposite direction of the fixed points, in this case v, is

called relevant.

e The last case is when A\, = 0, in this case v, is called marginal, and is necessary
to look to the next order of the S-function to determine the flow direction. For

example, consider the RG equation v/, = \yv, + 7,02, if A, = 0 the equation becomes

v, = x,v2. In this case v, is marginal and the scaling flow will be determined by

the higher order coefficient z,. Following the definition above, for x, < 0(z, > 0)
the scaling variable is marginally irrelevant(relevant). Sometimes more higher orders

are necessary to the flow analysis of determined scaling variable.

(@)

4 \ /
e

”' \‘

Figure 7 — Flow direction for (a) an repulsive fixed point manifold and (b) for an attractive
fixed point manifold.

2.3.3 Few Simple Examples

2.3.3.1 Free scalar field

The simplest physical example is the massless free scalar fields in a D-dimensional

space. In this example, the action is given by (ZEE, 2003)

st (B [ e

The first step is the separation of the manifold by ¢ = ¢ + ¢~ using the rescale parameter

b. In the case of the free scalar field this division take the simple form

S+ 0) = Se+ 5. = [ GopgloaP + [ sl P (@25)
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The second step is the calculation of the effective action. We see that
o Ser(6<) — / Depo e 5@<+552)

With this, we can write

bA aDr 12

A D, 2
e Set(¢<)  — /D¢>e_ @D 7 o< (B) P+ [, \ (;ﬂ% Elos(k )|2)

bA gDy g2 A dPr k2

e e_f (271')D 2 ‘¢< k)l /D¢ 6 A (271')D 2 ‘¢>(k)|2

Note that the path integral above is quadratic in the field, then results in a constant (see
Appendix D)

A dPr_ K2 'NE
/ng ¢ I @np TP _ o cant.

Therefore,

o bA gD
e~ Sen9<) — congtant x ¢ ) GnP'T o< ; (2.58)

from which we can identify the effective action

Saloe) = [ G g lo<(P (2.59)

In the real space the effective action becomes

/dD ’<8§gxl ) . (2.60)

The last step is the rescale of the system into the original scales. We saw that this can be
done by 2’ — b~lx, and ¢'(2') — b>¢(x), leading to

S(@) = 5 [ ’(aﬁx, ) — Surlo) = [ dPab P (W)Q
S S /dD p(2A+2-D) <5¢( ))

ox

Then, the effective action is invariant under scale if the scaling dimension is A = (D —2)/2.

In other words, the free scalar field is rescaled as

¢ (') — b= 2p(x). (2.61)

Notice that the case D = 2 is special and corresponds to a situation in which the scale

dimension is zero.

2.3.3.2 The Gaussian model

Many systems have interactions with quadratic dependence at the scalar quantum

fields, for example the celebrated harmonic oscillator. The generic action that describes

0)=1 [da” [(agf)f +g¢<x>2] , (2:62)

these system is
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where g is the coupling constant associated with the interaction. In the reciprocal space

we have

50 =3 [ Gy ® + ol (2.63)

We can now apply the RG ideas. First, the division between fast-mods and slow-modes,
¢ = ¢ + ¢~, which leads to

S(0ct0s) =S+ 5o =1 [T LE 2 gomp+ L [ EE g2 4 gypo P
< >) = P< > 75 (2m)D 9)19< 2 Jor (2m)D 9) P> .
(2.64)
Next, we compute the effective action
o= Sett(6<) — / D e~ S6<+502)
With this we obtain
e Sert(9<)  — /D¢ e 3 (;ZZD(k2+g)|¢<(k *+3 f?\ (;D);z) (k2+g)‘¢>(k)|2>
_ [ E e mr /73(25 3 I s gl ()2
Again, we have a Gaussian path integral
/D¢>€_%f$‘ (g’l‘)’% (E+0)le>®F _ constant.
Using this fact the exponential of the effective action becomes
o—5em(6<) — constant x ¢ 2 o gf)’fg (k2+g)\¢<(k)|27
which allows us to identify the effective action
1 A dPk
S0) =3 [ gmpF + Dlo<(P (2.65)

In the real space we have

9¢/(z')
D, ./ 1200
Su( 2/d [( o ) + g6 (x)]. (2.66)
The last step is the restore of the original scales using ' — b~'x, ¢ — b>¢. Then, the

- (b o(x))

D A N2
L P [( o)) g%ore)
2
— /dDIb_D |:b2Ab2 <a<g(x)> +gb2A¢2(l‘)]
X

- / AP pb(22+2-D) [(%@) + (b‘29)¢2(x)] .

effective action becomes

Seff(¢)
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Note that the effective action have the same original structure if v*t2=P = 1, which
results in the scaling dimension A = (D — 2)/2. However, now we have the renormalized

coupling constant ¢’ = b=2g. So,

¢ — P2 (2.67)
g — b7 (2.68)

Using now that the rescale parameter b can be written as b = e~ in the transformation

above we have the RG equation
dg

e
Obviously, g = 0 is one fixed point of the Gaussian model. Another one is obtained when
g — oo. The fixed point g = 0 is called Gaussian fized point (SACHDEV, 2001). The sign

of the coefficient of the RG equation above shows that the coupling constant g is a relevant

2g. (2.69)

scaling variable. In the two examples presented, the calculation of the effective action
is easy (and exactly) due the Gaussian nature of the original action. However, for more
complex actions the path integral can be hard to compute. Even so, the path integral still
useful and is the base of many (non)perturbative methods (SHANKAR, 1994; SACHDEV,
2001; ALTLAND; SIMONS, 2010; CAPPELLI; MUSSARDO, 2012).

2.4 Poor Man's Scaling

The original solution for the minimum of the resistance, using traditional second
order perturbation theory, has reveled the break down of the perturbative approach for
the low-energy regime, also called infra-red limit (IR) (ALTLAND; SIMONS, 2010). Later
on, the successful perturbative diagrammatic approach for many-body interacting systems,
borrowed from high-energy physics, was applied to the Kondo model as well (ANDERSON;
YUVAL; HAMANN, 1970; MATTUCK, 2012). The diagrammatic calculations of the
renormalized vertex correction for the Kondo model has lead to logarithmic divergences
for the IR-limit. This results showed that even more sophisticated perturbative methods
break down in the IR-regime, an intrinsic nonperturbative signature of the model which
has been called Kondo problem (HEWSON, 1997).

The diagrammatic approach for the Kondo problem is complicated and extensive.
Part of this results from the fact that the spins operators do not obey the usual canonical
algebra of the fermionic and bosonic fields, fundamental for the Wick’s theorem applica-
tion (MAHAN, 2013). This difficulty can be solved by mean of different methods. The most
traditional one is the use of a pseudo-fermion representation for the spin operators, which
allows the use of the usual diagrammatic techniques (COLEMAN, 2015). By the end of
1960s, Anderson has used the elegant renormalization group (RG) approach for the Kondo
model for the first time (ANDERSON, 1970). Few years later, Anderson’s ideas has inspired
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K.G.Wilson to develops the numerical renormalization group (NRG), a nonperturbative
approach that provided the best solution for the Kondo problem (WILSON, 1975).

We saw in the previous section that the physical idea behind the RG is the fact that
for some physical phenomena different energy scales do not have the same contribution for
the physics of the phenomena. In other words, the high-energy scales do not contribute in
the same way for the problem how the low-energy scales do. To address this energy scale

behavior the RG procedure consists of three steps '

1. Rescale of the energy cutoff as A — A’ = bA, with b < 1 and A is the high-energy
cutoff. The region bA < |p| < A is called momentum shell.

2. The degrees of freedom in the momentum shell [bA, A] are integrate out, leading to

a renormalized Hamiltonian H(A) — H'.

3. Rescaling back to the original energy scale, w = bw’ and the new Hamiltonian by
H(bA) = bH'.

Anderson showed that the third step is unnecessary in the RG application for Kondo
model, since that this simplified rescale give the qualitative correct results for the Kondo
model(ANDERSON; YUVAL; HAMANN, 1970). For this reason Anderson gave it the
name Poor Man’s Scaling (PMS)(ANDERSON, 1970). The points that are invariant under
the RG procedure are called fized points, see section 2.3. These special points are invariant
under scale transformations, an important concept in phase transitions theory (SACHDEV,
2001).

In the RG approach to the Kondo problem, the Poor Man’s scaling, Anderson
do not used field theory techniques, as traditionally done in the high-energy physics and
statistical physics. Instead, he used the traditional scattering theory, more intuitive and
accessible to the Kondo model. A generic Hamiltonian for particles in the presence of a
scattering potential is given by

H=Hy+V, (2.70)

where Hj is the unperturbed system and V' is the scattering potential. The single particle

propagator in the presence of the scattering potential is
G(w) = Go(w) + Go(w)TGo(w), Go(w) = (w— Hy) ™, (2.71)

where G(w) is the free propagator and T is the scattering matrix (7-Matrix) that obeys
the Dyson equation
T(w) =V +VGy(w)T(w). (2.72)

All information about the interactions are contained in the Dyson equation for the T-Matrix.

1 For the Kondo problem the Hamiltonian formalism is most useful than the Lagrangian formalism, for
this reason we will use the former in this section.
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Figure 8 — Reduction of the conduction bandwidth in the RG procedure. The High-energy
states in the top (D —|dD| < g < D) and bottom (=D + [0D| > & > —D)
are integrate out which leads to renormalized interactions.

Consider a conduction band of bandwidth 2D in which all the energy states in
the range [—D,ep| are filled, and the energy states in the range [eg, D] are empty. For
simplicity, let us set ep = 0. In the first step of the RG procedure the high-energy cutoff is
rescaled as D — D = D — |6D| and —D — —D = —D + |§D|, see figure 8. In the second
step we integrate out the high-energy states. For this, we need account all the scattering
process allowed in the range [D — |0 D|, D] for electron-like scattering, and [—D, —D+|5D|]
for hole-like scattering. This can be done by introducing the projection operator P which
projects on scattering process in the energy ranges that will be integrate out. Then, the

equation (2.72) becomes
T=V+4+V({1—-P)Gy(w)T + VPGy(w)T. (2.73)
The Dyson equation can be solved iteratively as
T = V4+V(A—-P)G[V+V(1—-P)G T+ VPG
+V PGV + V(1 = P)GyT + VPGT]
= [V+VPGV]+ [V +VPGV]|1—-P)G,T
+V (1 = P)[GoV (1 = P)GoT + GoVPG,T| 4+ VPG,V PG, T
= [V4+VPG\V]+ [V +VPG\VI|(1— P)GyT + VPG,V PG,T.
Thus,
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Defining 7" = (1 — P)T(1 — P) as the T-Matrix for the reduced conduction band in
the (2.74) we obtain the invariant form of the Dyson equation for the reduced 7-Matrix

T(w) =V"+ V'Go(w)T'(w). (2.75)
In the above
V'=(1 - P)[V+VPGy(w)V + VPGy(w)VPGy(w)V +---](1 — P). (2.76)

From (2.76) we can see that as a result of the bandwidth reduction the original interaction

V' has changed as
V=V +AV, with AV =VPGy(w)V + VPGy(w)VPGo(w)V + --- (2.77)

Here AV is the interaction correction raised in the energy sector of the reduced conduction
band. Moreover, from AV we can see that interaction correction is expressed by a
perturbative series. The series contains all the the high-energy scattering process that will

be integrate out in the RG procedure.

2.4.1 Poor Man's scaling applied to the Kondo's model

The Kondo’s model can be written in terms of fermionic operators as
Ho = ZEkCTkUCkJ (278)
ko
which describes the conduction electrons and

V= Z[JZS'Z(CLTCM - CLkai) + J+S+CL/¢CkT + J_S_CL/TCk¢] (2.79)

Kk
describes the Kondo scattering potential. Note that the Kondo scattering potential can
change both spin and momentum of an incident electron on the magnetic impurity. The

T-matrix correction to the Kondo model to second order is

AV?) = VPGy(w)V = Z [JZSZ(CLTCIQT - chckN) + J+S+cfcwckﬁ + J_S_CLTCIQQ
K1 ko

><P1

i i i i
T D[S (Crlicnt = Gy iat) + I8 ey Gt + T-S7 Cgpcicuy]-
ksky

(2.80)

There are two distinct intermediary virtual processes involved in the expression above.
T

kso

The first one is the creation of an electron (¢ ) within the top layer of the conduction
band and then annihilated (cy, ). This kind of virtual process is called electron-type. The

second process within the lowest layer of the conduction band, a hole is created (cy,,) and
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annihilated subsequently (CLU,). As such, this corresponds to a hole-type process. Taking

care of this two distinct processes and applying the momentum conservation we obtain

AV(2) = Z [JZSZ(CLTCkﬁ — Cquickzi) —+ J+S+CIT(1¢Ck2T + J_SicLTCkﬂ]
kikoky
1 . _
X P [].S*(chy 1t — ey Creat) + T4 STl et + TSl 1]

W — €k, T €k,

+ > [JZSZ(CLTCIQT - CIT(1¢Ck2¢) + J+S+C1T<1¢Ckﬁ + J—S_CquTCkzi]
kikoks

1
f t +.f =

(2.81)

The projection operator P will select process in the top of the conduction band for
electron-type process and in the bottom for hole-like process. Notice that for process in
the top of the conduction bandwidth we have ck2clT(2 = (1 —ny,) ~ 1 and for process in the
bottom cLlck1 = nk, ~ 1, also at the edges e, =~ D and ek, =~ —D. Besides, the energies

summation for the virtual processes integrate out in the PMS are given by
D>ley,|<D—dD —D<ley, |<—=D+éD
X=X s X=X
kQ kl
The summations above can be transformed in energy integrals as
D>|ey, |<D—-6D D —D<|ex, |<=D+d4D DD
> — pde, > — / pde,
-D

D—-6D

where p is the density of states (DOS). After some cumbersome algebra we obtain

Vi = V+AV®

Kk’
(2.82)
in which the couplings constant renormalization are
5, = —J° |6D|[ L 1 ] (2.83)
= 2 w—D+e, w—D—e¢p '
1 1
5Ty = —J.JupldD [ ] 2.84
- +p|D)| w—D+8k+w—D—5k/ (2.84)

The RG equations can be written in their traditional Gell-Mann-Low (RG) equation
form (2.50). To this end, notice that for low-energy excitations the frequency dependence

in the denominator can be neglected in comparison with the high energy cutoff D. Thus,

oD|  [oD|
(w—D) D
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Recalling that the bandwidth is reduced of -|§ D], then

dJ
=——0D
o7 dD|5 g
which gives
dJ, 2 2 73
D - 2pJ1 + O(p~J°), (2.85)
D 2pJ.Jx + +0(p*J°). (2.86)

The Gell-Mann-Low equation is traditionally written as function of dimensionless couplings.
For the Kondo model we can define the dimensionless coupling g, = pJ, (o = z,£). With

this we obtain

dgz 2 3
= -2 = 6.(9a), 2.
™ 9+ 0(g°) = B(ga) (2.87)
dg+ o 3\
Let us look to the isotropic Kondo model J, = J4, in which case we obtain the simple RG
equation
dJ__ —2pJ% 4+ O(p*J?). (2.89)
dinD

Note that after integrating out the high-energy states, the coupling constant is a function

of the reduction of the bandwidth, for this reason is now called running coupling constant.

The solution of the RG equation leads to

~ J

J(D) = >
1 —2Jypln(D/D)

(2.90)

where D is the original bandwidth, D is the reduced bandwidth and .J is the original (bare)
Kondo coupling (before the bandwidth reduction). The behavior of the coupling constant

for low-energies is quite different for the ferromagnetic and anti-ferromagnetic interaction:

e Ferromagnetic interaction: For a ferromagnetic interaction between the magnetic
impurity and the conduction electron we can write the bare coupling as Jy = —|Jo|,
the running coupling constant becomes

~ J,
J(D) = — ol
1+ 2|Jy|pln(D/D)

(2.91)

When we run to the low-energies (systematic reduction of D), the module of In(D/ D)
increases and the renormalized coupling constant .J (f)) decreases as D approaches
to zero. In this case the coupling J ([)) is called marginally irrelevant. Physically this
mean that for a ferromagnetic interaction between the magnetic impurity and the
conduction electrons at low energies (temperatures) the magnetic impurity decouples
from the conduction electrons resulting in a free local fixed point, J — 0, see

figure [9].
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e Anti-ferromagnetic interaction: In the anti-ferromagnetic case the bare coupling

Jp is positive and
Jo
1 —2Jopln(D/D)

J(D) = (2.92)

The behavior in the low-energy regime is different from the ferromagnetic case. When
we run towards low-energies, the renormalized interaction .J(D) increases meaning
that at low-temperatures the impurity and the conduction electrons become strongly
correlated. The impurity and the conduction electrons form a many-body singlet
ground state called Kondo singlet. The consequence of this strongly correlation is
the increase of the resistivity for low temperatures in metallic compounds and the
conductance in quantum dot systems, both originating from the same mechanism.
Thus, the Kondo effect can only manifests in systems where the interaction between
the magnetic impurity and the conduction electrons is anti-ferromagnetic. When
the coupling constant runs to J — oo we have the strong coupling fixed point to the

Kondo model showed in the figure [9].

Ferromagnetic Antiferromagnetic
J <0 J>0
0 00
LM fixed point SC fixed point

Figure 9 — RG flow for the Kondo coupling constant J. In the ferromagnetic case the
coupling constant running to a free local moment fixed point, and the magnetic
impurity is decoupled from the metallic bath. For the antiferromagnetic case
the coupling constant increases and running to a strong coupling fixed point
which corresponds to the the “Kondo-singlet” formation.

The energy scale that marks the crossover between the weakly interacting regime
and strongly (kondo) interacting regime is the Kondo temperature. From the RG procedure

this energy scale is defined when the running coupling constant diverges, from (2.92) we

obtain
1
Ty =D — : 2.93
= Desp (7 2.99
Using the Kondo temperature definition above the running coupling constant can be
written as
~ 1
J(D (2.94)

>:2mmDﬂ}y
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From the result above we realize that there is no dependence of the high-energy cutoff
D. This means that the high-energy details are not important to describe the low-energy

behavior. The only relevant energy scale in this regime is the Kondo temperature Tk .

2.4.1.1 Kondo temperature from the PMS analysis

A more accurate calculation of the Kondo temperature from the PMS can be done
if we compute the third order correction of the T-matrix for the coupling constant g. A
cumbersome calculation results in

dg 2 3 4
D = 29 +29° + O(g"). (2.95)

Now the RG equation is integrated from the original bandwidth D to a reduced bandwidth

D* which renormalizes the bare coupling constant gy to g*
D* 1 rg* dd’
[mpap = [F
D 2J90 9% —g"°

The left hand of the equation above can be solved using

1 dg’ 1 1
—— [ —L— = _—4-In
2 g/2 _ g/B 29 2

- — 1‘ + constant.
g

With this we have

I(W)_ Lo
"\D) T Tt

Again, the Kondo temperature is defined when the coupling constant running to the strong

1 1 1
| .
g* 290 2

1 '
— — 1.
90

coupling fixed point, ¢* — oo (1/g* — 0), see figure [9]. The energy scale D* corresponds
piang p » g g ) g gy p

to the Kondo temperature Tk. Applying this in the equation above results in

D~ DY exp ().
V1= go

Using now that go = pJy ~ Jo/D < 1, /T — go = 1 and D* = Tk, we finally obtain

1
Tk ~ \/pJoDexp (— 2PJ0> : (2.96)

The expression above was obtained using the third order correction of the T-matrix.

However, notice that it differs only in the prefatory as compared to (2.93) obtained with
the T-matrix second order correction. For this reason, many times for more complicated
problems the second order correction can give a good estimative of the Kondo temperature
and high order corrections are not necessary. The Kondo temperature obtained by the PMS
is not quantitative exact because for temperatures bellow Tk perturbative calculations are

no longer valid. Even so, surprisingly, the qualitative behavior of the Kondo temperature
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can be captured by the PMS. The effective Kondo Hamiltonian obtained from the STAM

has coupling given by '?

1 1
J ,zvvl< )
Kk KTk €k—€d+€d+U—8kJ

For scattering processes occurring at energies close to the Fermi level we can take ¢, =

g =~ 0, also Vi = Vo = V. With these we have the bare Kondo coupling

1 1
J:V2< —).
0 cat+U g4

In the STAM for energies above U/2 the mix valence regime is dominant, so the Kondo

physics manifests only in lower energies. Therefore, we can take as the high-energy cutoff
D = U/2 to write equation (2.96) as

ITU Ed(Ed + U)7T

where we have defined I' = mpV2. This is the celebrated Haldane’s formula for the Kondo
temperature (HALDANE, 1978). In the PHS limit we have that ¢, = —U/2, which results

1mn
[T Ur

In current experiments in quantum dots, quantities as the impurity energy level, Coulomb re-
pulsion, coupling with the metallic bath can be controlled with great accuracy (GOLDHABER-
GORDON et al., 1998). Therefore, the Kondo temperature expressed in terms of these

parameters is extremely useful.

2.5 Numerical Renormalization Group

In the previous section we applied a perturbative renormalization group method
to the Kondo model it results in the RG equations for the Kondo bare coupling J (2.85).

From the perturbative RG results, we saw that for the Kondo problem the energy integrals

are the kind b gD 5
~In{ — ). 2.99
/IcBT D’ n(kBT) (2.99)

For low temperatures, kg1 < D, the integral above leads to divergences

D 4D’ D
a2 knT < D).
/kBT D n(k:BT>_>OO (kpT < D)

This suggests that the low-energy states contributes more significantly to the problem as

compared to the high-energy states. Indeed, for kg1 < D the perturbative approach breaks

12 See Appendix A.
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down and a nonperturbative method is necessary. As already said, to solve this problem K.
G. Wilson proposed an approach, called numerical renormalization group (NRG)(WILSON,
1975). Here we will briefly resume the principal ideas underlying the Wilson NRG. For
further information see (HEWSON;, 1997).

The heart of the Wilson’s idea is the logarithmic discretization of the conduction
band to solve the divergences in the energy integrals. The discretization proposed by

Wilson is given by
DA~ < gy —ep| < DA™, with n€N and A > 1. (2.100)

An important simplification of the problem can be made by considering a expansion of €y

in power series of k — kr. In this case we have

dEk

T + O((k — kp)?), (2.101)

€k—€F+(l€ k‘F)

k=kp

where we use € = ;. The next step is the transformation of the conduction Hamiltonian
_ T
Kk

into a semi-infinite linear chain. This can be formally done by the Lanczos tridiagonalization
method (GOLUB et al., 1996). The result is the tight-binding linear chain

- Z €ngCIano + Z(’YHCLUCL—&JU + ’}/ZCIL+1UCnU>, (2102>

where ¢, and 7, are given by

D(1+ A e,

W, (2.103)

en =0, Y =

with
€n = (1 — Ay (1 — A7) /2( . A=Cnil)y1/2, (2.104)
The next step is the coupling of an impurity to the first site of the discrete chain. For a

magnetic impurity described by the Kondo’s model we obtain the discrete Hamiltonian
chain with N sites

N-1
Hy=D' Z (’YanwCIH.m + ’YZCLHUCM) +J Z S- CSG’(SO)O’OJCOOJ? (2.105)

n=0,0 noo’

with D' = D(1 + A~')/2. For the STAM the discrete Hamiltonian becomes

N—
Z fyncnacn-i—la + Vn n—l—laCnCT)
n=0,0

+3 eqdid, + Ungrngy + Z Vb, dy + V*dicoo). (2.106)

g
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More complicated impurity models can be described by the discrete Hamiltonian with
proper considerations. The next stage is the addition of a new site in the chain resulting
in

Hyiy = Hy + D' S A2 eniio 4 Epiong)- (2.107)

The Hamiltonian Hy is numerically diagonalized, for this reason the choice of the many-
body basis |m) is important. Using the symmetries of the system the Hamiltonian can be
written in a block-diagonal form, which reduces numerical effort. Due the U(1) and SU(N)
symmetries of the Kondo and the STAM a good choice is |m) = |n,, S, S,, m), where n,
is the total number of electrons, S is the total spin, .S, is the z-component of the total
spin and m is a generic index associated with the specific Hamiltonian block. For other
impurity models the symmetries identification is fundamental for the construction of the
appropriated basis. Upon the addition of the extra site we must multiply the many-body
eigenstate by {]|0,0),| 1,0),]0,1),| 1,4)}. We can see that this procedure increase the
Hilbert space exponentially with N leading to a numerically intractable diagonalization.
It is therefore mandatory to set Ny as the maximum number of states at each stage. To
keep the energy scale comparable with the previous stage in the iterative diagonalization
as N — oo is defined the sequence of Hamiltonians Hy by

A-1)/2

Hy=—F—  N=0123 (2.108)

These Hamiltonians obey the recurrence relation

Hyi=ANPHy + Y (choensio + hvirocno)- (2.109)

Notice now that in the sequence Hy the coupling to the extra site is the same for each N.

The original continuous Hamiltonian corresponds to the limit

H (D'A=WN=D72 ). (2.110)

= lim
N—o0

The recurrence relation (2.109) can be understand in the spirit of the renormaliza-
tion group. A sequence of renormalization group transformations can be defined by the
map

Hyy1 = R(Hy). (2.111)

The numerical diagonalization of Hy allow us to write
Hy =) E(m)/m)(m)|. (2.112)

The next Hamiltonian to be diagonalized is

Hyii = Z E(m)|m)(m| + i/(ga(m, m’)|m)(m’| + H.c.) (2.113)
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with g,(m, m’) = (mlc!_c, 1,/m’) and E(m) = AY2E(m). In the fixed number of states
N, at each iteration the RG relation (2.111) maps the Hamiltonian with the same form
for each stage, but with the renormalized set of parameters {£(m), g,(m, m’)}. This is
exactly the second step of the general RG procedure, described in the section 2.3.1. This
is the reason why the method received the name numerical renormalization group. In
the NRG approach the fixed points are associated with the energy flow as the chain is
increased. In other words, if there is a fixed point the parameters of Hy,; and Hy are

unchanged.

The NRG approach is a powerful method that allows the analysis of thermodynamic
properties in a large energy range. Thermodynamic properties of magnetic impurities as the
entropy Simp(7), magnetic susceptibility ximp(7") and the specific heat Ciy, (1) are nicely
calculated for low and high-temperatures regimes using the NRG due the nonperturbative
nature of the method. Following the Wilson definition (KRISHNA-MURTHY; WILKINS;
WILSON;, 1980), the contribution of the impurity is calculated from the difference of the
chain with the impurity coupled to the first site of the linear chain and the “clean”, system

without the impurity,

Simp(T) = Stotal(T) — St(gt)al(T)a (2.114)
Ximp(T) = Xtotal(T) - X‘Egt):al(T)7 (2]_15)
Cimp(T> = Ctotal(T) - Ot(gt)a](T)- (2116)

In the above Oqgar is the thermodynamic quantity of the system with the impurity and
052231 without it. The spectral properties of the system can also be extracted from the
NRG by the numerical calculation of the interacting self-energy. This subject goes beyond
the scope of the present thesis. For more information and technical details about the

extraction of thermodynamic and spectral properties see the complete review by Bulla et
al. (BULLA; COSTI; PRUSCHKE;, 2008).

2.6 Majorana zero modes

2.6.1 Majorana fermions in relativistic quantum theory

For relativistic phenomena, the dynamics of quantum systems was formulated
by Dirac to solve the evident Lorentz invariance violation of the original Schrodinger
equation (DIRAC, 1926). Dirac proposed that a relativistic quantum system is governed
by the equation (later on called Dirac equation) (SAKURAI, 2006)

i;@(r, #) = Hpimae ¥ (r, 1), (2.117)
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where Hpjrae is the Dirac Hamiltonian given by'3
Hpirae = @ - p + Bm. (2.118)

In the above a; are the so-called Dirac matrices, which are 4 x 4 matrices defined as

0 o
; = ( 7 ) , (2.119)
o; 0

with ¢ = 1,2, 3, 0; denotes the Pauli matrices

01 0 —i 1 0
or R  oa= , 2.120

and 3 is the matrix
1 0
L . (2.121)
0 _12><2

Because of its relativistic nature, the Dirac equation (2.117) is usually written in its
covariant form by the introduction of the Gamma matrices v* = (3, foy;). With this, the

Dirac equation becomes
(i, — m)¥ = 0, (2.122)

where 0, = 0/0z,. The Gamma matrices must obey the following algebra
VY A =20, (2.123)

The Gamma matrices definition is arbitrary provided the condition above is satisfied.
This algebra frequently appears in mathematics and physics and is called Clifford alge-
bra (GARLING, 2011).

One of the most common representations for the Gamma matrices is

0 1 . 0 o
0— , b= , . 2.124
ot (1 0) v (_Uz 0 ) (2.124)

This representation is called chiral (or Weyl) representation (WEINBERG, 1995). In this
basis, the four-component spinor ¥ can be decomposed into two-component spinors (called

Weyl spinors)

U1
v | =) (2.125)
V3 ()
(oA
In the chiral representation, the Dirac equation (2.122) reduces to a set of coupled equations
(0, + o - p)r, —mpr = 0, (2.126)
(10, — o - p)yr —mpyr = 0, (2.127)

13 Here h=c=1.
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where the subindex D in mp stands for Dirac mass. When mp = 0 the equation above

are decoupled and we get the so-called Weyl equations

(10, + o -p)y, = 0, (2.128a)
(i0y —o-p)Yr = 0. (2.128b)

In this case, the particle has a well-defined chirality (PESKIN, 2018). The Dirac spinor ¥
is a complex object. However, in the search for a purely real solution of the Dirac equation,
in 1937, Etore Majorana (MAJORANA, 1937) proposed the following gamma matrices

o [0 =\ o, [0 ) , [ 0 s 0 o2
=1 s =1 s =1 s = .
7 ot 0 7 o’ 0 K 0 —o° 7 —0? 0
(2.129)

In this representation, latter on dubbed Majorana representation, the Gamma matrices

are purely imaginary, (y*)* = —7*, then
(Y0, —m)¥ =0 = (—i(3")"0, —m)¥* =0
= (i7"0, —m)¥* =
Therefore in the Majorana representation
U = U* (2.130)
In the general case, we have the so-called charge conjugated of the spinor ¥ given by
vl = Cur, (2.131)
where C' is called charge conjugation operator, with the properties
C'o =1, CTrC = —(y")*. (2.132)

Using the properties above, it’s easy to show that if ¥ is a solution of the Dirac equation,

U ig also a solution. This follows from

(iv"0, —m)¥ =0 = (—i(y")"0, —m)¥* =0
= C(—i(y")" 0, —m)¥U* =0
= (—=iC(v*)*0, — Cm)¥* =0
= (i7"0, —m)¥© = 0.

In the last line we use the properties (2.132) to obtain C'(v#)* = —+*C'". In the Majorana
representation it is clear from the calculations above that Chy,; = 1, which results in

U(©) = U*. Together with the fact that in the Majorana representation ¥ = ¥*, we have

C— (2.133)
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This is called Majorana condition. On the other hand, in the chiral representation only

the 42 is imaginary, wherefore a good choice for the charge conjugation operator is

. 0 io?
Cch:Z,y2: ( _7:0_2 0 )

Therefore, in the Weyl representation we have that the charge conjugated Dirac spinor is

—io? 0 U —ioXy |

The relation between the Weyl representation and the Majorana representation can be

established using the Majorana condition ¥(©) = ¥ above resulting in

’QZ)R 7;(72’17[)2
= ) 2.134
( Y, ) ( —io? g, ) ( )

This is the Majorana spinor in terms of the Weyl spinors, in which case, a set of equa-
tions (2.128) becomes

(i0; + o - p)Yr, — ic*mphy = 0, (2.135a)
(10, — o - p)Yr —ic*mpf, = 0. (2.135b)

Here, the distinct subindex mj and mpz denotes the fact that the mass for the different
chiral modes, now decoupled, are not necessarily equal. The four-component Majorana

spinor in terms of the Weyl spinors can be expressed as

. —2'0'2wz . wR
e () (), sz

The equivalence between the Majorana spinor and Dirac spinor is obtained when m; = mg
and v, = ic?%. The Majorana condition can be expressed in an arbitrary representation
by

"9, 0 —mW¥ =0, (2.137)

known as Majorana equation.
One of the most important properties of the Dirac equation is its global gauge
invariance, which means that the Dirac spinor is invariant under the gauge transformation

U — ey,

This exposes the U(1) symmetry of the Dirac equation associated with the charge con-
servation. Note, however, that for the Majorana equation (2.137) there is no gauge
invariance. Therefore, particles described by the Majorana equation cannot couple to the

electromagnetic field, they must be neutral. The general solution for the Dirac equation
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can be expressed by the plane wave U(r,t) = e *F'®(r), with conjugated Dirac spinor
VO (r,t) = Pt (r), where ®(©) = CP*. The physical relation of the pair of solutions is
that for each particle of energy E described by W there is a conjugated solution with energy
—F and opposite charge, described by ¥(© known as anti-particle. Note that for E # 0
the Majorana condition (2.133) is not satisfied, because W(r,t) # ¥ (r,t). However, the
scenario is different for £ = 0, in this case the Majorana condition is satisfied by the

stationary state as
P9 (r)=d(r), E=0. (2.138)

These states received the special name Majorana zero modes and play a fundamental role

in condensed matter physics (see the next sections).

The physical implications of the Dirac and Majorana representations is better
understood within the second quantization language for the Dirac and Majorana fields.
The quantization of the Dirac field is given by

U(r,t) = 3 ape P opr) + 3 b pe Pl (r), (2.139)
E>0 E<0

where aE and b g are the creation operators which create a particle with energy E and

an anti-particle with energy —F respectively. The Dirac field can be written as

Ur,t) = 3 ape Popr) + 3 b e Pl (r) (2.140)
E>0 E<0
-y [aEeiEt(I)E(r)—i—bEe’Et@%)(r)} (2.141)
E>0
S {aEe_ith)E(r)+bgeiEtC’<I>*E(r)]. (2.142)
E>0

From the equation above it is easy to see that W(r,¢) # Wi(r,t), and that the Dirac field
obey the canonical Fermi commutation for equal-time

A A

{T,(r,8), 01, (x' 1)} = 6,00(r — 1), {U,(r,t), U, (x', 1)} = {00 (r,8), Ui (x', 1)} = 0.

(2.143)

The second quantization form of the Dirac Hamiltonian is
Hp = / Erit(e, ) (e p + Bmp)(r, 1), (2.144)

Using (2.139) and the orthogonality properties, we obtain
Hp = E(akag + bbg). (2.145)

E>0

The quantization of the Majorana field is analogous, but with the Majorana condi-

tion (2.133), which can be imposed by taking ar = bg resulting in

b=y [aEe_iEt(I)E(r) +abe PP (r)]. (2.146)
E>0
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From this result, it is straightforward to see that

A

W(r,t) = Ui(r, 1) (2.147)
with the canonical relation
(T, (r,t), Uy (r' 1)} = 6,q:0(r —1'). (2.148)

Equation (2.147) reflects the exceptional fact that a Majorana particle is indistinguishable
from its own antiparticle. The second quantized Majorana Hamiltonian is given by

Hu =Y Eakag, (2.149)

E>0

which contains only half of independent solutions in comparison with Hp. In high-energy
physics the search for Majorana particles is an old issue which stands from particle physics
to the dark matter nature (ELLIOTT; FRANZ, 2015). Despite the lack of experimental
evidence of fundamental particles which behave as Majorana particles, some condensed
matter systems may present excitations with properties analogous to those of Majorana

particles, which is the subject of the following sections.

2.6.2 Majorana fermions in condensed matter systems

In second quantization, fermionic fields are described by fermionic operators. For
example c}(cj) creates (annihilates) a fermion with the generic quantum number j. Fermion

operators are complex objects that obey the canonical algebra
[ci, cl]4 = 3. (2.150)

Analogously to complex numbers, that can be written as a combination of real numbers
z = a+1b, with [a, b] € Z, fermionic operators can be written as a combination of fermionic

real operators as
1 , 1 .
¢j = 51 + 1), ci = 5 = 1), (2.151)

where the real fermionic operators have the properties

M = Vies Yias Vigl+ = 20ij0a8- (2.152)

We saw in the previous section that the real fermionic operators are associated with the
Majorana fermions, for this reason -, is called Majorana operator. Then, the fermionic

operators can be mathematically written in terms of two Majorana operators.

The use of Majorana operators as a mathematical artifice is widely used in magnetic
systems. This follows from the direct relation between the spin operators and the Majorana

operators. Indeed, a spin operator can be expressed in terms of Majorana fermions as

)
S = Zeabc'yb%. (2.153)
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With this representation and the properties (2.152) we can recover the canonical Lie

algebra for the magnetic operators
[Sa7 Sb] = ieabcscv (2154)

which shows the validation of the spin operator written in terms of Majorana operators.
The use of Majorana operators to describe spin operators is widely used together with other
theoretical tools, as quantum field methods and bosonization (AMBJoRN; SEMENOFF,
1989; GOGOLIN; NERSESYAN; TSVELIK, 2004). More discussion on Majorana fermions
and important magnetic systems, as the Ising model, can be found in the Tsvelik’s classical
textbook (TSVELIK, 2007). In some especial cases, Majorana fermions are not only a
mathematical artifice, but can be true excitations in condensed matter systems. This is

the subject of the next section.

2.6.2.1 Majorana fermions in topological superconductors

Superconductivity is one of the most surprising phenomena in Condensed Matter.
The effect was discovered by Onnes in the early years of the 20th century (ONNES, 1991).
Onnes observed that at very low temperatures the resistivity of some metals goes to
zero, becoming thus perfect conductors. Moreover, Onnes also observed that in this limit
the metals also acquired perfect diamagnetism. These two properties were fundamental
characteristics of a new property of matter, often called superconductivity. Later, many
other metals and compounds with superconducting phases were discovered. However,
only in 1957, almost five decades after their experimental discovery, the superconducting
effect received appropriated theoretical explanation. Bardeen, Cooper and Schrieffer were
responsible for the development of a microscopic model able to describe the superconducting
mechanism (BARDEEN; COOPER; SCHRIEFFER, 1957). Nowadays, this celebrated
theory is called BCS theory of superconductivity.

The heart of the microscopic mechanism underlying superconductivity is an effective
attraction between electrons, mediated by phonons. This interaction gives rise to pairs of
correlated electrons called Cooper pairs (COOPER, 1956), which behave as bosons. At low
temperatures, in superconductor systems with a critical temperature T, all electrons form
Cooper pairs and the system becomes a superconducting condensate. Another fundamental
property of superconductors, perfect diamagnetism, was explained only few years latter
by P.W. Anderson. Anderson showed that the spontaneous symmetry breaking of the
gauge symmetry in superconductors gives rise to a gauge field whose interaction with
the electromagnetic field results in massive photons (ANDERSON, 1963). The same
mechanism was used by Higgs to explain the mass generation in the standard model for
fundamental particles (HIGGS, 1964). Nowadays, this mechanism is called Anderson-Higgs
mechanism (COLEMAN, 2015).
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Here, we will give only a brief overview of the fundamental aspects of the BCS
theory. A more complete description of the theory can be found in classical textbooks
as (ABRIKOSOV et al., 2012; FETTER; WALECKA, 2012; MAHAN, 2013; COLEMAN,
2015). The minimal model for the microscopic mechanism behind superconductivity in
d-dimensions is

H = /dd [h”"( )c +Core — Ve y |, (2.155)

where R (r) = (h*V?/2meg — 1t)dger is the kinetic term, meg is the effective mass,
Nor = C} Cor is the number operator and V' > 0 is the attractive interaction between
the electrons, mediated by phonons. The next step in the BCS theory is the Bogoliubov

mean-field decoupling of the interaction term
—nyn, = _C;CTCIQ c$cicTc¢ (c}chTci + c$ci<c¢c¢> (cTcQ(orq)
Now, let us define the superconducting order parameter
A(r) = Viepep), (2.156)
with which the mean-field Hamiltonian becomes
Hios = [ @17 0)ckcon + (Ahchcl, + Aepen) + HIADE] (2157)

The BCS Hamiltonian is better understood using the so-called Nambu spinors, defined as

Crr
ve=| 7| = ) (2.158)
Cly 19
1.

with ¢, = (¢4, ¢jr)?. Using the Nambu spinors in the BCS Hamiltonian (2.157) we obtain

Hpcs = / dr

W] Hac (1), + 1AM, (2.159)
in the equation above Hpqg is the called Bogoliubov-de Gennes Hamiltonian

ho(r)  Alr) )

& 2.160
A*(r) —o¥hj(r)o? ( )

Hgqg(r) = (
where the order parameter operator A(r) is a 2 x 2 matrix. In the four-dimensional Nambu
space it is necessary the definition of additional matrices. We define the four-dimensional
matrices 7 = (7%, 7Y,7%) which act directly on the Nambu space. We also have the
traditional Pauli matrices o = (0%, 0¥, 0%) acting on the two dimensional spin space. Note

that the Nambu spinor (2.158) has the property

CT* = T, (2.161)
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where U = (U1)T and C = 7Y%0Y is the charge conjugation operator. The Bogoliubov-
de Gennes Hamiltonian can be diagonalized using the Bogoliubov eigenvector ®,,(r) =
(tnt (1), Uy (), V1 (1), v,y (r))T with energy, E, which satisfies the Bogoliubov-de Gennes
equation

Hpag(r)®,(r) = E,P,(r). (2.162)

On the Bogoliubov basis the BCS Hamiltonian has the diagonal form

Hpes = Y Enalay, + By, (2.163)

where E, is the ground state energy (superconductor condensate) and af creates an
excitation with energy FE, called Bogoliubov quasiparticle, expressed in the Nambu basis
as

a, = / dlrdt (1), (2.164)

Moreover, notice that the diagonal form of the BCS Hamiltonian (2.163) has the same
form of the Majorana Hamiltonian (2.149). The Bogoliubov-de Gennes states have an
intrinsic particle-hole symmetry, i.e. for each eigenstate ®,,(r) with energy F,, there is a
conjugated eigenstate ®{°)(r) = C®*(r) with energy —F,,. This can be verified using the
Bogoliubov-de Gennes equation (2.162)

Hpac(r)®,(r) = E,0,(r) = [C’HBdG(r)C’T](CCID;(r)) = CEnCT(CCDZ(r))
= —Hpao(r)(C®}(r)) = OC' E,(C®;(r))
=  Hgpag(r)(CP;(r)) = —E,(CP,(r)).

Above we have used CCt = 1 and

Cligayct = [ 0 ) [ Do) A(r) 0 oY
pae ioV 0 As(r) —o¥hi(r)o | \ —io¥ 0
[ he(r) A\
B ( —A*(I‘) a¥hi(r)oY ) = —Hpac(r). (2.165)

Something very special occurs if we have a single zero energy state £ = 0, in this case we

have
HBd(;(I‘)(I)()(I') = 0,
and for the charge conjugated zero energy state
Hyao (r)(CT)(x)) = 0.

Therefore,
Op(r) = CPy(r). (2.166)

Explicitly, we have

Qp(r) = 707Dy,
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which implies

uopr(r) —vg, (r)

uoi(r) _ UST(F) (2.167)
vor(r) ug, (r)

vy (1) —ug(r)

The zero energy Bogoliubov quasiparticle ag can be written using (2.164) as

ag = /ddrtbzg(r)\lfr = /ddr[uZ‘)T(r)ch + u(’i(r)cu + UST(r)cL - v&(r)cm, (2.168)

then
of = /ddT[UOT(I‘)CIT + u(u(r)c:gi + vor(r)cpp — oy (r)err]- (2.169)
Using relations (2.167) for the zero energy state in the equations above it is straightforward

to see that
ap = o). (2.170)

then the zero energy Bogoliubov quasiparticle in a superconductor system behaves exactly
as a true Majorana fermion'*. This is why the zero energy Bogoliubov quasiparticle receives

the name Majorana zero modes (MZMs).

Although the generic description above, the physical existence of a single zero
energy state in superconductors, with the propriety (2.170), and consequently MZMs,
is only possible in a special class of superconductors, they are the called topological
superconductors (READ; GREEN, 2000)'®. Here, the term ’topological’ is associated
with smooth deformations of the Hamiltonian parameters, usually in reciprocal space.
Systems that belong to the same topological class can be mapped (smoothly deformed)
into one another. However, systems with different topological phases cannot be connected
by smooth deformations. A given topological class (phase) is characterized by a topological
invariant analogous to an order parameter in conventional quantum phase transition theory.
For an extensive discussion of topological phases in matter and topology in general physics,

see (NAKAHARA, 2003; BERNEVIG; HUGHES, 2013).

In topological superconductors with non-trivial topological phases, a topological
phase can sustain exotic phenomena in their surface, or edges for 1D systems. The vacuum
topology is trivial, therefore the surface states of a topological superconductor cannot be
smoothly deformed into trivial vacuum states, implying a topological phase transition.
The transition is manifested by the closing of the superconducting gap, resulting in a zero
energy state (MZM) at the surface of a topological superconductor. The natural candidates
to be topological superconductors are the so-called p-wave superconductors (IVANOV,
2001; SARMA; NAYAK; TEWARI, 2006; KRAUS et al., 2009). However, p-wave supercon-
ducting pairing seems to be rare in nature (SIGRIST, 2005; KALLIN; BERLINSKY, 2009;

14 Here we consider a neutral superconductor, for charged superconductors the neutrality condition of
the Majorana fermions is not satisfied.
15 A classical example of topological superconductor is the Kitaev model discussed in the Appendix B.
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VOLOVIK, 2003). Alternatively, there are several proposals which combine conventional
s-wave superconductors, magnetic fields and strong spin-orbit coupling to create effective
p-wave paring (ALICEA, 2010; ALICEA, 2012). Magnetic chains have also been used to
try experimental detection of MZMs (NADJ-PERGE et al., 2014). The first proposal of
MZMs in a superconductor system was done by Kitaev in 2001 (KITAEV, 2001). Kitaev
proposed a 1D superconducting chain with p-wave paring mechanism and showed that in
the topological phase the chain presents MZMs in the chain ends, which results from a

topological phase transition. The details of the Kitaev model are given in Appendix B.
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3 The Kondo effect in the presence of polar-

ized Majorana zero modes

In this chapter, we revisit the Majorana-Kondo problem in a QD coupled to a
metallic lead and to a topological superconducting quantum wire (TSQW). The physical
properties of an interacting QD coupled to a single MZM was previous studied in (RUIZ-
TIJERINA et al., 2015). There, the authors used the Green’s functions approach together
with NRG to show the coexistence of the Kondo singlet and a local Majorana singlet,
composed by the QD and the MZM. However, the microscopic mechanisms responsible
for the physical phenomena obtained were not explored. To fill this gap, we present a
detailed investigation focusing on the mechanisms that make the Kondo effect resilient
to TRS breaking, and to the superconducting pairing induced by the TSQW. To this
end, we consider a more general case, in comparison with the one studied by Tijerina et
al (RUIZ-TIJERINA et al., 2015). Now, we consider a QD coupled not only to one MZN,
but two. Moreover, we assume that the MZMs are spin polarized in opposite directions.
This configuration can be obtained by coupling the QD to two spatially separated TSQWs,
each of which is in the proximity of ferromagnets with opposite polarizations (HOFFMAN
et al., 2017). In this configuration, the QD-MZM spin-dependent couplings arising from
the wave-function overlap between dot orbitals. Then, the polarized MZM states (PRADA;
AGUADO; SAN-JOSE, 2017) will couple with only the QD electronic states with the same
spin direction, which we take to be “up” or “down.” As a result, if the QD is symmetrically
coupled to both MZMs, local TRS in the QD is restored.

Here, we consider an effective single-impurity Anderson model that describes the
coupling of an “impurity” (QD and MZMs) with a metallic lead. The low-energy properties
of this model are investigated using Wilson’s numerical renormalization group (NRG)
method as well as Anderson poor-man’s scaling, discussed in the previous chapter. The
NRG calculations allow for a quantitative description of local properties at the fixed points

of the model, particularly the impurity contribution to the entropy at a given temperature

Simp(T).

To understand the relevance of Kondo correlations to the flow to the low-energy
fixed point, we derive an effective Kondo-like Hamiltonian to investigate how the coupling
to both MZMs modifies the Kondo physics of the model. This effective Kondo model is then
studied within the traditional Anderson poor-man’s scaling renormalization analysis, which
allows us to identify the evolution of the effective parameters under the renormalization
procedure. We obtain a set of differential equations (f function) for the effective coupling

that is solved numerically.
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Figure 10 — Schematic representation of the model. The quantum dot (QD) couples to
the lead via matrix element Vk and to left (1) and right (r) Majorana modes,
assumed to present opposite polarization as denoted by the up and down

arrows. Figure published in (SILVA; SILVA; VERNEK, 2020).

As one of the central results of this chapter, we show that the scaling equation for
the effective coupling J associated with the Kondo effect appears fully decoupled from
the other scaling equations, clearly indicating that the Kondo strong coupling fixed point
remains intact in the presence of the TSQW. As a result, the Kondo temperature Ty
extracted from the solution for J is insensitive to the parameters involving the TSQW.
This result sheds light on why the Tk obtained by the thermodynamic properties of
the system calculated with the numerical renormalization group depends weakly on the
coupling between the QD and a single MZM, as studied previously. Moreover, the results
show that the low-energy limit Si,,(T" — 0) assumes Fermi-liquid-like values of kpln2 (or
2kgIn2) if both (or none) MZMs are coupled to the QD. When only one of the MZMs is
coupled, then Si,,(T" — 0) = (3/2)kpIn2, indicating a non-Fermi-liquid behavior marked
by the presence of three free MZMs. More importantly, we establish that electron- electron
interactions or the presence of Kondo correlations do not change this overall picture. Thus,

the Kondo effect plays a “spectator role” in the process. The principal results of the present

chapter were published in (SILVA; SILVA; VERNEK, 2020).

3.1 Description of the system

We consider an interacting quantum dot coupled to topological superconductors
carrying Majorana zero modes at their edges with different spins polarizations. A schematic
representation of the system is showed in Fig. 10. The quantum dot is also coupled to
a normal metallic lead. The system is described by the following Anderson impurity

Hamiltonian

H = Hyor + Hicaa + Haot—1ead + Haot—M- (3.1)
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In which

Hdot = Z &“dd:;dg + UndTncu (32)

describes the isolated quantum dot, where d! and d, are the operators that creates and
annihilates an electron with energy 4 and spin o in the single level QD, n, = did, is the

number operator and U represents the onsite Coulomb interaction at the dot.

Hlead = ng,achck,o (33>
k,o

describes the normal lead, with ¢fo (¢, ) being the operator that creates (annihilates) an

electrons with momentum k, energy €, and spin ¢ in the normal metal.

Haot—1ead = Z (delck,a + V]:CLUCZU) (34)

k,o

connects the dot to the normal lead via matrix element Vj. Finally,

Haopnt = iAo (e 797 2d] + €7 /2dy )y, + Ni(e2d] — e="/2d,),
(3.5)

describes the coupling between the QD and the Majorana zero modes in the topological

superconductors edges. Here, the operators 7;, are Majorana operators, with the property

Yie = Vi (3.6)

and obeying the fermion anti-commutation relation [y, Vj o]+ = 8;;00,, and ¢, repre-
sents the phase of the left /right topological superconductor. For convenience, we perform a

gauge transformation d, — d,e~*%/2, with which the expression (3.4) can be rewritten as

Haopnt = A (e792dL + 9/2dy )y, + N(df — dy),
(3.7)

where ¢ = ¢, — ¢ is the phase difference between the two superconductors. We emphasize
that the QD-MZM coupling strengths A;, in Egs. (3.5) and (3.7) are, in general, spin-
dependent and can couple to both dot spins depending on the respective “spin canting

angle” 0, as ()\T(lyr)a )‘i(lﬂ“)) = A\ (sin 917”, — COs 9”) (PRADA; AGUADO; SAN-JOSE,

2
2017; HOFFMAN et al., 2017; DENG et al., 2018). Here, we take 6, = 7 and 6, = 2«

such that only a single dot spin operator is coupled to each MZM, making Hgu_n fully

spin-conserving. This choice adds an extra symmetry [spin parity P, = (—1)"7] to the full

Hamiltonian, which is important for the NRG calculations presented in the next section.
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3.2 Numerical Renormalization Group Analysis

The lack of particle conservation due the presence of the Majorana fermions is
better understood when the Majorana operators is described using regular fermionic
operators. To do so, we should write the Hamiltonian (3.7) in term of regular fermions as
fr = Oy +i720)/V2 and f = (yu + i721) /2 we obtain

.

Hoont = 2172 (dLfy + di ) + P2 (drfr + dy /)
A
+ o5+ dl = duf = duf]). (3.8)

We can now construct a Fock space for the occupation numbers of the QD electrons and of
the f-fermions as {|n4) ® |nsr)}, where ng, = did, and ns, = fif, with ¢ =1, |. From
now on, we consider the wide-band limit for the (particle-hole symmetric) conduction
band of the metallic lead. As such, the density of states of the metallic electrons is taken
to be a constant, given by py = (2D)~! for energies in the range w € [—D, D] and zero
otherwise. In the following, we set the the Fermi energy at w=0 and the half-bandwidth

D as our energy unit.

The presence of Majorana modes breaks gauge invariance in the system and
introduces some technical difficulties for the NRG implementation as the total charge
Noce = Ny + N| with N, = n4, + ny, is no longer a good quantum number (LEE; LIM;
LOPEZ, 2013; RUIZ-TIJERINA et al., 2015; CIFUENTES; SILVA, 2019). Nevertheless,

the parities for each spin o, defined as P, = (—1)

, can be used as a good quantum
numbers in our case, thereby reducing the block size of the Hamiltonians generated along

the NRG procedure.

To get a better insight of the low-energy physics of the system, we use the NRG to
calculate the contribution from the QD-Majorana system to the entropy. In the remainder
of the section, we will refer to this quantity as the “impurity entropy” Simp. In the
following, we use the same parameters as those in Fig. 13 unless stated otherwise. To
perform the NRG calculations we use the code developed by Prof. L.G.D. Silva, using
A = 2.5, keeping a maximum number of states N, = 1000 at each iteration and z-averaging
N, =9 (YOSHIDA; WHITAKER; OLIVEIRA, 1990; ZITKO; PRUSCHKE, 2009).

Figure 11 shows the impurity entropy as a function of temperature [Simp(7")] for
different values of A\, and \;. The different plateaus correspond to the fixed points of
the renormalization flow of the MZM-QD-leads system. The first plateau (large T') at
Simp ~ 4kp In (2) corresponds to the free orbital fixed point. As the temperature lowers, the
system approaches the local moment fixed point, marked by a plateau at Sip, ~ 3kp In (2).
Finally, for T" — 0, the system approaches the strong coupling fixed point. The value of
Simp in this fixed point depends strongly on how many MZMs are directly coupled to the

QD.
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Figure 11 — Impurity entropy extracted using NRG. In the presence of one Majorana mode
the Kondo singlet and the local Majorana singlet coexists and the entropy
presents the peculiar value (3/2)Iln(2) for T'= 0. Figure published in (SILVA;
SILVA; VERNEK, 2020).

For A\; = A\, = 0 (black curve), the results show that Sin,(T" — 0) ~ 2kg In(2). One
can understand this result qualitatively as follows: in the strong coupling fixed point, the
QD is Kondo-screened in a singlet state, while the decoupled Majorana modes provide
an additional double degeneracy to the ground state, yielding an In (4) residual entropy.
In fact, within the f-fermion representation, fIf,|n.) =nss|nss), we find four different

possible zero-energy states which account for the four-fold ground state degeneracy.

As we turn on the couplings to the Majorana modes, some of these degeneracies
are lifted and the entropy goes to a lower value as T' — 0. The most interesting case occurs
when only a single Majorana mode is coupled to the QD, i.e., \; =0, A\, # 0 or vice-versa
[circles (red) and diamond (blue) curves in Fig. 11]. Notice that, in this case, the strong
coupling fixed point plateau behaves as Sy, (T — 0) ~ (3/2)kp In(2). This is consistent
with the fact that there are now three decoupled MZMs at low energies and the MZM
directly coupled to the QD does not contribute to the entropy.

When both couplings are nonzero (e.g., A, = A\; = 0.02 corresponding to the green
curve with triangle symbols in Fig. 11), the ground state exhibits a residual entropy
Sres = Simp(T — 0) = kpIn(2), stemming from the two MZMs that remain decoupled
from the rest of the system. From these results, we can see that the low-energy residual
entropy S, takes the form S, = (Ng/2)kpIn(2), where Ny is the number of uncoupled
(“free”) Majorana modes. In fact, this result can be rigorously proven in the case of free

MZMs (see Appendix C). Note that if Ny is odd, the entire system behaves as a non-Fermi
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Figure 12 — Impurity entropy extracted using NRG for the non-interacting regime (U = 0).
For T" — 0 the entropy behaves as in the interacting case giving the same

results for 7' = 0 which confirms that the residual entropy behavior is due
only the free Majorana modes. Figure published in (SILVA; SILVA; VERNEK,
2020).

liquid. This is quite similar to the results obtained in the (unstable) non-Fermi-liquid fixed
point of the two-channel Kondo problem, where in the Majorana representation there is
a free Majorana mode left as T'— 0 (EMERY; KIVELSON, 1992; COLEMAN; IOFFE;
TSVELIK, 1995; COX; ZAWADOWSKI, 1998; ZHANG; HEWSON; BULLA, 1999). The
fractional aspect of the entropy of a single MZM coupled to a quantum dot has also been
subject of more recent studies (SMIRNOV, 2015; SELA et al., 2019).

To show that the residual entropy of the QD is dominated by the free Majorana
modes of the system, and thereby is not affected by the Kondo singlet, it is interesting
to consider the the noninteracting regime. This can be accomplished by taking U =0 in
(3.2). In this regime, no Kondo effect takes place and the entropy features are entirely
due the coupling of the QD with Majorana modes and the metallic leads. As before, we
compute Sy, (7) with NRG. The results are shown in Fig 12 and the residual entropy
follows precisely the behavior of the interacting case shown in Fig. 11. This result is also
consistent with analytical calculations for Si,,(T" — 0) carried out for U =0 shown in
section 3.3.3.

The impurity entropy in the noninteracting case (Fig. 12) displays a free orbital
plateau (Sinp, ~ 4kpln(2)) at large temperatures, but not the local moment plateau
(Simp ~ 3kp In(2)). This is expected as the local moment regime is not present for U = 0.

The interesting region occurs for 7' — 0. In this regime, we have Sy, (7 — 0) displaying
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the same behavior as in the interacting case (Fig. 11). This indicates that, in the presence
or absence of the Kondo singlet, the low-temperature behavior of the entropy is entirely
determined by the free Majorana modes of the system. The absence of an additional
contribution for the entropy in the interacting regime shows that the Kondo singlet is
preserved even in the presence of the Majorana modes, indicating a disassociation of the
processes leading to Kondo screening at low-energies from the QD-MZMs couplings at
high-energies. In order to clarify the origin of this interesting behavior, in the following we
derive an effective Hamiltonian that describes the low-energy regime of the system and

perform an RG scaling analysis.

To close this section, let us briefly discuss the fractional residual entropy observed
in the NRG results (Figs. 11 and 12). The situation here is closely related to the non-Fermi
liquid regime of the two-channel Kondo problem. As showed by Emery and Kivelson
(EMERY; KIVELSON;, 1992), the bosonization (refermionalization) approach to the two-
channel Kondo problem uses a Majorana representation to map the problem into a zero-
energy resonant level coupled to metallic channels. In fact, only a “half fermion” (Majorana,
mode) in the resonant level is strongly coupled to the metallic electrons while the other
“half" is free. This “free” Majorana mode sets the non-zero value of the residual entropy,
resulting in the celebrated result Sy, (7" — 0)=kgln(2)/2.

This result reveals a special non-integer ground state degeneracy, which is a
characteristic of the non-Fermi liquid behavior of the two-channel Kondo problem (Nozieres,
Ph.; Blandin, A., 1980). In fact, Affleck and Ludwig, using a boundary conformal field
approach, showed that some quantum critical systems (including the multichannel Kondo
impurity problem), may display a non-integer ground state degeneracy g, whose specific
value depends on the universality class of the boundary conditions (AFFLECK; LUDWIG,
1991b).

In the present context, the system (namely two topological quantum wires coupled
to an interacting QD) is distinct from the two-channel Kondo problem. However, as it
has already been pointed out previously (VERNEK et al., 2014; RUIZ-TIJERINA et
al., 2015), a Majorana mode from the edge of a wire can “leak” into the QD once it is
tunnel coupled to it. The scenario of MZMs coupled to the QD (and to a metallic lead)
and their correspondent free partners in the other edge (see Fig.10) can be viewed as a
formal analogue of the two-channel Kondo problem, but with a different physical origin. A
detailed calculation of the impurity residual entropy promoted by a free MZM is shown in

Appendix C.

We should also point out that such fractional character of the residual entropy may
be used to distinguish MZMs from trivial zero-energy states in experiments. Indeed, a
protocol based in entropy measurements to detect MZMs was recently proposed by Sela
et al. (SELA et al., 2019). Their proposal consists of a MZM coupled to a metallic lead
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close to a QD in the Coulomb blockage regime. The QD occupation can change from N
to N + 1 by changing the chemical potential i of a reservoir coupled to the QD. This
change can be monitored by a charge detector and it is related to the local entropy via the
Maxwell’s relation (dS/dp)|r = (dN/dT)|,. A careful measurement of the QD occupation
as a function of temperature can, therefore, give experimental access to the change in
entropy AS and thus allow for the detection of fractional entropy values (SELA et al.,
2019).

3.3 Perturbative Renormalization Group Analysis

3.3.1 Effective Kondo-Majorana Hamiltonian

In this section we will use the projection method to obtain a Kondo-like Hamiltonian
for the system described by the equation (3.1). To do so we follow the same procedures
used for the traditional single impurity Anderson model, see Appendix A. For the present

case the projection operators still are the same

Py = (I =nap)(1 —nay), (3.9)
P1 = Ngt + Mg — QndTndi, (310)
Py = nagnay, (3.11)

with the effective Hamiltonian
[Hyy + Hoy(E — Hoyo) " Hyg + Hoy(E — Hyo) 'Hyp)W, = BV, (3.12)

where H;; = P,HP;, with H given by (3.1). Again we use the fact Hyy = Hyy = 0. The

same algebraic tricks for the quantum operators used in the Appendix A can be used to

obtain
Hor =Y V(1 — ngs ety do 4+ X2 (1 — ng))dyy, — N(1 — ngp)dyy (3.13)
ko
and
Hyo =Y V(1 = nas)dlcie — idve (1 = nay)yedh — N (1 = nay)md]. (3.14)
ko

Proceeding likewise for Hyo, and Hy = H1T2 we obtain

H12 - Z Vk*’fldgc;rwdg + i)\rei5¢/2nd¢dT'yr — )\dedyyl, (315)
ko
Hy = Vingsdl cxo — i)\re_i‘sqwndﬂrﬂ — /\l”dT’YldI- (3.16)

ko
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Let us now define again the Hamiltonians Hy = Hyo(E — Hoy) ' Hyy and Hy = Hyy(E —
Hyy) ' Hyy. Using (3.13) and (3.14) in H; results in

Hl = Z Vkvl:’(E — & — HO>71(1 - nda—)dLCkg(l — nd5‘/>ck/0/do‘/
kk’ o0’

-+ Z i)\rvkei6¢/2(E — &k — Ho)il(l — nda)dlcka(l — ndi)d¢7r
ko

— SN (B — 2y — Ho) M1 = nay)yed] (1 = nas) el

ko

-+ Z Z)\ZVI:(E — &k — Ho)il(l — ndT)’yldI(l — nda)CLadU
ko

— Z z/\le(E — &L — Ho)_l(l — nd(—,)dzckg(l — ndT)diw
ko

+A(E = Ho)™ (1 = ng )y,dl (1 = nay)dyy,
AP (E — Ho) ™M (1 = nar)md] (1 — nap)dy
—ANe (B = Ho) ™ (1 = nay)vedi(1 — ngp)dyy
~NA (B — Ho) ™ (L — nap)nd| (1 — nay ) dyy,.

Note that we can write

1 E—Hy—e417!
(B )t = (B e Hyte—e) = [1- B =]

Ed — €k €k — &d
E—waﬂl

!
@—&le(E—m+@—w1:P+ -
d

For the single occupied state and for energies near to the Fermi energy we have ¢, < g4
and E — Hy — g4 < €4, therefore (see Appendix A for details)

€d—€k’

5d'
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Using this in H; we obtain

ViV
Hl = Z &(1 - nda’)dj;ckg(l — ndal)cklo,/do,/
kk’ o0’ €d — €k
Vi i09/2
+ Z Lﬂ - nda’)dz-cka‘(l — ngy)d; Yy
ko €d — €k
i\ Ve 109/2
- ]. - T-dT 1_ o T do_
Z £q— €k ( nd¢)7 J,( g )Cka
NV
+2 l_k (1 — nap)ndl (1 — ngs ) el ds
ko €d €k
z)\le

1 — ndg)dlcka(l — ndT)dim

/\?
+;d(1 — na) 7, d} (1 = ng )diy,

d—€k

)\2
+;;(1 — nar)nd] (1 = ngy)dy

AN
—?dle P92(1 — ngy)yedl (1 — nar)dy

A
—;—de R = ngp)md| (1 = ng )di.
Now, for Hy = Hy3(E — Hy) ' Hy we use (3.15) and (3.16) to write

HQ = Z Vka/ndgckgd (E HQQ) ’n,do_,d ,Ck/o_/

kk’, o0’
— Z Vlfz')\re_wwznd&cfwdg(E — Hgg)_lndwrﬂ

_ka)‘lndUCkad (E — Ha)™ lndT’VldI

ko

+ Z Vki)\rei5¢/2nd¢dT'yr(E — Hgg)_lnd;,d:r,ckg
ko

— Z VkiAlnde¢7l(E — Hgg)ilnd;,d;rrcko
ko

XA e 2 g0 d vy (B — Hgg)‘lndwrcq — A€y diy, (B — Hgg)_lndwldl
+>\l2nde¢’}/l(E — HQQ)ilndT’yldI -+ Aindi,dT’)/r(E — Hgg)ilncu’yrd%

Using the fact that (E — Hy)™' = (E — 264 — U — Hp)™! and the same tricks and

approximations used in H; we find

E—24—U—-Hy+¢e,)"!' ~ —mnx——,
( = o+ ex) eqt+ U —¢g

(B —2e4—U — Hy)™*

Q

ea+ U
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Thus, H, acquires the form
ViV
kk/,00’ &d + U — Ek
Viki,e 10012
+y B
o Ed T U—e¢ep

Vi
+ Z L nd6CTkgdandT7ldI

H2 = — nda—CTko_da—ndaT/dz.lcklg/

Mt Cheg Aoy V)

~€dt U — ey
Vici\,.e109/2
— n dry,mn Ud Cko
Z et U— dla1YrNd k
Vi
+3 = nad nasdl Co
§€d+U—€k/ NN G Ch
A Ape 00/ A €00/
- ngdiyn rd + 7 ngdoyn dl
et U dtr @) Yima| "y, e+ U dLaYrarNa
/\12 d dT /\72" d dT
— n n — n L Yrda.
U draMiMariay U dL At Yrd) Ve Gy

To obtain the effective Hamiltonian we need to show the explicit spin index in the
momentum sums in H; and H,. For H; we have

Z (1—ndf—,)dzcka(l—ndc—,/)cilada/ = Z(ndTCLTCle+nd¢CTk¢Ck’i+d$dicchL’¢+didTCkicLT)7
kk’,co’ kk’

(1 = ngs)dl o (1 — ngy)dyye = (naryrcwr — didTCkar)a
ko k

d(1- o )} o (1 — ngp)dy v = > (namick, — dldU?kT'Yl)y

ko k

> (11— nd¢)%d$(1 — TLd&)CLUdO— = Z(nchTkT% + d$d¢ck¢%),
ko k

(1 = na)nd (1 = nas)elydo = > (nayely i + didrciam).

ko k
In addition, we can see that

(1 = na)ydh (1 = nay)drye = nar,

(1 = na)nd{ (1 = nar)d;y = nay
and
(1 = nay)yedi (1 = nar)dyy = didyy,
where we use the fact that 72 = 1. Using the identities above we can rewrite H; as

H o= Y ViV

1 =
kk’ €d — €k
i Vi€ A Vi e 00/
+)) ———— |djdyyeexy + nap | — ) ——————

Zk: el — ex [¢T’Y k| T 1t kT} g el — e
NV A Vi
_ Z k [didTCLT’)/l + ndicltiw} — Z -
k
Z)\l>\

€d

[narcirelor + naec e doy + didyg ey + djdio o]

{d%r‘diclti,f% + ndTCLT%}

[deWZCm + ndﬂlcm]

. /\ A )\2 )\2
_usd)/zdfdw - AR zaqs/szdwl% + Zng + 7nd¢ (3.17)
€d &d &d
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Likewise, for Hy we have

S" et donaed oy = Z(ndicLTck% + ndTCLCkw + deICLTCk’i + dwﬂchckq),
kk’ o0’ kk’
> nasclydonayyedl =3 (clydidyy — cdynayy),
ko k

S nasclodonand] = Y (cdldin — o nam),
ko k

S nadiynadioe = > (dldycg — nayo),
ko k

Z nde¢71nd6dlcka = Z(d1d¢710kﬁ - ”dT’YleO-
ko k

Using the operator identities

ndﬂﬂrndﬂrﬂ = nqy,
ndelendT’)’ldi = ngp,
nadiynand], = didlyo,
nardyymaedy = didiyy,.

We can obtain

ViV i i ol ol
Hy = - ————(ng cpaCrr + ngrcy  Cry + dad) cprcyr + dydicy ey
kk/€d+U_€k( |l Ot NarC ), + dyd ey + dydiey cer)
NVE iser it gt M r f
+y ——e™' ok didy, — congy) + Y — =X (e dldiy — ol n
;&H—U—&c (k¢¢ﬂ kt dw st—f—U (kT¢T7l Kl )
P Vk i5¢/2 ¢ t )\le i
— e’ d\ dyyrCr) — NalYrCrt) + —————(didyicxr — ngrYIC
Z€d+U_E (d}dyyrci, — nayyrcir) zkzngrU_Ek(Tmm dtVCkL)
INAY ises2 g it NN ise o A2 A7
2, d e~92d divy, T ng — s 3.18
cat U (I G T Ut T v (3.18)
Now, it is very useful to rearrange the operators as
NarCetChn + nayag el = Sulerch, — el )—l—l(n + nay) (Gl + ag el
1kt Chrp + M) Cie Cper | 2ty = CriCioy) 5 (ar + 10y GGy + iy

ndicL/TckT + ndTCL%ClQ = _SZ(CL'TCkT — CLJ,CkO + = UZa + ndi)(cchLT + C}QCL/J,),

5
where S, = (ng — nqy)/2. Putting together the two contributions H; and Hy as Heg =
H, + H,, we finally obtain

Heg = Ho + Hx + Hy, + Hy, + Hy, + Hy2 + Hye. (3.19)

The explicit form of these terms are

Hy = kaaCLngm (3.20)
ko
HK = Z Jkk’ CL’TCkT CLkaO + S+CLJ,Ck¢ + S—CL’TCki]’ (3.21)

kk’
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= > (TS vear, + TiaSchy 1) = D (Tacvecwt + Ticcky ), (3.22)

k k
=Y (TuSimcwr + T?kS—CLT’YZ) - Z(lewcm + TﬁlCLﬂz), (3.23)

k k
H’n,- = Tlrsf%ﬁ)/r + TZ?«S+%~’YZ, (3'24>
ngv(%_%), 3.25
Ar "\eg e+ U ( )

and

Hy = A2 <”‘” ”C”> . 3.26
A2 €d €d 1+ U ( )

In the above we have used the relations S, = (ng — nq;)/2, S+ = dﬁdi and S_ = didT-

The effective couplings are given by

1
e vv,( ) 3.27
ke kk €k — &4 €d+U—€k/ ( )
T = AV < ) , 3.28
k k €k — &4 5d + U — €k ¢ ( )
T = -\ WA : 3.29
K k(€d—€k 8d+U—€k € ( )
T = MW ( ) 3.30
e Pk €k — &4 €d—|—U—€k ( )

& ndy Nt
Tre = M Vi ( 3.31
ik k €d—€k+8d+U—€k ( )

and
T = A he? ( Lo 1) (3.32)
r T U I £q £q ) .

with 0 = §¢/2 + /2. Now, assuming that the QD coupling with the metallic leads is
isotropic (therefore, k-independent), we have Vi = V. Moreover, for scattering processes

near to the Fermi surface, ey = e & 0. Thus, we obtain

1 1
_w 2( _ > 3.33
v eqa+U g4 ( )
1 1\ .

T, = AV ( _ ) 0 3.34
ceat+U g4 ¢ ( )

”dT dy i0
o= AV ( ) , 3.35
€d eq+U c ( )
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1 1
T, = \V ( - ) , 3.36
: : cat+U g4 ( )
ndi ndT
— v( ) . 3.37
€4 eqa+U ( )

We need to be careful about the couplings Tnl because, unlike the other couplings that are

c-numbers, they are operators. Let us look for these couplings near to the particle-hole

symmetry point. For this, we choose the quantum dot level as ¢, = —U/2 + de, with
de < U/2. Then
o= AV (”C” + )éﬁ
U+eq

= AV [ndT(55 —U/2)"" + ngy (e + U/2)_1] e?

Urs 20e Tqy 20¢
—2— (1 - — 2— (14 —
U ( U) T ( T

Gie .

= AV

Now, using (1 —x) '~ 1+, and (1+2)"' ~1—x, for x << 1, in our case x = 2d¢/U,

so we have
T, = -\V _ 27? (1 + ?) +2n[j} (1 _ 25;)] o0
= AV _ é;(ndT —nay) — Zg;g(ndT + nd@]
= AV -_;Sz - 45):;5] e

in the last line we use the relations S, = (ng — ngy)/2 and ngy + ngg = 1. With the

expression above we can write

Z(Tr’%”ck'r + T:CLT’Y’F) = Z(TT‘/V’/‘CI(T + T:CLT’%")

k k
- Z(Trzsz rCkt + T:ZSZCerVT)a
k
= HTT + HTrz (338)
and we define 46 4
8 .
T, = — 29 T, — —— 0 )
7z AVe s U)\rVe (3.39)
Similarly, we find
4 4d¢e
T, =NV . — =1, 4
= |5~ 3 (3.40)

and

S (Tivag +Tidym) = D (Timag + Tl )
k k

+> (Ti.S2mcwy + T[ZSZCLHZ),
K

Hp + Hry, (3.41)
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with 45 A
€
T =——=XNV, T,==\V. 3.42
l T l U ( )

3.3.2 Physical interpretation of the effective Hamiltonian

Let us look individually at each term of the effective Hamiltonian (3.19). The first
term of (3.19)

HK = Z Jkk/ [SZ(CL’TCkT — CLI\LCki) + S+CL¢Ck¢ + SfCL/TCkJ,]
kk’

is the usual Kondo Hamiltonian, and describes the magnetic interaction between the QD
magnetic momentum and the spin of the conduction electrons of the metallic leads. The
terms in (3.19)

H‘/r = Z(Trks—’VerJ, + T:kS+CL¢7T> - Z(Trk’%ﬂck? + T:kc;f‘{%)’
k k

and

H, =) (TuSimewr + T;‘kS,cLT’yz) - Z(ﬂwmu + TfiCLﬂl)
" K

are similar between them. The first term in the two Hamiltonians above are associated
with a spin dynamic process which spin-flips the electron spin in the quantum dot (lead)
mediated by the Majorana zero mode, which is polarized and carries a defined spin index,
Yr(Yu) = (1), see figure 10. The second ones are associated with interactions between
the quantum dot electron and the conduction electrons in the metallic lead mediated
by the Majorana zero mode, but without spin dynamics, see Eqs. (3.38)-(3.41), such
process we will call “Majorana triple exchange interaction”. The next term of the effective

Hamiltonian (3.19) to be analyzed is

H,, = YuS_yv + Y5

This piece of the effective Hamiltonian describes a kind of exchange interaction between
the Majorana zero modes and the quantum dot spin associated with the formation of a
local singlet. ' A more complete analysis of this process is given in the sections 3.3.5 and
3.4. The two last terms in (3.19) are

UZn Uz
= (25 )
AR "\Neg e+U

and

_ (M nar
HAZQ_)V(ad ad—l—U>'

In the present case the number of Majorana zero modes coupled to the system is M = 2, when we have
M > 3 the Majorana bilinears 7,7, reproduces the SO3(M) structure and the exchange interaction
between the quantum dot (or a quantum island) and the Majorana modes can give rises to a “topological
Kondo effect” (BERI; COOPER, 2012; ALTLAND et al., 2014).

1
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These terms can be better understood near the particle-hole symmetry point. In this
case we can write ¢4 = —U/2 + de and perform the same approximations used to obtain

T (Tr242)) in the previous section. A direct calculation leads to

Hy ~ X (_2 - 8585z> :

2 8de
M-=+-225.].
Uu U?
From the equations above we can see that the terms Hy> and H »2 are responsible for

the effective Zeeman fields Bl = —8\25e/U? and Bly = 8)\?de/U?, respectively. Then

|BLg| = —| Blg| which is a consequence of the opposite polarizations of the Majorana zero

H>‘l2

Q

modes.

3.3.3 The non-interacting limit of the effective Kondo-Majorana Hamiltonian

In the non-interacting limit (U = 0) we have, from (3.19), (3.33)-(3.37), J =T}, =

T, =7, =0 and the effective Kondo-Majorana Hamiltonian becomes

Het = Y ekoCholio + Y (Trvrcir + Tl eksrr)

ko k
+> (Timcwy + TI*CLﬂz)y (3.43)
K
with v v
T, — 2, () 0 T, — 2\ () . (3.44)
€d €d

Notice that the effective Hamiltonian (3.43) has the same form of the Hamiltonian (C.1).
The main difference is that now we have an additional degree of freedom associated with
the spin. As we have seen before, the connection between the regular fermions and the

Majorana Fermions can be describe as
1 , 1 .
fr = ﬁ(%r + i72r), fi= E(%l + i7a1). (3.45)
The number of free MZMs is determined by the couplings 7, and T;. Let us look at each

possible configurations and their respective residual entropies.

3331 T, =1,=0

When T, =T, = 0, from Eqs. (3.43) and (3.45) we see four free Majorana modes
and, as shown in Appendix C each free Majorana mode contributes to the density of states
with §(w)/2. As a result,

p1(w) = 20(w), (3.46)

rendering the entropy
Sr(T) = 2kgln(2) = Shes. (3.47)



3.8.  Perturbative Renormalization Group Analysis 91

3332 T, #0or T #0

In this situation, we have three free Majorana modes and one coupled to the

metallic lead which results in the density of states

3 1 r
==9 —_— A4
pr(w) = 50@) + 5o (3.45)
Using the results from Sec. C we obtain the following entropy
3]{5]3 kB ™ kBT
T)~ —In2)+ —=|—|. A4
(1) ~ et + 1 (2 (3.49)
At zero temperature the residual entropy
3k
%fkfmm (3.50)

from which the NFL behavior of the system is explicit.

3333 T,#0and T; #0

This is the last possible situation. We now have two free Majorana modes and two

coupled Majorana modes, which provides us with the density of states

1 T
== 6 D — . 1
pr = 8) + —— . (3.51)
and entropy
kgT

&auz@m®+m%<§;>. (3.52)

For T = 0 we then obtain
Sres = kpln(2). (3.53)

In summary, the residual entropy in the three cases can be written as

2kpln(2), if T, =T, = 0.
Sres = 4 3kpIn(2), if T, #0 or T, #0. (3.54)
kgln(2), ifT.#0 and 1T;#0.

It can be observed that the results in (3.54) corroborate the results obtained by NRG
shown in figure 12. Moreover, in general the residual entropy can be associated to the

number of free Majorana modes (NNg) of the system as

N,
&w:f@M% (3.55)
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3.3.4 Renormalization Group equations

Since the effective Hamiltonian (3.19) obtained in the previous section has a Kondo-
like structure we can apply the Renormalization group (RG) ideas to study the behavior of
the effective couplings. Here we will perform a poor man’s scaling on the effective Kondo-
Majorana Hamiltonian (for details of the method see section 2.3). In the RG procedure,
the conduction bandwidth is reduced from D to D — dD and the high-energy states at the
edges of the conduction band are integrate out which leads to the renormalized interaction

Hamiltonian (up to second order)
VoV+AV® AVO =V Pw— Hy)V, (3.56)

where the operator P selects the states which will be integrate out in the range [D, D — | D|]

for electron-like process, and [—D, —D + |§D|] for hole-like process. In our case
V=Hg+H, +H, +H, +Hg+Hg. (3.57)

The explicit form of the components of (3.56) is?

D—|6D|<eq<D
AVk(i?e = > Vieq(w — Ho) 'V (electron-like process), (3.58)

q

—D<eq<—D+|éD|
AVk(iBh = > Ve (w — Hyg) 'Viq  (hole-like process). (3.59)

q

Obviously, the total contribution is
AVE) = AVES + AV (3.60)
From (3.57) and (3.56) the RG correction (AV®) is

AVE = [Hg + H,, + H, + H,, + Hy: + H/\f]
X P(w — Ho) ™' [H + H,, + Hy, + Hy, + Hyz + Hyzl. (3.61)

To perform the spin operator products contained in the renormalized interaction, the

following relations are useful

S, S,

SZS+ — ?, S+SZ - —?, (362)
S_ S_

S.5. = ~%,  S.S.= (3.63)
1 1

S+Sf — 5 + SZ7 st+ = 5 — SZ' (364)

2 Notice that the projector operator P already has selected the states which will be integrate out.



3.8.  Perturbative Renormalization Group Analysis 93

The calculation of the renormalized interaction is lengthy, but straightforward. Let us look
carefully at one of the products which arise in AV(?) (3.61). For example, let us take the
product of Hy, with Hg in (3.61). From (3.58) for an electron-like process we have

electron-like
process

D—|5D|<eq<D

Z (T S_rcqy + T:SJrCLfYr)(W — H,)™

q
XJ[SZ(CLTCkT - Cjucki) + S+0Tq¢ck¢ + S_CLTCIQ]
D—|0D|<eq<D

= Y {ITH(S S cqu(w — Ho) e o]

q
+JY (S-S 4) [yecar(w — Ho) ™ ey al}
D—|8D|<eq<D

= Z {=JT(5-5.)[(w — &4 — HO)ilerquCLiCki]

q

+J T (S-S )[(w — g — HO)_17qu¢CL¢CkT]}-

In the last line it was used cxy,.-(E — Ho) ™' = (w—e,— Ho) i The energy ¢, is closer
to the energy at the top of the conduction band , so e, = D and cqacgg =(1—ng,) =1,
since the states at the top of the conduction band are empty?®, using these facts we obtain

D—|6D|<eq<D

S (IS8 — e — Ho) cachy i)

q
+JT(S-S)[(w —gg — HO)_17rcq~LCI1¢CkT]}
D—|6D|<eq<D IS

— > [—JT, (2_> Yok (w — D)+ JT, <; — Sz> Yrexr(w — D).

In the above we use the relations (3.62) and Hy = 0 as the ground-state energy referential.

The summation in energy can be replaced by an integral as

D—|6D|<eq<D D
> o[ pleyde,
a D—|6D]

where p(e) is the density of states (DOS) of the conduction electrons. In the present case

3 All the calculations is this section are done at T = 0.
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p(e) = p is constant. Finally,

electron-like
H T, X H K _ >
process

D—|6D|<eq<D

S (S rcq + TiSichy)(w — Ho) ™

q

x J[S.(c! Cot it — cUCki) + 8, qlCkt T 5-¢ Tcki]

p 6D 0D
=———=JY,. S v — 7JTTSZ .
2(w— D) VrCky ,0( D) VrCikt
p 6D
= J T,y Crr-
5 @—D) VrCxct
(3.65)
For a hole-like process, using (3.59), we follow the same procedure
HTT % HK hole-likg

process
—D<eq<—D+|6D|

S (TS cay + TiSich ) (w — Ho) ™

q

x J[S, ( CatCit — CL¢Ck¢> + S+cq¢ck¢ +S_ chcki]
—D<eyg<—D+|6D|

- S {=TTHSLS.) e e (w — Ho) el eq]

q

—|—JT:(S+S )[ qip)/r(w - HO) ckTqu]}

—D<eq<—D+|é6D|

= Z {=JT (518 )[(w+eq — H0>7lc:r;¢%c;rc¢cq¢]

q
FITHS 8w+ g — Ho) elymelyeall)

where we use ciu'y,,(w —Hy) '=(w+e,— HO)*lchiw. For energies near the bottom of
the conduction band we can take ¢, & —D and cgacqc, = ngs ~ 1, since the energy levels
close to the bottom are always filled. The energy summation in this case becomes

D+\5D|
-/,

D<aq< D+|é6D|

Then, for a hole-like process

hole-like
=

process

H'rr X HK

—D<eq<—D+|éD]|

S (TS eqy + TiSich ) (w — Ho) ™!

q

XJ[S ( TCkT — CT¢Ck¢) + S_|_C iCkT + S_c TCkJ']

p_10D] . 0D
= _§(w — )JT S+ ki%’ pﬁJT S CkT’}/T
p_[6D] \
+2 @ —D)JT ckT'yT

(3.66)
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Thus the product Hy, x Hg in (3.61), using egs.(3.65) and (3.66), leads to the renormalized

Hamiltonians
0D
S (TS veca + T:SJFC}M%) = KTT _p_1oD] JTT> S™YrCox)
k k 2(w—D)
P T 1 .
+< r 2<W—D)J r S Cok )Y (3 67)
A p_|0D|
- (Trfyrcfk + Tr CT ’VT) - = [(Tr . JTT‘ YrCek
T — = T )
+ ( T 2 (w . D) J T CékT’YT ) (3 68)
0D
Z(Tmsz%«@zm + T:ZSZC;M%) — Z [(Tm —p 0D JTT> S VrCoxt
- - (w—D)

The renormalization of the Hamiltonians is encoded in the coupling constant g as ¢ — g+dg.

Then, from Hy, x Hy with the equation above we recognize

Tr — Tr+[5Tr]HT7,><HK7

TT — Tr‘i‘[éTr]HTTXHK?

Trz — Trz + [5Trz]HTT XHp s Wlth [5TT«Z]HTT xHig = —p(

with

with

[5TT] Hy, xHg —

[6T7‘]HTT XHK -

p_|0D|

For the conjugated couplings we have the same set of equations

T,

— Ti + [5T:}HTT><HK7

T:

- T: + [6T:]HTT><HK’

T:z — T;kz + [6T:Z]HTT><HK7

with

with

Wlth [5TTZ]HTT><HK = —

[6TT]HTT XHK -

[6TT]HTT XHK -

=Se-p™’ G
—§<J5_l)1|>>“”r"’ (3.71)
J‘S_Dl'))rrj. (3.72)

- —g (J‘S_Dl'))rjj (3.73)
. (J(S_Dl‘)) eI, (3.74)

p (J‘S_DBT:J. (3.75)

To compute the total renormalized interaction we need to perform all the products in
(3.61). The operator algebra which appears in the other terms is quite similar to the one
presented above for Hy, X Hy. The contributions of each product are summarized bellow
Hp, x Hg:

|0D| |0D|

T X = - T, ) T.. rexHg — 7 T, ) .
00 by, x Hiic o= D) O [ P o D) J (3.76)
HTT‘Z X HK:
p_|0D| p_|0D|
5T7’ X = 3 Trz ) 5Tr X T Trz . .
[ ]HT'rz Hg 2 ((A) _ D) J [ ]HTrz Hg 4 (w _ D) J (3 77)
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The similar structure of Hy,, Hp; and Hypy, with Hy,, Hp; and Hpy, leads to the same
set of equations for their respective renormalized couplings when the products Hy, X Hg,
Hpy x Hg and Hp, X Hig are computed. The other products which contributes to the

renormalized Hamiltonian are

H’rr X HTlZ
0D
[0 o] e, xb17y = Pl D)TTTZ, (3.78)
Hy, X Hry.:
p 16D
[5TlT]HTT><HTlZ = _5 (w _ D) Trﬂz; (379)
HTr X HTl:
0D)|
[0ty x b, = —p(w — D>TT‘T17 (3.80)
HTrz X HTl:
__p_|9D]
[5T1T]HTTZ><HTZ - _5 (w — D)Trle (381)
and
HK X HKi
0D
0J = =2 Je. 3.82
p(w - D) ( )

The last is the traditional Kondo coupling renormalization. The other products are zero or
give rise to terms which do not contain the original Hamiltonian structure. The conjugated
couplings are renormalized with the same set of RG equations by hole-like processes, as

before. With the results above we obtain the full set of RG equations

i1, = - (J(S_Dl')) = p (W"S_D 1|)> gt (W"S_D l'))TMJ, (3.83)
0T, = —g (J(S_Dl’)) - Z(J‘S_DBT,J, (3.84)
ST = —p (W"S_D l|))TrJ —, <W|5_D l|))TTJ, (3.85)
T = —p (J‘S_Dl'))”rm —p(f_Dl')) SO (f_D 1|)> -1 (W'(S_D l'))mm,
0T, = —g (J(S_Dl’))l‘lJ - p(w’(S_Dl‘))TlJ - ;’(J(S_DI‘D)TZZJ, (3.86)
5T, = —g (J‘S_Dl'))m - Z(J(S_Dl'))ﬂzj, (3.87)
e = P - g P (3.59)
6 = —Qp(w|5_D1|)) J?. (3.89)

For low-energy processes the energy dependence w in |§D|/(w — D) can be neglected from

the high energy cutoff D. Then, the RG equations can be written in their traditional
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Gell-Mann-Low equation form, (for details see section 2.4)

dfli;Z) - —§W— g = ngJa (3.90a)
D —§W _ngJa (3.90D)
51?5 = LS =T, (3.90¢)
51?13 = LT —pLT — gTrle - ngTl, (3.90d)
d(f:zl) - _ngJ‘ i — ngzJa (3.90e)
dclifll) - —§Tﬂ ‘ZTZZJ» (3.90f)
aﬁlf) = —/TJ =T, (3.90g)
de = 207" (3.90h)

The RG equations describe how the coupling constants evolve with the systematic reduction
of the bandwidth in the RG procedure, where D is the high-energy cutoff. Due to the

complexity of this set of equations a numerical solution is required.

3.3.5 Numerical solution for the PMS equations

To obtain the evolution of the couplings under the bandwidth reduction D = D—§D,
the system of coupled differential equations above has to be solved, given an initial condition
for the couplings. Note that only the couplings with subindex r can have complex initial
values. Since Eq. (3.90h) is fully decoupled from the others, given a real initial condition
J(0), the coupling J will remain real along renormalization flow. Notice also that Egs.
(3.90e)-(3.90h) are fully decoupled from the others and thus have pure real solutions. It
is now easy to see that the real (imaginary) part of the solution of Egs. (3.90a)-(3.90b)

depends only on the real (imaginary) part of their initial conditions.

As there are several model parameters, which can be tuned, we will resort to
a numerical solution of the system of differential equations (3.90) within a few specific
situations of interest and look at the evolution of the renormalized parameters as a function
of the band width cut-off running parameter D. As in Sec. 3.2, we set D =1, U = 0.5,
9 = 0 (the particle-hole symmetric case) and V' = 0.1. We also set §¢ = , for which case

the couplings are all real (different values of d¢ lead to qualitatively equivalent results).

The results for the calculation are shown in figure 13(a), for A, = A\, = 0.02
(symmetric), and figure 13(b) for A\, = 0 and A\, = 0.02 (asymmetric) cases. These choices

correspond to the diamond (green) and circle (red) curves of figure 11, respectively.

Despite the complexity of the set of equations (3.90), we see from their numerical

solution (Fig.13) that the Kondo coupling J (black curve) renormalizes more strongly
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Figure 13 — Renormalized parameters as function of bandwidth cut-off D for (a) symmetric
case, \; = A, = 0.02 and (b) asymmetric case, A\, = 0.02 and \; = 0. The
other parameters are ¢ = n, U = 0.5, V = 0.1, 6 = 0. These parameters
correspond to those of diamonds (green) and circles (red) curves, respectively,
in Fig. 11. All couplings are normalized by the value of J right before the
break down of the perturbative procedure. Figure published in (SILVA; SILVA;
VERNEK, 2020).

than the other couplings under the bandwidth reduction. Thus, this fact reveals that
the Kondo strong fixed point is not affected by the other fixed points associated with
the additional couplings which appear in the effective Hamiltonian (3.19). This means
that even in the presence of MZMs, the system always flows to the Kondo strong fixed
point, where the impurity is screened by the conduction electrons and the many-body
Kondo singlet takes place. Therefore, the Kondo singlet is robust against the local singlet
composed by the MZMs and the impurity. These results are consistent with our NRG

calculations of Sec. 3.2.

One can now ask how the couplings of the QD with the MZMs affects the Kondo
temperature of the system. By extracting Ty from the value of D for which J — oo, we
can solve Eq. (3.90h) separately, obtaining exactly the same Kondo temperature for a
single impurity Kondo model, kgTx = D exp (—1/2pgJy), with Jy given by Eq. (3.33).
Additionally, we could also choose to numerically extract Tk from the value of D for
which the renormalization flow of the entire system of equations (3.90) breaks down. By
performing this procedure, we see no clear dependence of Tk with A. We can see, however,

that all couplings diverge at the same scale for which J diverges (see Fig. 13). Since
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T — oo at the fixed point, this indicates that there is indeed a type of local strong
interaction between the spins of the dot and the Majorana operators. Nevertheless, such

effective coupling does not affect the Kondo screening.

More importantly, the fact that the renormalized couplings, Y,), Y., T, and
T,q)- also diverge in the Kondo-screened fixed point (J — o0) suggests some sort of
magnetic interaction between the Majorana modes and the QD. This interpretation relies
solely on the form of the Hamiltonian H,, , H,, and H,, of the effective model Heg (3.19).
From the RG perspective, the divergence of the renormalized couplings is associated with

a marginally relevant local interaction between the Majorana modes and the QD spin.

3.4 Molecular Anderson Model Analysis

A complementary analysis of the results obtained from perturbative RG and
NRG can be done using the so-called molecular Anderson model (MAM) (GROSSO;
PARRAVICINTI, 2000). This simplified model is similar to the STAM, but with the difference
that only one orbital of the metal (or metallic lead) is taken in account. In the MAM one
metallic (extended) orbital v is coupled to a localized impurity orbital 14 (a QD, for

example), the Hamiltonian of this two-orbital molecule is given by

HMAM = Zéddzdg+UndTnd¢

+3° £0ChoCor +V Z(c&,da + d! oo ). (3.91)

The first two terms represent the impurity energy and Coulomb interaction U, the third
is the metallic orbital energy and the last one is the coupling between the impurity and
metallic orbital. The MAM has two important regimes, the molecular regime, where
U/T < 1, and the strong interacting regime, with U/T > 1, where I' = 7pV? is the
hybridization function and p is the density of states. In the molecular regime, the charge
fluctuation between the metallic orbital and the impurity is dominant whereas in the

strong interacting regime the spin fluctuations are responsible for the system features.

The microscopic origin of the Kondo effect is associated with spin fluctuations.
Then, the MAM in the strong interacting regime can show, at least, qualitative aspects of
the Kondo physics. The basis of the MAM is given by |ng,) ® |n4), which gives 16 states.
The principal advantage of the MAM is that it can be described by a simple 16 x 16 matrix

that can be exactly diagonalized without much computational effort.

The addition of two MZMs to the system can be done including the term Hgo—n (3.8)
to the MAM Hamiltonian (3.91)

Hy = Hyam + Haor—m- (3.92)
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The basis is now given by [ngs) ® |nfe) @ [n4,), resulting in 64 states. Using the parity
symmetry, the Hamiltonian Hy; can be written as a block-diagonal matrix with two blocks

of size 32 x 32. The thermodynamic averages of the system can be computed by

(O) = Tr[p0], (3.93)
were T'r[- - -] denotes the matrix trace, Oisa generic operator and p is the system density
matrix given by

e BHDM
H = 3.94

p 7 (3.94)
where

Z=> ¢ (3.95)

is the Partition function. Here, 5 = 1/kgT, where kg is the Boltzmann constant, 7" is
the temperature and Hpy is the diagonalized Hamiltonian Hpy = UTHyU, the rotation
matrix U is composed by the eigenstates set {|n)} which satisfies the eigenstate equation

Hpum|n) = e,|n).
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Figure 14 — Spin correlation of the the MAM as a function of the Coulomb interaction at
low-temperature (kg7 = 10°T") for different Majorana couplings. Without
MZMs in the strong interacting regime the molecule forms a full singlet which
gives the traditional result (S -sg) = —3/4. In the presence of MZMs the spin
impurity is screened by the metallic orbital which results in a decrease of the

anti-ferromagnetic spin correlation between the impurity and the metallic
orbital.

The spin correlation between the impurity and the metallic orbital can be computed

as

(S-s9) = Tr[p(S - s0)], (3.96)
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Figure 15 — Correlation between the MZMs and the impurity spin. In the strong interacting

regime occurs the formation of a local singlet of the Majorana modes with
the impurity.

in which the spin operator for the impurity and the orbital are given by
L. L.
S = §\Ifda\11d and sy = 5\1100\110. (3.97)

We define the spinors U, = (dy, d))" and ¥y = (cop, ¢o))" and o = (0, 0,,0.)", where o;
are the Pauli matrices. In the above we used the fact that in the present case the spin
of the impurity is 1/2. The spin correlation as a function of the Coulomb interaction, at
low-temperature (kgT = 107°T), is shown in figure 14, with and without MZMs. In the
case where we do not have MZMs coupled to the impurity, black curve in figure 14, as the
ratio U/T increases the system goes to the strong interacting regime and the correlation
asymptotically tends to —3/4. This is the well-known result for a singlet composed by two
1/2-spin fermions, the singlet state is formed by the impurity and the metallic orbital.
When one MZM is coupled to the impurity, the impurity spin is partially screened by
the MZM, which results in a higher value of the spin correlation (S - sg) (red and blue
curves in figure 14). The screening is even more drastic when the impurity is coupled to

two MZMs, as shown by the purple curve in figure 14.

To see how the presence of MZMs affects the impurity spin we need to analyze
the correlation between them. From the effective Hamiltonian (3.24) we can see that the
correlation between the MZMs and the impurity spin can be calculated as (ST, v +S™ v7,)-
In terms of regular fermions, the Majorana operators are described as 7, = (f; + fTT V/V2
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Figure 16 — The entropy of the MAM in the presence and absence of MZMs for the strong
interacting regime (U/T" = 50).

and vy = (f, + ff)/\/ﬁ7 rendering the relation

(St STomd = STk + R+ L+ FAD)

(S Uy R+ L+ 1)
(3.98)

The correlation between the MZMs and the impurity is shown in figure 15. In the strong
interacting regime the correlation is negative which means a kind of anti-ferromagnetic
coupling between the Majorana modes and the impurity. This local interaction is responsible

for the impurity screening observed in figure 14.

Another interesting physical property that can be calculated using the density

matrix is the entropy. The entropy of the MAM as a temperature function is

S(T) = “;—M> + kplnZ. (3.99)
The results for the MAM entropy are shown in figure 16. At high temperatures all the 64
states are statistically accessible and we always have the entropy 6kgln(2). On the other
hand, at low-temperatures the result is different in the presence or absence of MZMs. At
T = 0, without any and in the presence of two MZMs, the residual entropy is 2kpln(2)
and kgln(2), respectively. These results are similar to the ones obtained from the STAM
by NRG (Fig. 11). However, when only one MZM is coupled to the impurity the residual
entropy for the MAM is kgln(3). In this case, the residual entropy is quite different
from (3/2)kpIn(2), obtained from the STAM in the presence of one MZM (Fig.11). This
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occurs because the MAM does not have a continuum reservoir of electrons coupled to
the impurity, but only the single orbital ¥y (see Appendix C). Despite the fact that the
MAM cannot capture the non-Fermi liquid behavior of the system, it is useful to describe
in a qualitative way how MZMs coupled to a magnetic impurity can affect the magnetic
behavior of the system (Fig.14). Moreover, the MAM is also useful to the analyzes of
possible magnetic interaction between MZMs with different polarization mediated by a

magnetic impurity (Fig.15).
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4 Conclusion and outlook

In this first part of the thesis we have studied the interplay between a localized
magnetic moment and polarized MZMs. The proposed system was composed by a quantum
magnetic impurity, which was simulated by an interacting QD, coupled to two topological
superconducting quantum wires, with MZMs in their edges. The quantum wires have
opposite polarization, resulting in opposite polarization of the MZMs coupled to the
QD. The QD is also coupled to a normal metallic lead, providing the free electrons to
screen the local magnetic moment. To tackle the system’s low-energy physics we have
employed both analytical and numerical methods. To access the Kondo regime, we derive
an effective low-energy Kondo-like Hamiltonian, which we denominated Kondo-Majorana
Hamiltonian. The effective Kondo-Majorana Hamiltonian reveals new spin-dependent
mechanisms mediated by the magnetic impurity, beyond the traditional Kondo scatterings.
Moreover, we have found an effective Kondo-like coupling between the MZMs and the
conduction electrons of the metallic lead. The effective Kondo-Majorana Hamiltonian also
revealed an indirect coupling between the MZMs with different polarization mediated by

the impurity magnetic moment.

By performing a poor man scaling analysis we showed that the Kondo fixed point is
robust, even in the presence of local Majorana operators. The robustness of the Kondo fixed
point explains the coexistence of the many-body Kondo singlet and the local Majorana
singlet. The full microscopic Hamiltonian was analyzed using the nonperturbative NRG
whose results corroborate with Poor Man’s scaling analysis. In addition, the NRG results
for the impurity entropy reveals that the residual impurity entropy is dominated by the
free MZMs of the system, even in the non-interacting limit. The contribution to the
residual impurity entropy by the Majorana modes is given by Sies = %kBln(Q), where
Ny is the number of free MZMs. For an odd number of free MZMs the system has a
fractional impurity entropy, which can be associated with a local non-Fermi liquid behavior,

analogous to the two-channel Kondo problem.

The analysis of the Kondo-Majorana fixed points, as the behavior of the residual
impurity entropy, has practical application in the experimental pursuit of the MZMs.
Recently, Sela et al. (SELA et al., 2019), proposed a experimental mechanism for the
observation of MZMs, where the central MZMs signature is the fractional residual impurity
entropy originated from free MZMs. We believe the present work provides important
answers to the coexistence of MZMs and the Kondo effect. As well, the results presented

have practical applications to the experimental determination of MZMs signatures.
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Finally, a natural extension of the present work is the multi-impurity case, in this
case the full microscopic Hamiltonian can be described by the periodic STAM and the
Kondo lattice. The investigation of how MZMs can affect multi-impurity systems will be

the subject of possible future investigations.
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5 Background

5.1 Indirect interaction between magnetic impurities: The Ruderman-
Kittel-Kasuya-Yosida (RKKY) interaction

The so-called Ruderman-Kittel-Kasuya-Yosida (RKKY) interaction is the indirect
interaction of magnetic impurities in metals mediated by the conduction electrons. The
formal theory was addressing this phenomena developed by Kittel and Ruderman in the
context of nuclear magnetic moments (RUDERMAN; KITTEL, 1954). Latter, Kasuya and
Yosida discovered the same base mechanism in the context of electronic spins (KASUYA,
1956; YOSIDA, 1957). The RKKY interaction can be described by a Heinsenberg-type

interaction between two magnetic impurities as

Hgxxy = Irkxy(R)S1 - Se, (5.1)

where S; and Sy are the magnetic moment of the impurities, and Irxky(R) is the RKKY
coupling, R = r; —r; is the distance between the impurities. The main feature of the RKKY
coupling Irkky(R) is its oscillatory character. The origin of this behavior is the magnetic
polarization of the conduction electrons around a magnetic impurity. This polarization can
affect other magnetics impurities giving rise to the indirect coupling between them. As such,
this resulting inter-impurity effective interaction is therefore mediated by the magnetic
polarization of the conduction electrons. The magnetic polarization has a similar structure
as the called Friedel oscillations caused by charged impurities (GROSSO; PARRAVICINI,
2000; PIROTH; SOLYOM, 2008), exhibiting also the characteristic precession 2kr R, where
kr is the Fermi momentum. Another important feature of the RKKY coupling is its decay
with the increase of the distance between the impurities, which reduces the effective RKKY

interaction to nearly zero for arbitrary large distances.

It is well known that the RKKY interaction depends intrinsically on the dimen-
sion (Fermi surface) of the host material (COLEMAN, 2015), see section 5.1.1. Unlike most
of physical problems, the dimension reduction increases the difficulty of theoretical treat-
ment of the RKKY interaction. The one dimensional case is particularly peculiar (YAFET,
1987). Kittel himself was the first one to notice this fact (KITTEL, 1969). Latter, this
problem was addressed in several studies (YAFET, 1987; IMAMURA; BRUNO; UTSUMI,
2004; VALIZADEH, 2016; RUSIN; ZAWADZKI, 2017). The kernel of the puzzle around
the 1D RKKY interaction was concerned in its exotic asymptotic behavior. Differently
from the higher dimensional cases, in 1D the interaction did not seem to decay with

the impurities distance. This unphysical result is associated with the Cauchy integrals
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that appear in the perturbative approach of the 1D version of the problem. A formal
mathematical solution for this problem was presented only recently (RUSIN; ZAWADZKI,
2017).

5.1.1 Theoretical formulation of the RKKY interaction

In theoretical formulation of the mechanism underlying the RKKY, we have to
consider the local interaction between the individual impurities and conduction electrons.
This can be described by the Kondo-like Hamiltonian

J _ k k/

HKi = v % (& Z( rl |:SZ (Ck/TCkT - Cir(/i(Cki) + S Ck/\l/CkT + S Ck’TCsz:| (52)
where r; is the position of the magnetic impurity ¢ (with ¢ = 1,2), which, for simplicity is
assumed to exhibit spin S = 1/2. Ruderman and Kittel showed that the indirect interaction
between these magnetic impurities can be derived using second order perturbation, see
Appendix E. The Hamiltonian (5.2) is considered as the perturbation, V; = H;, on the

Fermi sea of the metallic system, which in turn is described by

H() = Z‘Ekgciacks' (53)

k,s
Up to second order perturbation theory an effective interacting term can be written as'

occ. empty kO‘ 0—|H.|k/g’ 0'/><k/0‘/ O‘/|H'|k0' 0')

ABY =33 Y | L (5.4)

i=12k,0 ko ko — Ek'o’

where e, = h?k?/2m is the energy of a conduction electron with momentum &, spin o
and mass m. In the absence of external magnetic field, the energy is spin independent, so
we can set £, = €. The indirect interaction between the magnetic impurities comes from
spin exchange processes. Therefore, for the analysis of the RKKY interaction, only the
mixed terms of (5.4) are necessary. Other terms will provide contributions to the ground
state energy, not important in the present context. Then, the second order contribution

from the mixed terms can be written as

occ. empty kO’,0'|H1|k/0'/,0',><k/0-/70-/|H2|k0-7 O'>

NEDDY

ko k.o €k — Ex/

+C.C. (5.5)

Here, C.C denotes the complex conjugated of the proceeding term. The brakets in the

equation (5.5) can be directly evaluated using the creation and annihilation operators. For

1 The momentum summations can be also expressed as

occ. empty

22 =2 2

k’ k<kr k’>kp

where kg is the Fermi momentum vector.
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example, one of the terms related with the impurity spin z-component can be calculated
as SfCL/TCka 1) = S7lk’ 1,1). After all calculations we find

occ. empty —z (k—k')-(r1—r2)

Lo o
AEmlxed—Q—ZZ > Eremyand [stg+2(sl+s2 + 5755 0 + c.c.

(5.6)
Now, using the fact that ST = S® + +iS¥ we can rewrite Eq.(5.6) as
A‘Ernlxod Z<U|HRKKY|U>7 (57)
where we identify
Hrxxy = Iy (R)(S1 - S2) (5.8)
as the RKKY Hamiltonian, in which Ify is the RKKY coupling given by
4m J2 occ. empty ,i(k—k')-R
D
Frxky(R) T R V2 Z Z k2 — k2 +C.C (5.9)

In the equation above, R = r; — ry is the vector connecting the two impurities. The
index D in the RKKY coupling (5.9) anticipates the dimension dependence of the RKKY

coupling. In the next sections we will calculate the RKKY coupling in different dimensions.

5.1.1.1 RKKY interaction in 1D

In one dimension, the Fermi momentum is a scalar k = &k, and the volume is
V = N. Also, the momentum summation can be transformed into an integral using
(1/N)>, — [dk/2m. With this prescription, the RKKY coupling (5.9) in 1D can be
written as

4m ke dk ke dk el(k=K)z oo dJ eith—k)z
1D o 2
Igkky(2) = ﬁ‘] / — (/Oo P T + E T C.C) : (5.10)

—kp 2T kp

where x = x5 — 1 is the distance between the impurities. First, let us calculate the integral

over “k”. This can be done using complex integration to write

—kp lei(k—k’):c S i(k—k")z e
| e+ K = —P [ aws ka, (5.11)
where
e i(k—k")z . —kp ,6 i(k—k')x e (k Kz
Pl =l | [ v +/ s (512)

and P[- - -| denotes the Cauchy principal value (see Appendix F'). To compute the complex
integral we perform an integration on the upper complex half-plane in the anti-clockwise

direction resulting in

73 dk, z(k k') + dk/ z(k: kKx . dk/ i(k—k")z 0
— k2 ) — k2
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In the above, C}, represents the contour on the upper complex half-plane around z = k in
the clockwise direction, and C'_;, denotes the contour around z = —k in the anti-clockwise
direction. The poles of the complex integral (5.11) are given by k' = k and k' = —k, the
residues in these poles can be determined using the methods presented in the Appendix F

and results

Res(k' — k) — lim (K — k)" . 5.13
st =k = I =R o —m) ~ ok (5:13)
and . . . ei(k—k’):c ik
Res(k' = —k) = k/lgr_lk(k + k) G =) =55 (5.14)
Hence
e z(k—k’)x ' ) . 1
[k = —wiRes(k = k) = i (-55)
e z(k Kz . . ‘ eiQk:c
d]{? i miRes(k' = —k) = mi TR
With these results we finally obtain
73/ dk" = k: e*sin(kx). (5.15)
Therefore,
00 ei(k—kz’)x o '
P (/_OO dk'kQ —m C.C> == cos(kx)sin(kz). (5.16)

Inserting this result into Eq.(5.10) we obtain

4m 1 ke 2 cos(kx)sin(kx)
1D _
Igkky() = J h2(277)2W/kF 2 dk
ke sin(2kx)
h27r2 —kp k

_ JQhZLQW/kF Sin(zkx)dk.
e 0

— J2 dk

In the calculation above we have used the identity 2 cos(z)sin(z) = sin(2z). The resulting

expression for the RKKY coupling can then be written as

2m 1
o () = JQ}_L—??—WSl(QkFx) (5.17)
where in(t)
T Sin
i = 1
Si(z) /0 St (5.18)

is the called “sine integral function” In the asymptotic limit (kpz >> 1) the result (5.17)
reveals a very peculiar behavior. Let us use the asymptotic expansion for the sine func-
tion (GRADSHTEYN; RYZHIK, 1980)(z > 1)

n cos(x) i 4 R2n!  sin(z) i(_wn(Z;zQ;i—Hl)!

Si(z) Ng x (=1) x2n x

(5.19)
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Using this expression, we see from (5.17) that IR — 7/2 as kpx — oo, which does not
decay with the impurities distance, in contrast to the 2D and 3D cases. The first one to
notice this fact was Kittel (KITTEL, 1969), but the rigorous mathematical reason for
this counter intuitive result was given only recently (RUSIN; ZAWADZKI, 2017). The
authors realized that in 1D the singularities of the integral (5.12) around k = &’ = 0 give
extra contributions that must be calculated apart to introduce a correction in the RKKY
coupling (5.17). The same does not occurs in 2D and 3D (VALIZADEH, 2016). Following
Zawadzky, we compute the integral in the interval [—¢, €] with e — 0. For k and %’ close to

zero we have ¢/F=*)% — ¢=ilk=k)z ~ 1 Then, the integral correction due the singularities is

€ € dk’'
=2 e e
Using now that
1 1 [ 11 }
k2?2 — k2 2k lK—k k+FK

and performing the integral over “k’” we obtain

¢ |lnle — k| Inle+ K|
I :/ . dk.
. [ k k

This can also be written as

I - /1 [ln|1—u\ _ln|1—|—u|]du

—1 u u
7T2
= —2Liy(1) + 2Lia(~1) = 7, (5.20)
where
Liy(z) = —/ dtln|1 — t| /¢ (5.21)
0

is the dilogarithmic function. We have used Liy(1) = 72/6 e Lig(—1) = —7?/12 (GRAD-
SHTEYN; RYZHIK, 1980). The correct result for the RKKY coupling (5.17) is obtained
by the subtraction of the contribution (5.20) resulting in

1P () = J227$7T12 {w (Si(kax) _ g)} . (5.22)

Now, using the expansion (5.19) we obtain the asymptotic RKKY coupling

2m.J? cos(2k
Iigiy (2) ~ ;;LW COS(:U FI), for kpx > 1. (5.23)

Therefore, the RKKY interaction have an oscillatory behavior and decay with 1/z, thus

Iy (z) = 0, as kpz — oo.

The result above is obtained for a free Fermi sea, in the presence interactions, as
the spin-orbit coupling, the RKKY interaction presents different behavior. This is the

principal subject of the second part of the present thesis, see chapter 6.
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5.1.1.2 RKKY in 2D

From equation (5.9), for 2D the RKKY coupling reads

4m, J? (k k)R
22 (R) = DN P X e} (5.24)
h2 V2 k<kp k’>kp k k2
Let us define q = k — K/, so that ¢*> = k2 — k? + 2(q - k), and k? — k"2 = —¢(q — 2k cos f).

Performing this variable change in the summations (5.24) we obtain

i(k— k/)R ¢laR 1

Z Z kzg k2 k2 Z Zq—2k;cos@ (5.25)

k<kp k’>kp q>0

Again, the momentum summation can be transformed into an integral as (1/V) >, —

[ d?k/(2m)?%, upon which we can write

1 d’k 1 V o0 2 1
SRS / - / kdk / S S—;7
zk: q — 2k cos (2m)2 q — 2kcos®  (2m)% Jkp 0o q—2kcosf

The integral over 6 can be calculated using complex integration. In the complex plane,
z = €% then df = dz/iz. Now, using that cosf = (¢ + e %)/2 = (2 + 1/2)/2 results in

/%1619—73%‘& ! 73}( (5.26)
0o q—2kcos iz (qz — k2% — K[z q/kz+] '

The denominator in the complex integral above can be write as

2= (g/k)e+1= 4

with a = (¢ + v/¢? — 4k?)/2 and = (¢ — V/¢*> — 4k?)/2. Performing the integral on the

upper complex half-plane we have contribution only from the pole z = «, thus

z—a)(z = f),

dz , .
j{ a7 = 2miRes[z = . (5.27)

Using the residue technique for a simple pole (see Appendix F) we have

. 1 1
Res[z = o] = lim (z — a) C=o)=P) (a=p VT (5.28)

Now, inserting (5.27) and (5.28) in (5.26) finally results in

q — 2k cos @

o ——2 _if g > 2k
/ b - { NG . (5.29)
; .

Up to now we have that the sum in the k-index is

Vv 00 21 .
5 1 { — e iy bk, i a2k 550

i 4 — 2kcost 0, if ¢<2k
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The other momentum summation that appear in (5.25) can be also turned into an integral

<§) q  (2m)2 /kF 1 q/o

Now, using the results (5.30) and (5.31) in (5.25) we have
ilk—K)R v

22 mm < <2W>z<2z)22”/()ka/22dq/o

k<kr k'>kp

as
iqR

0o 2T .
do = / dg / ¢iaRcos0 g (5.31)
kp 0

T qRcost
glaftcost jp

. > d 1 2 ichosé’de 5.32
N q2—4k22kpq<27r/oe >‘(')
From the definition of the 0-th Bessel function (GRADSHTEYN; RYZHIK, 1980)
1 p2r
7/ e TS Y dy = JQ(QT) (533)
21 Jo
we can write
ilk-k)R V2 ke o0 1
e
7= kdk | Jo(qR)—=——=da. (5.34)
kgl;F k’>sz k? — k™ (271—)2 0 2kp C_I2 — 4k2

Let us now perform a change of variable as ¢’ = ¢/2k to write

%0 1 00 1
Jo(qR) ————d :/ dd' Jo(2kRq) ————— |
/MF o(qR) eyl 0(2kRq") pr—

Since

[t gy - S (3) 0 5]

where N,(z) is the Neumann function, we obtain

i(k—k')R.

> Y 5—m - (2‘;2 /OkF dkkg[Jo(kR)No(kR)].

k<kp k’>kp

Setting x = kR and using
2

/:E[Jo(x)No(x)]dx = %[Jo(x)No(a:) + Ji(x)Ny(x)] + constant,

we can write

ik—K)R 120 ] g2
e T 1 x%
> > = 5o [Jo(xr)No(zrp) + Ji(zp) Ni(zF)],
k<kp k'>kp k? — k2 (2m)? B2 2
where xp = kpR. Using this result the 2D RKKY coupling (5.24) acquires the form
m? a2
Iixky(R) = J2§R*§[Jo($F)No(xF) + Ji(zp) Ni(2F)]. (5.35)

We can now use the asymptotic expansions for the Bessel and Neumann functions given
by (GRADSHTEYN; RYZHIK, 1980)

Jo(2) ~ \/> [cosw > (= a% — sinw Z W] : (5.36)
N,(z) ~ 2 [sinw i( " a2n< + cosw Z W] , (5.37)

z2n+1




116 Chapter 5. Background

where w = z — %I/W — i’/T and

(4% —1%) (42 — 3%) -+ (42 — (2n — 1)?)

an(v) = . , (5.38)
to get the asymptotic behavior of the RKKY coupling in 2D (5.35)
m?sin(2kp R
Iigky(R) ~ JQHQ(Rf), (kpR > 1). (5.39)

Similar to the 1D case, the asymptotic behavior of the RKKY coupling is oscillatory and
has the characteristic wave vector 2kr. However, now the coupling decay as 1/R? and not
as 1/R as in the 1D case.

5.1.1.3 RKKY in 3D

In 3D, the momentum summations are transformed into integral as (1/V) > —
[d3k/(27)3, and Eq.(5.9) becomes

4m d3k‘ dSk/ ez’(k—k’)~R
3D _ 2
IRy (R) = 257 /<2ﬁ)3/(2ﬂ)3 = + CC. (5.40)

Let us first look to the integral over £’

P K2 K2 (2 2TV RZ — k2
e ik-R —ik’ Rcos 0

= Z /27r d¢/ do /Oo ¢ k"sinfdk’'

zk R —1 ik’ Ru

_ 2 71/ €
N / kdk/l k2 — k:’2d

sz 1 ) ezk’R_ —szdk/ -
B (27r)2ﬁ oo K2k ‘ (5.41)

The integral in the last line can be compute by complex integration as

/ B eik-K)R esz/ B oK R
( 2

0o ezk R __ —zk R zk R __ —zk R
/ K =P / A" (5.42)

We can perform the variable changes oc=kRand p=FR, so
oo ezp — e_ip

0o oik'R
P/ .
p

For the integral with positive exponential above, from the residue calculus (see Appendix F')

—ik’ R

we have . . .
o0 pe’L pel pel
P / S S / L _dp=o. 5.44
o0 02 — p? Pt C, 02 — p? Pt c_, 02— p? p= (5.44)
Performing the contour integrals above we obtain
pe'? / pe'’ . pe'’ Lo
——dp = dp=milim(p—o = ——¢e"mi,
Low=p® = | erae—p® = e - o=~
pe't [ . pe' L
——dp = dp = —milim(p—o = ——e "m.
b m=a% = | mrae = e e m =~ s
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Using this in Eq.(5.44) we obtain

) peip . .
73/ s dp = micos(o) = micos(kR).
—oco 07 —

For the negative exponential similar calculations results in

73/ 5dp = micos(o) = —micos(kR).

00 02 — p
Therefore, using the result above into Eq.(5.43) leads to

o k'R _ o—ik'R

LOO de/ = 2m COS(kR).

With this, the integral (5.41) becomes

Bl oik—K)R kR |

/ Grf Kz~ an KR

which helps us to write the RKKY coupling (5.40) as

4m &k [ dPE TR
3D _ 2
Iy (R) = 55 /(2@3/(2@3 oz e
dm 1 1 Pk ik
— h2J2R27T/<27T)3echos(kR)+C.C
dm ,11 *k
= 7 2R7r/(27r)3 cos(kR) cos(k - R). (5.45)

Now, let us look at the triple integral

3 2 T rkp
/ @k cos(kR)cos(k-R) = / dqb/ / dkk?sinf cos(kR) cos(kR cos 6)
(2m)? 0 o Jo
kF s
= 27r/ dk;/ dOk*sinf cos(kR) cos(k R cos 6)
0 0

k ™
= 27r/ " dkk? cos(k:R)/ dfsind cos(kR cos 0).
0 0
In the above, the integration over 6 gives
2m 2
/ dfsinf cos(kR cos ) = —sin(kR).
0 kR

Therefore, the RKKY coupling becomes

4
Ry (R) = ;LJQ(QW 2 2 / ksin(kR) cos(kR)dk. (5.46)

To perform the integral over k we define x = kR and use

1
/xsin(x) cos(z)dr = g[QiB cos(2x) — sin(2x)] + constant.
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Thus, we finally obtain

dm 1 k}
Iiky(R) = ﬁj21(2ﬂlj’)2 F(2kpR), (5.47)
where (@)  singa)
I COS(T) — SIn(xT
F(z) = o : (5.48)

From the result above is easy sse that in the asymptotic limit the RKKY coupling reduces

to
. mJ? kp cos(2kpR)
Iikky (R) ~ 8h2 2m)2  RP krR > 1. (5.49)

Therefore, in 3D the RKKY interaction is oscillatory with precession 2krR and decay
with 1/R3. From the equations (5.23), (5.39) and (5.49) we see that

cos(2kpR)

I}[—l{ﬁKY ~ R (5.50)
sin(2kpR

IiRky ™ (R2 ) (5.51)
cos(2krR)

IiRky ™ (R3 : (5.52)

The results obtained for one, two and three dimensions, reveal a pattern for the RKKY
coupling is always oscillatory, with wave number 2kr and decays with 1/R”. The physical
meaning of this results it follows from the fact that the presence of the magnetic impurity
generates a magnetic polarization of the conduction electrons which depends on the impurity
position. The polarization effect decays as the distance from the impurity increases. We
anticipate here that this scenario is drastically changed in 1D, when the electrons of the
conduction sea presents spin-orbit coupling. Besides the characteristic Friedel oscillation
2kr R, another oscillation provide by the spin-orbit coupling is also present, and the RKKY
coupling do not decay with the impurities distance anymore. Details of these results are

given in the chapter 6.

5.2 Spin-orbit coupling

One of the most interesting effects in the quantum realm is the spin-orbit coupling
(SOC) (THOMAS, 1926; SAKURALI, 2006). This effect arises from relativistic character
of the electron moving around the atomic nuclei, where the electron “feels” an external
electrostatic potential V' (r) (due the nuclei or some confining potential) and, as consequence,
the momentum and spin of the electron are coupled. A general form for the spin-orbit

Hamiltonian is given by

76(0' -p) x VV(r), (5.53)
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where p is the electron momentum, m is the electron mass, ¢ is the speed of light, e
is the electron charge, h is the Planck’s constant, and o is the Pauli matrices vector
o = (0%,0%,0%)T . The SOC is important in atomic physics, for example, to explain
specific lines in the atomic spectrum of some atoms (RADWANSKI et al., 2002).

The SOC plays also a fundamental role in the topological materials (QI; ZHANG,
2011; HASAN; KANE, 2010). This is the main reason why the influence of the SOC in
solid state systems was object of extensively study in the last years. In solid state systems

the two most important type of SOC are Dresselhaus and Rashba. The Hamiltonians for
this SOC are

Hp = pB(kyo, — kyoy), (Dresselhaus) (5.54)
Hr = o(kyoy — kyo,), (Rashba). (5.55)

The Dresselhaus SOC is present in materials with bulk inversion asymmetry, for example,
ZnS, GaAs and Diamond (DRESSELHAUS, 1955; WINKLER, 2003). On the other hand,
Rashba SOC appears in systems with structural inversion asymmetry. The principal
example is a bi-dimensional electronic gas (2DEG) in the presence of a external electric
field (WINKLER, 2003). Another example, where Rashba SOC is important, is one-
dimensional systems as quantum wires (NADJ-PERGE et al., 2012). As we saw above,
SOC is fundamental to the understanding of the many materials with a huge practical
application. It is, therefore, important ask how SOC can modify the properties of magnetic

systems and this is one of the main problem discussed in the next chapter.
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6 Modified RKKY interaction in quantum

nanowires with spin-orbit coupling

SOC coupling is fundamental in “spintronics”, where the transport is realized by
spins instead charge (Wolf; Chtchelkanova; Treger, 2006). The canonical example is the
Datta-Das transistor, where is produced a highly spin-polarized current controlled via
SOC by external electric field (DATTA; DAS, 1990). The addition of impurities in the
theoretical calculations is essential, since it is difficult to obtain perfect clean experimental
samples. The understanding of the long-range interactions between magnetic impurities in
quantum wires with SOC obtained in the present work indicates how possible magnetic
impurities can affect the dynamics of the systems with SOC, which is important for

practical spintronics applications.

The first part of the present thesis was dedicated to the study of Majorana zero
modes. MZMs can occurs in the non-trivial topological phase of topological superconducting
quantum wires (QWs). A key ingredient to generates effective topological phases in QWs
is the strong spin-orbit coupling of the QW electrons (ALICEA, 2012). The presence of
impurities is almost inevitable in real samples. Form this perspective, it is clearly important

to consider how the presence of impurities modifies the magnetic properties of QWs.

6.1 Description of the system

To address the question of how the presence of impurities can affect the properties
of a QW with strong spin-orbit coupling we consider a system composed by a QW with
Rashba spin-orbit coupling in the presence of two magnetic impurities !, as depicted in

figurel7. The Hamiltonian of the system is given by
H = Hyie + Hi + Ho, (6.1)

where
Hyire = Z (gkéss’ - &Rkags/) C]Tgscks’ (62)
k

describes the quantum wire in, which d} | creates (annihilates) and electron with momentum
k, spin s and energy e. Here, g, = h*k?/2m*, where m* is the effective mass of the
conduction electrons. The linear Rashba (WINKLER, 2003) spin-orbit coupling is described

1

The authors showed in a previous work that the Dresselhaus and Rashba spin-orbit coupling can be
treat in the same foot in a QW (SOUSA; SILVA; VERNEK, 2016). Thus, the consideration of only
the Rashba spin-orbit interaction do not affect the generality of the results.
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Impurity 1 Impurity 2

quantum wire with SO interaction

Figure 17 — Schematic representation of the system composed by two magnetic impurities
coupled to a quantum wire with spin-orbit interaction. Blue arrows represents
the magnetic moments of the impurities while green arrows represent the spins
of the conduction electrons that precess due to the spin-orbit coupling. Figure

published in (SILVA; VERNEK, 2019).

by the term proportional to ar, with o# representing the p-th the Pauli matrix. Finally,
the couplings between the impurities and the conduction band are described by a local
Kondo-type interaction which is given by (NOLTING; RAMAKANTH, 2009)

J —i{k—k")z; | Q= -
kk!

where z; (with ¢ = 1,2) is the position of the i—th impurity.

6.2 Effective inter-impurities Hamiltonian

To obtain the indirect interaction between the magnetic impurities, mediated
by the QW conduction electrons, we will follow the original second order perturbative
approach used by Ruderman and Kittel (RUDERMAN; KITTEL, 1954). The unperturbed
Hamiltonian Hy in this case is given by the QW wire Hamiltonian (6.2) and the magnetic
impurities (6.3) acts as the system perturbation V. The traditional quantum perturbation
theory is constructed using the unperturbed eigenstates and eigenenergies (see Appendix E).
In the present case, spin-orbit interaction mixes the spin components {|k 1), |k |)}.
Therefore, in the spin basis the QW Hamiltonian (6.2) is not diagonal which encumber
the application of the quantum perturbation theory. This difficulty can be transposed

performing a rotation which diagonalizes the QW Hamiltonian (6.2), this can be done

(CkT):uk(Ck+), (6.4)
Cr) Cl_—

1 1 1
() o

is an unitary rotation matrix. In other words, the transformation above corresponds to

using the transformation

where

a momentum-dependent rotation in the spin space. In the new base Hy. acquires the

diagonal form

F[wire = nghczhckha (66)
kh
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in which h = +, — is the helical quantum number and g4, = hk2/2m* + hagrk are the
eigenvalues of Hyje. The eigenstates are then defined as |k, h) such that Hyielk, h) =
5kh‘k; h>

The perturbation Hamiltonian also should be given in the diagonal basis of the
unperturbed Hamiltonian. For simplicity, here we assume impurities have spin 1/2, so
that the spin operators can be easily written in terms of fermion operators as S* =
(d%dT - didi)/Q, St = d%di, and ST = dIdT, where d! (d) corresponds to the creation
(annihilation) spin-1/2 fermion operator. This is very useful because we can now perform
the same rotation (6.4) for these fermion operators, after which we can rewrite (6.3) as

H, = j{f%e—i(k—k’)xi [S’f (cL,JrckJr — cL_ck_> + St + gi_CLuer—] : (6.7)
Here, the Sf, S’f emphasizes that the impurity spin operators are written on the rotated
spin basis. Having the eigenstates and eigenenrgies of the unperturbed Hamiltonian, the
prescription to obtain the RKKY coupling is to compute the correction to the total energies
up to the second order perturbation theory. To account for the degrees of freedom of the
impurities, an eigenstate of Hy.. can be written as |kh), where h is the helical quantum
number. For the magnetic impurity we define the helical number |h4) associated with the
state |hq). Then, the full eigenstate in the helical space will be denoted by |kh, hg).

Using quantum perturbation theory, we can compute the eigenenergy correction
created by the perturbation (6.7) until second order at temperature 7' = 0 (see Appendix E)
by

=220 >

=12 pp! ko K

) [ (kh, hal Hi| 'R, hy) (KB hg| Hilkh, hd)] (6.8)

€kh — Ek'W
The equation above can be written in a more explicit form as

emptyl (kh, ha| (Hy + H)|K'B hg) (K1, by (Hy + Ho) |kh, hd>]

AED - T35S

hatt!, kil KW

Ekh — Ek'N

The product (kh, hg|(Hy + Hy)|E'W, b)) (K'W, hy|(H, + Hy)|kh, hg) generates four different
processes. Two of them, (kh,hq|Hy)|k'h', hy) (k'R hy|Hy(9)|kh, hg) are impurities self-
interactions, the others two, (kh, ha|Hy|k'h, b)) (k'R hy|Hy|kh, hg), and their conjugated
hermitian, corresponds to mutual inter-impurities interaction. All terms of A F are necessary
to compute the new ground-state in the presence of the perturbation. However, only the
mixed terms are directly associated with the interaction among the impurities. Therefore,

the energy correction due the inter-impurities interaction is

Qcc; WPY (Lh, ha|Hy k'R, hy) (K], h/d’Hszh? ha)

Eed = 20 2

hdh/ kh KR Ekh — €K'

occ. empty k?h, hd|H2|k,h/, h:i><k/h,7 h;l|H1|/€h7 hd>

DI

6.9
7 Y Ekh — €KW ( )
hah!, ksl KR
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To evaluated the non vanish term of AFE,iw.a We apply the creation and annihilation
operator in the helical eigenstates. As example, let us take the term S’Zc};, L Chp |k, ha) =
Sk, ha), Sich_crilkt, ha) = Sp|k'—, ha), S_chcr|k—, ha) = S_|k'+, hy). After per-
form some operator algebra, together with the orthogonality relation (kh|k'h") = SgrOpn,
we obtain the non-vanishing terms of (kh, hy|H.|k'h, b))

! J 1 / Y
<k+;hd|H1‘k'/+7hd> - Nzel(kik Jn <h’d‘512’hil>7
kK’
’ J ; / N
(ks hal K = ha) = =5 3 70 a1,

Kk’

, J I ~
(ks hal VK ) = 5 D0 €07 (Rl S 1),
kk'

/ J . , -
S A R S N )

kK’

Similar calculations can be done for Hs. In the helical space the energy denominator

Ern — €xn depends on the helical index, h = 4. The possible energy denominators are

h2

Ehy — Epy = 55@9—M5+@ﬂk—yx
h2

Ek— —Ek— = om* (K — E?) — ar(k — &),
h2

%_—%%::2mJH—Hﬂ—aﬂk+HL
h2

Ek+ —E— = TW(kQ — klz) + OéR(kf + k/)

Then, the calculation of AFE, jeq results

AEReq = 3 |(Ts + Iy + T 4 7 )(hal S: S5 ha) + (I + I _)(hal S Sy |ha)
ha
(L + ]i+)<hd|§1_§§r|hd>]

= D _(halHimp|ha)- (6.10)

ha

Where

Hip = (L + Iiy + 1+ 17 )S7S5 + (I + 17818, + (I +17,)S7 55, (6.11)

describes the effective inter-impurities interaction Hamiltonian and
J2 occupied empty ei(kfk’)a:

]1/27 2 P )
=N 2 Z:h(ﬁ—k%+&m®—&mq

k k" 2m*

(6.12)

in which © = x5 — x; is the distance between the impurities. The effective Hamiltonian

(6.11) can be written in a more compact form

Huyp = 1878 +1,578; +175, 5, (6.13)
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where we have defined I) = 2Re (4 +1-_) e I, = (I_4 + I7_). We now transform the
summations into integrals using the usual prescription (1/N)>, — (1/27 [dk) in the
limit N — oo, so that the Eq. (6.12) can now be written as

k / i(k—k)a
I5, = J2/ ' dk/ i e . (6.14)
—ks 27 Jik'|>ks 270 S (K2 — K'2) 4 dagr(k — dvE!)

2m*

Here we also used the fact that, because of the SOC, the bands 4+ and — have different
Fermi momenta, namely ks = kr+dkg (for § = +, —). In the helical basis, the Hamiltonian
(6.13) has the form of a anisotropic Heisenberg Hamiltonian. The physical insight of the

Hamiltonian (6.13) is better understood in the real spin space. To do so we perform the

dy \ 1 (1 d;
()-al 0 () o

in the helical spin operators 5% = (ngy —nq_)/2, ST = dld,, S—=d'd., St =87+iSY,

and S~ = 5% — iS¥ resulting the relations

rotation

SISy = S1-Sy+i(S1 xSy) - §— SYSY, (6.16)
SISf = 818y —i(S; x Sy)-§— SYSY (6.17)

and
S585 = 5154, (6.18)

which applied in (6.13) results in the Hamiltonian

Himp = IRKKY81 . SQ + [DM[<Sl X Sz) . S"] + [Isingslysg. (619)
Where, [RKKY = 2Re []J_L ]DM = —2Im []J_] and ]Ising = IH — 2Re [IJ_] are the known

RKKY, Dzyaloshinskii-Moriya the Ising couplings (DZYALOSHINSKY, 1958; MORIYA,
1960; MROSS; JOHANNESSON, 2009).

6.2.1 Analytical calculation of the couplings

We now focus on the calculation of the couplings Irkky, Ipm and Iigng. This requires
performing the integrals (6.14). To simplify the notation we define the dimensionless
variables ¢ = k/kg, ¢ = k' /kp, together with a = 2kg, with kg = magr/Rh?, and @ = a/kg.
With these definitions the Eq. (6.14) acquires the form

eila—q)krz

qs
I,,:[/ d/ dd i , 6.20
) M s ™ (@ = q%) + dalq — ovq) (6.20)

where Iy = J?m/27%h?, and ¢; = 1 + da/2. An important point here that should be
highlighted is that the order of the integrations above should not be changed as discussed
by Yafet (YAFET, 1987). Later, Valizedeh (VALIZADEH, 2016) revisited the problem
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and noted that the problem is that the integrals (6.14) do not obey the Fubini’s condi-

tion (FUBINI; ITALIANA, 1957), leading to different results depending on the order in

which the integrations are performed. Here we keep the order of integrations as it is in

Eq. (6.14), avoiding the aforementioned problem. To perform the integral over ¢ using the

residues theorem we need to extend it to the entire real axis. With this we can write
eia—q)kpa

qs oo
F:J/d/ dd N . 6.21
w=toJ ] ey = ) (6.21)

This deformation of the integral limits introduce undesirable contributions. If we are able

to account for these extra contributions separately, we can subtract them from the final
results to obtain the correct expression. In the absence of SOC, the integrand of (6.21) is
antisymmetric under the exchange g «— ¢/, thus the extra contributions added to the
results are solely those coming from corresponds to the singularities occurring at ¢ = ¢'.
However, in the presence of the SOC (a # 0) the integrand is no longer antisymmetric.
Therefore, there are contributions other than those arising from the singularities. Here
we will assume that the only relevant additional contributions are those arising from the
singularities of (6.21). Thus, withing this approximation, we can write Iy, = I§, — If,,
where and I, corresponds to the undesirable singularities. We first integrate over ¢’ and
then over ¢. The Eq. (6.21) can be written as

n,=1I [ g, (6.22)

—4qs

where we have defined

[e=7p 7{ dz G . (6.23)
v (¢* — 22) + da(q — dvz)
In the above P]- - -] denote the Cauchy principal value (see Appendix F).
Let us start with by calculating 7% that has the form
I =p }{ doCTT (6.24)
¢* — 2% +alq — 2)

Closing the contour on the lower half-plane and using the residues theorem we obtain

2 S
P = 2qia sin[(q + a/2)kpal]ei@ta/Dhre, (6.25)

Noticing from 6.21 that we can obtain I"" by doing @ — —a in the Eq.(6.25). Therefore
we immediately obtain
rq 2r ~ i(q—a/2)kpa
P[I™] = ——sin[(¢ — a/2)kpx]e"? BT (6.26)
29 —a
Proceeding in a similar way for the other two integrals we obtain

2 o
Pl = qua sinf(q + a/2)kpa)e’@-/Dkra, (6.27)
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and
27

2q —
Collecting the results (6.25)-(6.28) and grouping then properly, we obtain

PII] =

_sin[(q — a/2)kpx]elTti/Dkre, (6.28)
a

q —a/2)k i a/2)k
Doy = 2Re(I", +17_,) = 47%[ ;quOSKq a/2) ;;C]jlg[(Q+a/ Vkpx]
—4q+

- cos|(q+ a/2)kpx]sin|(q — a/2)krx]

+ dq — ] ,(6.29
Y 20— 7 (6.29)
- i a/2)k i —a/2)k
Iy =—2m(I", +I"_,) = —drl, l dg*lla + 3/2)kra]sinl(g = &/2)kra]
—q— 2q —a
B /q+ dqsin[(q + a/2)kpx] SiI}[((] — &/2)]@?%’]] . (6.30)
—q+ 2q+a
and
T T T T o Sln[(zq + d)k‘F‘CE}
Igng = 2Re (I}, + 1" ) — Ipxy = 27l [ . dgq 2+ a
sin[(2q — a)kpx] .,
+/ 2 —a ]_]RKKY
(6.31)
The superindices “r” denotes the uncorrected results, i.e., before subtracting the extra

contribution. The six integrals appearing in the expressions (6.29)-(6.31) above are rather
complicated but can still be can be computed analytically. After a tiresome work, apart

from additive constants, we obtain the expressions for the undefined integrals

sin[(2¢ + a)kpx] 1. .

/d 201 a = 281[(2q+a)kF1‘], (6.32)
sin[(2g — a)kpz] 1 .

/dq 20 4 = 231[(2q a)krx], (6.33)

/dqcos[(q — a/2)kpx]sin(q + a/2)kpz]

1 o . .
20+ a = 4{ — sin(akpx)Ci[(2q + a)kpx]

+ cos(akpx)Si[(2q + a)kpx]
+ sin(@kpa)In[2(2g + a)]}, (6.34)

/dqcos[(q + a/2)kpx]sin[(q — a/2)kpx]

Y = Hinakea)Cil(2g — a)kea)

— cos(akpx)Si[(a — 2q)kpx]
— sin(akpz)n[2(a — 2q)]}, (6.35)
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/dqsin[(q — d/2)kpzf;]ji1;[(q +a/2kpa] i{ — cos(akrz)Ci[(2q + a)kpa]

—sin(akpx)Si[(2q + a)kpx]
+ cos(akra)In[2(2q + a)]}, (6.36)

and

/ dqsin[(q +a/ Q)kgz]iig[(q —a/2)kpa] i{ — cos(akpz)Ci[(2q — @)kpa]
—sin(akpx)Si[(a — 2q)kpx]

+ cos(akpa) In[2(d — 2q)]}. (6.37)

In the above we use the usual definitions

Ci(z) = /O ' Coi(t)dt and  Si(z) = /O ' Sint(t)dt. (6.38)

After imposing the proper limits to the results (6.32)-(6.37) and some algebraic manipula-

tions we can write

Doy = 77]0{ sin(akpa) |Ci[(1 = @)2kpz] — Ci[(1 + @)2kpa]
+cos(@kpa) S [(1 + a@)2kpa] — Si[(@ — 1)2kra] + 281(2/@9;)}
|2 . Z sin(&kpx)}, (6.392)
Iy = —ﬂo{ cos(iikp) [Ci (1 + @)2kpa] — Ci[(1 — a)2kpa]

+ sin(ikpa) [Si [(1+ @)2kpa] — Si[(@ — 1)2kpa] + QSi(szx)}

¢ cos(&k‘px)}, (6.39Db)

|
+In T

e = 27l {31«1 +a)2kp) — Si[(d — 1)2kra] | — Iy (6.39¢)

To obtain the final results we still need to compute the contribution from the

singularities of the integrals (6.21).

6.2.1.1 Contribution from the singularities

To compute the contributions from the singularities we use the same method applied
to the traditional RKKY problem in 1D (VALIZADEH, 2016; RUSIN; ZAWADZKI, 2017).
Let us start with the integral

eila—d)kra

a4+
I =1 / d / dd : . 6.40
FTO ) s e =P v ale— ) (6.40)

The singularities of this integral occur when (¢ —¢') =0 and (¢+¢+a) =0or ¢ = —a/2

and ¢ = —a/2. In the following we calculate the integral above around ¢ = ¢’ = a/2. At
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this point we have eilt-9)kre — gi(=at+a)krz/2 — 1 Therefore,

I /_+€d i dq (t 0+) (6.41)
- _ q poret) or € — .
e e (a- e+ d +0)

The integral over ¢’ variable can be calculated analytically using

+ constant. (6.42)

/ dx _In(~a—2z—-y) —In(y — 2)
(y — )

—z)(y+z+a) 2y+a

Imposing the limits, after some algebraic manipulation we obtain

e (g +3/2) + e = Inl(g+2/2) —
I — / 6.43
B R q+a/2 (6.4
Performing the variable change = = ¢ + a/2 the above integral becomes
. € In|x+¢€ In|z— ¢
I++:/_€da:[ -2 (6.44)
This expression can be solved as written as
. 1 Inl+wu| Inll—uy , _ 2
I, = /_1du[ T - S = oL (1) — 2Li(-1) = T, (6.45)
where
eIn|l —t
Lis(z) = — / nlt‘dt (6.46)
0

is the Dilogarithmic function. In the last line passage in (6.45) we have used (GRAD-
SHTEYN; RYZHIK, 1980) Lis(1) = 72/6 and Liy(—1) = —1%/12.

Likewise, we can show that
I°=—. (6.47)

The others two integrals render slightly different results. Let us look at the correction for

I =1 / " / gy (6.48)
T M ST e T v alg+ ¢) '

Here the contribution are accounted when (¢ +¢') = 0 and (¢ — ¢’ + a) = 0, from which we
extract ¢ = @/2 and ¢ = —a/2. At this point, !@-9)kre = gil-a-a)krz/2 — p—itkrz oo that

/

[C — e ikre / A / 6.49
' L (6.49)
Using the indefinite integral
d 1 — In(— —
/ v = ny +o) —In(—atz—y) + constant, (6.50)
(y+z)(y—z+a) 2y+a
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we obtain

i —$+e In|(g+a/2) 4+ €| — In|(g+a/2) — €
o= kax/ 2 . 6.51
- M g+ a/2 (6.:51)

S]]

Apart from the prefactor e %@ this is the same as in (6.43), therefore,

71_2

I = Ee*mm. (6.52)

The last correction, for I” _, can be obtained using same argument of changing @ — —a in

(6.52), leading to
2

I, = %eiﬁ’fﬂ. (6.53)

Colecting the results of (6.45), (6.47), (6.52) and (6.53) we obtain the corrections for the

couplings

Ixxy = 2Re(IS, +1I5_,) =4rl, B cos(&k‘pa:)} , (6.54a)

[y = —2m (I, +15_,) = —4rl E sin(&kpx)] , (6.54b)
T

Iang = 2Re (I +1°) — Ijkiy = 4mly <2> — IRkky- (6.54c)

We now subtract the results of the Eqs. (6.54) from those of Egs. (6.39) to obtain

our final analytical results for the indirect coupling
Ty — ﬂo{ sin(dkpz) {01 (1 = @)2kra] — Ci[(1 + a)szx]]

+ cos(akpx)
1—a

+a

Si[(1+ @)2kpa] — Si[(@— 1)2kpa] + 231(2/@:5)}

sin(&kpx)} — 4mly

—ln‘ =~ cos(akra)| (6.552)

Iy = —W]O{cos(&kpm)

Ci[(1 + a)2kpz] — Ci[(1 — a)2kpa]

+ sin(ikpr) {Si (1 + a@)2kpa] — Si[(@ — 1)2kpa] + 251(21@;5)}

|
+n1

¢ cos(&kpx)} + 4nly [g sin(dk‘px)} ) (6.55Db)

[Ising = 271']0 |:Sl [(1 + EL)2]€FI] — Si [(CNL — 1)2]€F.T]:| - 471']0 (g) - ]RKKy<655C)

Notice that if we take @ = 0 the usual result Ipxxy = 4nly[Si(2kpz) — 7/2] and
Ipm = Lging = 0 is recovered, as expected. Interestingly, however, is the asymptotic

behavior of these expressions, using the asymptotic expansion for the cosine and sine

function (GRADSHTEYN; RYZHIK, 1980)

i) ~ 7 4 ) i_’f()(—l)”ilﬁf—““ﬂf” 2(—1)”(2;;”!, (6.56)
Cifr) ~ TS a2 - D Sy Bl (6.57)
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we get the asymptotic couplings

krp — 2kg | .
I = —7nln|/—— 2 .
RKKY mlpln T sin(2kgz), (6.584a)
kr — 2k
Ipy = —wlgln ﬁ cos(2kp ), (6.58b)
kr — 2kr| .
IIsing = W[Oln ﬁ Sln(Qka). (658C>

Where we use lim,_,, Ci(x) = 0, and lim,_,, Si(z) = 7/2. These unsuppressed oscillations
appearing in these asymptotic expressions is one of the principal result of the present thesis.

In the next section we will discuss the physical meaning of the undamped oscillations.

6.2.2 Physical meaning of the asymptotic behavior

The unsuppressed oscillations obtained here can be understood as follows: after
a given electron is scattered by the first impurity, it travels throughout the quantum
wire while its spin precesses due to the SOC. Since the momentum and spin are coupled
together, this precession continues coherent until it collides with the second impurity. Here,
the momentum-spin lock produced by the time-reversal symmetry of the SOC in this 1D
system provides a natural protection (not topological) that prevents the suppression of the
couplings. To provide a better physical intuition, let us analyze the scattering processes
involved in the second order perturbation theory. We already saw that if we write the

Kondo Hamiltonian onto the Rashba basis we obtain

H = ]{[%ei(kk’)m [g; (c,iurck, — cL_ckJr) + g;rch;H + g[c;,chk,} . (6.59)
Again, the tilde on the spin operators emphasizes that they are also written on the Rashba
basis, meaning that the “spin” scattering processes correspond to removing electrons from
one band to another. Although the processes formally very much similar to those ones that
occur in the absence of the SOC. Here, by virtue of the shift property e, (k) =e_(k + Q)
(where ) = 2kg), the spin-flip processes in the second order perturbation theory involve
intermediate states whose momenta is separated from the initial states by 2kg (for forward
scattering process) or 2k (for backscattering processes), see figure 18. In this sense, at zero
temperature, conserving momenta scatterings are prevented by the SOC, which inhibits
the decay of the couplings in the system. This analysis also allows us to understand
enhancement of the oscillation amplitudes of Eqgs. (6.58). When kr — 2kgr the Fermi
momenta matches precisely the distance (in the momentum space) between the two bands,
providing a resonant forward scattering. In reality, similarly to all the traditional approach
to RKKY interaction, our results are limited distances smaller than the coherent length of
the material. For distances larger than this characteristic length, other scattering processes

have to be taken into account in the conduction electron propagation.
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Figure 18 — (a) Dispersion relation in the absence of spin-orbit. (b) Dispersion relation in
the presence of spin-orbit. The figure (b) shows the possible scattering process
in the presence of magnetic impurities.

Somewhat similar to our results was found by J. Simonin (SIMONIN, 2006). He
has found a spin-spin correlation between two magnetic moments induced by SOC that
extends also to distances longer than those of the traditional RKKY interaction. Our
results also resemble the persistent spin helix (BERNEVIG; ORENSTEIN; ZHANG, 2006)
in which a “right” combination of Rashba and Dresselhaus SOCs produces a long lived spin
excitation in the system. This contrasts with the traditional scattering in the absence of
the SOC, in which there is a () = 0 scattering processes is allowed since the (k) = ¢, (k).
Previous studies usually employ a very attractive expression based on real space Green’s

functions (IMAMURA; BRUNO; UTSUMI, 2004)
1 €
Hrxxy = ——ImJ2/ ) deTr[(S; - 0)G(R;e +i07)(Sy - 0)G(—R;e +i07)],  (6.60)
™ —0o0

where S;(i = 1,2) is the magnetic moment of impurity, o is the Pauli matrices vector,
R =r; — ry is the impurities distance, and G(R;e + i0%") is the Green function for the
conduction electrons. However, as thoroughly discussed by Valizadeh (VALIZADEH, 2016)
this expression should be avoided in 1D systems. Essentially, the reason is because in the
derivation of the Eq.(6.60) of Ref. (IMAMURA; BRUNO; UTSUMI, 2004) there is a change
in the order of integration in double integral that should not performed in one-dimension.
Here we avoid this problem by directly performing the integrals (6.14) both analytically
and numerically. The detailed discussion of the limitation of the aforementioned expression

will be discussed in the two next sections.

6.3 Analytical vs. numerical results

Despite the complexities involved in obtaining the analytical results, numerically it

is rather straightforward. Basically, we need to calculate the integrals (6.14) numerically.
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In fact, here we simply perform these integrals using a numerical subroutine built in Julia
programming language (BEZANSON et al., 2017). To get convergence, as usual we add
an infinitesimal imaginary to the denominator of (6.14) so that the integrals we indeed

solve numerically are

o [
Sv — o

dk’ ei(kfk’)m
ks 2 /| ks 27 S (K2 — K'2) + dan(k — 6vk') + iy’

with n =07.

(6.61)
The expression above is exactly the same we obtain when we used scattering theory
to obtain the indirect interaction via the Lippmann-Schwinger equation (SAKURAT;
NAPOLITANO, 2017), having in mind that we need to account for the Fermi sea and
the Pauli’s exclusion principle. Having calculated the integrals numerically, we obtain the
indirect coupling using the expressions (6.61), as well using the expressions for Irxky,
Ipm and Iigy, obtained in the end of Sec. 6.2. The analytical (dashed red line) and the
numerical (solid black line) results are compared in figure 19 in the absence of SOC (a = 0)
and in Fig 20 for kr = 0.025kr. Notice that, as expected, the oscillations are suppressed
as 1/x, as shown by the dashed blue line.

4p—
m kr =20 = Numeric
— - Analytic
\ -- ~1/z
2t
B
- oH-
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W
— 9t
i4 1 L L L
0 2 4 6 8 10

2kpx /T

Figure 19 — Comparison between the analytical and the numerical results for the RKKY vs
x in the absence of SOC (a = 0). Solid black line corresponds to the numerical
results while dashed red line corresponds to the analytical results. The blue
dashed line shows a function ~ 1/ to show that in the absence of the SOC
the RKKY coupling indeed decays as expected. Figure published in (SILVA;
VERNEK, 2019).

The couplings showed in figure 20 presents different oscillations regimes, each of
them is associated with distinet physical effects. When the impurities are closer there is a
competition between the Ruderman-Kittel polarization, promoted by the spin polarization

of conduction electrons around the impurities, and the QW conduction electrons precession
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Figure 20 — Comparison between the analytical and the numerical results for the indirect
couplings. RKKY (a) Dzaloshinskii-Moriya (b) and Ising (c¢) couplings as a
function of = for kr = 0.05kr. Solid black lines corresponds to the numerical
results, dashed red lines corresponds to the analytical results (Eqgs.(6.55)) and
dash-dot blue lines show the asymptotic behavior of the couplings (Eqs.(6.58)).
Figure published in (SILVA; VERNEK, 2019).

coming from SOC. Their competition results in the fast oscillations presented in figure 20.
In the opposite regime, the Ruderman-Kittel polarization precession decay with increase
of impurity distance and only the slower oscillation provided by SOC survives at arbitrary
large distances. For this reason, at large impurities distances the precession is entire
dominated by the Rashba SOC precession, which corroborates with the asymptotic
result (6.58) (dash-dot blue lines of figure 20).

6.4 Effective Hamiltonian in terms of Green's function

In this section we present a derivation of an expression for the effective Inter-
impurity Hamiltonian in terms of Green’s function in the position space for the 1D system

in the presence of the spin-orbit interaction.
Let us start with the H.g that can be written as

occ. empty (k,h|H|k', 'Y (k' b |Ho|k, h) +

Ha=Y Y

kh KRB Ekh — €N

Hel. (6.62)
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Defining the retarded Green’s function

’k./’ h/><k./’ h/’

G (Ekn) = : 6.63
w1 (k) EP—— ( )
in which ey, — e, + 01, the Eq. (6.62) can be written as
occ. empty R
Hyg = Z Z </{Z, h’Hle/,h/(ékh)Hzlk, h> + H.c. (664)

kb KR
Let us now introduce two closure relations in the position space, Y-, , |z, ) (z, o[, to obtain

occ. empty

Heﬂ' = Z Z ZZ <l{?,h’H1’$,O'> <$,U‘ék/’h/(ﬁkhﬂl’/,O'/><.T/,O'/|H2|k, h> + H.C. (665)

k.,h k' A zxx’ oo’

In the real position and spin space, the Hamiltonian H; of Eq. (6.3) acquires the form

H,=J [Sj(cLTcmT - cl¢c$¢) + S:clicﬂ + S_cucm} z —x;) = H(x)d(x — ;). (6.66)

r T

Inserting this into Eq. (6.65), after some straightforward algebra we obtain

occ. empty

He = J*> (B[ (S1-s)|W){R|(Ss-s) k) > Z: G (21, T2, €n) (K|z1) (22| k) + H.c.

hh!

(6.67)

Here we have defined the scalar retarded Green’s function

(oa ) ()

Gk',h/($1,$27€kh) =
Ekh — Ek'n

(6.68)

We now use (z;|k) = ﬁei’m and transform the summation into integrals we obtain

Heyg = NJ*} (h[(Si-s) [W)(I'|(S2-s)|h)
hh'
dk ik

occ. 2T

ra—z1) dk’'
X / 7Gk’,h’(xlyx275kh> + H.c. (669)

empty 2

As discussed in detail by Valizadeh (VALIZADEH, 2016), further simplification of Eq. (6.69)
towards to a similar expression of Eq.(6.60) which requires changing in the order of the
integrals over k and k', which cannot be performed in 1D case. Moreover, the integral over
k" cannot be extended from —oo to 0o, since the extra contribution to the double integral

does not vanish in the presence of spin-orbit coupling.
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7 Conclusion and outlook

In second part of the thesis we have studied the indirect interaction between two
quantum magnetic impurities mediated by the conduction electrons of a quantum wire
with SOC. The coupling of the impurities with the quantum wire was described by a local
Kondo-like interaction. To obtain the indirect interaction between the impurities we applied
the original Ruderman-Kittel approach based on the usual quantum perturbation theory.
Beyond the traditional RKKY interaction, the SOC in the quantum wire gives origin to
two additional types of interactions between the impurities, the Dzyaloshinskii-Moriya

and Ising interactions.

Once the effective interaction between the impurities was obtained, we computed
the integral couplings analytically and numerically, with perfect agreement. Surprisingly,
differently from the usual RKKY coupling, the asymptotic behavior of the couplings
showed an undamped oscillatory behavior. These undamped oscillations are governed by
the SOC characteristic wave number 2kr and survive for long distances. The reason for

such behavior is the momentum-spin lock caused by the SOC.

For future studies it is interesting to add more than two impurities, to create
a finite impurity density and solve the system at finite temperature. Then, to analyze
characteristic energy scales, and possible competitions between Kondo singlet formation
and the RKKY interaction, as additional effects promoted by the SOC. This can be done
in theoretical Kondo lattice models with SOC.
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APPENDIX A - The Kondo Model from the

Single Impurity Anderson Model: The
Projection Method

The Kondo Model can be obtained in the low-energy limit of the Single Impurity
Anderson Model (STAM) given by

H= Z EqNds + UndTnCu + Z EkCLUCkU + Z de(CLUdU + dl.cko'). (Al)
o ko ko

The first connection between the STAM and the Kondo Hamiltonian was shown by Schrieffer
and Wolf using an unitary transformation, nowadays known as Schrieffer-Wolf transfor-
mation (SCHRIEFFER; WOLFF, 1966). An equivalent method to obtain the Kondo
model from the STAM is using the projection method proposed by Hewson (HEWSON;
1997). Within this method the STAM is projected onto the impurity occupation basis. For
simplicity, we consider an impurity with a single energy level. In the impurity occupation
basis we have the empty state (singly occupied state) labeled by ¥, (non-magnetic),
the state Uy with one electron in the impurity (magnetic state), and the state with two
electrons in the impurity ¥y (non-magnetic). The pictorial idea of the projection method
is showed in the figure 21. In this basis, the Schrodinger equation for the STAM in the

matrix form is

Hy Hop Hpo Wy Yo
HlO Hy  H v,y =F v,y ) (A-Q)
Hyy Hy Ho v, v,

where H;; = P,HP;, P; is the projection operator onto the subspace 7. The Kondo
Hamiltonian describe magnetic a magnetic impurity, so we perform a projection in the
singly occupied state ¥;. From the matrix form of the SIAM (A.2) we obtain the equation

for a state projected onto the singly occupied subspace
[Hii + Ho1(E — Hoo) " Hio + Hao(E — Hayp) ' Hio) ¥y = EVy, (A.3)

where we use the fact Hyy = Hyg = 0, since the empty and doubly occupied state cannot

be directly connected by the Anderson Hamiltonian. Note that (A.3) is not a Schrodinger

L A detailed study of the SIAM is presented in the Section 2.1.
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woz EZO
1 = E:Ed

¢2: *—eo E=2,4+0U

B

Py

P

Figure 21 — The projection method applied to a single level impurity.

equation. In the SIAM the explicit form of the projection operators is

Py = (1=na)(l—na),
P1 = ndT —+ nd¢ — 2nd¢nd¢,

Pg = NagNdl

First, let us compute the diagonal terms in the projection approach, Hyy, Hy; and

Hys. For Hyg we have Hyoy = PyH Py, where H is given by (A.1), which gives

Hog = (1 - ndT)H(l — Tld¢).

For the spin up component of impurity energy e4ng we obtain

FPonagr By = (1 = nap)nar(l —nay) = (1= nar)(nar — narnay)

= ngy — narnay — (nay)” + (nar)*nay

= 0.

Here we use the fact that (ng,)? = ng,. Similarly, we can show for the spin down component

(1 = nagt)na (1 —nay) = 0.

Now, for the Coulomb term Un4n; we have the expression

Po(narna))Po = (1 = ngt)nanay (1 —nay) = (1= nat)[narna, — nar(na)’]

= 0.
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At last, for the kinetic term of the conduction electrons ekcfwcka = £,NKk, We have

(1 = nat)nke(1 —nay) = ngo (1 —nap)(1 — nqy)
= Nio[l — (nar + nay) + narnay
= Nko,
where we use [n4,, nk,| = 0, in the single occupation subspace ng +nq; = 1 and ngrng = 0,

which leads to the result in the last line of the equation above. Using the same identities

we obtain for the hybridization terms Vig(cl, d, + di ci)
(1 = nar)clodo (1 = nay) = 0,

(1 — TLdT)dLCka(l - ndi) = 0.

With these, for Hyy the only term that remains is the kinetic energy of the conduction
electrons
HO() = ngCLO.CkJ = H(). (A8)
ko
For the other diagonal terms, using similar tricks, we obtain

Hyy = (eq + Hy) ana(l — Nz ), (A.9)
H22 = (28(1 +U + Ho)ndfndi. (A10>
Now, for Hy; we have
HOl - P()le

= (1= nat)(1 = nq ) H(ng + na, — 2narnay)-
Performing the calculation explicitly we have

(1= nay) (1 = nay)elgdr(nay + nay, — 2ngnay) (1= nay) (1 = nay)dy(nay + nay — 2nammay)ciy

= (dy —naqdy)ely = (1= ng)diey,

and
(1= nar) (1 = nay) ey dy (nay + nay = 2nama) = (1= nay)d,cl.
Therefore,
Ho = Y V(1 — ngs)eld,, (A.11)
ko
Hio =Y V(1 — ngs)d} cxo. (A.12)
ko

To deduce the equations above we also use dyn, = dy(1 — dodl)) = d, and ng,d}. = d. For

Hi; we have

Hy,=PHP, = (ndT + Ngp — 2nd¢nd¢)H(nd¢nd¢).
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After similar calculations performed for the previous terms we obtain

Hpp =) Vi s Oy o (A.13)
ko

Hgl = Z andc-,dlckg. (A14)
ko

Let us now define the Hamiltonians H; = Hyo(E—Hy) ' Hoy and Hy = Hyy(E— Hoy) ™' Hyy.
Using (A.11) and (A.12) we get

Hl = Z Vka*/(E — &k — H())_l(l — nda—)dleo—(l — nda—l)Cklg/do-/.

kk’ o0’

To obtain the equation above we used
ko (B — Ho)fl - % (1 - )
1
" Z (A.15)

Now, note that

Cko Z Ek’CL/g/Ck’a’ = Cko (

k/c’

(]

€k/CLU/ Cx'o + EkCLUCkJ
k#£k! o#£o!

= Z Ek’CL/(;/Ck/J + €k | Cko
k#k’ ,o#£0!

= (Hy— 5kCI{UCka + €k)Cko
= (HO + Ek)Cka.

Thus,
cxoHo = (e, + Ho) ko

Similar calculations leads to
HOCI(O’ = CTkO'<€k + HO)

So, using this results in the operator expansion (A.15) we obtain
e + H, -
CkU(E HOO — Z < k 0) = (E — & — Ho) lcka.

The expression in the parenthesis above can be written as

1
(E—Ek—HO)il = (E—ék—Ho—i-&fd—Ed)il: {1—
Ed — €k

E—Ho—gd B
Ek — &4

Moreover, for the single occupied state and for energies near of the Fermi energy we have
er K egqgand F— Hy — g4 < ¢4. These allow us to make the approximation

1
Ed—ék'

(E — &k — Ho)_l ~
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Using this in H; we obtain
Vi
Hl = Z 71{(1 - nd&)dzcka(l — nda/)Ck/J/dG/.
kk’,c0’ €d — €k

For Hy = Hy5(E — Hyy) ' Hoyy, using (A.13) and (A.14) we have

H2 - Z Vkvlj’nda'CLUdG(E_H22)_1ndc;/di/ck/0./.
kk’ o0’

Upon writing (E — Hy) ! = (E — 2e4 — U — Hy) ™!, and applying the same tricks and

approximations used in H; we obtain

1
E—243-U—-Hy+e,) ' ~ ———.
( ¢ 0+ &) eqa+U — &g
Therefore, Hy becomes
Wi Vi
Hy, = — Ln@cbdand(;,di,ck/gu

kk’,o0" €4+ U-— Ek!

To obtain the effective Hamiltonian we need to perform explicitly the spin index summation

in Hy and H,y. For Hy, the momentum summation can be recast into the form

Z (1—ndg,)dircka(l—ndc—,/)cLadJ/ = Z(”dTCLTCk’T+”d¢CL¢Ck’¢+d$d¢CchL¢+dIdTCk¢CLT)-
kk’,co’ kk’

Using the identity above we get for H;

ViV
o= > - kg [Rarcireloy + naa e doy + didyogeny + djdieg ]
kk/ €d — <k
(A.16)
Now, for Hy we have
> NasChodonardhcioo = Y- (naclyeioy +narel iy + didlclpaioy + dydiel ),
Kk',00" Kk’
which results
ViV
H2 = — —— Ny C]L Ck/ —|—7’Ld C]L Ck/ —I—d dTCT Ck/ —|—d dTC]L Ck/ ).
kk,€d+U_€k(¢k¢ 1+ narcy awy + did| ey + dydieg cer)
(A.17)
Using now the relations
i F G (e oyl i i
ndTCkTCk’T + ndickick,i = Z(CkTCk’T — Ckick’J) + i(ndT + ndi) (CkTCk’T + ckickw),

1
ndicL,TckT + nchLicki = _SZ(CLTCkT — Cchkai) + §(ndT + ndi)(ckTCLT + Ckicirdi)»
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where S, = (ng+ — nqy)/2, we finally obtain the effective Hamiltonian

Hg = H{+ Hs
= Y Kkk/(cL,TckT - CLQCM) + > [Sz(cLTcH — CLkaQ + S+CL,¢CM + S_CTk/TCkJ,

kk’ kk’

(A.18)

where we use the relations S, = (ng — nay)/2, Sy = didi and S_ = dIdT. The effective

couplings of Hamiltonian (A.18) are

ViVis ( 1 1 )
Ky = — A.19
ke Ek — &4 €d+U—€k/ ’ ( )

1 1
Jae = VAV . A.20
Kk kk(ﬁk—€d+8d+U—€k/> ( )

The first term in (A.18) corresponds to a spin-independent (scalar) scattering potential,
and does not contributes for the Kondo physics. Considering only the spin-dependent
process in the effective Hamiltonian and using sie = 1.0y, where & = (0, oy,0.)" and

Yk = (Cir, Cx i)T, the effective Hamiltonian can be written as

Heg = Z ik (Skk/ : S) ) (A-Ql)

kk’

which have the traditional Kondo Hamiltonian form. Note that now the effective coupling

Jiw depends on the STAM parameters and the moment of the conduction electrons.



147

APPENDIX B - Kitaev chain

Kitaev proposed a toy model of a superconducting spinless chain with p-wave pairing
which presents non-trivial topological phases (KITAEV, 2001). The Kitaev Hamiltonian is
given by

1 .
Hyitaey = —,uz c}cj ~5 Z (tc;cjﬂ + AeZQSCjCj_A'_l + H.c.) , (B.1)
J

J
where p is the chemical potential, ¢ is the tight-binding hopping, c}(cj) creates(annihilates)
a electron in the jth site, A is the superconductor order parameter and ¢ is the super-
conductor phase. The physical properties of the Kitaev chain is better understood in the
reciprocal space. To do so, let us take the Fourier transformation

Ca Jck C = —— E ee..
J ’ ] k
VN 7

1
= — Z e
VN %
After some algebraic manipulations, the Kitaev Hamiltonian in the k-space acquires the

form

Hiitaor = = > {—2[p + t cos(ka)]chey, +iAe?sen(ka)cye_y — ile “sen(ka)c’ 1l }. (B.2)
k

N —

T

Using the Nambu spinor ¥}, = (¢, ¢, )? the Kitaev Hamiltonian becomes

1
Hxitaev = 5 Z \Iﬂ];Hk(k)\Ijka <B3)
k

with

| —lu+tceos(ka)] iAe?sen(ka)
Hi(k) = —iANe "sen(ka) p+tcos(ka) | B

The eigenenergies of the Kitaev chain is given by

Ek == :t\/Ei + ’Ak‘z
From (B.4) we have

er = —[p + tcos(ka)], (B.5)

Ay, = iAesen(ka). (B.6)

Then, explicitly we obtain the dispersion

E, = i\/[u + tcos(ka)]? + A2sen?(ka)
= i\/(t — A?) cos?(ka) + 2ut cos(ka) 4+ u? + A2, (B.7)
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Looking at the equation above we see that the zero energy modes, Ey = 0, associated with
the MZMs, are obtained by the condition

(t — A?) cos?(ka) + 2ut cos(ka) + p* + A? = 0.

The condition above must be satisfied for an arbitrary A, so we demand the mutual
cancellation of —A? cos?(ka) and A?. This occurs for cos(ka) = +1. Thus, we obtain the

relation

{ (t+wp)? =0, if cos(ka) =1 (B.5)

(t—p)?>=0, if cos(ka) = —1.
Therefore, the zero energy modes are obtained when u = +t. Looking at the Brillouin
zone, k € [0,7/a], we have that the point k = 0, corresponds to zero energy mode for

p = —t and the point k = 7 /a corresponds to the zero energy mode for pu = t.

B.1 Topological phases of the Kitaev chain
The analysis of the topological phases of the Kitaev chain in the k-space is per-

formed by mapping the Brillouin zone on a unitary sphere. For this, notice that the

Hamiltonian (B.4) can be written as

1 0
=¢
1o -1

Using again the Pauli matrices

. 01 0 —1 ; 1 0
ot = ;oY = ;o o0t = ,
10 i 0 0 —1

Hy, = h(k) - &, (B.9)

e Ay

A;; —Ek

Hy =

we have

with
h(k) = ha(k)Z + hy(k)3 + ha(k)2,
oc=0"c+0')+0°Z,
he(k) = Re[Ay],  hy(k) = Im[AL],  h, = &
From egs.(B.5) and (B.6) we obtain the following properties
hoy(k) = —hey(—F), (B.10)
h.(k) = h,(=k). (B.11)

These properties are consequence of the p-wave pairing of the Kitaev chain. Let us define

the unitary vector

h(k) = , (B.12)
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which is the responsible for the map of the Brillouin zone onto the surface of an unitary
sphere (Brillouin sphere). The particular points of the Brillouin zone (k =0 and k = 7/a)
correspond to opposite poles of the unitary sphere. Moreover, from the relations above we

have h;,(0) = hy,(m) = 0. Then, in the poles the unitary vector becomes
h(0) = 502, (B.13)

and
h(m) = s.3. (B.14)

Where sg, are the signs of the unitary vector in the poles. Notice that!
h.(k) = —p + tcos(k), (B.15)

so the sign of the poles s » represents only the relative kinetic energy in the pole, that is £1.
A more interesting quantity is the product sgs,. There are two distinct ways of connection
between the two poles (k = 0 to k = 7). The first way is using closed trajectories that can
be smoothly deformed to a single dot in the Brillouin sphere. In this case, the the sign of
sp and s, are always the same. Thus, sgs, = 1 for all the distinct trajectories. The second
way is using open trajectories, in which the signs sg and s, are always opposites, resulting

in sgs; = —1. Therefore, the product
V= SoSg (B.16)

is a good topological invariant for the system. If v = 1, the phase is called topologically
trivial (os simply trivial), while if ¥ = —1 the phase is called topological. For the Kitaev

chain, using (B.15) we obtain

h.(0 t— 1, it p<t
h=(0)] [t — —1, if p>t
and
h. —t — 1, if pu>—t
[ho(m)| [t — —1, if p<—t
Then, the topological invariant for the Kitaev chain is
2 — p? -1, if <t
V=508 = — M2 = ’ 1 ] : (B.19)
It — ul +1, if |u| >t

The topological phase transition occurs when the gap is closed and corresponds exactly to

the zero energy state. To see that, let us remember that for the Kitaev chain

Ek = \/ gi + ’Ak|27

L For simplicity we take a = 1.
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with
= —[p + tcos(k)], Ay = iAe“sen(k).

Then, in the Brillouin zone limits we have ¢y, = —[p £ t] and Ay, = 0. Moreover, from
the topological invariant (B.19) we see that the topological transition occurs for u = +t,
which results

Eyr=0, for pu=+£t. (B.20)

)

Therefore, the zero energy states of the Kitaev chain occurs exactly at the topological

transition point.

B.2 Majorana zero modes at the edges of the Kitaev chain

In the topological phase, the edges of the Kitaev sustain topological protected
zero energy states which behaves as Majorana fermions. For a better understanding of
this phenomena, let us write the conventional fermion operators ¢; in terms of Majorana

operators v4; and vg; as
o—i6/2

2
The Majorana operators follows the canonical relations

cj = (VB +iv4,)- (B.21)

Yori = Yo (B.22)

Vo> Vo 1]+ = 200085 (B.23)

The Kitaev model (B.1), on Majorana basis, can be written as

N id/2 T 4 e 10/2 )
H = —uZl By = a)—5— (7B +1744)
J:
; N-1 [ei¢/2 e~ i9/2
—5 2 |5 (Thy = hy) 5 (v + #vagm1)
9 = 9 J J 2 J J
¢ N=1T )2 . e~19/2 .
—5 > [2(7}3,%1 - WL,J’H)T(VBJ +i7a5)
=1
-5 Z e ¢T 5 (ﬁng?j + w,t;,j)(”YB,jH +iva,5+1)
=1
AN*I _i¢ 1(15/2 7“15/2
2 ¢ Ty Ty (VB4 + WAJH)(VB,J +i7a4)- (B.-24)
j=1

After some algebraic manipulations and using the properties (B.22) and (B.23) we obtain

Z

N N—-1
1
=5 Z (1 +ivB,74,4) Z (A +t)yB7a41 + (A —=t)ya7B541] - (B.25)
7=1 ]:]_
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This Hamiltonian has a rich topological phase. However, in some particular limits it is
easy to understand the fundamental topological aspects of the system. First, let us take
w#0,t=A=0. From equation (B.19) we have v = 1, which corresponds to the trivial
phase. In this limit, the Hamiltonian (B.25) acquires the simple form

H=-2> (1+ivp74,)- (B.26)

Jj=1

AT

N

There is no interesting physics in this limit, the Kitaev chain reduces to IV isolated sites.
On the other hand, when ¢ = 0 and t = A, where v = —1, corresponding to the topological
phase, the Hamiltonian (B.25) becomes

i N-1

H = _it > VBVA (B.27)
j=1
This limit is better understood within the ordinary fermionic basis. This can be done by
the definition of a new ordinary fermion operator

1 .
d; = 5(7A,j+1 + ivB,5)- (B.28)

Then, the Hamiltonian (B.27) in terms of regular fermion operators can be written as

N—-1 1
H=tY (d}dj - 2) . (B.29)
j=1

The important fact of this limit is that we can see from the Hamiltonian above (B.28) the
presence of a pair os Majorana zero modes, 41 and g n, which not appears in (B.27).
This occurs because they are decoupled from the chain and have zero energy. The pair of
MZMs are protected by topology and corresponds to true Majorana excitations and not
only a mathematical artifact. The question whether they have been observed or not in
experiment is a long and interesting history (WILCZEK, 2009; ALICEA, 2012; ELLIOTT;
FRANZ, 2015).
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APPENDIX C - Residual entropy for a

resonant level coupled to a Majorana zero

mode

C.1 Free Majorana mode entropy

Let us consider a system composed of two Majorana modes, and a metallic lead.
Let us assume that only one of them is coupled to the lead, while the other one remains

free. The Hamiltonian of this toy model is given by
H= Z 5kcLCk + Z(Vck’yl + V*fylcb, (C.1)
Kk Kk

where V' is the hybridization matrix element of the coupled of the Majorana mode with

the metallic lead. We introduce the Green’s function of the level

Gr(w) = (5 M) (C.2)

where, the fermion operators are defined in terms of the Majorana operators as f =
(71 + i72)/v/2. To tell apart the contribution of the Majorana modes to the entropy, it
is convenient to rewrite the Green’s function in terms of the Majorana operators which
results

Gylw) = ; (M (w) — iMig(w) + iMar (o) + Mas(w)]. (C.3)

Here we have define the Majorana Green functions
M (w) = (153 75))w- (C4)
The free energy of the level can be written as
FH(T) = — kT /O:o pr(@)n(l + ) dw (C.5)

in which § = 1/kgT with kg being the Boltzmann constant and 7" the temperature and
1
pr(w) = ——Im{Gr(w)}. (C.6)

We can now compute the entropy using the relation

_OF(T)
or -

Si(T) = (C.7)
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analytical expression for the the Majorana Green functions can be calculated using
the equation of motion (EOM) in the energy domain (ZUBAREV, 1960)

w{(Vi; Vi) e = Gig + ({[7is H] =5 75) e (C.8)

There are two distinct regimes for the toy model (C.1), V=0 and V # 0, let us

take a closer look in them.

C.1.1 Decoupled regime (V=0)

In the decoupled regime the Hamiltonian (C.1) describes a free regular fermion, so
using the EOM (C.8) we obtain

1 1 1
Grlw) = 2 [w +1in t —l—z’n] ’ (C.9)

where n — 0%, which results from (C.6) the density of states

p1(w) = 5 6(0) + 6(w)], (©10)

where the first term is the contribution of the Majorana mode ~; and the second from ~,.
Notice that in this case both Majorana modes are free. Inserting (C.10) into Egs. (C.5)
and using (C.7) we find

Fi(T) = —kpTIn(2) (C.11)

and
S¢(T) = kgln(2). (C.12)

This is the entropy expected for the single zero-energy level for spinless fermion.

C.1.2 Coupled regime (V # 0)

In the coupled regime, using Egs. (C.1), (C.3) and (C.8) we obtain the following

Green function

Gf(w>:;< L | ) (C.13)

w+i' w+iin
Here, I = 27po|V |2, po is the density of states of the metallic lead. Equation (C.13) render
the density of states

1

o) =3 |2

Tw? 4+ 2

+ 5(@] . (C.14)

This density of state is similar to that derived in Ref. (SELA et al., 2019). The Lorentzian

form of the first term is due the Majorana coupled to the metallic lead, whereas the
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o-function in second term results from the free Majorana mode. Now, free energy acquires

the form

Fy(T) = F(T)+ F(T)

kBT 0 1 F 76"‘)
= - Oo;iuﬁ_i_rgln(l—l—e )dw
kgT
—{%m@) (C.15)

With this, using Eq. (C.7) we find

Si(T) = ST )+52(T)

o kB F 8 75(‘)
- 5/ 7rw2 ST [TIn(1 + ™) dw
+me. (C.16)

In the above, S3(T") = (1/2)kgln(2) corresponds to the contribution from the free
Majorana mode, 5. The contribution S;(7") (given by the second line of the equation
above) from the Majorana mode, ~y;, coupled to the metallic lead, requires more attention.

Performing the temperature derivative we obtain

ks r o y
SIT) = 3 oomz2+r28T [TIn(1 + e=)] duw
_ ks I ~fu
) oomﬂ+r21n<1+e )

w

dw. 1
2T oo7rw2+F2 (v +1) n (C.17)

The integrals of Eq. (C.17) are rather complicated. Yet, approximated analytical
expressions can be obtained in the low-temperature limit. First, note that since In(1 +
e %) — 0 for and I > kgT as T — 0. With this we can see that

o 1 I
———1In(1 —Bw T .
/_ooWQHQn( e B Ydw 0, (T - 0)

Moreover, using the fact that f(w) = (e? + 1)~ we can write

Sy (T = 0) = L Z h(w) f(w)de, (C.18)
with
h(w) = zwrleer? (C.19)

For small T" this class of integrals can be written in within the so called Sommerfeld

expansion as

S\(T) ~ g(0) + = T9)

6 dur |, (kD) + Ol(ksT)" (C.20)
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in which .
g(w):/o h(w')de. (C.21)

Upon performing the integration with the integrand (C.19) we obtain

r w? + T2
= 1 ) 22
o) = popin | r 22
Using this expression in (C.20), up to O[(kgT)?] we find
kB s kBT
T~ ——|—]. 2
sin % (M) 23
The total entropy in the coupled case is then given by
k’B kB s kBT
T~ —In(2)+ —== | — T . 24
1)~ i + P8 (90 o0 (C.21)
Strictly at T'= 0 we obtain the interesting result
ks
Sres == ?h’l<2), (025)

where Syes = S7(0). This result shows that only the free Majorana mode contributes to the
residual entropy at 7' = 0. Furthermore the residual entropy is half of kgln(2), revealing
the non-Fermi liquid (NFL) characteristic of the system. This is the analogue of what
happens in the two channel Kondo effect (TSVELICK, 1985; AFFLECK; LUDWIG, 1991a;
AFFLECK; LUDWIG, 1991b; AFFLECK; LUDWIG, 1993; EMERY; KIVELSON, 1992;
GAN; ANDREI; COLEMAN, 1993; FABRIZIO; GOGOLIN, 1994; COLEMAN; IOFFE;
TSVELIK, 1995; COX; ZAWADOWSKI, 1998).
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APPENDIX D - Path integral formalism

One of the most useful formulation of quantum mechanics is using the called path
integrals. This formalism is more natural for physical systems that deals with several
degrees of freedom, as in statistical physics and high-energy physics (KLEINERT, 2009).
For this reason, the path integral formalism is the basis of the quantum field theory (QFT)
formulation. The renormalization group ideas was originally expressed in terms of path
integral (WILSON, 1971a; WILSON, 1971b; WILSON, 1975). In this appendix we will
give a brief review of the subject. Further information about path integrals and QFT
can be found in (WEINBERG, 1995; TSVELIK, 2007; ALTLAND; SIMONS, 2010; ZEE,
2003).

D.1 Particle propagator as a path integral

Let us start with the propagation of a particle from the initial state |g;) at the
initial time ¢; = 0 that propagate to the final state |gs) in the time t; = ¢t. We know from

the usual formulation of the quantum mechanics that this propagations is given by!
(ayle™q:), (D.1)
where H is the Hamiltonian. The propagation can be performed in N steps as
<Qf‘€7”:[t|q@'> _ <qf’€fiﬂ§tefiﬁ§t L 671H6t|qi> (D.2)

In the above we define the differential time-step 6t = t/N, with N — co. Using now the

closure relation [ dg|q){q| = 1 we can write
<qf|6—z‘H6t€—iH6t . B_iH6t|qi> — <qf|6—z‘H6t / dQN—1|QN—1><QN—1|€_iH6t

X /dQN—2|QN—2><QN—2|€_iH&/dQN—3|QN—3><QN—3|

e X <Q2|€_iH6t/dQ1|Q1><Q1|€_iH6t\qZ'>
N-1 B B

- / H dqj<€1f|€_ZH5t|QN—1><QN—1|€_1H&|QN_2>

j=1

X e {gale” ™ gr) (@ le ). (D.3)

Now, consider the Hamiltonian H=T+ V, where T' denotes the kinetic term and V is

the potential term. Let us look to the state evolution of |¢;) to |¢j+1) promoted by this

L Notice that A = 1.
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Hamiltonian?

T+V)6t|q]> —iT(pj)5t|qj>e—iV(le t5)6t

(gj1le™™q5) = (gjsle” (gj+1le

Using now the closure relation in the momentum space [ 2|p)(p| = 1 we have
(g ale™ T gg)e= ¥ antalit - — / 2 (g1~ T2 |p) (plg;)e = (@t
B / 5 (@yalp) (play)e @IV @I (D)

Recalling that {q|p) = ¢“® denotes the plane wave we obtain

—iT(ps —iV(q; it dp —ilT(p. (et
<Qj+1|€ T(PJ)5t|qj>e Vigj.tj)ot  _ /27 Qj+1|p><p|q]‘>€ [T'(pj)+V(gj,t;)l6t

/ dp ePi+1 =P o~ i[T(p)+V (g.t5)]5t
21

dp ifp( B ) (g0 5
_ /%6 |:p( 5t ) T(p]) V(’]J t]):| t' (D5)
In the thermodynamic limit, N — oo , so 6t — 0. Thus, #+-% = 24, — ¢, resulting in
. 5 d AP iloi —F(ps st
(qjs1|e”H%g;) = 2p ) L %el[”%‘ff@wwﬂ]‘“. (D.6)

Using this result in (g7|e="#|q;) = (qs|e~Hote=Hot ... c=iHdt| 0.} Jeads to
N-1

N 1
d o gt
(arle” th|qZ _ hm / H dq ap; 5tz Hpsd;— H(pj,qytj)}' (D.7)

]127r

Now, in the continuous time limit we have ¢ Z;V:’Ol — Judt', which finally results

(asle ™ qi) = [ Dpet - oacia, D5)
where
Nl NS g
DqDp = hm II dax I] =2 (D.9)

*® k=1 3127T

The quantity [ DgDpF|q, p] is called path integral of the functional F'[p, q]. Note that in

the exponential above appears the general Lagrangian definition 3
L=pj— H(p,q,t). (D.10)
Defining now the action S
S0t = [ Lip.a.0)ar. (D.11)

the propagator can be written as

(asle™"|ai) = / DyDpe’SP. (D.12)

2 In the general case ei+1)t £ ¢iTteiVt byt for a short-time 0t the equality ei(T+V)0 = ¢iToteiVét oy
be safely taken.
In the most usual cases the Lagrangian takes the usual form L =T — V.

3
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D.2 Partition Function as a Path Integral

In statistical physics, the partition function is given by
Z = Tre PH = /dq<q|6_5ﬁ|q). (D.13)

Note that the quantum propagator (D.1) can be connected with the partition function

above by
(ale™™lg) = (arle™™"1a:) gy=qip=—is- (D.14)

Then, inserting this result in (D.13) and using (D.12) we can written the partition function

as a path integral
Z - / DyDpe—Selpa5) (D.15)

where

—ig )
Selp.q,B) = —i/o dt’ <pat,q — H(p,q, t’)) : (D.16)

If we define the imaginary time 7" = it we have

Selp.q. 8] = —i/o_w dt’ (paat,q - H(zxqi’))
—i / 0 /
- /O (@dt)<—paﬂq+ﬁ(p,q,t)>
B —if o o0 o ,
= /O (idt") <—@pa(it,)q+ (p7q,t)>

A / . 0 /
= /dT (—Zp,q+H(p7q,T)>,
0 or

where in the last line we use t = —i = —i7 = (5. Using the shorthand notation % =0,
we finally obtain *
B
Selp.a.8) = [ dr{=ipd,q+ H(p.q. 7)) (D.17)

This action is known as “Fuclidean action’.

In general way, for an arbitrary quantum field ¢, we can construct the partition

function as the path integral

7z = / Depe= 5519, (D.18)

where ¢ can be represented by a set of Grasmann, scalar, or vectorial fields which obey
the Bose or Fermi statistics (NEGELE; ORLAND, 1988).

4 Notice that in the imaginary time the usual Lagrangian becomes Ly =T +V and not L=T —V.
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D.3 Gaussian Path Integral

Consider the generic action

5 = [lao(x)0,0(w) + J(2)o(x)]dPs, (D.19)

where « is a constant and the last term is a “source” term. To compute the partition

function for this action we need of path integral of the kind
I— / Dpe J6@0e6(@)+I@)o(@))d x| (D.20)

In the continuum form the action above is hard to be computed. However, in the discrete
form it can be easily solved. The discrete form of this action can be taken using that
0¢(x) — limgo(1/a)(iy1 — ¢s) = >; Mi;¢;, with the appropriated M matrix. The last
terms transforms as [ d”zJ(z)¢(z) — lim,o(1/a”) ¥ ; Jip(x). Therefore, the action in

the discrete form becomes

4] J
With this, we have
-/ Doe (0 uMsers T, 2] (D.22)

where D¢ = [IY, dey.. If we define a vector ¢ = (¢1, ¢, - - - ¢n)7 the integral above can be
written as

I = / Depe((&M0)=6). (D.23)

where M is as symmetric matrix. Performing the rotation ¢ = Oy which diagonalizes the

matrix M we have
qb -M - QZS = (yO‘l) -M - Oy, with O;Z»IMZ']'OJ'N = m,\(S,\,\/, (D24)
with m, denoting the Ath eigenvalue of M. In terms of the components we have

S oMo => y:05:M;O0y; =y - Mp -y,
ij

ij
where Mp is the matrix composed by the eigenvalues of M. Using this, and the fact that
do; = dy;,” we have explicitly

I= / ~ dy, / Sy / 7 dywe (@ Eivmiyi+O D) (D.25)

Let us look to the integral

> miyi+(0J) iy > 2+ (0)iy;
I, = / dyie*ayzmzyﬁ( )ivi — / dy;e~Omiv: +(OD)iyi
—00 — 00

® To see that the Jacobian in the present case is unitary notice that O=10 = 1.
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Now, note that exponential argument above can be written as

(0J); ) (0J)?

amgy; + (0J)iy; = <(O‘mi>1/2yi + 20am)? )  dam;’

SO

2
©0N?  roo 7((am,)1/2 (0D )
- L i Yit 172
]’L — e 4domy / dyle 2(am;) / .
—0o0

Now, performing the variable change u; = (am;)/2y; + 2(&%31 3 we get
_(09)?
e dam; o 2
I, = 7/ due” "
(ami)1/2 —00

In integral above we recognize [0 du;e™¥% as the usual Gaussian integral which well-known
result v/2m. Then, finally

I ( o )1/2 e,i{(oJ)m%(OJ)]
‘ am; ’

At last, using that I = [, I; we obtain

;o (%)N/Q e—izi[(OJ)mi(OJ)} 1

i
1/2
o N
i=11

_ (27T)N/ ’ eﬁ(OJ)M,;l(otf)#m
@ [Ty m;
_ (27T>N/2 oo aptoyy 1

N 1/2
a [LZ,m;

om\N2 1
_ <7T) eI (D.26)
a Hf\; m;

In the above we notice that det[M] = [T, m;, resulting in

2’/T N2 —lgm-lg
I(J) = (adet[M]> e i . (D.27)

The integral I(J) appears quite often in quantum field theory and it is called Gaussian
path integral (ZEE, 2003). An important feature of the Gaussian path integral occurs

when J = 0. In this case, from the result above we obtain

or  \ N2
—_— e tant. D.2
et [ ) constan (D.28)

1(0) = <
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APPENDIX E - Quantum Perturbation
Theory

A generic perturbed system can be described by the generic Hamiltonian
H=H,+ \V. (E.1)

Where H describes the unperturbed system and V' corresponds to the perturbation. The
parameter A controls the strength of the perturbation on the unperturbed system. Suppose
the eigenenergies and eigenstates of the unperturbed system are known. Then, from the

Schrodinger equation we have
0 0)(.,.(0
Holuy”) = B |9). (E2)

where E,EO) is an eigenenergy of the unperturbed system with correspondent eigenstate
1), The full eigenenergies and eigenstates of the perturbed system, described by the
equation (E.1), are given by Ej and [1;) which can be expressed in terms of a power series

of the perturbation strength \ as

W) = o) + MDY + 22y + - (E3)
By = BEO 4+ EW + X EP ... (E4)

Following this, we have the Schrodinger equation for the perturbed system

Hly) = Eg|tr), (E.5)

which leads to

(Ho + AV)([e”) + A D) + Xp@) + ) = (B + 2B
X ED 4 () + Me®) + 22y + ). (E.6)

The identity above can be written for each power of A\. For \ = 1 we recovery the

Schrodinger equation for the unperturbed system
Holyy”) = B |0).
as expected. For the terms proportional to A we have
Holuy”) + VL) = B1Y) + B ). (E7)
If we multiply by (¢9| we get

WO ) + P VI) = B 01u) + B 0 1u”). (E8)
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Using now that (¢\”|Hy = (4\”|E? and (\”[4\”) = 1 we obtain

= (YV]e), (E.9)

which is the energy correction due to the perturbation at first-order in A\. To compute the

first order correction of the eigenstate (|1})) note that

Vg = ZW WO V]
= Z Y WD VIO + [ DV ]eRY)

k'£k
= 2w Vi) + BV ). (E.10)
KAk
In the above, to obtain the result above we use the completeness S [0 \") (V] = 1.

Using this equation in (E.7) we get

(B — Holuw") = S (i V1L ). (E.11)

k' #k

Multiplying by <w,§9)| results in

V]
( é?>|w£1>—w'
Finally,
my _ 5 WV E.12
¥ k%éki EO _ 5O o), (E.12)

which is the eigenstate correction at first order. Obviously, this result is only true for
non-degenerated systems (Ey # Ej). For this reason the approach presented is sometimes

called perturbation theory for non-degenerated systems.

For terms of second order in A, the equation (E.6) results in
Holw) + VIely = B 1?) + B + B2 ). (E.13)
Then,
W Hol i) + (VIR = BP0 1) + B 00 1) + B 0 10),

which gives

W) = B + B W0 100), (E.14)



165

The term in the left side of the equation above can be written as

WOV = S WP @D VI (0 [

k./k.ll
0 0 0 1
= 3 S (VIO 1oy
k./kll

= Y WOV @D o)

k/
= S WOV @ 10) + @ VY @ o)

k' #k

= S @ WD @) + B (0 [
k' #k
_ 5 WO VI (0 |V )

+ ED (M), (E.15)
k:/;ﬁk E’go) - E/(c(’))

In the last line of the equation above we use

(W0 |V Iv)

w(?) 1/}(1) _ )
W) = S

Inserting equation (E.15) in equation (E.14) leads to

WOV [ WV [0
B =y e ik ke (E.16)
k' £k E,7 — Ey

This is the second order correction in the energy promoted by the perturbation on the
system. The total contribution to the energy at second order from all the states Ej can be

computed by

WOV [ WSV [5)
AE® =37 % e e (E.17)
k k/;ﬁk Ek - Ek‘/

The expression above is used in section 6.2 to obtain the effective interaction between two

magnetic impurities.
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APPENDIX F — Complex Integrals

F.1 Residue Theorem

Let the complex function f(z) which can be expanded in the Laurent expansion as

FE =SS an(z— )", (F.1)

i N=—00

where z; are isolated singular points (poles). The closed integral in the contour C, that con-
tains all the poles z = z;, can be performed using the called residue theorem (WHITTAKER;
WATSON, 1996):

.7{0 f(2)dz = 2mi Za_lz“ (F.2)

where the constant a_;,, in the Laurent expansion term a_y,, = (2 — 2;)~! is called the

residue of f(2) at z = z;. Sometimes, the residue is also denoted by
a_1., = Res[f(z)]. (F.3)

The contour integration depends on the integration direction, for example consider the
integration in a semicircle contour, with a pole in z = xy. Then, the integration over the

semicircle pole with a infinitesimal radius ¢ gives

d 27
7{ SR d¢p = im — imRes|f(xg)], for counterclockwise integration.
CcCzZ—X T
dz [0 . ‘ . .
j{ = Z/ dp = —im — —imRes[f(zo)], for clockwise integration.
CcCzZ—X T

Where we use z — zy = 0e'?. There is several methods to compute the residue of the
function f(z), the most used are (BUTKOV, 2013)

1. First method. Using the definition, for a pole in z = a we have

1
= — dz. F.4
Resf(a) = 5~ f f(z)dz (F.4)
2. Second method. For a simple pole in z = a we can compute the residue using
Resf(a) = lg}rgl(z —a)f(2). (F.5)

This method is widely used, including in the present thesis.

3. Third method. For a pole of order m in z = a we use

dmfl

Res (@) = 7o lim Sl = )" () (F.6)
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4. Fourth method. When f(z) has the form

= P
then, in this case we use
_ p(a)
Resf(a) = v(a)’ (F.7)

with ¢(a) # 0 and ¢(z) with a simple pole at z = a.

F.2 Cauchy Principal Value

Let us suppose that f(z) has a simple pole in the real axis at z = (. Then,

performing an integral in a closed contour C' in the entire upper half-plane we obtain

fcf(z)dz = /_Q:Ld f(x)dx—i—/czo f(2)dz

+ f(z)dx + / f(z)dz = 27i > enclosed residues.
xo+0 Cp

Above C,, is the contour around an infinitesimal circle centered at z = xy and radius
0 — 0, and Cp is the contour in an infinite semicircle composed by the real axis and
the imaginary axis, but which contours the pole. The integral along the real axis can be

jointed as

lim [/xﬁéf(x)dx—i—/oo f(x)dx] - P/_O:O f(z)dz, (F.8)

60—0 —00 11?0+6

where P denotes the called Cauchy principal value. The Cauchy principal value can be
defined using the contour integral. Suppose that the contour C' is deformed in the contour
C(6) which is the same contour C' but with an infinitesimal disk around the pole removed,

then the Cauchy principal value is defined by

P [ fe)de = Jim [ f()d (F.9)

—0t JC(5)

We can use the Cauchy principal value with the residue theorem to write

fcf(z)dz _ P/O:Of(x)dxjt/czo £(2)dz

+ / f(z)dz = 2mi» enclosed residues.
Cp

The last integral in second line [, f(z)dz is zero if f(z) obey to conditions

e f(2) is analytic in the upper half-plane except for a finite number of poles.

o lim. | f(2) =0, for 0 < argz < .
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this useful result is called Jordan’s lemma (BROWN; CHURCHILL, 2009). Then, we have
]{ f(z)dz="P /Oo f(z)dx + / f(z)dz = 27i >y enclosed residues. (F.10)
C —00 C’wo

The result above is one of the most powerful applications of the residue theorem and has
been widely used in the present thesis. More details about complex calculus can be find in
the excellent Butkov’s mathematical physics book (BUTKOV, 2013).
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