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Abstract

Combustion plays a fundamental role in society, being one of the primary means of
energy conversion and storage, with countless applications. As such, it is a key topic in
engineering and industrial processes. In many cases, combustion and thermal radiation
occur simultaneously: the high temperatures resulting from exothermic reactions, as
well as the radiative interaction of the gases generated from these reactions, create an
environment where complex radiative heat transfer takes place. Therefore, coupling
CFD with radiative heat transfer models is essential for the accurate simulation of
industrial reactive flows. Furthermore, literature shows that thermal radiation can
significantly affect heat transfer in other situations, such as in thermal cavities at
ambient temperature, a problem that is frequently studied without considering radiation
effects. This work presents the development and benchmarking of a coupling between
a CFD software (MFSim) and a radiative heat transfer solver for participating media
(RTS), both internally developed by MFLab in the Federal University of Uberlandia.
MFSim is a robust simulation package, capable of modelling turbulence, heat transfer,
fluid—structure interactions, reacting flows, and Lagrangian particle transport. RTS
is capable of modelling radiative transfer in gray and non-gray participating media
containing gases like C'O, and H-0, as well as isotropic and anisotropic scattering
phenomena. By integrating these codes, the extensive set of physical models available in
MF'Sim, designed to simulate complex engineering problems, now includes radiative heat
transfer, enabling more realistic and accurate modelling of combustion processes. The
coupling employs distinct meshes for CFD and radiation, connected via interpolation,
allowing for more computational efficiency, as radiative models do not usually require
the same spatial resolution as CFD. Tests have shown that the interpolation layer
between both algorithms has relatively low computational cost. Benchmarks performed
on canonical cases show good agreement with the literature, verifying the approach and

reinforcing the importance of radiation in heat transfer simulations.

Keywords: Computational Modelling, Heat Transfer, Computational Fluid Dynam-

ics, Combustion, Radiation, Radiative Heat Transfer, Numerical Simulation.


http://doi.org/10.14393/ufu.di.2026.5513
http://doi.org/10.14393/ufu.di.2026.5513

DUARTE NETO, Ophir Valiante. Modelling and Analysis of Fluid Flow Problems
Coupled With Radiative Heat Transfer. 140 f. Dissertagdo (Mestrado) — Universidade
Federal de Uberlandia, Uberlandia, MG, Brasil, ago. 2025. Disponivel em: http://doi.
org/10.14393 /ufu.di.2026.5513.

Resumo

A combustao desempenha um papel fundamental na sociedade, sendo uma das principais
formas de conversdao e armazenamento de energia, com iniimeras aplicagoes. Por isso, é
um tema central em engenharia e processos industriais. Em muitos casos, combustao e
radiacao térmica ocorrem simultaneamente: as altas temperaturas resultantes de reacoes
exotérmicas, assim como a interagao dos gases gerados por essas reagdes com a radiacao,
formam um ambiente com processos complexos de transferéncia de calor radiativa. Assim,
o acoplamento entre CFD e modelos de transferéncia de calor radiativa é essencial para
a modelagem acurada de escoamentos reativos industriais. Além disso, a literatura
mostra que a radiagdo térmica pode afetar a transferéncia de calor significativamente em
outras situacoes, como em cavidades térmicas a temperatura ambiente, um problema que
frequentemente é estudado sem considerar efeitos de radiagdo. Este trabalho apresenta o
desenvolvimento e benchmarking de um acoplamento entre um software CFD (MFSim)
e um solver de radiacgéo térmica para meios participantes (RTS), ambos desenvolvidos
internamente pelo MFLab na Universidade Federal de Uberlandia. O MFSim é um pacote
robusto de simulagdo computacional, capaz de modelar turbuléncia, transferéncia de calor,
interagoes fluido-estrutura, escoamentos reativos e transporte lagrangiano de particulas.
J& o RTS é capaz de modelar transferéncia de calor radiativa em meios participantes cinza
e nao-cinza contendo gases como C'Oy e HyO, assim como espalhamentos isotropico e
anisotrépico. Integrando os dois c6digos, o conjunto extenso de modelos fisicos disponiveis
no MFSim, desenvolvidos para simular problemas complexos de engenharia, agora inclui
transferéncia de calor radiativa, permitindo uma modelagem mais realista e acurada de
processos de combustdo. O acoplamento utiliza malhas distintas para CFD e radiagéo,
conectadas por interpolacdo, o que permite maior eficiéncia computacional, ja que
modelos radiativos ndo costumam exigir a mesma resolucado espacial do CFD. Testes
mostraram que a camada de comunicac¢ao entre os codigos tem custo computacional
relativamente baixo. Benchmarks em casos candnicos demonstraram boa concordancia
com a literatura, verificando a abordagem e reforcando a importancia da radiagdo em

simulagoes de transferéncia de calor.

Palavras-chave: Modelagem Computacional, Transferéncia de Calor, Dindmica
dos Fluidos Computacional, Combustao, Radiagdo, Transferéncia de Calor Radiativa,

Simulagdo Numérica.
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A first order tensor (i.e. a vector)

A second order tensor (or simply tensor)

A unit vector
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1 Introduction

Thermal energy transfer can happen through three distinct mechanisms: conduction,
convection, and radiation. In the latter case, thermal energy is carried via photons that
can be emitted, reflected, or absorbed by a physical object, which can be a solid, a liquid,
a gas, and so on. Given that it is transported through electromagnetic waves, it can
propagate through a vacuum and across long distances at the speed of light; conduction
and convection, on the other hand, have a much more limited range. The main example
of this form of energy transfer is how the sun heats and illuminates the earth; other
examples include the heat from a bonfire, which is mainly due to radiation; and how
closing the curtains in a cold winter helps keep the room warm, as it stops thermal
energy from escaping the room through radiation (Modest; Mazumder, 2022).

The study of thermal energy transfer via radiation is known to be quite difficult,
requiring knowledge of topics such as optics, quantum physics, and partial differential
equations. In many practical problems, convection and conduction are responsible for
most of the transport of thermal energy, causing people to avoid considering the effects
of radiation because of the relative difficulty in studying it. Another reason may simply
be oversight, with radiative heat transfer being ignored in situations where it may be
unexpectedly important; this will be discussed further in the text. Nevertheless, it has
been shown to have a considerable effect for many other problems. One such instance
is combustion processes, which range from industrial problems, such as gas flow inside
a boiler (Orbegoso, 2013), to safety engineering problems, such as fire propagation in
forests or buildings (Shen; Huang; Chien, 2008).

Radiation also has complex interactions with fluid dynamics, an area of study which is
still relatively unknown. For example, radiation influences and is influenced by turbulence
(Coelho, 2007), a fact which is not trivial to understand or model. To this date, there are
ongoing studies on the interaction between turbulence and radiation, such as in Kogawa
et al. (2021) or Coelho and Fraga (2024). A particular challenge is setting up physical
experiments, due to the fact that the radiative field intensities are hard to measure. In
this vein, numerical simulations help give more details.

In combustion systems, not only there is turbulence, but also chemical reactions and
a series of participating gas species, which further complicates the modelling process.
The presence of solid particles like soot, which interacts with radiation, is also another
challenge to be considered. In spite of this, researchers have managed to model and
simulate this kind of environment, showcasing relatively good predictions for soot and
NO, formations, such as in Liu et al. (2002a) and Lee et al. (2013).

The mathematical modelling and simulation of radiative thermal energy transfer
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is based on the radiative transport equation (RTE), an integro-differential equation
based on seven variables (three spatial, two directional, one for time and another one
for wavelength). The RTE is used in other areas of physics where electromagnetic wave
phenomena are present, like the transport of neutrons inside a nuclear reactor. This
equation, when solved, yields the radiative intensity field, which describes how radiation
propagates in a medium and can be used to determine the radiative heat fluxes in it.

Many models have been developed over the years for solving the RTE, with Chan-
drasekhar (1960) being one of the first. Spherical Harmonics, Monte Carlo and Ray-tracing
are some of the models for solving the RTE. The use of the Discrete Ordinate Method
(DOM) or the Finite Angles Method (FAM) for discretizing the angular domain, coupled
with traditional Finite Elements or Finite Volumes Methods for space discretization, have
been found to be a good cost-benefit for accurate results and are commonly implemented
in commercial and/or open source software like OpenFOAM, AnSys and FDS. Other
methods dedicate themselves to solving the spectral dimension, either by simplifying
the band (like the Gray Gas Method or the Weighted Sum of Grey Gases Method),
to fully solving it, like the Line-by-Line integration method. Ongoing studies attempt
to optimize the integration of the spectral dimension, in search of fast and accurate
algorithms (Asllanaj et al., 2023).

The biggest challenge in solving the RTE is mainly due to the following factors:

e Cost: The simulation of radiative transfer is costly due to its multidimensional
nature. That is, for a given (x,y, z) point in a three-dimensional space, the radiative
intensity is directional, that is, it is dependent on the direction (¢, 6). Effectively,
this leads to a five-dimensional domain, which requires more complex modelling and
a larger mesh, which make it more expensive to solve. This is further complicated
by the tight coupling between angular directions in certain scenarios, such as in

scattering and non-gray boundaries;

e Spectral nature: Thermal energy transfer occurs within a certain range of the
electromagnetic spectrum. The radiative properties of the system being analysed
can change with the wavelength of the radiation that is carrying the thermal energy,
thus requiring calculation of the radiative intensity over this entire range, leading
to another cost increase. Effectively, this constitutes to a six-dimensional problem
(z,y,2,6,0,v). Models like the weighted sum of grey gases (WSGG) try to reduce
the computations in the spectral domain, but in many cases they cannot be fully

eliminated, leading to a cost increase;

e Participating media: If the media through which the radiation propagates
interacts with it by emission, absorption or scattering, it is called a participating

media. This participating media can be relatively simple, like a gray gas that has
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constant properties over the spectrum, or even pre-defined spectral properties. It
could also be a mixture of real gases, like CO; and H,0O vapour, which require more
complex modelling to calculate the overall emission, absorption and scattering
effects of the media, while accounting for spectral effects. This is further aggravated
in couplings with Computational Fluid Dynamics solvers, where these properties

are also a function of the temperature, pressure and species molar fractions;
Other challenges in designing a radiative transfer solver are:

e Boundaries: Defining boundary conditions in radiative transfer problems can
be a challenge, depending on how general and complex the boundary modelling
needs to be. For example, a diffusively reflecting and opaque boundary is relatively
simple to model. However, there could be walls with specular reflection or some
level of transparency, which increase its complexity. Boundary conditions must also
take into account the directionality of the radiation rays, meaning that they change
based on the analysed direction. Boundaries also establish a coupling between

these different directions.

e Finite directions: Radiation happens in an infinite number of directions, but
deterministic solvers need to break them into finite directions, and in doing so,
introduce numerical artifacts like ray effects in the solution, or overhang in boundary
conditions. This requires not only developing smart solvers that can mitigate these
issues, but also user knowledge in setting up well-balanced cases that are not too

costly but yield acceptable results.

Radiative heat transfer solvers are commonly run together with Computational Fluid
Dynamics (CFD) algorithms. They can be classified in many ways, from simple models
to more complicated ones. The choice usually revolves around the requirements of the
user and the computational costs involved. For example, deterministic solvers based on
the Finite Volume with Discrete Ordinates discretization of the RTE are quite complex
and noticeably heavy, but allow modelling complex scenarios with participating media
and strong scattering, while allowing for refinement to arbitrary precisions (though this
may not always be feasible). Other solvers may not be as generally applied, such as the
Spherical Harmonics P, method. Others, still, may provide even better results, such
as Photon Monte Carlo based stochastic solvers, which, despite being computationally
intensive and historically quite expensive, are becoming more accessible thanks to modern
GPUs.

This work dedicates itself to the development and testing of the coupling between
a fluid dynamics solver (MFSim) and a radiative heat transfer solver (RTS), both
developed in-house at the Fluid Mechanics Laboratory at the Federal University of

Uberlandia. MFSim is a finite volume based CFD software with adaptive dynamic mesh
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and several libraries for simulating complex multiphysics phenomena. RTS is a recently
developed finite-volume based solver for radiation that implements the P1, DOM and
FAM methods, as well as a WSGG model and anisotropic scattering (Rodrigues, 2023).
This coupling is, then, applied to two different thermal cavities with radiative heat
transfer effects, respectively described by Yiicel, Acharya and Williams (1989) and Salat
et al. (2004). The resulting flow field is then analysed, discussed and compared with the
results obtained by these authors. With this coupling verified, further simulations of
flows containing radiative heat transfer may be performed, allowing for further research

in flows with radiative heat transfer, such as combustion processes.

1.1 Objectives

The overall research aims to solve turbulent reactive flows coupled with radiative
heat transfer. In this particular work, the goals are to develop tools for bridging the gap
between a CFD code (that solves the turbulent reactive flow) and a pure RTE code that
determines the radiative intensity of the medium. It follows the work of Rodrigues (2023),
and aims to couple RTS, the in-house developed radiative transfer code, with MFSim,
the in-house code for general CFD problems. Other objectives, like a bibliographic review
on radiative heat transfer in fluid dynamics and on solver design for the RTE, are also

part of this work. In summary, these are its main objectives:

Bibliographic review of radiative heat transfer, and its particular presence and

influence in fluid flow problems;

e Study of both MFSim and RTS code, in order to understand well the inner workings

of both packages and how they can communicate;

e Development of tools capable of bridging a two-way communication between the

two packages;

e Testing and benchmarking of the communication layer with canonical problems.
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2 Thermal Radiation

This chapter introduces the fundamental concepts of radiative transfer, its respective
modelling and its importance. Furthermore, it defines clearly what is thermal radiation

and radiative heat transfer, in contrast to the generic term "radiation”.

2.1 Introduction

Radiation is an umbrella term that can describe many different phenomena. One type
of radiation is electromagnetic radiation, which can be interpreted either as massless
particles known as photons crossing through space, or as electric and magnetic fields
that are perpendicular to each other and to their direction of propagation, oscillating in
a sinusoidal fashion. Both interpretations are correct and complementary, resulting in
what is called the wave-particle duality. There are cases where one interpretation is more
adequate to understand a physical process than the other. Electromagnetic radiation
comprises a spectrum of wavelengths (or frequencies) that is divided according to their
origin and interactions with matter: gamma radiation, x-rays, ultraviolet, visible light,
infrared, microwaves, radio waves, and so on.

In the particular case of this work, we are interested in a subset of the electromagnetic
radiation spectrum comprised between wavelengths 0.1 pm and 100 gm, which represents
a range from the middle of the infrared to the middle of ultraviolet bands (Figure 1).
This type of radiation transports energy in such a way that it is perceived as heat, and
thus is aptly called thermal radiation. Electromagnetic radiation outside of this range
transports energy, but is not emitted solely due to a medium’s temperature and isn’t of
much concern in heat transfer applications (Modest; Mazumder, 2022).

Due to being transported via electromagnetic waves, thermal radiation has quite
unusual properties when compared with the other modes of heat transfer, namely
conduction and advection. More specifically, this transport typically occurs at relativistic
speeds and may happen across a variety of scales: Modest and Mazumder (2022) cites
that the mean free path of a photon may range from 1 A to ten million kilometres.
In comparison, conduction and advection mechanisms have more localized influence,
and heat takes longer to propagate. Another quirk of radiative heat transfer is that
it is proportional to the fourth power of the temperature (7*), while conduction is
proportional only to its first power (1) and advection is somewhere between 7' and
T? (Howell; Mengiig; Siegel, 2015). This means that radiative heat transfer becomes
increasingly important as the temperature difference increases, making it especially

relevant in situations like combustion systems.
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0.1 ym 100 pm

Figure 1 — Illustration of the thermal radiation range in the electromagnetic spectrum.

Thermal radiation can be interpreted as a thin, concentrated beam of electromagnetic
radiation that moves at the speed of light of the medium it is immersed in, known as a
ray. In a given instant, an infinitude of such rays are crossing through a physical system,
in all directions, and without interacting with each other. These rays tend to travel in
a straight line, unless they encounter some obstacle, which can then reflect, diffract,
refract or absorb them, altering their path. This obstacle is a physical body itself, and
thus is also emitting thermal radiation, as long as its temperature is above 0 K.

Such obstacles can be particles, walls, or even air molecules. As such, it is interesting
to differentiate between continuous and discrete analysis of radiative transport. For
instance, consider a beam of solar radiation crossing through the Earth’s atmosphere.
As this beam crosses Earth’s atmosphere, it interacts with the molecules present in it,
which may absorb, refract, diffract or reflect this beam. These are discrete processes that
happen individually to each photon present in the beam and which globally translate to
a combined effect of absorption and scattering. In this scenario, the atmosphere may be
understood as a continuous media possessing coefficients of absorption and scattering,
and the beam is interpreted to be continually absorbed or scattered as it crosses the
atmosphere. These effects become more intense as these coefficients grow larger, and
the more intense they are, the less the beam tends to cross the region in a straight line
without losing its energy. This global approach is quite convenient and is the foundation

for studying radiative transfer in continuous physical systems.

2.2 Spherical coordinates

The nature of thermal radiation makes it so that it is necessary to describe it not
only in terms of where a ray is located at, but also in the direction it is pointing towards,
which may be defined as s. This direction is usually described in terms of the spherical
coordinates 6, the polar angle, and ¢, the azimuthal angle, which are enough to
define §, as seen in Figure 2. The spherical radius, which is necessary to describe any
point in space, is left out as only the direction of the ray is of interest. Thus, it can
be said that, in the study of radiative transfer, only the unit sphere and the angular

coordinates it contains (i.e. the set of values of §) are of important consideration.
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s(6,9)

» X

Figure 2 — Spherical coordinates.

To each ray transporting radiation, an infinitesimal solid angle df2 describes the
region it is affecting, as in Figure 3. The solid angle is the three dimensional analogue of
an angle: much like the angle in a circle ranges from 0 to 27 and is associated to the
length of a section of a circle, a solid angle ranges from 0 to 47 and is associated to the
area of a section of a sphere. It is usually denoted by the greek letter €2, and defined in

terms of € and ¢ as:

dQ = sin(6) db do. (2.1)

P2 02
Q= / | /0 sin(6) do do. (2.2)

Describing the area of influence of a set of rays, then, requires integration over its
correlated solid angle. As a consequence, solid angles form part of the foundation for

mathematically modelling radiative transfer, much like spherical coordinates.

2.3 Radiative intensity

The basic unit for measuring the energy transported by means of thermal radiation
is the radiative intensity, /, as defined by authors such as Modest and Mazumder
(2022) and Howell, Mengii¢ and Siegel (2015). If one imagines that a body’s surface is
constantly emitting radiation to all directions and absorbing radiation from all directions,

then the power contained in each direction is measured in terms of the radiative intensity
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Figure 3 — Solid angle.

(Figure 4). It measures energy transferred per unit time interval, per unit projected area,

per unit solid angle, per unit wavelength interval (Howell; Mengiig; Siegel, 2015):

9Q
Ot OA, 90 ON

In a physical system, all information about the radiative heat transfer of this system

(2.3)

I =lim

can be described by the radiative intensity field. This field has the distinctive property
of containing not only components in the spatial positions x, y and z and time ¢, as usual
in other transport problems, but also directional components, described in spherical
coordinates as f and ¢, and a component in the electromagnetic spectrum, A. This is
due to the directional and spectral nature of radiation: it can be understood to
move through space as a series of infinitesimally small rays, each with a given direction
and which may occupy the same physical space of other rays. These rays may or may
not interact with their surroundings, and their interactions depend on their position in
the electromagnetic spectrum.

Good examples of how radiative transfer can be significantly different depending
on the wavelength of the ray are certain kinds of plastic bags, which are opaque to
visible light, but translucent to infrared, as in Figure 5. In the same picture, it can
also be observed that the man’s eyeglasses are practically transparent to visible light,
transmitting most of the radiation, but are essentially black and opaque in the infrared
image, meaning that rays in this wavelength are being absorbed. Another good example
is in Figure 6, which displays that smoke, despite being optically thick in visible light, is
thinner in the infrared, a fact which can be used in search and rescue during firefighting

operations. Yet another interesting example is how human breath is invisible to the
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Figure 4 — Illustration of a beam emitted by a surface dA with radiative intensity I
being received at the projected surface dA,. Figure adapted from Modest and
Mazumder (2022).

Figure 5 — The spectral properties of materials change spectrally. The left picture is
taken from a normal camera, while the right is taken with an infrared camera.
One can observe the man’s hands through the plastic bag on the right picture,
but not on the left. Similarly, his glasses are opaque in the infrared picture.
Figure taken by NASA and adapted from Hurt (2025).

Figure 6 — Example of infrared camera usage for identifying people in thick smoke,
showing how optical thickness can be different for different regions of the
electromagnetic spectrum. Figure issued by specialty camera manufacturer
FLIR and taken from Bhowmik and Sen (2016).

naked eye, but may be seen with thermal imaging (Figure 7), a fact which inspired some
researches during the COVID-19 pandemic.

All of these cases give intuitive, visible examples of how participating media acts:
it somehow interacts with radiation, affecting its intensity field. For example, human

breath is visible in the infrared spectrum because it interacts with infrared radiation, but
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Figure 7 — Human breath makes a visible “mist” in the infrared spectrum, despite being
invisible for the naked eye. This can help measure the effectiveness of face
masks. Figure taken from Koroteeva and Shagiyanova (2022).

is invisible in the visible light spectrum, as it is transparent to this band. How intensely
a media affects thermal radiation is measured by means of an absorption coefficient
and a scattering coefficient. Globally, this leads to the concept of optical thickness,
a dimensionless number defined as a product of a length and the sum of the absorption
as scattering coefficients. The thicker the environment, the more it affects radiation that
passes through it. In combustion systems environments, the medium may have a broad
range of optical thicknesses, each with its more adequate modelling. In general, this
means that analysing radiative heat transfer in these systems is not always possible with

a simple model, requiring a more generalized and complicated one.

2.4 Emission of thermal radiation

This section relates to how physical bodies emit thermal radiation, a phenomenon
described by Prévost’s Law. It contains a brief historical description on the studies
of thermal radiation emission, followed by the definition of the law that describes
it (Planck’s Law). The equation given by Planck’s Law is then integrated it to find
Stefan-Boltzamann’s law. An explanation of Lambertian emission is also given, which is

important in the conceptual definition of thermal radiation emission.

2.4.1 Prévost's law and the blackbody

Any body whose temperature is above 0 K emits energy in the form of thermal
radiation. This happens due to atomic and molecular processes that release energy in
the form of photons, such as molecular vibrations or electron shifts in energy levels. This
occurs randomly and towards all directions at the same time, even when the body is in
thermal equilibrium with its surroundings, a fact that is known as Prévost’s law (Howell;
Mengiig; Siegel, 2015).

The emission of thermal radiation can be structured under the analysis of an idealized
body that absorbs all the incident thermal radiation from all wavelengths, suitably dubbed
the blackbody. One can also prove that, due to this characteristic, the blackbody also
emits more thermal radiation than anything else: suppose that a blackbody is placed

inside of a cavity that is isolated from the exterior and at thermal equilibrium with
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it. Due to being at thermal equilibrium, both the body and the cavity must emit as
much energy as they absorb; otherwise, their temperature would change, which violates
the thermal equilibrium. Therefore, the blackbody is not only a perfect absorber, but a
perfect emitter. In general, good emitters are usually good absorbers, and vice-versa.
This explains why blankets for use in space (Mylar blankets) are made of reflective
material, as they minimize radiative heat loss through emission. It can also be proven
that a blackbody has a uniform emission pattern (Howell; Mengiic; Siegel, 2015): that is,
it emits the same amount of energy in all directions for all points in its surface.
Predicting the radiative intensity emitted from a blackbody was a challenge that
stumped late XIX century and early XX century physicists, and was so infamous that it
was dubbed the "ultraviolet catastrophe”. This "catastrophe” was eventually solved by
Max Planck, who proposed a novel model that assumed that this radiation could only
be emitted and absorbed in discrete amounts of energy known as a quanta (), defined as

a function of its frequency v and whose size is given by:

Q= hv,

where h = 6.62606957 x 1073* J/s is Planck’s constant. This theory contrasts with
classical physics, where energy was thought to be absorbed and emitted in a continuous
fashion and where the radiation’s energy was thought to be a function only of its
amplitude and unrelated to its frequency (Nussenzveig, 1998). This discovery marked the
beginning of modern physics and the adoption of the quantum model. It also illustrates
how thermal radiation is quite deeply intertwined with modern physics.

Planck then established a law that determines the emissive power E} (7', v) of a beam
with frequency v emitted by a blackbody at temperature 7". This law can also be adapted
to determine the emitted radiative intensity [,(7, ) of a blackbody. Planck’s law and
blackbody radiative emissions will be discussed further in the subsections below. Both
Ey and I, can also be defined based on the beam’s wavelength A, leading to E,(7, \) and

I,(T, \), which will be used from now on to characterize the spectral dimension.

2.4.2 Lambert's law and emissive power

Imagine a black surface emitting thermal radiation towards another surface, as shown
in Figure 4. The energy transfer between these surfaces can be described as the black
surface’s directional emissive power L}, ), which gives the power emitted by the
surface per unit surface area of the emitting element per unit solid angle per unit
wavelength. This contrasts with radiative intensity, which is the power emitted by the
surface per unit area normal to the propagation direction per unit solid angle per unit
wavelength. The radiative intensity of a black surface is constant in all directions and its

directional emissive power is given by Lambert’s law, which states that:
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Figure 8 — Illustration of a surface with Lambertian emission. Figure adapted from
Modest and Mazumder (2022).

Eb,d)\ = Ib)\ COS(Q). (24)

That is, the directional emissive power is maximum at the zenith (/) = 0) and decreases
as the angle between the surface normals grows. Any surface in which this law holds true,
including black surfaces, is known as Lambertian. An example can be seen in Figure 8.

In nature, some surfaces can be satisfactorily be described as Lambertian and, as
such, their emission may also be modelled as similar to a blackbody. Other real surfaces,
however, cannot be considered Lambertian, such that characterizing their emission
pattern can be quite challenging as the radiative intensity is now not uniform in all
directions. An intuitive (and rather extreme) example of non-Lambertian emission would
be, for example, the beam of a laser diode, which exhibits strong directionality, much
like in Figure 9. Owing to its practicality and applicability, computational models of
radiative heat transfer often employ Lambertian emission for characterizing surfaces,
which is often enough to satisfactorily describe them.

It is important to define the emissive power FEj  of a black surface, which describes

the total power emitted by the surface per unit area per unit wavelength:

2 g
Eyy = / / Iy ) cos(0)sin(f) df dp = 7l . (2.5)
o Jo

Equation 2.5 is simply an integral over the hemisphere that bounds all outgoing

rays that exit the black surface. It is especially important to relate Planck’s law and
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Figure 9 — Illustrative example of the emissive power of a non-Lambertian surface with
high directionality.

Stefan-Boltzmann’s law to the radiative intensity I y that a black surface emits.

2.4.3 Planck's law

Planck’s law states that the emissive power of a beam at a wavelength A\ emitted by

a blackbody at temperature 7' is given by:

2mhck

AP n2[exp()\:;;T) -1

Ey(T, \) = (2.6)

Where n is the medium’s refractive index, c; is the speed of light in the vacuum, h is
Planck’s constant and kg is Boltzmann’s constant. The refractive index n is assumed
to be constant, that is, it is not a function of 7" or A, which is reasonable for the
vaccuum, ordinary gases and certain semi-transparent media (Modest; Mazumder, 2022).
Substituting the wavelength for the wavenumber n = %, Equation 2.6 can be re-written
in terms of the wavenumber. As Fy, (7, \) is a spectral density, it must obey the following

expression:
/ Ey(T, \) d\ = / Ey(T, n)dn, (2.7)
0 0
which leads to:
Eb(Ta )‘) d\ = Eb(Ta 77) dna

BT = BT | B (23)
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The modulus of the derivative is used to ensure that the integration remains the same

over the same interval [0, 00). Given that % = —niz, then:
2hrncin 1
Eb(T’ 77) - hcgn T2
n®lexp(;505) — 1] | 7
2hncin?
Ey(T,n) = — o : (2.9)
n? [exp (5 o%) — 1]

The wavenumber will be henceforth used to describe the spectral dimension. The
notation E,(T,n) = E,(T") will also be adopted to denote this quantity’s spectral nature.
Planck’s law establishes the emission of thermal radiation in a generalized manner and

is a fundamental building block in radiative heat transfer models.
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Figure 10 — Plot of Planck’s law for several temperature profiles.
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2.4.4 Stefan Boltzmann Law

If Equation 2.9 is integrated over the entire electromagnetic spectrum, we have:

Ey(T) = / " B, (T) 4y,

% 2hrwcin?
BT = [ DA, (2.10)
o n [exp(m) — 1]
2hmet [ 3
Ey(T) = =25 / - dn. (2.11)
n o exp(yet) — 1
Let Cp = thgcg and C; = nZ;OT. To perform the integration, we adopt the following
substitution:
1
&= Cum, dy = = d¢ (2.12)
1
Then:
Co [~ &
Ey(T)=—; ——d¢. 2.13
The above integral can be solved analytically and yields:
o) 53 71'4
——dé = —. 2.14
/0 exp(§) — 1 ¢ 15 ( )
And therefore:
CO 7T4
Ey(T)=——. 2.15
Finally:
2hmc: (nkgT b
Ey(T) = 0 —
o(T) n? ( h co ) 15’7
2 7wk}
EyT) = — —Zn*T*
o) = 15 7 2
Ey(T) = on®T*. (2.16)
Where 0 = Ei—gkj% is the Stefan-Boltzmann constant and is equal to ¢ = 5.6697 x
0

1078 Wm 2K . Equation 2.16 evaluates the total emissive power of a perfect blackbody.
Applying Equation 2.5, the emitted radiative intensity of the blackbody can also be
calculated:

1

I(T) = ;UnQ T (2.17)
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Figure 11 — Plot of Stefan-Boltzmann’s law.

2.4.5 Gray body emission

Realistically, true blackbodies do not exist, even though very good approximations
do. Nevertheless, assuming that the radiative intensity is uniform in all directions, and
that the emissive power is independent of the wavenumber, the emission of thermal
radiation of a non-black objects can be modelled with the Stefan-Boltzmann Law but

with the added generalization of a dimensionless coefficient known as the emissivity
0<e<1:

By = eon®T*. (2.18)

When € = 1, the body is said to be perfectly black. Otherwise, for values of ¢ > 0, a
body is said to be gray. By virtue of not being perfectly black, bodies with € # 1 do not
absorb all incident radiation. Therefore, for the thermal equilibrium described in Section
2.4.1 to be satisfied, it must emit less radiation than a blackbody: the less energy it
absorbs, the less energy it emits, hence ¢ < 1. Equation 2.5 can likewise be applied to

determine the radiative intensity emitted by a gray body:
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1
I, = —eon®T™. (2.19)
e

2.5 Radiative interactions

As radiation travels, it may interact with its medium or with other bodies according
to their radiative properties. These properties depend on the kind of material within
the medium, which for example could be gases, like C'Oy, Ny and H,O, or particle clouds
like soot. These properties are also dependent on the wavenumber 7, as well as the
pressure or temperature of the medium or physical body. An illustration of the different
radiative phenomena discussed in this section, which are described by these radiative

properties, can be viewed in Figure 12.
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Figure 12 — Illustration of different physical phenomena that electromagnetic radiation

exhibits. Figure adapted from Polyzos (2018).

2.5.1 Transmission

Transmission refers to when a beam of radiation is able to pass through a region
without being deviated or absorbed. In other words, it is the capacity of the beam main-
taining its original trajectory and energy. When analysing surfaces, the transmissivity

T¢, a dimensionless number between 0 and 1, is commonly employed to describe it.

2.5.2  Absorption

In the case of thermal energy, absorption refers to the process where radiation is

transformed into the internal energy of a body. When analysing the absorption of
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radiation by a surface, the absorptivity «, a dimensionless value bounded between 0
and 1, is commonly used. In rigour, the absorptivity of a surface may vary with both
wavelength and angle of incidence to the surface (i.e. the beam’s direction); however,
models which consider a constant absorptivity in all directions and wavelengths may
be applied for simplicity. There is an entire field of study dedicated to characterizing
surfaces, including their absorptivity.

In the case of a continuous media, the absorption coefficient x with dimension [L™!]
is utilized instead to describe how the beam may be absorbed by the media as it crosses
through it.

2.5.3 Reflection

Reflection happens when radiation does not cross the boundary between two different
media and is instead redirected to a direction away from it. The capacity of a body’s
surface to reflect radiation is defined as the reflectivity p.

Reflection can be specular or diffuse. In the former, all incoming rays that are
parallel to each other are kept parallel after they are reflected. In diffuse reflection, they
are instead sent towards different directions to each other and are spread uniformly. The
differences of these reflection processes can be visualized in Figure 13. This differentiation
is especially important when defining boundary conditions for the radiative transfer,
as walls can be either diffusively reflecting or specular, with the latter being harder to

model due to its directional effects.

X \XZ

Diffuse reflection Specular reflection

Figure 13 — Diffusive vs specular reflection.

2.5.4 Diffraction

Diffraction is when a beam of radiation is scattered towards other directions when
encountering an obstacle, effectively bending around it. A good example of such obstacle
is an aperture with similar wavelength to the beam that crosses it. It is a property

common to any wave.

2.5.5 Refraction

Refraction happens when a beam of radiation crosses between media with different

refractive indices n. Instead of passing through it unaltered, it instead changes directions
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following Snell’s Law.

2.5.6 Scattering

Scattering is an umbrella term for any process that may alter a radiation beam’s
direction. In a continuous medium, it can be understood as a combination of reflection,
diffraction and refraction happening all at once at a particular point, the effect of which
can be summarized by a scattering coefficient o, ), with dimension [L™!], and a phase
function ®. The phase function depends on the directional properties of the scattering
process being analysed; for example, it may be modelled as isotropic, where ® = 1, or as
anisotropic, where ® is described by various models such as Mie and Rayleigh anisotropic
scattering. The presence of particulate in a media, like soot or water droplets, are known

for their strong scattering effects.

2.5.7 Extinction

Extinction is defined as the loss of radiative intensity in a given direction . It is the
combined effect of absorption and out-scattering, the latter of which refers to beams
that went out of said direction § and towards a new direction §'. For a continuous media,

the extinction coefficient can be defined as:
B =K+ 0s. (2.20)

2.5.8 Optical thickness

It is a dimensionless number that measures how intensely radiation interacts as it

crosses an environment, and is defined as:

T=(k+o0s) L, (2.21)

where L is a characteristic length. The higher the optical thickness, the “more
participating” the medium is. A common range of optical thicknesses is described by

Rodrigues (2023):

o Non-participating or transparent medium (7 = 0): In this case, radiation is
simply exchanged between the surfaces of the environment, and does not interact

with the medium;

o Optically thin medium (7 << 1): The medium has some interaction with

radiative transfer, but it is not very strong;
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o Auto absorbing medium (7 &~ 1): It is neither too large, nor too small, being
more mathematically complex. Many practical problems have this kind of optical

thickness;

o Optically thick medium (7 >> 1): In this case, radiative transfer is quite

localized and is more similar to a diffusion process, like heat conduction.

For the sake of an example, we can compare how visible light behaves when it crosses
the atmosphere with how it behaves inside the ocean. The ocean’s optical thickness is
considerable, to the point where it gets dark in shallow depths. The atmosphere, on the

other hand, is optically thin, to the point where one can see the outer space through it.

2.5.9 Scattering albedo
It is a dimensionless number that measures how strong the scattering of a medium is
relative to its extinction coefficient:

Os

K+ o,

(2.22)

w =

The combination of the optical thickness and scattering albedo is enough to describe the
radiative properties of a system in terms of dimensionless numbers, and this pair may
instead be used in place of the absorptivity x and scattering coefficient o,, which have a

dimension.

2.5.10 Emission

It relates to the capacity of a body to emit radiative energy. As mentioned in the

previous section, it can be measured by the emissivity e.

2.5.11 Kirchhoff's Law

Kirchhoff’s law may be deduced from the Second Law of Thermodynamics and is
generally applicable to radiative heat transfer analysis. It states that the radiative energy
emitted by a body in thermodynamic equilibrium is equal to the radiative energy it
absorbs.

One of its application is in surface radiation analysis. Suppose that a body’s surface
is described by a global absorptivity a and a global emissivity €, which measure the total
energy from all wavelengths and directions that is, respectively, absorbed and emitted.

If the surface is in thermal equilibrium with its surroundings, then:

a = ¢ (Thermodynamic equilibrium). (2.23)
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2.5.12 Dimensionless numbers

Apart from the optical thickness and scattering albedo, there are other dimensionless
numbers for characterizing radiative heat transfer in a system. Specifically, the Stark
number, also known as radiation-conduction parameter (Snyder, 2002), and the Planck
number (Yiicel; Acharya; Williams, 1989), measure the relative importance of radiative
heat transfer when compared with other modes of heat transfer. Howell, Mengii¢ and
Siegel (2015) defines the former as:

kp

Ng = ——
“T 40T

(2.24)

where k is the thermal conductivity, 5 is the extinction coefficient, L is a characteristic
length, Tj is a characteristic temperature and o is the Stefan-Boltzmann constant. Yiicel,
Acharya and Williams (1989) defines the Planck number as:

k

pPl=—L_.
40T§’

(2.25)

They also note that No = 7- Pl. Dombrovsky and Baillis (2010) also defines a Boltzmann

number that relates the convective heat transfer with the radiative heat transfer:

B pucyTh

B
¢ ol

(2.26)

Where p and ¢, are the specific mass and heat capacity of the medium and u is the flow’s
velocity.

These numbers are quite important in problems with different modes of heat transfer
and may be used, for instance, to evaluate if a given system has appreciable radiative

heat transfer or if the other modes dominate.

2.5.13 Radiative description of a continuous medium

To characterize the radiative transport through a continuous media (e.g. a gas),
all radiative interactions described above may be summarized in three distinct effects:
absorption, emission and scattering. Absorption and scattering are measured, re-
spectively, by the absorption coefficient x and the scattering coefficient o, as described
in Sections 2.5.2 and 2.5.6. The emission is modelled by an adaptation of either Planck’s
law (for non-gray media, see Section 2.4.3) or Stefan-Boltzmann’s law (for gray media,
see Section 2.4.4).

The absorption, scattering and extinction coefficients k, o, and [ all have a unit of

!in the international system of units (SI). Remember that Equation

[L~1], typically m~
2.21 describes a dimensionless number (7) as a product of 5 and L. As L has units of [L],
then it follows that 3, and thus k and oy, must be [L~!]. These coefficients are crucial

for modelling the radiative energy balance in a continuous medium. Many gases have
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Figure 14 — C'O, absorption coefficient measured at 1000 K and 0.1 bar of partial pressure
in an atmosphere of 1 bar. Figure taken from HITRAN 2012 database and
adapted from Rodrigues (2023).

had these properties measured and tabulated databases such as HITRAN. Figure 14

shows the absorption coefficient of C'O, at given thermodynamic conditions.

2.5.14 Radiative description of a surface

A beam of radiation incident on a surface may undertake three main processes: it can
be absorbed, reflected or simply be transmitted through it. As discussed previously,
each of these processes may be correlated to the absorptivity «, the reflectivity p and
the transmissivity 7, respectively, and are shown in Figure 15. All of these parameters
are dimensionless numbers that may vary according to the direction and wavelength of
the beam. For the sake of this analysis, global parameters that describe the contribution
of all wavelengths and directions will be considered for simplicity.

Conservation of energy states that these parameters are bounded by the following

equation:

a+7n+p=1 (2.27)

Reflection

Emission

~

)
Transmission A

Figure 15 — Illustration of the radiative energy balance in a surface.

A few notable cases can be listed, as discussed by Rodrigues (2023):
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Transparent surface: when all radiation incident on a surface is transmitted,

that is, when 7, = 1;

¢ Opaque: when all radiation striking a surface is either reflected or absorbed, i.e.

7 = 0;
e Black: when all radiation incident on a surface is absorbed, and therefore o = 1.

e Thermal equilibrium: In this situation, the body must emit as much energy as

it absorbs, as per Equation 2.23, so therefore € = «.

The modelling of radiative exchange on surfaces is fundamental for defining boundary

conditions in radiative transfer problems.

2.5.15 Gray and non-gray media

One way of simplifying radiative transfer analysis is by assuming that the radiative
field does not change much with the wavenumber. Of course, this is an approximation,
but it yields simpler models that are easier to understand and work with. When a medium
or a body is assumed to behave the same for the entire electromagnetic spectrum they
are called gray. In contrast, non-gray media or bodies behave differently for different
parts of the electromagnetic spectrum.

Usually, in practical problems, gray approximations provide inaccurate results. On the
other hand, representing the entire electromagnetic spectrum (as done in the line-by-line,
or LBL, method) is computationally expensive (very much so) and thus has limited
applications. This is similar to Direct Numerical Simulations (DNS) in computational
fluid dynamics. A third option is to model the spectral behaviour of non-gray gases such
that directly integrating the entire spectrum is avoided, as is done in models such as the
Weighted Sum of Gray Gases (WSGG) or Full-Spectrum K-Distribution (FSK). These
models seek to provide a reduced spectral domain that is appreciably accurate while
being cost-viable. However, developing such models is a complicated task and there is a
considerable amount of on-going research with this objective. Bibliographic review and

discussion on these models is provided in Section 3.8.
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3 The Radiative Transfer Equation

This chapter presents the general formulation for radiative energy transfer, in the
form of a Partial Differential Equation (PDE) known as the Radiative Transfer Equation
(RTE). It then follows on its discretization in the spatial domain via the Finite Volumes
Method (FVM) and in the spatial domain by means of the Discrete Ordinates Method
(DOM) or the Finite Angles Method (FAM). It then discusses the modelling of its

spectral dimension, solver techniques and coupling with CFD.

3.1 Introduction

As stated previously, radiative heat transfer can be thought of as a thin, concentrated
beam of electromagnetic radiation moving in a certain direction s. As it crosses through
a medium, it may be absorbed or scattered by it. This same medium also emits radiation.
In order to mathematically express these phenomena, an infinitesimal control volume
ds can be defined around this beam and a balance of its radiative intensity can be
established inside of it, as seen in Figure 16. This balance makes up what is known as
the Radiative Transfer Equation, or simply RTE for short. There are many ways to
model the balance of radiative intensity; a relatively general formulation, that is suitable
for many practical radiative heat transfer problems, including combustion processes, is

shown below:

1 9I(Z,3,n,t) OI(Z,3n,t s
Lol s, )/+\ 2.5 {:—m(@s,n,twub@n,twj—ﬂ JREXNTEER S
accum‘;lation trans;nrission eatinction Planck's law in—sc;;ering
(3.1)

Where ¢ is the speed of light, I is the radiative intensity of the beam, 2’ is the spatial
position of the beam, § is the beam’s direction, 7 is its wavenumber, ¢ is time, [ is the
extinction coefficient (Subsection 2.5.7), x is the absorption coefficient (Subsection 2.5.2),
I, is the irradiation of the medium described according to Planck’s Law (Subsection
2.4.3), o, is the scattering coefficient, 2 is the entire dgmain of § (which corresponds
to the unit sphere), and ® is the phase function. % W

representing how the radiative intensity balance changes over time. For many practical

is an accumulation term,

applications, such as combustion systems commonly studied in engineering, it can be
safely discarded, as radiation propagates so fast that it can be thought of as instantaneous
compa,_r)ed to other processes. Thus, a steady state solution is enough.

w represents how much radiative intensity is transmitted through the in-

finitesimal control volume ds. Further in this text, it will be shown that this term is
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Figure 16 — Infinitesimal control volume for the RTE equation balance.

mathematically equivalent to an advection. —3/(Z,3,7,t) is the extinction term, rep-
resenting how much radiative intensity is absorbed or out-scattered from the direction
3, thus diminishing the transmitted intensity of this particular beam. xI,(%,n,t) is a
source term that represents the media’s own emission of thermal radiation, as prescribed
by Prévost’s law (Section 2.4.1). In the formulation given in this work, it is assumed
to be described by Planck’s Law (Subsection 2.4.3) and, as a consequence, it is not a
function of the direction $ but it is a function of the media’s temperature (represented
here indirectly by the coordinates Z and ¢, of which the temperature field is a function
of). [, 1(Z,8,n,t) ®(,35) d? is an integral over all possible angular directions §' € Q
that cross the beam, which is fixed at a given position # and direction §. It results in
the total amount of radiative intensity that is in-scattered towards the beam’s direction
S, therefore increasing the total amount of transmitted radiative intensity. This term
couples all angular directions together. (&, $) is known as the phase function, which
informs how much radiative intensity from direction §’ is scattered towards §.

The RTE as prescribed above assumes that the medium is continuous with a constant
index of refraction n throughout and neglects polarization effects. It also neglects
interactions in the spectral dimension 7, as may happen with Raman scattering or
fluorescence. Most importantly, it uses the local thermodynamic equilibrium (LTE)
assumption, which considers that the emission of radiation is given by dl., = kI, ds.
This is reasonable in many combustion systems, such as industrial boilers, and is
commonly adopted by books such as Howell, Mengii¢ and Siegel (2015) and Modest and
Mazumder (2022).

A couple other simplifications are in order. First, the temporal dependency can, for

most problems, be safely neglected, as the photons carrying thermal energy propagate
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much faster than the typical time scales associated with changes in other physical
properties (such as temperature, pressure, density and species fractions), which means
that the domain’s radiative properties (absorption and scattering), as well as its radiative
emissions, also update very slowly, given they’re a function of the former. In practical
simulations, it is common to not update the radiative field on every time step, but
only after a set number of CFD time-steps, which further illustrates this difference in
time scales. Another possible simplification is to establish that the radiative intensity
field I and the radiative properties (x and o) do not depend on the wavenumber; such
model implies that the media is gray. As the media is usually a gas in radiative heat
transfer for CFD problems, this is also commonly referred to as a gray gas model. This
simplification avoids having to integrate the RTE over the electromagnetic spectrum,
which is costly and complicated. Section 3.8 is dedicated to strategies to model the
spectral dependency of the RTE; for now, we shall simply add the subscript 7 to imply
that the RTE is being solved for only the wavenumber 7, which is mathematically
identical to a gray media model as long as there is no spectral coupling (which is
assumed). Therefore, the solution of several such equations (each representing a band)
may then be numerically integrated to obtain the correct non-gray solution.
All of the above leads to the following simplified version of the RTE:

dhy(7,5) _ B Iy (T 8) + gLy (T) + 22 / I,(Z,8) ®(§,3) d. (3.2)
ds a4 Jq

The equation above is formulated in terms of the differential segment ds, which
describes the energy balance of a given beam of radiative energy along an infinitesimal
path in space. It is ideal for models such as the Monte Carlo Method or the Ray Tracing
Method, which follow the trajectory of such beams throughout space to determine the
radiative heat transfer. Other models, such as the Discrete Ordinates Method (DOM)
or the Finite Angles Method (FAM), define a discrete set of directions, each of which
represent the average intensity over a solid angle, and then determine the intensity of
each direction in each spatial node. A good analogy would be that methods such as
Monte Carlo are Lagrangian-like, while DOM and FAM are Eulerian-like. For the latter,
the divergent form of the RTE is more natural. We can obtain it by first applying the

following identity:
dl
ds
As § is constant, it can also be written as:

(3-V)I. (3.3)

(5-WV)I =V -(I3), (3.4)

where § is the unit vector that represents the beam’s direction, ($- V)I is the scalar

product of the gradient of I by § and V - (/5) is the divergent of /5. Thus, we have:
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V- (1,(Z,8) 8) + B,1,(7,3) = k1, (7) +

’/In(f,é’) (5,8 dOY'. (3.5)
4

Equation 3.5 is equivalent to Equation 3.2 and is established for one of the infinitely
many beams present in the domain. It can be noticed that the term V - ([, 3) is
mathematically equivalent to an advection term, where 5 is similar to a velocity, meaning
that, for a fixed direction 3, the RTE may be interpreted as describing an advection of
sorts.

This form of the RTE can then be readily discretized, a process which can be split
in two main components: the spatial discretization and the angular discretization. The
spatial discretization of the RTE can be done with the usual methods used in continuum
mechanics, such as finite elements or finite volumes. The angular discretization refers to
the directional component $ of the RTE, and consists of discretizing the angular domain
into a finite number of beams.

To close Equation 3.5, boundary conditions need to be specified. In this work, we
will follow with the assumption that the boundary of the domain consists of opaque
walls which emit and reflect light diffusively in all directions. Local thermodynamic
equilibrium is also assumed. Thus, the diffusively emitting and reflecting opaque

surface boundary condition is defined:

L
Ton(Z,8) = 6)(2) Loy (Z) + p"ff) / A 01,7@, i - &) dY, V5: 57, >0, (3.6)
n-s<

where [,,, is the radiative intensity at the position 2 pointing towards 3, €, is the
wall’s emissivity, p, is the wall’s reflectivity and 7,, is the wall’s normal vector. As it
is assumed that the wall is opaque and there is local thermodynamic equilibrium in it,
then Kirchhoff’s law (Equation 2.23) applies and thus the following identity follows from
Equation 2.27:

e+p=1 (3.7)

This boundary condition can be hard to understand, as it does not fit the mould of
a typical Dirichlet, Neumann or Robin type boundary condition that one may expect.
For numerical implementation purposes, Equation 3.6 could be understood as a kind of
Dirichlet boundary condition, where a radiative intensity is prescribed only to rays that
are outgoing (§-n > 0) relative to the surface. Incoming rays are simply reflected by the
surface and are used to define the radiative intensity of the outgoing rays. In other words,
as long as p, # 0 (i.e. not a black surface), the angular directions are coupled at the

boundary. Numerically, this can be dealt with an iterative algorithm, where the radiative
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intensity field for each direction is first solved separately, yielding how much radiation
will be reflected at each boundary and thus allowing the integral of Equation 3.6 to be
solved. The boundary conditions are then updated and the new radiative intensity field
is calculated again. This process repeats until the radiative intensity converges. A similar
iterative process can be performed to deal with the coupling caused by the integral term
of the RTE (Equation 3.5).

For the incoming directions relative to the wall, no calculation is needed to be
performed, and thus these boundaries can be ignored. Certain algorithms (like RTS)
may store a value for these intensities at the boundary by considering that the radiative
intensity at the boundary’s centroid is equal to the intensity at the cell’s centroid. Both

approaches may be understood as applying a zero Neumann boundary condition:

V1,0 Ao = 0. (3.8)

Where 7,, is the surface’s normal vector and VI, ,, is the radiative intensity gradient
at the surface. The boundary condition given by Equation 3.6 suffices to close the
problem at hand, is good enough for many engineering applications and is currently
implemented in RTS. Other boundary condition types, such as boundaries that have
specular reflection or consider semi-transparent boundaries are unavailable, but are a
possible addition. A good summary on RTE boundary conditions can be seen on Coelho
(2012). An important point to note is that free surfaces (which the author calls open
boundaries) can be modelled as black walls.

The field for which the RTE is solved for, the radiative intensity I, is not very
interesting by itself. Post-processing of the RTE results is commonly done both for
visualizing its results and also for coupling the radiative transfer with CFD solvers. This
is done by means of a couple of derived fields that are calculated from I. These are, as
defined in Modest and Mazumder (2022):

G,(7) = / I,(Z,3) d (Incident radiation),
’ (3.9)

V Grain(T) = £ [Lu(7) — G(2)] (Divergent radiative heat flux),
(3.10)

q,= / § 1,(Z, 8) dQ (Radiative heat flux vector),
’ (3.11)

Gnw = Ty 7,7 (Radiative heat flux through a surface with normal n,,).
(3.12)

The following sections will discretize the RTE both in the spatial and angular domains.

The spatial domain will be discretized with the Finite Volumes Method. The angular
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domain discretization will be described for both the the Discrete Ordinates Method and
the Finite Angles Method. The resulting computational domain may be thought of as a
series of partial differential equations, one for each direction, that describe an advective
transport and compose a discrete domain similar to the one illustrated in Figure 17.
If the spectral domain is considered (i.e. gray media model is not applied), then the
domain resembles the one illustrated in Figure 18.

4
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3

Figure 17 — Illustration of the domain of the discretized RTE when the gray model is
applied. Each rectangle represents the spatial domain for a given direction.

Figure 18 — Illustration of the domain of the discretized RTE in a non-gray media. Each

rectangle represents the spatial domain for a given direction, and each colour
represents a given band.
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3.2 The Finite Volumes Method for Spatial Discretization

We shall discretize Equation 3.5 spatially with the Finite Volumes Method, which
is used by both MFSim and RTS. This discretized form will serve as a good basis for

applying the angular discretization. Integrating Equation 3.5 in a generic discrete volume
V yields:

/V-(L7 8) alv+/@7L7 dV:/nnIbn(?) dV+/ ﬂ/ I,0(5,8) dY dV. (3.13)
v % % 7 v AT Jar

From here, we assume that the value of a field f(7’) on the cell’s centroid times its volume
is approximately equal to the integral of this field over the volume. Mathematically, this

can be expressed by:
/ F(@) dV ~ f(Zp) - AV = fp- AV (3.14)
1%

It is also fundamental to apply Gauss’s Theorem on the divergence terms of the PDE,

transforming them into surface integrals:

/v V.3(@) dv — /A 3(7) - dA. (3.15)

Since it is assumed that the cells of a finite volume method mesh are all convex polyhedra

with a finite number of faces, Equation 3.15 can be written as:
/ d(@)-ndA = Z/ G(Z)-n dA. (3.16)
A

Again, we assume that the value of field ¢ (') in the centroid of face A, which may be
defined as ¢ (7 7), will be approximately equal to the integral average of the same field
in this face. That is:

Ay

Thus, Equation 3.13 becomes:

> (Ins 8) - (AAs fvp) + Byplyp AVp = iy plyp AVp + UZ;’P AVP/ Ip(8)2(5,5) d¥'.
f Q
(3.18)

It is common practice to group the emission and in-scattering terms together into a

single source term Sy (7, n):

Sm = Ky plpyp AVp + UZ"’PAVP/ ]nyp(§,)¢(§/,§> dsy. (3.19)
a0 Q
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Applying Equation 3.19 yields:

> (Ins 3)- (AA; fvp) = =Byplyp AVp + S, (3.20)
f

Equation 3.20 is a common manner to write the Radiative Transfer Equation dis-
cretized with the Finite Volumes Method, and is readily applicable to all types of meshes.
To complete it, however, we still need a way to determine the values of I, ¢, contained in
a face centroid, given that the field [ is only stored in the centroid of the computational
cells. To do this, an interpolation method needs to be chosen. Modest and Mazumder
(2022) has an in-depth discussion on different interpolation schemes for this purpose. In
computational models of the RTE, the first order upwind scheme (commonly referred
to as the step scheme, or simply as upwind) is widely used.

Usually, the upwind scheme yields good results, but due to being a first order method,
it may not be as accurate as more sophisticated methods. Nevertheless, it represents the
physics of this problem quite well; in fact, upwind is the standard discretization scheme
in radiative transfer simulations and has widespread use across RTE solvers. In this
work, the first-order upwind scheme is applied to discretize this term, unless specified.
For future works, utilization of the diamond scheme, one of the best contenders for
replacing the upwind scheme, might be an interesting endeavour.

Let’s define the radiative intensity in the surface centroid I, ; in the following manner:
Ly =alu+(a—1) Lp, (3.21)

where I, ;7 is the radiative intensity of the upwind cell relative to the surface, 7777 p is
the radiative intensity of the downwind cell relative to the surface and « € [0,1] is an
interpolation parameter. If a« = 1, the first order upwind scheme is applied (Figure
19a); if & = 0.5, the Central Difference Scheme (CDS) is applied (Figure 19b); finally,
a = ( corresponds to a downwind method. It is recommended that o = 1 be utilized,
as discussed above. One may still want to set o = 0.5, which is permissible, but may
require even finer meshes and is not standard. Setting o < 0.5 is ill-advised.

Modest and Mazumder (2022) proposes the following expression for the first order
upwind scheme, which does not use conditionals and is adapted for all discrete directions
S

(nf-si)ln,f,i%” |2(f )L%P?i_| f |2(f )]n,N,i- (3.22)

Where I, ; is the neighbouring cell that shares face f with the cell P in which the
energy balance is established. We can mix Equation 3.22 with Equation 3.21 to get a

more general expression:

ooz (20 — 1) |y - 8] + (g - 85) (200 = 1) |y - 8i| = (Ry - &)
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Equation 3.23 can be readily applied to a general Finite Volume problem, including

those with unstructured meshes.
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Figure 19 — Illustration of the first order upwind (a) and central difference (b) schemes.

3.3 The Discrete Ordinates Method

In the Discrete Ordinates Method (DOM), the unit sphere that represents the
directional (or angular) domain of the RTE is discretized into a series of discrete ordinate
directions §; (thus the name), each of which has an associated weight w;. The values of the
directions §; and weights w;, as well as how many of them exist, are determined beforehand
based on a discrete integral model for the unit sphere. Several such models exist and are
commonly referred to as quadratures, such as the Sy, Ty and Qx quadratures (Figures
20, 21 and 22), the three of which are implemented in RTS.

)IA

(a)

(d)

Figure 20 — Illustration of Sy quadrature set, taken from Rodrigues (2023).
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Figure 21 — Illustration of 7, quadrature set. Figure adapted from Rodrigues (2023).
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Figure 22 — Illustration of Qx quadrature set. Figure adapted from Rodrigues (2023).

The DOM can be developed by starting with the discretization of the in-scattering

integral:

/ ]777P(§/)q)(§/, §) d§) ~ E ’lUJIn,P(éj)q)(gj, éz) (324)
Q -
J
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Equation 3.20 is transformed into a series of discrete PDEs, each representing a direction

3;. Thus, we have:

Z(In,f,i 5;) - (AAy ny) = =By plypi AVp + S, (3.25)
f
where:
Js, P N A
Sy = /@'mpfb,p,iAVP -+ 4;_ AVp ;wjfn,p(sjﬂ)(sj, Si)- (326)

The boundary condition is also readily discretized:

Lyiw = €pwlpw + Pow Z Wil w0 - 55|, Ty - 8; > 0 (Outgoing rays). (3.27)
7T

ﬁw'§j<0

The incident radiation, divergent radiative heat flux and radiative wall heat flux are

given by:
Gyp = Z wil, p; (Incident radiation), (3.28)
V - Gradn.p = Enplypp — Gyp (Divergent radiative heat flux), (3.29)
Tradpw = T * Z Wil p w8 (Radiative wall heat flux). (3.30)

Equations 3.25 through 3.30 are generic and serve as an interface for the chosen
quadrature. Essentially, the quadrature model must inform the number of PDEs to be
solved, as well as the direction unit vector s; and weight w; associated with each PDE.
Once the quadrature is chosen, the discretization is finally complete and a linear system
can then be defined from it.

The choice of quadrature model directly affects the result, as well as the computational
cost. A number of models exist, with Modest and Mazumder (2022) implying that there is
no universally optimal selection (the authors even characterize their choice as arbitrary).
In other words, choosing the best quadrature may end up being a process of trial and
error by the user and is dependant on the problem at hand and its geometry. Nevertheless,
there are guidelines for producing good quadratures, such as the ones cited by Modest
and Mazumder (2022):

e Display symmetry for any arbitrary rotation of 90°;
o Satisfy the zeroth moment: [,dQ =47 =", w;;

o Satisfy the first moment: [, § dQ = 0= > Wisi;
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= =
e Satisfy the second moment: fQ 558 dQ) = %WI,-d = > . w;8;8;, where I;; is the identity

tensor;

« Satisfy the first moment over a half range: [, ._ |n-8dQ= [, . 7 -5dQ=7=
Zﬁ, 550 Wi n - §;. This cannot be achieved for arbitrary orientations of the surface

normal, but can be satisfied for the main Cartesian orientations (i.e. if n = i, =]

or i = k).
Rodrigues (2023) also cites a series of conditions enumerated by Koch et al. (1995):

e All weighing factors w; must be positive, minimizing numerical errors;
o The reciprocity principle, that is, ®(§', 5) = ®(8, §'), must be preserved;

e The number of photons must be conserved, which leads to satisfying the following

condition: ) . w;|3; - 7| = 0. This is similar to the first momentum condition;

e The quadrature must not have directional bias, that is, any rotation of the nodal

points must not affect the result;

o Every nodal point $§ must have a corresponding opposite point (i.e. For all §, —s

must exist).

Overall, the DOM is quite competent at delivering high-accuracy results for a number
problems of radiative heat transfer of varied complexity. It has, therefore, become a
staple in radiative transfer solvers, particularly when coupled with CFD. It does, however,

have a few drawbacks, such as:

e Poor convergence in optically thick or highly scattering media;
e Susceptibility to ray effects;

o Conservativeness in the angular direction is not strictly guaranteed, unlike in the

Finite Volumes Method, which is guaranteed by the formulation.

Many attempts have been made to address these issues. For example, the Finite
Angles Method is quite similar to the DOM, but has been observed to range from slightly
better to noticeably better in terms of results and computational costs, depending on
the problem (Modest; Mazumder, 2022). Nevertheless, the DOM is still competent and
broadly used to this day.
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Figure 23 — Illustration of the regular FAM grid in the unit sphere (a) and an abstraction
of its domain (b). Figure adapted from Rodrigues (2023).

3.4 The Finite Angle Method

The Finite Angle Method (FAM), also known as the Finite Volume Discrete Ordinates
Method (FVDOM), is a method for discretizing the RTE. Like the DOM, it discretizes
the unit sphere; however, instead of generating a finite number of points, each with
weights associated with them, it instead tessellates the unit sphere into a finite number
of solid angles. The RTE is, then, split into a system of coupled PDEs, each relating
to one of the unit sphere’s discrete solid angles. Likewise, the in-scattering integral is
also split into a sum of the integrals over each solid angle. The RTE is then integrated
not only on the spatial domain, but also on the angular domain that pertains to that
discrete solid angle.

The meshing of the unit sphere can be both structured or unstructured, similarly to
a 2D Cartesian plane. It is common, however, to utilize structured meshes, where the
two angular directions # and ¢ are split in equal intervals. In this case, the FAM mesh
(Figure 23) is similar to the one applied to Q) quadratures (Figure 22).

Taking Equation 3.20, the RTE is integrated over the i-th solid angle €2;:

S (AaA; ay) - / (I,; 8) dQ = / (=By.plnp AVp + Sy) dS, (3.31)

where:

/Q Sy dQ = ryp AVp /Q Top A2+ JZ”’PAVP /Q | /Q L p(3)®(3,8) d dQ.  (3.32)

™
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The in-scattering integral is discretized in the following way, which already takes into

account that it is integrated again in the solid angle €;:

/ / 1p(3)0(,5) d 2~ S [ / / I, p()0(3, §) d d (3.33)
o Ja r o Jo,

The nodal value I, p(§;~) is assumed to be the integral average of the radiative intensity:

fg n.P(8 (A' 8) dgY
I (3 3.34
which then yields:
/ I, p()B(3,8) dY ~ I, p(3,) / B(F,5) dSY. (3.35)
Q; Q;

Finally, as I,, p(8;) = I, p; is constant in relation to §2;, we can write the fully discretized

in-scattering integral as:

2 [ /Q | /Q Iy p(3)®(,5) A dQ] zz Py / / (8, 8) d¥ dS. (3.36)

The integrals over the phase function ® can be performed analytically, tabulated and

/ / ) dQY dQ =D, (3.37)

With the in-scattering integral fully discretized, attention can be given to the integration
on the face field:

fed into the solver:

Doy [ Uhs(5) 7] do (339

Again, it is assumed that I, f(Si) is the integral average of I, ;(5) throughout 2; and can,
thus, be taken off the integral term, yielding:

> A4 Jn,fﬂ-/ (5-7y) dQ. (3.39)
! i
The integral above is then determined analytically, yielding the following term:
—
ﬁf-Si:/ 5-ny d2. (3.40)
Q;
Finally completing the advective term:

Z AAf ]777fai/ 5 - TALf df) =~ Z In,f,i (ﬁf . §z> AAf (341)
! i !
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Then, the remaining terms must be integrated over the solid angle. In this case, it is
also assumed that their value on the centroid is equal to the integral average over said

solid angle:
/ f(8) d2 = f(8;)AQ; = fiAQ;. (3.42)
Q;

The RTE can now be written as:
~ & Us,n,P =
D Insi (g S) AAg+Byp Ly pi AUAVE = tiy p I ps AGAVp+=2=AVp 3 I p; @
! J

(3.43)
The boundary condition is given by applying energy conservation on the walls. We
can start by integrating Equation 3.6 on the unit sphere to figure out the energy flux on

the surface:

/ Ly (5 i) d€2 = / (e o) (3 - ftw) A2+ py / Ty 3+ o] d2.
Ty -5>0 T -8>0 TN +5<0
(3.44)

This expression above can then be developed to isolate I, ,,. First, we assume that I, ,,
is uniform over the hemisphere s € €2 : §-n > 0, which is reasonable for a diffusively
reflecting and emitting wall, and allows us to take I, ,, off the left hand side integral. By
the same assumption, 1, ; ., is also uniform and can be taken off the integral. Furthermore,
€nwy Ppw and 7, are piece-wise constant for each discrete surface of the finite volume

mesh, which also allows us to take them off the integral as well. Finally, we can write:

Ly w.out (nw : / E dQ) = epw Do (nw : / E dQ) — Py (ﬁw : / Ly & dQ) ,
N8>0 N8>0 N -8<0

(3.45)
v T (0 00 492) = Pt ([ o Ty 3 49)
Lywout = i - = . 3.46
w,0ut Ny - fﬁ’w'§>08 dQ ( )
The integral in the Planck’s law term simplifies with the denominator:
o Jo 50 Dnw § dS2
Ly wout = €pw Lo — Pow 3 = a0 (3.47)

W Ja,-3>0
The statement above defines the boundary condition exactly. We can determine it

numerically:

ﬁ
Zﬁ N Ly |Sﬂw|
w07 17T & > 0 (Outgoing rays),  (3.48)

Lniw = €nwlbw + Py

with:
S = / § dQ. (3.49)
Q;
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Likewise, the incident radiation, the divergent radiative heat flux and the radiative wall

heat flux are given by:

Gyp = Z L, pi AL (Incident radiation), (3.50)
V- Gradn.p = bnp Lyp.p — Gnp (Divergent radiative heat flux), (3.51)
Qradmw = Tw * Z Li §Z (Radiative wall heat flux). (3.52)

Equation 3.43 is generic and can be applied to any Finite Volume and Finite Angle-
based algorithm, even if they present unstructured meshes for both spatial and directional
domains. Further simplifications can be assumed; for example, in a regular angular grid
(Figure 23), the solid angles are defined by evenly splitting the unit sphere in the 6 and

¢ directions, yielding linear integration limits. That is:

¢2 02
/Q 1) - /¢ £(0,) sin(0) df do. (3.53)

01

It is not unusual for FAM implementations to use regular angular grids. This is the
case for RTS, to give an example. It is also the case for Fluent (Murthy; Mathur, 1998)
and OpenFOAM (Boyao, 2020). These grids make the integrals over solid angles easier
to calculate.

Overall, the Finite Angles Method is another popular choice for radiative heat transfer
problems. Like in the DOM, accurate solutions of complex problems can be obtained
at a reasonable computational cost. Furthermore, the FAM is conservative, thanks to
the fact that it integrates the entire RTE in the solid angle space. It also allows for
more generic discretization of the angular domain, limited only by the mesh and the

algorithm.

3.5 General formulation for the DOM and FAM in regular FVM
grids

For the sake of completely finalizing the RTE discretization with the FVM and
either the DOM or the FAM, Equations 3.25 and 3.43 can be developed in a structured

hexahedral grid illustrated in Figure 24, leading to the following general expression:

AP[n,P,i + Ae]n,e,i + Aw[n,w,i + AnIn,n,i + As[n,s,i + Atln,t,i + AbIn,b,i = Swu, (354)

where the sub-indices e, w, n, s, t and b refer respectively to the east, west, north, south,
top and bottom cells relative to the reference cell P. This formulation adapts well to an

iterative solution process for the angular space coupling: first, the split RTE is solved
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Figure 24 — Computational cell on which the stencil in Equation 3.54 is defined.

independently for all the ¢ discrete directions. Afterwards, the term S,;, which is treated

as a source term, is updated, and the discretized RTE is solved again.

The values of the Aj coefficients depends on whether the DOM or the FAM was

applied. We can define the unit cosines &;, n; and pu; from §;:

Si=&i+mj+ k.

(3.55)

And then define the A, coeflicients for the FVM + DOM discretization in the

following manner:

A= (2a — 1;!£z-| — & Ayp Acp.
A, — (2a — 1;I§¢! +& Ayp Acp.
. (2a — 1)21771-! “ g Ay,
- (2a — 1)2|m| T Agp Asp,
4, = 2= 1)2“‘"' M Awp Ayp,
Ay = (20 - 1)2"ui| i Azp Ayp,

APZBAQZPAypAZP—Ae—Aw—An—AS—At—Ab.

And for the FVM + FAM model, we have:

(3.56)
(3.57)
(3.58)
(3.59)
(3.60)

(3.61)
(3.62)
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(20 — Die - 4] — (e - S5)

Ae = B Ayp AZP, (363)
— —
20 — 1 Aw' i Aw‘ i
4, = oz Dl S0 O ) 5 A (3.64)
(20 — V)| - S| — (- S5)
An = 5 A;Up AZP, (365)
(20 — Dty - 4| + (s - S7)
As = 9 Al’p AZP, (366)
2% — 1) - Sil — (g - S
Ay = o= Dl .2 _— i)Amp Ayp, (3.67)
20 — 1) - S| + (7 - S
Ay = (2ce — 1) |y, '2 i + (g - i)AxP Ayp, (3.68)
Ap = 5PA.CEP Ayp AZP AQZ - Ae - Aw - An - AS - At - Ab, (369)
where 7, = E, TNy = —%, Ny = j’, g = —j’, Ny = l%, Ty = —k are the face normals and Azp,

Ayp and Azp are the dimensions of cell P. Equation 3.54 lends itself to a matrix-free
iterative solver, where values of I, p, are calculated directly from the expression. It can
also be used to assemble a linear system where Ap is part of the diagonal, A, are the
off-diagonal terms and S); can be placed at the independent vector. With this, the RTE
is finally fully discretized and implementing it in an algorithm that uses structured

Cartesian grids should be quite straightforward.

3.6 Numerical issues in the RTE

3.6.1 Overhang

Overhang is a class of numerical errors that arise in discrete RTE problems, where
the solid angles of the unit sphere present in a cell’s face are not perfectly aligned with
the face’s normal, as can be seen in Figure 25. As such, there are angular directions that
are fully incoming (coloured green), fully outgoing (coloured red) and both incoming and
outgoing (coloured yellow). The problem arises in correctly representing the contributions
of the yellow solid angles, which might otherwise result in unphysical energy balance
and inaccuracies. In regular Cartesian meshes, overhang does not occur as the cell faces
neatly divide the unit sphere into outgoing and incoming quadrants, but this problem can
be expected to occur in unstructured meshes and possibly in other forms of representing
complex geometries like Immersed Boundary Methods (IBM).

One of the solutions for dealing with this problem is to simply use a more refined
angular mesh. This way, the higher resolution will more accurately represent the energy
balance and diminish the influence of overhang; they will still exist, but will have less

influence on the problem. Of course, finer angular meshes makes the global problem
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heavier and may not be ideal. Another solution is pixellation, as described by Murthy
and Mathur (1998), which consists of dividing the overhang angles into smaller solid
angles, allowing then for greater resolution only in the problematic area, which is similar
to adaptive mesh refinement. Depending on the problem, a fine level of pixellation may
not be needed. In fact, some problems may be acceptably accurate even without any
pixellation at all. For more information on overhang and pixellation, it is suggested to

refer to this publication.

se
me

(a) (b)

Figure 25 — Illustration of the overhang effect in the face of a 2D domain. In (a), no
overhang occurs, as the solid angles are all either incoming (green) or outgoing
(red) from the face. In (b), the yellow coloured angular volumes have both
incoming (positive) and outgoing (negative) contributions, which causes
issues in the calculation of the total flux that crosses the face. Overhang
error appears when their contribution is incorrectly calculated, such as
considering the entire volume as either incoming or outgoing. Figure adapted
from Murthy and Mathur (1998).

3.6.2 Ray effects and false scattering

Ray effects are a result of coarse angle discretization and become evident in problems
with strong directional bias, such as the one illustrated in Figure 26. It can be noticed
that the radiation creates distinct, sharp rays on the solution that are non-physical.
False scattering, on the other hand, is caused by the grid lines not being aligned with
the angular directions. As such, radiation beams gradually widen as they move through
the domain. One reason this problem may appear is a coarse discretization of the spatial
domain or low order discretization methods.

According to Modest and Mazumder (2022), ray effects and false dispersion may
nullify each other. That is, a coarse spatial discretization may offset numerical errors that
arise from coarse angular discretization, and vice-versa. As a result, refining the spatial
mesh may cause ray effects to become more pronounced, and refining the angular mesh
may cause false dispersion to get more pronounced, both of which reduce the accuracy of

the solution. To obtain a true accuracy increase, one should take care to refine one mesh
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Figure 26 — Illustration of ray effects, adapted from Modest and Mazumder (2022).
Figure (a) is the temperature field of a case solved in DOM Sg, while (b)
shows the same problem solved with FAM using the same directions as the
Ss quadrature. The strong gradients resulting in well defined rays in the
temperature field are characteristic of ray effects.

without leaving the other too coarse, which has a side-effect of making the problem even

more costly, as refining one grid too much forces the other to be refined as well.

3.7 Disambiguation on the Discrete Ordinates and the Finite
Angles Methods Terminology

An issue regarding the Discrete Ordinates Method and the Finite Angles Method is
simply their nomenclature. In the literature, it is common practice to classify all forms
of discretization of the angular domain (i.e. the unit sphere) as DOM, whether they are
based on quadratures or on the Finite Volumes Method. The Finite Angles nomenclature
was proposed by Modest and Mazumder (2022) in their book to differentiate it from the
"Finite Volumes Method” terminology, which has a broader scope of meanings, and to
better emphasize its unique aspect of dividing the unit sphere into a finite set of solid
angles, which contrasts with quadrature-based discretization.

In order to improve clarity, this work also adopts the “Finite Angles Method” nomen-
clature suggested by Modest and Mazumder (2022). That is, it refers to discretization
methods that integrate the RTE over a solid angle as described in Section 3.4. Further-
more, the "Discrete Ordinates Method” nomenclature is used to address, specifically,
the methods that discretize the unit sphere into finite points, but that do not perform
any sort of solid angle integral, instead utilizing weights. In this specific method, the

angular domain is simply discretized by finite differencing, with the integrals over it
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being approximated by numerical quadrature, as per Section 3.3. In the Finite Angles
Method, the RTE is split into many PDEs, with each PDE being integrated over its
respective solid angle, which ensures better conservativeness. Likewise, the integrals over
the directional domain are not approximated by a quadrature.

This distinction is important to comprehend, as it is usual for the "DOM?” nomencla-
ture to be used to refer to what is defined here as the Finite Angles Method. This is the
case for both AnSYS Fluent and OpenFOAM. Unfortunately, it can be difficult to make
sure which methodology is actually being used, as the literature may not make it clear at
first glance. A good guiding principle is to check on whether an author or documentation
mentions the discretization in number of divisions per angular coordinate; if so, then
most likely they are using an implementation of FAM. Similarly, mentions of quadrature
commonly imply that DOM is being used.

Both FAM and DOM are quite similar in result quality and computational cost, and
are generally applicable to the same cases. In fact, they are a staple of deterministic RTE
solvers, as both methods allow a simulation to be easily refined to arbitrary precision and
provide accurate enough results with reasonable computational costs. However, FAM
may be better in a few cases, such as in the case of highly anisotropic media, as noted
by Coelho (2014). Figure 26 also shows a situation where the FAM presented better

results, alleviating ray effect errors.

3.8 Spectral Modelling

So far, the spatial and angular spaces discretization of the RTE were discussed. We
have yet to discuss how to discretize and model the spectral dimension, represented by
the wavenumber 7. The radiative properties of the media x, and o,,, as well as the
Planck Law term I, are dependent on the wavenumber; consequently, the radiative
intensity I, is a function of it. In rigour, these properties vary continuously on the
electromagnetic spectrum and thus also require a discretization of sorts. There are many
ways to model the spectral dimension, each with its associated costs and accuracy, which
shall be summarized below.

The simplest spectral model is the gray gas model, which simply assumes that there
is no spectral dependency on the RTE: «, and o, are constant in the electromagnetic
spectrum (k, = K, 05, = o) and [, ,, may simply be calculated by the Stefan-Boltzmann
Law (Subsection 2.4.4), thus [, = [,. Effectively, only one band of the RTE must be
solved, making it computationally very cheap and simple to implement. This model can
be quite good at simple numeric simulations and may even be applied successfully to the
modelling of real world problems, but it is unfortunately quite limited. That is because
the radiative transfer usually varies significantly in the electromagnetic spectrum and

it simply doesn’t suffice to use average values of spectrally dependent properties, as
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exemplified in Figures 5, 6 and 7. Therefore, the spectral variation of the RTE must
be modelled and solved to obtain accurate solutions for many, if not most, real world
problems, including those involving combustion processes.

If a gray gas model does not suffice, a possible approach is the Line-By-Line (LBL)
calculation. It consists of breaking the electromagnetic spectrum into a series of narrow
bands, which may amount to around a million (Modest; Mazumder, 2022). For each
band, the RTE is solved locally with fixed properties, yielding a radiative intensity field
I, associated with that band. This process is repeated in all the other bands, with
the net radiative intensity field / and correlated fields being determined by a discrete
integral over all the bands. The spectrally dependent properties may be taken from high
resolution spectroscopic databases such as the ones given by Gordon et al. (2017) and
Rothman et al. (2010).

The LBL method is the most accurate way to spectrally model the RTE, but it is
also very expensive. It can be understood as analogous to Direct Numerical Simulations
(DNS) in CFD, where the flow, with all of its turbulent structures, is entirely solved: both
are high resolution, high fidelity and high accuracy solutions, but are computationally
very expensive and of limited application beyond academic research and benchmarking.
In order to solve complex industrial processes, a model that can accurately represent the
spectral dimension of the RTE while being much cheaper than LBL (i.e. solving only a
few bands) is required. That being said, according to Modest and Mazumder (2022), the
LBL method may be efficient when used with Monte Carlo methods for solving the RTE,
as seen in publications such as Feldick and Modest (2012). However, even if it may be
efficient, it is still expensive when compared to other models.

A cheap alternative for spectral modelling is the Weighted Sum of Gray Gases
(WSGG), first introduced by Hottel and Sarofim (1967). As the name suggests, it
consists of solving a series of bands for the RTE, each associated to a virtual gray gas
with given [, k and o, that are determined from the model. The combined solution for
the radiative intensity [ field of each gray gas, then, should yield an accurate solution
for the real, spectrally dependent gas being modelled. WSGG models usually require
the order of 5 bands (four gray and one transparent) to be solved, making them quite
economical and commonly employed in combustion systems simulations, as exemplified in
Orbegoso (2013). They may also support single band models, which may be aptly called
gray. RTS uses the WSGG implementation found in Bordbar, Fraga and Hostikka (2020),
which extends the model described by Bordbar, Wecel and Hyppénen (2014) to allow for
all molar fraction ratios of H,O and C'O, instead of being limited to 0.01 < }Y,g—"’oz <4.0
and can be applied to domains with non-uniform pressure, temperature and species
fractions.

Other WSGG models found in the literature include Bordbar et al. (2021), which
extends Bordbar, Wecel and Hyppénen (2014), modelling a broader pressure range.
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Sadeghi et al. (2021) presents a WSGG model for six different hydrocarbon fuel vapours,
CO and soot, which were then coupled with other WSGG models for carbon dioxide
and water vapour by means of a superposition method. This allows for the modelling
of complex combustion environments that can account for the participation of fuel and
soot. Fonseca et al. (2023) provides a wide-band based WSGG for mixtures of water
vapour and C'O,, with or without soot. This wide-band approach consists of dividing
the electromagnetic spectrum into five bands and applying the WSGG method to each
of them, which allows for higher accuracy when compared to similar models found in
the literature.

Another popular method is the Full Spectrum k-Distribution (FSK), which traces
back to Modest and Zhang (2001). It consists of remapping the absorption coefficient
given by spectral data (the same ones used in LBL) of the gases into a monotonic variable
k defined by a cumulative k-distribution, which is easier to integrate. In the end, it allows
the RTE to be solved in a small number of bands (similar to WSGG), with the radiative
intensity being integrated by a Gaussian quadrature. The Full Spectrum Correlated-k
uses a correlated absorption coefficient to allow for modelling of non-homogeneous media
with variation of pressure, temperature and species concentrations, further broadening
the cases in which the FSK is applicable. According to Wang et al. (2016), the FSK
method may reduce the spectral dimension from millions of spectral lines in the LBL
method to as little as around ten bands without losing spectral line information.

Other models discussed in the literature include the Statistical Narrow Band Model
(SNBM), also said to be highly accurate and famously used in RADCAL (Grosshandler,
1993), but, according to Bordbar, Wecel and Hyppénen (2014), requires hundreds to
thousands of band evaluations. Another method is the Spectral Line Based Weighted
Sum of Gray Gases (SLW), introduced by Denison and Webb (1993) and worked on by
Solovjov and Webb (2000), which may be thought of as similar to the aforementioned
WSGG and FSK.

Assembling any of these spectral models requires careful processing of spectral
databases that weigh at least several thousand gigabytes, something that is not trivially
performed, especially for complex gas mixtures. As for their accuracy, Rashidzadeh et
al. (2023) uses a one-dimensional domain filled with H,O as a participating medium to
compare the accuracy of WSGG, SLW and FSK, concluding that FSK generally performs
better than the WSGG, with SLW being close in accuracy to the FSK when four or
more bands are used. It should be noted that two of the authors from this publication
also worked on the WSGG model shown in Bordbar, Wecel and Hyppénen (2014) and
Bordbar, Fraga and Hostikka (2020). In the comparison made by Consalvi et al. (2020)
using turbulent axisymmetric jet diffusion flames fueled by either hydrogen or methane,
it was also shown that FSK and SLW are the best choices for CFD codes, displaying

similar accuracy, although FSK shows considerably higher error. The authors also note
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that the WSGG has satisfactory accuracy for engineering combustion simulations. Owen
et al. (2024) cites the development of an FSK method as a future endeavour in the
development of the Pele software suite, indicating that it is a trend in spectral modelling,
even in the case of highly complex CFD. In contrast, Centeno et al. (2018) found excellent
agreement between a WSGG model and LBL results for a case that is representative of a
laminar diffusion jet flame of ethylene diluted with H,O. Andre et al. (2019) also deemed
results for the WSGG model tested as acceptable, while also being the fastest in their
analysis. Fonseca et al. (2023) also achieved appreciable accuracy in their WSGG model
for H,O, C' O, and soot mixtures. As such, it seems that accuracy may vary significantly
according to the model, which may perform better or worse depending on the application

it is being used on and the manner in which it was developed.

3.9 Radiation Turbulence Interaction (TRI)

Radiation Turbulence Interaction refers to the complex, non-linear, two-way coupling
between radiative heat transfer and turbulence present in fluid dynamics, as illustrated
in the chart from Figure 27. In summary, the media’s radiative properties x and o, as
well as the emission term [, are dependent on the temperature, pressure and species
concentration fields. These fields are determined by the media’s flow and are thus subject
to the effects of turbulence. On the other hand, the radiative heat transfer also affects
the energy balance equation, which in turn has a non-linear effect on the other flow
properties (velocities, pressure and species concentrations, for example). This coupling
leads to a series of effects that are still not well understood.

The turbulence in fluid dynamics may be modelled by the unfiltered CFD balance
equations, as long as the spatial mesh and time steps are of high enough resolution,
which characterizes Direct Numerical Simulation (DNS). Computational costs usually
prohibit the use of this method, which leads people to resort to applying a filter to
the balance equations, resulting in a new system of PDEs for the average properties of
the flow that require less resolution to be solved. This new system contains new terms
related to the fluctuation of the averaged fields that must be modelled, leading to what
is known as the turbulence closure problem. In order to solve this problem, a plethora of
turbulence models exist (Silveira Neto, 2026).

To give an illustrative example, a generic filter shall be applied in Equation 3.5:

V- (I, 8) + ByL, = riglyy + 17: / 1,(%,8) ©(3,8) do. (3.70)
A

The filtered scattering, absorption and extinction terms may be opened as follows:
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Rigorously, the RTE should receive the same filter operation as its CFD counterparts,
as shown above, which will also result in a filtered equation and new unknown terms
that must be defined somehow; otherwise, the model might not accurately resemble
reality. This is one of the biggest concerns of studies in the field of TRI. Although such
models exist, they aren’t yet as mature as the ones used in CFD.

Coelho (2007), a 73 pages article, is one of the reference publications in the subject of
TRI and contains an in-depth discussion complete with turbulence model implementations
for the RTE, including implementations utilizing the Discrete Ordinates, Finite Angles,
Spherical Harmonics and Monte Carlo methods. The author has also studied TRI
behaviour in Large Eddy Simulations (LES), accounted in Roger, Coelho and da Silva
(2010), and in Sandia D Flames, registered in Miranda et al. (2019). Modest and
Haworth (2016) is a book that provides an in-depth discussion on the subject of radiation
in turbulent combustion processes, including its modelling and analysis on canonical
problems.

Coelho and Fraga (2024) is a recently published and extensive review article on
TRI in LES simulations, which notes that the importance of TRI in LES simulations
has only started to be investigated in the last decade. The authors note that much
is still unknown in this area, and that in many cases sub-grid fluctuations contribute
significantly for TRI, citing large pool fires and the Sandia D flame simulated by Gupta,
Haworth and Modest (2013) as particular examples. Usually, in these cases, the radiative
emission is particularly affected by TRI. In other cases, however, sub-grid scale TRI is
generally unimportant. This paper also notes that industrial-scale flames, high pressure
combustion, fuel evaporation and solid fuel are cases which still lack studies on sub-grid
scale TRI. The authors of this publication have also done a study on how TRI behaves
in different points of the electromagnetic spectrum in Fraga, Coelho and Zhao (2024),
citing that it can have important implications on experimental data collected with,
for example, spectral tomography. They conclude that its effect does in fact differ in

intensity depending on the spectral position.
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Figure 27 — Diagram illustrating the interaction with turbulent flow properties and
radiative transfer properties and the new terms that arise from applying a
filter to the RTE. Taken from Coelho (2007).

3.10 Methods for Solving the RTE

The discrete RTE may be understood as a linear system which must be solved to
obtain the radiative intensity field. This may be represented mathematically by the
expression Al =b. Given that each band of the problem is assumed independent from
each other, this analysis will focus on a linear system defined for a single band. Solving a
non-gray RTE may then be understood as solving a similar linear system for every band
present in the problem, which will provide a five-dimensional radiative intensity field
when solved. There are two main methods to solve this linear system: a Gauss-Seidel
based Directional Sweep Algorithm (DSAL) or a Krylov Space (KSP) based algorithm.

The directional sweep algorithm may be summarized as iterating through each cell
in the spatial domain for each direction in the angular domain, calculating the radiative
intensity value of each node. This sweep is performed in sequence, where the the
radiative intensity of a cell is determined based on the recently calculated value of its
neighbouring cells, such that the sweep naturally follows the radiation wave front. In
these methods, it is usual for the angular coupling of the RTE to be solved iteratively:
the in-scattering integral effects is contained in a source term Sy, as described previously,
and the sweep is performed with its value kept constant. After finishing the sweep, Sy,
is updated with the new values and a new sweep follows. The diffuse reflection on the
boundaries is also dealt with in a similar manner. This process repeats until convergence,
and may take more or less time depending on factors such as scattering effects present in
the domain or non-black boundaries. The strong directional dependence of this method

(one node can’t be calculated before another node’s value has been determined) makes
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it hard to parallelize, as the sequenced sweep limits its parallelization. a discussion on
this problem is present in Moustafa (2015), who managed to implement a large scale
parallelization of this algorithm. The DSAL is the algorithm that RTS uses for solving
the RTE, and discussions on this method are also present in Rodrigues (2023) and
Modest and Mazumder (2022). It is commonly chosen due to its simplicity and efficient
memory usage. It is also physically inspired in the manner which radiation propagates
in the domain. More details on RTS’s implementation of the DSAL may be seen in
Subsection 4.5.2.

Krylov space based algorithms utilize Krylov solvers, usually GMRES, for determining
the RTE solution. These methods require defining two main operations: a matrix
multiplication of the form A%, where 7 is any vector, such as an initial guess or
approximated solution; and a good pre-conditioner. For:;the former, there are two main
approaches: one may simply assemble the entire matrix A, which is easier and allows the
%se of default pre-conditioners; or may instead opt for a matrix free approach, in which
A is not assembled and instead A7 is calculated with a clever, custom algorithm. While
a matrix-free approach may limit the options of default pre-conditioners available, it is
much more memory efficient and avoids time costs related to matrix assembly. Memory
constraints may make assembling A unfeasible, as observed by Jolivet, Badri and Favennec
(2021). Although less common, Krylov solvers have been applied successfully by Charest,
Groth and Giilder (2012) and Badri et al. (2018), the latter of which followed their work
on a matrix-free approach in Jolivet, Badri and Favennec (2021). This methodology
was shown to be promising in high scale, distributed computer simulations and does
not contain the same sequential dependence of the DSAL. As such, they may be better
candidates for parallelization and GPU implementations. Newton-Krylov methods may
also be used to accelerate the convergence even further, as shown by Charest, Groth
and Giilder (2012), and other Krylov methods like BICGStab may show satisfactory
performance, as noted by Badri et al. (2019).

Finally, it is interesting to have a discussion on pre-conditioners. A good pre-
conditioner is important for accelerating convergence, especially on complex and coupled
linear systems such as the ones provided by the RTE. This is particularly desirable in
problems with strong scattering, which strengthens the coupling in the angular domain
and makes convergence slower. While standard pre-conditioners, like block Jacobi or
Schwarz, are applicable, they may not be feasible unless the matrix A is assembled. The
Diffusion Synthetic Algorithm (DSA), first introduced by Alcouffe (1977), consists of
solving a simplified version of the RTE known as the diffusion approximation, which
is much easier to deal with than the full RTE. Badri et al. (2018) also makes use of a
pre-conditioner that is resembles this method. Both approaches result in an equation
that is not the complete RTE, but is similar enough to it while being much simpler to

solve, which are all characteristics of good pre-conditioners.
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3.11 Coupling with CFD

Radiation processes interfere with the balance of physical quantities that CFD models
rely upon. While the radiation in the domain may also technically affect the mass and
linear momentum equations, its effects are negligible in non-relativistic scenarios: that
is, this radiation won’t convert into mass, or vice versa, nor is its linear momentum
significant enough to have appreciable effects. Therefore, accounting for its effects only
in the energy balance equation is enough (Viskanta, 1987).

The coupling of radiative heat transfer with fluid dynamics can be divided in two
parts. The first is adding its effects as a source term in the energy equation (through
the boxed term in Equation 3.76). To do this, a term called divergent radiative heat
flux must be determined from the solved radiative intensity field, as per Equation 3.10,
which results in a simple calculation to be performed in all cells of the domain. In the
MFSim-RTS coupling, the divergent radiative heat flux is calculated in the RTS mesh,
then interpolated to MFSim with the assumption that it is a scalar field.
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The second step is determining the radiative heat flux through the boundaries of
the domain. This is not only important for quantifying heat transfer in the system (as
radiation may make up a significant portion of the heat that enters or leaves the domain),
but also for establishing boundary conditions relating to energy fluxes, which are of the
Neumann type. For example, in an adiabatic boundary, the net heat flux through it is

established as zero:

q -y = 0. (3.78)

In CFD problems with radiative heat transfer, the heat transmitted through a
boundary is the sum of the convective heat flux (caused by a combined effect of advection

and conduction from the fluid near the wall) and the radiative heat flux:
6 ’ ﬁw = (aconv + arad) ’ ﬁw? (379)

or, put more simply, as:
q = Geonv + Grad- (380)
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The value of ¢,,q may be retrieved from the RTE solution. ¢.,n,, on the other hand, is
dependent on the energy boundary condition of the surface. A prescribed temperature
falls under the Dirichlet boundary condition, and thus the heat flux is simply calculated
from the CFD solution. Prescribing the heat flux through the boundary itself constitutes
a Neumann boundary condition for the temperature. In this case, the convective heat
flux is stated as:

Geonw = —EVT - 1iy. (3.81)

An adiabatic boundary is defined as having a net zero heat flux passing through it:

q = 0 (Adiabatic boundary). (3.82)

For a problem without radiative heat transfer, this simply means that the convective

heat flux is zero and thus:

qd = qconv = 0— —kVT- 'flw =0 ]io -VT- flw = 0. (383)

However, for an adiabatic boundary with radiative heat transfer, it follows that:

q = Geonv + Grad = O; (384)
Geconv = —YGrad, (385)
KVT -y = Grad. (3.86)

From which VT can be calculated from the known value of ¢,,q. More generically, it
can be established that:

VT - iy = q”]jw. (3.87)

That is, the temperature gradient for an adiabatic boundary is not necessarily
equal to zero when radiative heat transfer is considered. Instead, the temperature
gradient must be defined from the radiative heat fluxes such that the net heat transfer
through the boundary is zero. This fact must be taken into account for any Neumann
or mixed type boundary conditions of the energy equation. In the MFSim-RTS coupling,
Qradw 1S calculated by RTS in its own mesh and interpolated to MFSim via a bilinear
interpolation on the walls.

In summary, the coupling of the RTE with fluid dynamics is made by introducing the
radiative heat fluxes of the domain on the formulation of the energy balance equation
and its boundary conditions. Computationally, the coupling with a CFD algorithm can

be summarized as follows:

1. With an input temperature, pressure and species fields, solve the RTE;
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2. From the solution of the RTE, calculate V - ¢,,, and apply it as a source term for

the energy equation,;

3. From the solution of the RTE, calculate ¢,44. and use it to define the Neumann

or mixed-type boundary conditions of the energy equation where applicable;

4. Follow the CFD part of the iteration.

Further discussions on the computational implementation of the coupling between

radiation and fluid dynamics can be seen in Sections 4.3, 4.5.3 and 5.1.
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4 Bibliographic review

This chapter provides a discussion on topics of particular concern to this work, namely
the effects of radiative heat transfer in combustion systems and thermal cavities, and the
coupling of radiative heat transfer with CFD. It also features a review and description of
MFSim and RTS, as well as the old coupling between the two, which is improved upon

in this work.

4.1 Combustion problems with radiative heat transfer

A brief discussion on the importance of radiative heat transfer in combustion systems
is in order to illustrate the importance of the coupling developed in this work. As such,
we will summarize a non-exhaustive list of bibliographic works on the subject.

Lee et al. (2013) studies the effects of C'O, dilution on NO, emissions on a turbine
using biogas as fuel. The study uses a numerical model and experimental verification in
their endeavour. The authors concluded that C'O, dilution decreases NO, emission as
its dilution rate increases, while also decreasing flame temperature. Radiation further
drops this flame dtemperature. They also found that modelling radiative heat loss based
only on a temperature mean tends to underestimate its value, while accounting for
temperature fluctuations yields a more accurate estimation.

Bidi, Hosseini and Nobari (2008) show a turbulent premixed methane-air flame in
a cylindrical chamber, simulated with DOM and WSGG and using a k& — € turbulence
model. Despite not using any TRI models in the RTE, feeding it the average fields
directly, they concluded that radiation does have an appreciable effect in the temperature
and species fields.

Liu et al. (2002D) is a classic publication that studied radiation interaction with gases
and soot, and its influence on predicting soot formation on a co-flow laminar ethylene
diffusion flame. The authors compared an experimental setup with computer simulations
using different radiation models. They illustrated quite clearly that radiation modelling
has appreciable effects on soot formation and on the flame temperature. New publications
on sooting combustion in computational models include Torres (2021), Tardelli (2021)
and Rodrigues (2018).

Orbegoso (2013) performed a detailed study on the radiative heat transfer in turbulent
combustion systems, comparing different spectral and soot models. The author combined
a series of cases, done both numerically and experimentally, to evaluate their predictive
capabilities and limitations. These cases range from a 1D non-isothermal radiation case

to a spray burner simulation based on the experiments of Nakamura et al. (2011). He
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used Fluent as the main simulation platform, having developed a User Defined Function
to allow it to pull spectral information from RADCAL.

Armengol (2019) presents a base study on the effects of thermal radiation on free
turbulent water vapour jets. It coupled a Monte Carlo radiation solver using a Correlated-
k method for spectral modelling with DNS fluid simulation to produce highly detailed
information on non-isothermal free jets. The author presents information of effects that
radiative heat transfer has on the flow fields, including its second order moments, and
a scaling law for the decay of the temperature profile in the jet centerline. He also
contrasts DNS with RANS results for identifying key parameters that might require
further modelling.

Owen et al. (2024) describes a multi-physics, adaptative mesh solver for combustion
systems that includes a Spherical Harmonics P; solver with soot modelling and a gray
gas model based on a Planck-mean absorption coefficient that can incorporate gases such
as COq, H,O, CO, C3H, and C'H4. The authors mention that future works will include
modelling of non-gray effects by means of an FSK model and higher-order RTE solvers.

Ge et al. (2023) is cited by the former publication as a reference to their spectral model,
and features a comparison between the spherical harmonics Py and FAM discretization
methods on turbulent jet flames. The authors used a 1D homogeneous case and a scaled
Sandia D flame in a series of configuration to test these discretization methods, using
Photon Monte Carlo with LBL as a benchmark solution. It was found that FAM is
more accurate than Py for a scaled Sandia D flame, and that it in general performs
better than Py. Although the authors specifically studied turbulent flames, and even
acknowledge the existence of TRI, they neglected TRI modelling of the RTE, citing that
“the focus was on the performance of RTE solvers”.

Zenou (2025) presents a theoretical analysis of the coupling between fluid dynamics,
combustion reactions and radiation. This analysis consists of defining a series of dimen-
sionless coupling numbers based on the characteristic time scales of convection, reaction
and radiation. From their values, roughly three different regimes can be identified: one
where radiation has minor effects, another where it interacts only with the fluid dynamics

and a third one where radiation interacts with both fluid flow and chemical reactions.

4.2 Thermal cavity

The thermal cavity is a canonic fluid dynamics problem that illustrates natural
convection. It typically consists of a rectangular enclosed domain containing a fluid in its
interior that is immersed in a gravitational field. The temperature gradient present in the
fluid directly causes a similar density gradient (as density is a function of temperature)
which, by effect of the gravitational field, naturally induces a pressure difference that

makes the fluid move by means of buoyancy. Hence, this type of flow is also called



Chapter 4. Bibliographic review 80

buoyant flow. A thermal cavity will usually feature two distinct walls, one hot and
one cold, while the others are typically adiabatic. Variations of the case may include
a cavity with an obstacle inside, inclined cavities (with a non-orthogonal gravitational
field), or simply a plain box. This problem is illustrative of many engineering problems
that feature fluid flow with heat transfer and has motivated many studies surrounding
it. As such, the literature is filled with thermal cavity cases and it has become a staple
of CFD benchmarks.

Many of the studies found on thermal cavities are computer simulations. Davis (1983)
is one of the first well known studies of this problem, featuring several benchmarks for
the laminar thermal cavity with 10> < Ra < 10°. Markatos and Pericleous (1984) then
extended this analysis to Rayleigh numbers up to 10'%, which include turbulent flow that
is modelled with k — €. Fusegi et al. (1991) produced results for a tridimensional cavity,
being known as one of the first that used a 3D domain. The thermal cavity was also
studied in MFLab several times, as can be noted from Padilla, Lourengo and Silveira
Neto (2013); Duarte (2018); Damasceno, Santos and Vedovotto (2018); and Chiumento
(2024).

An experimental study on the thermal cavity was executed by Salat et al. (2004),
consisting of a three dimensional cavity filled with air with tigthly controlled properties
from which data of the flow field was captured. Temperature field was measured by
thermocouples, while velocity data was obtained by Laser Doppler Anemometry. Due to
physical constraints, the flow inside the cavity couldn’t be made laminar, and thus it
consists of a turbulent flow analysis with Ra = 1.5 x 10°. The cavity of this experiment
is referred to as Salat’s Thermal Cavity, and was one of the benchmark tests for this
work, chosen by virtue of being based on real world experimentation.

The authors also followed with a CFD reproduction of their experiment, running a
DNS simulation with Chebyshev spectral method and LES with a finite volume model.
This experiment produced an investigation of computational model optimization to
obtain accurate results in regards to experimental data. The authors researched a series
of new models and considerations that might improve the accuracy of the computational
model, comprising the following publications: Sergent et al. (2013b), Sergent et al. (2013a)
and Xin et al. (2013). One of the conclusions of the authors was that radiative heat
transfer, even in this low temperature cavity without participating media, had significant
influence in flow properties; the inclusion of a radiative heat transfer model with proper
boundary conditions for the walls significantly enhanced the accuracy of their computer
models. Another important aspect was considering that some boundaries aren’t perfectly
adiabatic; as such, they tried modelling them with an imposed Dirichlet boundary
condition consisting of a prescribed temperature function 7'(z). They also tested the use
of Conjugate Heat Transfer (CHT) for modelling these boundaries adequately.

One of the first works to introduce a thermal cavity with effects of radiative heat
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transfer was Yiicel, Acharya and Williams (1989). The authors modelled a bidimensional
thermal cavity with a hot wall that is double the temperature of the cold wall, a Rayleigh
Number of 5 x 10° and a Planck number of 0.02, producing numerical results that show
strong influence of radiative heat transfer. For example, the flow becomes unicellular
if the optical thickness is high enough, whereas without radiation one can observe a
bi-cellular flow at this Rayleigh number. It also diminishes the advective heat transfer
through the hot wall, although the radiative heat flux and overall heat flux through
this domain are much higher. It also intensifies the velocities of the cavity, causes the
temperature stratification in the core of the cavity to be less apparent and amplifies the
average temperature of the domain; colder regions are more restricted to regions close
to the cold wall. The simplicity and representativeness of this case led it to be used in
the studies of this work as a benchmark. This thermal cavity is also mentioned here as
Yiicel’s Thermal Cavity.

Numerical studies on thermal cavities with radiation effects were performed by Lari
et al. (2011) and Lari et al. (2012). Much like with Yiicel’s cavity, the authors simulated
a bidimensional thermal cavity, this time with a smaller temperature gradient and a
broader range of Rayleigh numbers and optical thicknesses. Their results were similar to
those of Yiicel, Acharya and Williams (1989). In Lari et al. (2012), the authors repeated
the analysis using a FSK spectral model in a cavity with H,O and C'O, concentrations
that are representative of combustion systems. As in Xin et al. (2013), their results have
demonstrated that radiation effects in the thermal cavity, even at low temperatures, has
significant impact in the results, evidencing yet again that radiation plays an important
role in thermal cavities. The authors also evidenced that spectral modelling with multiple
bands may yield different results than with a gray model, although the authors argue
that gray models may be applicable in specific analysis through careful modelling.

In most of these thermal cavities with radiative heat transfer, adiabatic boundaries
are present. As mentioned in Section 3.11, this condition is significantly more complicated
to establish in radiative cases, as it is a non-zero Neumann boundary condition that is
a function of the radiative intensity. This is further aggravated by the spatial meshes
being separate, requiring special interpolation treatment on the boundaries. This aspect

is discussed in some of the publications here, but not as well emphasized.

4.3 Coupling of CFD and radiative heat transfer

Fluid simulations can be described as numerically solving a system of partial different
equations that describe the balance of physical properties like mass, linear momentum,
energy and chemical species. The existence of phenomena like turbulence or chemical
reactions further complicates the issue by requiring higher spatial and temporal resolu-

tions. Solving these equations requires finding corresponding three dimensional scalar
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and vector fields that satisfy the problem at each time-step with high enough spatial
resolution. CFD software is built with this in mind; For example, MFSim utilizes adaptive
meshing and immersed boundary methods to efficiently capture turbulence information
while avoiding unnecessary refinement; it also utilizes parallelization algorithms and
solvers that are well adjusted for solving fluid flow, like the multi-grid method (Villar,
2007).

Radiative heat transfer, in the context of combustion systems in general, can be
described as computationally solving a Radiative Transfer Equation that is defined by
the fluid dynamics. Usually, the temporal term of this equation can be dropped. The
challenge then becomes, in the context of non-gray media, developing a solver for a
six-dimensional integro-partial-differential equation and coupling it with the algorithm
that deals with the CFD part. The different physics of the problem creates different
computational requirements; for example, the fields utilized in the RTE (temperature,
pressure, species concentrations and radiative heat fluxes) tend to be more homogeneous
and require less spatial resolution. They also tend to evolve more slowly, which is why
temporal term of the RTE can be dropped; in fact, the RTE itself usually does not
even need to be solved in each time-step. The existence of the directional and spectral
dimensions, however, makes the problem heavier computationally, as it requires the RTE
to be solved for multiple bands and directions. In deterministic solvers, like DOM and
FAM, the radiative intensity field can get orders of magnitude larger than an equivalent
scalar field in the three-dimensional mesh it is stored in. Similarly, solving several bands
means solving an already expensive problem several times. As such, computational time
and memory costs can get higher than even the ones from CFD solvers.

Several different approaches have been developed over the last decades to couple
CFD and radiative transfer codes and they can be broadly categorized in a few different

manners:

o Integrated or segregated:

— Integrated: broadly refers to whether the solvers are integrated as part of
the same software package. In this situation, it is usual that the radiation
algorithm is built upon already existing code for the CFD and is treated as
an extra physical model that can be used for its flow simulation. They share
the same basic libraries for meshing, for solvers and for parallelization. They

each can not be run separately and usually share the same spatial mesh.

— Segregated: the CFD and radiation solvers are their own separate software
packages. They may share common libraries, but can be run and be developed
independently of each other. As they are both independent, they usually have

different implementation of solvers and parallelization techniques, and require
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interface code to be run together. They also usually have meshes that are

separate from each other.

e Shared or separate spatial mesh: refers to whether the same spatial mesh is ap-
plied for both CFD and radiation, or not. As the spatial mesh for the CFD usually
requires higher spatial resolution, utilizing a coarser mesh for radiation helps miti-
gate computational costs, when considering the interpolation and communication

costs between the meshes.

e Sequential or desynchronized: in sequential coupling schemes, only either the
CFD or the radiation solver can run at a time while the other waits; in other words,
they are each run sequentially, one after the other. In desynchronized schemes, they
run simultaneously (Figure 28), a feat that can be achieved due to the fact that the
temperature, pressure and chemical species fields in CFD usually evolve so slowly
that the RTE can be run only once for a series of CFD time-steps. In this approach,
the RTE solver receives the input fields and returns the resulting radiative heat
fluxes to the CFD solver several time-steps afterward; that is, the field comes
with a delay (hence desynchronized) and does not represent the exact state of
the fluid dynamics, which may lead to inaccuracies (Zenou, 2025). Nevertheless,
de-synchronization allows for a substantial reduction in solver time and is usually

employed with acceptable accuracy.

solve RTE solve RTE solve RTE

RTE |—P RTE [P RT

V-Qrad 7 Qragw VQrad 7 Qradw
T, P, Ysp T, P, Ysp T, P, Y

solve CFD solve CFD solve CFD :

CFD |—»| CFD 5| CFD |—>p
(a) Concurrent coupling.

solve RTE stand-by solve RTE

RTE RTE ....... RTE
VGrad 1 Qragw
T,P, Yo T, P, Yo

stand-by solve CFD stand-by

CFD |- P CFD CFD |- »

(b) Staggered coupling.

Figure 28 — Flowcharts depicting the differences between a staggered and concurrent
coupling. Figures adapted from Rodrigues (2023) and Zenou (2025).
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Examples of the integrated solver methodology can be found in softwares like AnSys
Fluent (ANSYS INC., 2025), OpenFOAM (OpenFOAM Foundation, 2025) and FDS
(McGrattan et al., 2013). The MFSim-RTS coupling presented in this work, as well as
the AVBP-Rainier coupling (Zenou, 2025) are examples of segregated couplings: they are
separate code bases that can run independently. AVBP is a software suite for reactive
turbulent compressive multispecies flows (Schonfeld; Rudgyard, 1999) developed by
CERFACS, while Rainier is a Monte Carlo based radiation solver developed at EM2C
Laboratory (Zhang, 2011). They are present in a series of studies on CFD-radiation
couplings performed at EM2C, usually with an emphasis in combustion, such as: Zenou
(2025), Torres (2021), Palluotto (2019), Rodrigues (2018), Refahi (2013) and Zhang
(2011), all of which feature coupled radiation-CFD combustion problems. Santos et al.
(2008) shows the result of a turbulent premixed propane-air flame solved by means
of a coupling of AVBP with RADIATION using CORBA as the coupling software,
representing a precursor to the now established AVBP-Rainier coupling. Delort-Laval
(2023), Armengol (2019), Scoggins (2017), Soucasse (2013) and Zhang (2013) are also
cases of CFD-radiation couplings with other simulation software applied to non-reactive
flows.

MFSim-RTS, as well as the couplings employed by EM2C described in the paragraph
above, allows the user to utilize separate spatial meshes. A particular case is that of
Armengol (2019), in which the radiation mesh is defined by grouping cells from the CFD
mesh into a coarser cell, essentially making them different but topologically dependent.
This is similar to the multi-level methodology employed by Mota (2023) in MFSim,
which assigns different physical levels of the MFSim mesh to different phenomena. In
the MFSim-RTS coupling, the spatial meshes are defined independently of each other.

Other couplings that employ different mesh sizes for CFD and radiation include the
ones utilized by Xin et al. (2013), Lari et al. (2011) and Lari et al. (2012), who utilized
this technique in the study of thermal cavities. An interesting trend from the literature
is that the spatial mesh for the radiation problem has usually at least about an order of
magnitude less nodes than the CFD mesh, as can be seen in Armengol (2019), as well as
the previously cited Lari et al. (2011), Lari et al. (2012) and Xin et al. (2013).

Desynchronized couplings between CFD and radiation solvers are quite common as
they help in considerably reducing the computation time of a simulation, as noted by
authors such as Armengol (2019) and Zenou (2025), and date as far back as Santos et al.
(2008). The main concern in these couplings is defining the interval of time-steps between
each data exchange operation in order to both ensure cost performance and stability.
Too large of a coupling interval can result in numerical instabilities or inaccuracies from
utilizing very outdated fields, while small intervals may increase the computational cost
unnecessarily. Ideally, the coupling interval should be no higher than the amount of

time-steps the radiation solver takes to finish its calculations; otherwise, it stalls and
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stands by while waiting for new field data, resulting in time as well as precision losses. As
a rule of thumb, the coupling periods that are allowed varies according to the problem
in question, and a discussion on how they can be estimated can be found in Armengol
(2019) and Zenou (2025).

Extrapolation techniques may also be applied to the radiative heat fluxes to ensure
that they evolve more smoothly through the fluid simulation’s time-steps, instead of
being updated only in discrete intervals. This allows for higher coupling intervals while
maintaining accuracy. Zenou (2025) noted that this technique can be applied successfully
without loss of accuracy up to a certain coupling period. Overall, desynchronized coupling
seems to be the norm in the EM2C implementations, with the gain in computational
cost outweighing the possible inaccuracies of the methodology.

Sequential coupling may also employ the same delay method, where radiation is only
solved once over an interval of time-steps, with similar implications regarding how this
interval should be set as well as the inaccuracies it may give. The difference here is that
the results are synchronized: the radiative heat fluxes received by the CFD solver are
based on the same flow state given as input to the RTE solver, rather than based on the
flow state from a previous time-step. They are just kept at the same value (or may also
be extrapolated) until the next time-step where new heat fluxes are set to be calculated.
This strategy also helps reduce computational cost and is employed by the MFSim-RTS

coupling, which is sequential.

4.4 MFSim

MF'Sim is a multiphysics CFD software developed by the Fluid Mechanics Laboratory
of the Federal University of Uberlandia since 2007 in partnership with Petréleo Brasileiro
S.A. Some of its core features include adaptive mesh refinement (AMR), usage of
immersed boundary (IB) methods for modelling complex geometries, multi-grid based
solvers, and running on distributed computing platforms using MPI. A consequence
of its usage of IB with AMR is that its main, Eulerian domain, consists of a cuboid
containing a block-structured mesh. Coupled with its MPI parallelization capabilities,
MFSim can effectively run complex, large, industrial-grade problems with reasonable
costs. It is written primarily in FORTRAN and C.

441 Overview

MFSim employs a series of turbulence models described in works such as Damasceno,
Vedovotto and Silveira Neto (2015), Elias (2018) and Catta Preta (2023). It is also capable
of modelling multiphase flows, as shown in Souza et al. (2022), Pivello et al. (2014) and
Barbi (2016). Melo (2017) shows a study on the implementation of thermal effects in
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the Immersed Boundary Method (IBM) used in MFSim. Other good descriptions of
the IBM can be found in Vedovotto, Serfaty and Silveira Neto (2015), in Magalhaes
(2022) and in Ribeiro Neto (2021), the latter of which uses a Ghost Cell methodology.
Development and simulations on compressible flows with Mach numbers ranging from
3 x 107" to 3 were carried out by Chiumento (2024). The inner workings of its Adaptive
Mesh Refinement and Multigrid solver can be found in the work of Villar (2007).

Discrete Phase Models (DPM) can be used in MFSim for modelling sprays, featured in
the studies of Santos (2019), Pinheiro (2022) and Martins (2023). Combustion modelling
was developed by Vedovotto (2011), Damasceno (2018) and Elias (2023), the latter which
studied the development of a novel virtual mechanism technique for modelling chemical
reactions. Finally, Fluid Structure Interaction (FSI) has been dealt with in works such
as Ribeiro Neto (2021), Morales et al. (2023) and Oliveira (2025).

In other works, MFSim was also used to study corrosion in pipelines (Mota, 2023)
and in non-Newtonian flows applied to forensic blood analysis (Vasconcellos, 2024). Last,
but not least, radiative heat transfer modelling started with Rodrigues (2023) and is
on-going in the present work.

This brief summary of MFSim’s history shows how it has been applied in diverse
contexts since its inception and illustrates its on-going development, growth and capabil-
ities. Not only is MFSim excellent as an instrument of academic research, it is capable
enough of being applied to real world industrial problems, assisting with important

process optimization and decision making.

442 Mesh description

The base building block of MFSim’s mesh are its patches (Figure 29). Each patch
represents a Cartesian block with n,, n, and n, cells in the z, y and z directions,
respectively. The communication between each patch, as well as the definition of boundary
conditions on the Eulerian domain, is made possible by means of ghost cells, which
are also known as halo cells. These cells exist beyond the patch’s domain, surrounding
it, and simply contain information on their nodes such that any stencil performed
inside the patch can be correctly calculated. They also define a buffer zone that enables
inter-level and inter-process communication. This approach characterizes a full volume
discretization, which contrasts with half-volume discretization, where ghost cells are not
used and values are instead stored in the face itself when defining boundary conditions.
An example of numerical software that uses half-volume discretization is OpenFOAM,
and also RTS itself.

MFSim’s patches are separated by levels and stored in a linked-list. Each level is
stored from 1 to 1top and the mesh gets progressively finer with each level increase.

Levels are also distinguished between physical and virtual levels. The physical levels
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range from 1bot, the lowest physical level, to 1top, the highest level in the mesh. Levels
below 1lbot are virtual and are only used by the multi-grid solver. Many algorithms
present in MFSim typically revolve around iterating on the mesh’s levels and, for each
level, iterating on its patches.

The parallelization is performed by dividing patches between different processes.
Globally, each process has a strict subset of coordinates within the whole domain, such
that each point in the mesh is assigned to only one process. This makes it easy for each
process to determine whether a point is within it or not. Likewise, each patch also knows
if a point is within its subdomain or not. If it is, then interpolating field values from
this patch to said point is possible, as the patch contains all the information needed
to assemble the stencil. That’s how multi-process interpolation is done: each process
occupies itself only with points belonging to it, assigns a patch for each point, and then
uses the patch’s information to calculate the field value at that respective point. The
interpolated information can then, for example, be written on disk or communicated to

other processes via MPI.
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(a) (b)

(c) (d)
Figure 29 — Illustration of an MFSim mesh with three physical levels. It displays the
physical levels 1bot, 1bot+1 and ltop colored in, respectively, blue, green
and red. The patches are bounded by lines of the same color. (a) shows the

patches in 1top, (b) the patches in 1bot+1, (c) the levels in 1bot and (d)
shows all patches together.

45 RTS

RTS (Radiative Transfer Simulator) is a deterministic radiative heat transfer solver
developed in MFLab that can be set to use the Spherical Harmonics P1 Method, the
DOM or the FAM. It is capable of modelling gray media, either by user-defined values or
WSGG modelling (Bordbar; Wecel; Hyppénen, 2014), or non-gray media by means of the
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same WSGG model. Finally, it has models for non-isotropic scattering. Its development
and features are thoroughly documented in Rodrigues (2023).

An important aspect of RTS is the fact that it was developed as its own separate
software. This facilitates development and usage focused on radiation modelling, which
by themselves are complex enough and comprise their own particular challenges, as
discussed previously. This approach facilitates the spatial mesh separation between
MFSim and RTS that is developed in this work: solving the RTE usually does not
require the expensive and complicated spatial meshes that are typical of CFD; as such,
it can use cheaper, coarser spatial meshes. As a deterministic RTE solver also needs to
discretize in the angular and spectral spaces, which can easily increase the total mesh
size by 100x the size of the spatial mesh, this decoupling can be quite beneficial. Another
advantage of this design is that it opens RTS to be coupled with any platform, as long
as a communication layer is implemented. Thus, RTS presents itself as quite a promising
general purpose RTE solver.

For as promising as it is, though, it is still lacking in a few areas:

o Currently, it only works in serial (although, with the coupling developed in this
work, MFSim runs normally through its MPI parallelization);

o Currently, it can only model rectangular prism (cuboid) domains. It would need
either IB modelling or unstructured mesh support for tackling more complex

geometries;

o Currently, it only contains the WSGG modelling from (Bordbar; Wecel; Hyppénen,
2014). Other spectral models, such as FSCK or LBL are lacking;

e It can only handle domain boundaries that are opaque and diffusively reflecting.

Specular reflection and periodic boundaries are not yet supported;

e It does not feature turbulence models for CFD coupling in turbulent flows. In
turbulent flows, average fields are simply sent directly to RTS the same way as in

laminar cases. This was not a problem for the present work.

45.1 Mesh description

RTS’s spatial mesh structure is quite simple: it consists of a structured mesh, divided
in n,, n, and n, cells in, respectively, the x, y and z directions. In other words, RTS’s
mesh can also be thought of as a single MFSim patch. All mesh points are stored in
three vectors, one for each direction. As such, mesh information is quite light in memory.
Each RTS field is allocated to contain all available points in the mesh; thus, for a mesh

with n, x n, X n, cells, a field is stored in a 3D array of size (n, +2) x (n, +2) X (n,+2),
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Figure 30 — Illustration of an RTS mesh in 3D. (a) shows the cell centers, (b) the face
centers and (c) shows the edge points.
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Figure 31 — Illustration of an RTS mesh in 2D with all its points shown.

with the extra cells representing the boundary faces. Each point in the mesh can be

divided into three categories:

e A cell centroid;
e A face centroid;

¢ An edge point.

An illustration of these points in a 3D RTS mesh can be seen in Figure 30, and in
a 2D mesh in Figure 31. Edge points are points contained within the domain’s edges,
which can be either the four corners of a 2D mesh, or all edges that form the cuboid
of a 3D mesh. No relevant information is actually stored in them, and they are simply
ignored by the rest of the software. They do, however, exist and each field has some
value stored in them. The choice for structuring the data in this way can be traced back

to ease of programming, at the cost of redundant data being stored.
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4.5.2 Solver algorithm

RTS uses a Gauss-Seidel sweep algorithm for determining the I field when using
DOM or FAM, much like Moustafa (2015). The calculation is split into octants, where
each octant is a subset of the angular space where all angular directions in them have
the same signal in their respective i, j and k£ components. The octant sweep begins at
the corner where the boundaries emitting incoming radiation are present, and goes all
the way to the corner of the boundaries that are receiving this beam. For each angle
in the octant, the spatial dimension is swept in order, using the newly calculated value
in a cell to determine the value in the next ones. Thus, for each iteration of the solver,
each octant is swept one by one. In each octant, each angular direction’s spatial domain
is swept, cell by cell. After calculating all the new values of I, the maximum relative
difference between the new values and the old ones is evaluated: if it is less than the
set convergence criteria, or if too many iterations have been executed, the solver loop is
halted and the final result is given. With the [ field in hands, the derived V - ¢,,4 and

Jradw can be determined. This process is summarized in Algorithm 1.
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Algorithm 1 Summary of RTS’s solver algorithm for DOM and FAM.
1: input Mesh, phase function, physical properties
2: output Radiative intensity field /
3:
: while not converged do

4

)

6: Update incoming boundaries of each octant:
7:  for each incoming direction D do

8 for each boundary cell BC do

9: for each outgoing direction D’ do

10: I(BC,D) += I(BC,D’) - w

11: end for

12: I(BC,D) = {E&L)L 4 1,(BO)
13: end for

14: end for

15:

16:  Update Sj; with new in-scattering values:
17:  for each direction D do

18: for each cell C do

19: for each direction D’ # D do
20: Su(C)+=1(C,D")-®(D', D)
21: end for

22: SM(C)+ = Ib(C)

23: end for

24: end for

25:

26:  Sweep domain:
27.  for each direction D do

28: for each spatial cell C do

29: Determine I(C,D) from C’s neighbours
30: end for

31: end for

32:

33:  Update outgoing boundaries of each octant:
34:  for each outgoing direction D do

35: for each boundary cell C do
36: I(C,D) = I(C-1,D)
37: end for

38: end for
39: end while
40: return [

4.5.3 First iteration of coupling with MFSim

An initial coupling between MFSim was developed prior to this work. The coupling
between MFSim and RTS is, after all, paramount, and the reason for RTS’s existence. It

had severe limitations, however, due to focus being put in making sure RTS correctly
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modelled and solved thermal radiation problems:

e It forced MFSim to run in serial, like RTS;

o It forced MFSim to use the same mesh as RTS.

As such, the cases in which the MFSim-RTS coupling could be used were severely
limited to cheap cases where the fluid dynamics could be run in serial with a simple
Cartesian mesh. Furthermore, to the best of the author’s knowledge, no testing or
verification was performed on this old coupling. A summary of this coupling algorithm

can be seen in Algorithm 2.

Algorithm 2 Old CFD-radiation coupling.
1: MFSim must be run in serial, with the same mesh as RTS, and without
adaptive mesh refinement
2: for each time-step T do
3 if radiation should be solved in T then
4 Solve RTE
o Update V- Qrad and Qrad,w
6: end if
7
8

Use @rqa.0 to calculate heat flux boundary conditions
Apply V - ¢.qq to the energy balance equation and solve it
9:  Solve the flow for the current time-step T
10: end for
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5 Methodology

This chapter describes the new communication layer between MFSim-RT'S that was
developed in this work. This new interface allows the separation of the spatial mesh of
both codes while also enabling MFSim to run in parallel. In-depth details regarding how
information is exchanged between the two meshes, the interpolation methods that were

used, and how data is communicated across different processes will be given below.

5.1 Coupling Interface Between MFSim and RTS

The first step for setting up the interpolation of an MFSim field to an RTS field
is initializing the RTS mesh on all processes. Although only process zero will actually
contain all RTS field data and solve the RTE, mesh information is necessary to be
known on all processes for the interpolations to work. Next, a data structure containing
important metadata for the interpolation, henceforth known as interp_map, must be
filled. This data structure is unique to each process and cell centroid of the RTS mesh,

and contains the following information:

Whether the cell centroid is contained in that process or not;

Whether the point is an edge point (that is, if it is contained in one of the edges of
RTS’s domain);

The highest level of the MFSim mesh that contains said point;

A pointer to the highest level patch that contains this point.

This data structure must be updated whenever a re-meshing occurs. Its information
is crucial for interpolation, not only for performing it, but also for the algorithm to know
if it even should perform an interpolation. If the point scanned is an edge point (the red
dots in Figure 31) for instance, its value should be equal to zero, as RTS does not store
information on its edges; field points in this region exist simply due to choices on how
the field data should be stored. Furthermore, if a process tries to analyse or interpolate a
point that is not contained in it, unexpected behaviour or crashes are bound to happen.
An overview of how interp_map is assembled can be seen in Algorithm 3.

With the metadata assembled, interpolation can begin. The interpolated field will
be stored in a standard RTS 3D array, whose values are set as equal to zero at the
beginning of the interpolation. This array exists in all processes. Then, an iteration is

performed through each point in the RTS mesh. If the point is contained in the process,
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Algorithm 3 Algorithm for constructing or updating interp_map.
1: input MFSim mesh and RTS mesh
2: output interp_map

3:

4: for each level L do

5 for each patch P in level L do

6 for each MFSim cell C in patch P do

7: for each RTS node N do

8:

9 if not interp_map[N]->is_in_proc then
10: continue

11: end if

12: if interp_map[N]->is_edge then

13: continue

14: end if

15:

16: interp_map[N]->is_in_proc < in_proc(C)
17: interp_map[N]->is_edge < is_domain_edge(C)
18:

19: if is_in_patch(P, N) then

20: interp_map[N]->patch_pointer ¢ pointer(P)
21: interp_map[N]->level < L

22: end if

23:

24: end for

25: end for

26:  end for

27: end for

28:

29: return interp_map

and if it is not an edge point, a trilinear interpolation is performed on that point, and its
result is stored in said 3D array. Finally, when all processes have interpolated all data
they can, an MPI_REDUCE is performed, sending the entire field to process 0. A simplified
schematic of the stencil utilized is showcased in Figure 33. Field value from neighbouring
cells to the point to be interpolated that may not be contained in the current process
can still be accessed due to being stored as buffer zones in that process. A summary of
this process is shown in Algorithm 4.

The reverse path, that is, taking field values from RTS to MFSim, is performed in a
similar fashion. First, the RTS field to be interpolated is sent to all processes by means
of an MPI_BCAST. Then, the MFSim domain of that process is iterated through, level
by level, patch by patch, cell by cell. For each point, another trilinear interpolation is
calculated. This time, to assemble the stencil, a binary search algorithm is implemented

to figure out the nearest node to the point from the RTS mesh; the rest of the nodes
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Algorithm 4 Algorithm for interpolating an MFSim field to RTS.
1: input interp_map, RTS mesh and MFSim field
2: output RTS field interpolated from MFSim

3:

4: for each RTS node N do

5:

6: if not interp_map[N]->is_in_proc then
7: continue

8: end if

9:

10:  if interp_map[N]->is_edge then
11: RTS_field[N] = 0.0

12: continue

13:  end if

14:

15:  level < interp_map[N]->level

16: patch < interp_map[N]->patch_pointer

17 RTS_field[N] < interpolate(level, patch, MFSim_field)
18: end for

19:

20: return RTS_field

are indicially calculated based on it. This process can be seen in Algorithm 5 and an

illustration of the stencil employed by it is displayed in Figure 34.

Algorithm 5 Algorithm for interpolating an RTS field to MFSim.

1: input MFSim mesh, RTS mesh and RTS field
2: output MFSim field interpolated from RTS
3:

4: for each level L do

5. for each patch P in level L do

6: for each MFSim cell C in patch P do

7: MFSim_field < interpolate(RTS_mesh, RTS_field, C)
8: end for

9: end for

10: end for

11:

—_
N

: return MFSim_field

To complete the radiation coupling, the radiative heat fluxes on the wall must be
calculated as well. This consists of a surface scalar field that is stored in each face
centroid of the RT'S domain’s boundary (the yellow dots in Figure 31), and that must
be interpolated to each MFSim face. The interpolation is performed in a similar fashion
to the volumetric fields: gyqq. is sent to all processes with MPI_BCAST and a binary
search algorithm is used to assemble the stencil. The main difference is that a bilinear

interpolation is utilized, due to the field belonging in a 2D space. As such, the stencil
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utilized is similar to the one illustrated in Figure 34. This interpolation process is
described in Algorithm 6.

Algorithm 6 Algorithm for interpolating an RTS face field to MFSim.
: input MFSim mesh, RTS mesh and RTS face field
: output MFSim field with face data interpolated from RTS

1
2
3
4: for each level L do

5. for each patch P in level L do

6 for each MFSim cell C in patch P do

7 if C is in boundary then

8 MFSim_field[C] < interpolate_face(RTS_mesh, RTS_field, C)
9

: end if
10: end for
11: end for
12: end for
13:

14: return RTS_field

A schematic of the communication process between MFSim and RTS is illustrated
in Figure 32. The subscript next to the square brackets indicate the mesh in which
the fields are contained. While MFSim runs on one or more processes, RTS runs only
on process Fy. In the following section, a more in-depth mathematical description of
the interpolations used is presented. This communication process is also represented
in Algorithm 7, where it can be directly contrasted with the old interface described in
Algorithm 2.
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Figure 32 — Descriptive flowchart of the coupling between MFSim and RTS. The symbols
inside the square brackets denote the fields in which the interpolation and
communication procedures are being performed. The bracket’s subscript

denote the mesh in which they are stored.
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Case Total Average Time of Average Time
Simulation Time Time-step Speed-up
1 process, 1 delay 5.32 hours 0.40 seconds 1.0x
1 process, 5 delay 2.87 hours 0.21 seconds 1.9%
4 processes, 1 delay 1.61 hours 0.12 seconds 3.3 %
4 processes, 5 delay 57.22 minutes 0.07 seconds 5.7x

Table 1 — Summary of time benchmark tests of the CFD-radiation coupling algorithm.
The same case was run on 1 or 4 processes, as well as with a radiation delay
of either 1 (RTE solved each time step) or 5 (RTE solved every 5 time steps).

Algorithm 7 New CFD-radiation coupling.
1: MFSim can be run in parellel and with adaptive mesh refinement. RTS runs
in serial and with its own, separate mesh
2: for each time-step T do
3 if Radiation should be solved in T then
4 Interpolate temperature field to RTS
5: if gas module is on then
6: Interpolate Xco,, Xm,0 and pressure fields to RTS
7
8
9

end if
MPI_REDUCE interpolated RTS fields to F
: Solve RTE
10: MPI_BCAST V - ¢y4q and ¢,qq., RTS fields to all processes
11: Interpolate V - g.4q and ¢4, to MFSim
12:  end if
13:  Use @rqqw to calculate heat flux boundary conditions
14:  Apply V - ¢rqq On the energy balance equation and solve it
15:  Solve the flow for the current time-step T
16: end for

Overall, the interpolation process is effective and of relatively minor computational
costs when compared to the performance gained from solving the fluid equations in
parallel. Using the fluid solver in parallel, a sample radiative thermal cavity case run
time is reduced by over 3 times. It can be further reduced by 1.7x by solving the RTE
every b time-steps instead of each time-step, without significant difference to the final
results (see Table 1).

5.2 Interpolation Operations

Since the two meshes used in the problem (those being the MFSim adaptive mesh
and RTS’s simple Cartesian mesh) are not identical, the coupling interface relies on
linear interpolations to determine the discrete field values calculated by one of the

solvers at points not contained in their mesh. Linear interpolations are fast and simple to
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Figure 35 — Illustration of a bilinear interpolation.

implement, having already been used with success for MFSim’s probe interpolations. In
fact, the communication layer between MFSim and RTS leverages the algorithm already
present for the probe calculations.

These linear interpolations are essentially a pondered average and can be generically

expressed by the following sum:
T,=) wiT, (5.1)

where T}, is the generic scalar field 7" at the unknown point p, 7;, is the known field value
at point n and w, the weight associated to that point. The set of n points are selected
such that they are the closest neighbours of p. For a 2D interpolation, 4 points are chosen
in total which forms a bilinear interpolation (Figure 35); for a 3D interpolation, it takes
8 points as it does a trilinear interpolation (Figure 36). The interpolation as expressed

by Equation 5.1 also has the following property:

> w, =1 (5.2)

The algorithm for finding these points is as follows:
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Figure 36 — Illustration of a trilinear interpolation.

Figure 37 — Illustration of a bilinear extrapolation.
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1. Find the point p; = (x;,y;, 2), which is the closest point of the known field mesh
to the point to be interpolated;

2. As RTS’s mesh and MFSim’s patches are Cartesian, the other points of the
set can be found by taking each of p;’s coordinates and adding one to their
indices. That is, p» = (zit1,Yj, 2k), P3 = (%i,Yj41, 2k), ..., going all the way to
ps = (Tit1,Yj41, 2 + k + 1). If the source mesh is adaptive, the highest refinement

level is taken to ensure the greatest possible accuracy of the interpolation.

3. If one of these calculated coordinates do not exist due to existing beyond the upper
boundary of the domain where field values are stored, they are simply replaced by
their mirror points. For example, if p; is in the = direction east boundary, then
p2 = (Tit1,Yj, 2,) cannot exist and thus is taken to be po = (z;_1,y;, 2x). This
configures an extrapolation, as illustrated by Figure 37. Extrapolation is performed
on the RTS to MFSim interpolations to deal with values close to the boundary,
while in the MFSim to RTS interpolations this is not necessary due to MFSim
having ghost cells.

4. Once these points are found, the stencil is formed. From the stencil, the field’s T,,
values can be taken and the points’ respective weights can be calculated accordingly.
The closest these points are to the point being interpolated, the higher their weight

will be, as shown in Figure 35.

5. With their weights in hand, the sum in Equation 5.1 can be performed and the

value 7, of the field in the new mesh can be found.
Taking Figures 38 and 39 as reference, the following definitions can be established:

Tig1 — Xy, ifn =1
Az, = e , (5.3)

Tp—;,ifn=1+1

i1 — Yy, ifn =]
Ay, = Yji+1 — Yp J ’ (5.4)

yp— Y, ifn=j+1

21 — Zp, ifn =27
Az, = : (5.5)
2p— 2, ifn=k+1

Then, the weight for each point n for the 3D interpolation can be determined by the
following equation:
Ax, - Ay, - Az,

(l’i+1 - Iz) : (yj+1 - yj) : (Zk+1 - Zk).

(5.6)

Wn = Wijk =

Similarly, for the 2D interpolation:
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Figure 38 — Bilinear stencil with the target node Np’s coordinates annotated.
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Figure 39 — Trilinear stencil with the target node Np’s coordinates annotated.

(i1 — @) - (Yj1 — y5)
The extrapolation follows the same formulas, except that point P is outside the box that

(5.7)

Wy = Wyy; =

bounds the stencil points, instead of inside, which will lead to Equation 5.2 not applying

any more.
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6 Results

This section discusses the application of the MFSim and RTS coupling on the
numerical simulation of two thermal cavities, namely the Yiicel and Salat thermal
cavities discussed in Section 4.2. Their setups are detailed, and results are compared
with the literature. Both feature significant effects of radiative thermal transfer, helping
to shed light not only on the coupling’s accuracy and performance, but also on the

importance of radiation in heat transfer applications.

6.1 Yicel's Thermal Cavity

This problem, published by Yiicel, Acharya and Williams (1989), consists of a 2D
thermal cavity that is similar to the one presented in Davis (1983) with the added effect
of radiative heat transfer. The authors discretized the CFD equations and the RTE with
the FVM and used the DOM for the angular discretization. Solutions using the Spherical
Harmonics P; were also presented. The equations adopted in the model are described in
their dimensionless form.

The cavity can be mainly characterized by a few dimesionless parameters, some of
which make part of its differential equations: the Rayleigh number, the Prandtl number,
the Planck number (or the conduction-radiation parameter, see Section 2.5.12), the
optical thickness of the media (Section 2.5.8), the scattering albedo (Section 2.5.9)
and the emissivity of the walls. The first two numbers of this list come from the fluid
dynamics of the problem and are also present in the classical problem, while the other
four come from the added radiative transport.

The domain consists of a square or cubic domain in which opposite walls are set at
different temperatures, while the other walls are set as adiabatic (Figure 40). The fluid
velocity is set to zero in all walls, with the pressure receiving a zero Neumann boundary
condition on all four walls. The emissivity of its four walls is set to 1 (i.e. they are all
black). The Boussinesq-Oberbeck approximation is used to model the buoyant flow, with
the specific mass being considered constant except for the Boussinesq term. The fluid
of the domain is modelled as a gray gas with constant properties. In the MFSim-RT'S
implementation of this problem, the computational domain is pseudo 2D, utilizing two
cells in the z direction and a symmetry boundary conditions to model 2D behaviour.

The following cases are presented in this work: no radiation, 7 = 0.2, 7 =1 and 7 = 5.
For all these cases, Ra = 5 x 10%, Pr = 0.72, Pl = 0.02 and no scattering is adopted, as
summarized in the dimensionless numbers shown in Table 4. The cases are solved using

the Finite Volumes Method with a DOM S, quadrature. The physical properties and
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boundary conditions are summarized in Tables 2 and 3. This thermal cavity was used
both for verifying the accuracy of the MFSim-RTS coupling and for measuring the its
computational costs, as it is a simple, cheap to simulate case that illustrates well a flow

with radiative heat transfer effects.
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Figure 40 — Thermal cavity domain illustrated at time t = 0 s.

Specific mass (p) 2.34045 %3
Viscosity (1) 1.81702 x 107 Pa - s
Gravity acceleration (g) 9.81 5

Specific heat (c,) 1014.41 ,@%K

Thermal conductivity (k) 2.56 x 1072 1
Expansion coefficient (3y) 1.92091 x 1073
Hot wall temperature (7}) 694.115 K

Cold wall temperature (7.) | 347.058 K

Initial temperature (7j) 520.586 K

Cavity length (L) 0.04 m

Absorption coefficient (k) 5.0 m™t, 25.0 m~! or 125.0 m™!
Scattering coefficient (o;) 0.0

Table 2 — Physical properties used for modelling Yiicel’s thermal cavity.

6.1.1 Coupling interface performance

The Yiicel thermal cavity with optical thickness 7 = 1 was run with different mesh
configurations, with and without the WSGG model, as synthetized by Table 5. The
WSGG model requires interpolating the X¢o, and Xp,o and pressure fields along with

the temperature. The cases without gas modelling interpolate only the temperature to
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Field West East South and | Bottom and Top
North
. m . . . dug duy —_N-. _
Velocity [7] No-slip No-slip No-slip G g =0u. =0
Pressure [Pa] Z—i =0 3_1; =0 % -0 % —0
Temperature [K] | 694.115 K | 347.058 K | G = #5t= a0
Emissivity [—] 1 1 1 Symmetry

Table 3 — Boundary conditions for Yiicel’s thermal cavity.

Dimensionless number Value
Rayleigh (Ra) 5 x 106
Prandtl (Pr) 0.72

Optical thickness (7) 0.2, 1.0 or 5.0
Scattering albedo (w) 0.0
Planck number 0.02

Table 4 — Dimensionless numbers for the Yiicel thermal cavity.

RTS. In both cases, the information interpolated out of RTS is the same. Each case
was run to 1,000 iterations for thirty times, totalling 30,000 iterations per case. The
average and standard deviation of the elapsed wall-clock time for the MFSim to RTS
and the RTS to MFSim interpolations were taken for these 30,000 iterations. The same
statistics were also taken for the RTS solver time and for the total time of time-step for
comparison.

The results are summarized in Table 6 and in Figures 41 and 42. From Figure 42, it
can be observed that the interpolation cost increases by O(NN), where N is the number
of cells in the target mesh. The interpolation and MPI communication times for both
operations (transporting MFSim fields to RTS and transporting RTS fields to MFSim)
range from a fraction of a millisecond to up to around 20 ms in the worst scenario
(MFSim to RTS operation in Case 7). On average, one can expect a wall-clock time of
the order of 10~7 s spent transporting a field for each cell in the target mesh. The cost of
the RTS to MFSim interpolation is roughly the same for all cases. This is expected, as
the number of fields sent to MFSim does not change with the addition of gas modelling,
while the number of fields sent to RT'S increases threefold when gas modelling is activated.
Finally, it can be observed that the standard deviation of each point increases with mesh
size: this might be due to MPI scheduling and communication adding cost uncertainty
when payloads get bigger.

From Table 6, two comparisons evidence well the impact in computational costs from
employing separate spatial meshes. Case 3 shows a total time-step reduction of almost

61% when compared to Case 1, with interpolation and communication costs in Case
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Case | MFSim mesh | RTS mesh | Gas model
1 64 x 64 64 x 64 Gray
2 64 x 64 128 x 128 | Gray
3 64 x 64 32 x 32 Gray
4 128 x 128 64 x 64 Gray
) 32 x 32 64 x 64 Gray
6 64 x 64 64 x 64 Non-gray WSGG
7 64 x 64 128 x 128 | Non-gray WSGG
8 64 x 64 32 x 32 Non-gray WSGG
9 128 x 128 64 x 64 Non-gray WSGG
10 32 x 32 64 x 64 Non-gray WSGG

Table 5 — Summary of interpolation cost test cases.

Case MFSim to RTS RTS to MFSim RTS solver Time-step
1 1.435 4+ 0.05886 ms | 2.765 + 0.08117 ms | 196.3 + 1.750 ms | 235.0 + 5.997 ms
2 5.784 +0.1928 ms | 3.564 +0.08583 ms | 886.9 + 13.67 ms | 938.0 & 15.71 ms
3 0.3558 £0.02131 ms | 2.452 & 0.06751 ms | 55.17 £ 0.9010 ms | 90.64 £5.717 ms
4 1.421 £0.09140 ms | 7.599 4 0.2226 ms 193.8 £ 1.656 ms | 292.9 £ 14.47 ms
5 1.369 £ 0.05783 ms | 1.269 £ 0.03517 ms | 197.6 +5.289 ms | 223.2 + 5.562 ms
6 4.732 £ 0.2377 ms | 2.790 £+ 0.06926 ms | 216.4 £ 18.94 ms | 879.6 + 76.42 ms
7 19.27 +1.113 ms | 3.583 £ 0.09602 ms | 949.2 + 10.43 ms | 2158 + 77.13 ms
8 1.228 £0.05216 ms | 2.472 4 0.06818 ms | 61.56 = 0.8538 ms | 718.0 £ 71.77 ms
9 4.710 + 0.3656 ms 7.518 £ 0.2469 ms | 211.7 £2.273 ms | 2645 £ 280.5 ms
10 4.599 + 0.1481 ms | 1.334 £0.02385 ms | 211.1 +2.226 ms | 419.9 + 30.46 ms

Table 6 — Summary of wall clock time statistics for interpolation cost tests.

1 accounting for ~ 2% of the total time of time-step and ~ 3% in Case 3. A similar
pattern is seen between Case 6 and Case 8, with a reduction of ~ 18% in the total time
of time-step, with the total time spent interpolating and communicating fields both ways
being ~ 0.85% of the time of time-step in Case 6 and ~ 0.5% in Case 8. Between cases 6
and 8, the total time-step did not improve as much because the extra models activated
to include Y¢p, and Yy,o in MFSim significantly increased the total time of time-step;
nevertheless, the RTS solver time decreased by around 70%, which is quite substantial.
Essentially, these extra MFSim models have a strong influence on the simulation time
when activated, whereas without them the RTS solver time dominates. Therefore, it can
be concluded that utilizing coarser spatial meshes for the RTE algorithm can lead to
significant cost reductions for the radiation model with a relatively minor computational

cost associated with interpolating and communicating fields.
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Figure 41 — Interpolation costs for a series of Yiicel thermal cavity cases. For the left
plot, the MFSim mesh is fixed at 64 x 64. For the right plot, the RTS mesh
is fixed at 64 x 64 as well.

6.1.2 Results for the validation with adaptive mesh

For the sake of evaluating the MFSim and RTS coupling’s performance and accuracy,
the cases described in Section 6.1 were solved utilizing an adaptively refined mesh for the
CFD calculations, with two physical levels and 48 x 48 cells in the lowest physical level
(1bot). The simulation is started without remeshing, which occurs every 200 timesteps,
using only the temperature gradient as refinement criteria. The second level increases
mesh resolution by 2 times in the x direction, and another 2 times in the y direction.
Meanwhile, RT'S’s mesh was kept fixed at 48 x 48. This mesh size was chosen as it is
close to the 50 x 50 size chosen by Yiicel, Acharya and Williams (1989) while being
divisible by more factors of two, which helps the multigrid algorithm work better. Like
in the publication, the S4 quadrature was adopted. The case was simulated until the
transient field converged to a statistically steady solution.

Figure 43 shows the cavity’s isotherms for the case without radiative heat transfer
and for three cases with radiative heat transfer with different optical thicknesses. In the
case without radiation, it can be seen that the isotherms are neatly stacked on top of
each other, forming a type of symmetry that is more evident near the cavity’s centre.
The inclusion of radiation breaks this symmetry, with the isotherms being displaced

around the domain and forming a more curvy profile instead of a horizontally flat and
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Figure 42 — Figure 41 with x-axis replaced by the number of cells in each mesh. This
plot properly shows the O(N) cost of the interpolation.

neatly stacked arrangement.

The fact that the isotherms become farther apart from one another when radiation
is included means that the thermal gradients in the y direction are lessened, which is
commonly referred in the literature as a lessened thermal stratification. A consequence
of this is that the colder regions concentrate more on the bottom of the cavity (as can
be seen from 6 = 0), which represents the median temperature of the domain, being
further down the cavity. This is in compliance with results shown by Yiicel, Acharya
and Williams (1989), with the isotherms obtained from the publication matching with
the profile taken from the MFSim-RTS simulations.

Another interesting aspect are the adiabatic boundaries. In the case without radiation,
the isotherms near the adiabatic boundaries are perpendicular (or almost perpendicular,
due to how the plots were generated); this is expected, as the zero Neumann boundary
leads to this behaviour. When radiation is considered, this boundary condition is not
necessarily equal to zero and some of these isotherms are not perpendicular any more.
For example, looking at the § = 0.1 and # = 0.2 isotherms, the angle they form in the top
and bottom walls changes significantly with the optical thickness: while for 7 = 5 they
are closer to being perpendicular, for 7 = 0.2 and 7 = 1 their angles is quite appreciable.
This angle is directly related to the radiative heat flux through these boundaries: the

more perpendicular these lines, the less radiative heat crosses through the boundary
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they meet, such that % tends to zero.

In Figure 44, the streamlines of these cases can be visualized. At the Ra =5 x 10°
regime, due to having surpassed a Rayleigh number threshold, the unicellular flow of the
cavity will have already split into two distinct cores in the classic cavity. If radiation is
taken into account, however, this development subsides and a unicellular flow returns,
as long as the fluid is absorbing enough of the thermal radiation (i.e. has a high enough
optical thickness). For a low enough optical thickness, such as the case with 7 = 0.2, the
streamlines develop into a different flow pattern. All of the streamlines illustrated in
Figure 44 coincide to what is told in the reference publication.

The effects on the heat transfer through the boundaries of the domain are discussed
based on the Nusselt number, a dimensionless measurement of the heat flux. The Nusselt

number can be defined for the convective and radiative heat fluxes, respectively, by:

L
Nu,. = (VT|,, -1, )—— 1
te = (VT ) e (6.1)
@0 * Grad,w ’hot wall
Nu, = : , 6.2
" 10T} Pl (62)

where (VT|, - ny,) is the temperature gradient on the boundary (for the hot wall, it
is simply %hlot wall), L is the cavity’s length, T}, is the hot wall temperature, T, is the

cold wall temperature, g qd.u|nhot wan is the radiative heat flux in the hot wall, Pl is the

Th+Te
2(Th _Tc)

(VT - M)y and Grad.w|not wan come from the simulation results.

Planck number and ¢y =

. Most of these values are defined by the setup, while

The Nusselt number on the hot wall was calculated for the convective heat transfer
in all cases (Table 7), where a significant decline in the convective Nusselt number
is observed when radiation is applied. However, the total heat flux through the walls
increases due to radiative transport, which has a Nusselt number around three to five
times higher than the convective heat flux. These higher heat fluxes evidence how
important radiation is in this cavity’s heat transfer processes. The results obtained with
MFSim and RTS also agree well with the findings of Yiicel, Acharya and Williams (1989),
with a relative error of around 1% to 6% for the cases with radiation. This indicates
that the MFSim-RTS coupling is capable of accurately capturing the heat transfer of
the cavity when radiation is active, particularly the heat transfer by means of radiation.
A larger relative deviation of 13.2% can be seen in the case without radiation, which
is likely caused by differences between the fluid dynamics model employed by Yiicel,
Acharya and Williams (1989) and the one from this work: in this work, we utilized an
adaptive mesh with higher resolution, a pseudo-2D setup, and solved a transient flow
until it converged to a steady-state, while Yiicel, Acharya and Williams (1989) simulated
a 2D case with a steady-state solver and a coarser mesh employing a dimensionless

mathematical model.
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Finally, in Figures 45 and 46, comparative velocity plots through the middle of the
cavity can be seen. An important point of analysis is how increasing the optical thickness
causes a rise in the velocities’ amplitudes. They also show that the MFSim-RTS coupling
manages to predict the overall flow pattern in the interior of the domain much like Yiicel,
Acharya and Williams (1989), including the trend of increasing in intensity with an
increase in optical thickness. When scaled by the domain’s length, the relative error
of peak position (both positive and negative) is around ~ 4% — 5% for all cases. The
difference in the peaks’ amplitudes are possibly caused by the differences in the fluid
dynamics model, similarly to the differences in the Nusselt number for the case without
radiation.

The MFSim-RTS coupling reproduced the patterns and trends described by Yiicel,
Acharya and Williams (1989), including the distribution of isotherms for different optical
thickness configurations, the streamlines profiles and the increase in heat transfer on
the hot wall due to radiation. The temperature and heat fluxes measurements agree
well with what was shown by Yiicel, Acharya and Williams (1989). A few discrepancies
can be seen in velocity peaks and in the Nusselt number for the case without radiation,
which can be explained by the different fluid dynamics computational models between
both results. Overall, the results are quite agreeable and point to the fact that the
MFSim-RTS coupling is modelling the radiative heat transfer in this flow correctly.
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Figure 43 — Isotherms for the Yiicel thermal cavity. Full lines correspond to results
obtained from the MFSim + RTS coupling using the DOM S4 quadra-
ture. Dashed lines correspond to results obtained from Yiicel, Acharya and
Williams (1989), also using DOM S4.

Case MFSim + RTS | Yiicel et al. | Relative difference [%)]
Nu, Nu, Nu. Nu, Nu, Nu,
Without radiation | 11.94 - 13.76 - 13.2% -
T=1 7.51 32.31 7.68 3177 | 2.2% 1.7%
7=0.2 8.76 38.07 871 37.69 | 0.6% 1%
T=2> 7.58 25.05 81 2396 | 6.4% 4.5%

Table 7 — Comparison of Nusselt number average on the hot wall for the Yiicel cavity.
NuMFSim+RTS) — NV U(Yicel) |
INu(Yﬁcel)‘ ’

The relative difference is calculated by the formula |
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Figure 45 — U Velocity lines in x = 2 ¢m for different optical thicknesses.
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Figure 46 — V velocity lines in y = 2 ¢m for different optical thicknesses.

6.2 Salat's Thermal Cavity

As part of the MFSim-RTS coupling verification, the thermal cavity experiment from
Salat et al. (2004) was modelled and solved computationally. This thermal cavity will
be mentioned henceforth as Salat’s thermal cavity. The computational domain consists
of a1 m x0.32 m x 1 m box (Figure 47), discretized in 64 x 32 x 96 cells in the lowest
physical level (1bot), two physical levels and dynamic remeshing. The CFD domain was
also set to always have the finest level around the walls, as seen in Figure 48a. Every 200
CFD iterations, a remeshing operation occurs. The RTS mesh was set to 32 x 16 x 48
cells, with no stretch (Figure 48b). RTS is called to solve the radiative transport every
five CFD iterations, which use adaptive time step with a CFL of 0.7. At later stages
of the simulation, each time-step ends up being equal to, or around, 0.1 miliseconds of
physical time.

The problem was solved both with and without radiative heat transfer, with the
latter consisting of a case using DOM with a Sg quadrature and a case using FAM with
an 8 X 4 angular discretization (i.e. the azimuthal angle is divided in 8 equal regions and
the polar angle is divided in 4 equal regions). For turbulence modelling, the dynamic
Smagorinsky model was used (Lilly, 1992) (Germano et al., 1991). It was considered
that TRI modelling was not necessary due to the medium being transparent, that is,
the fluid does not interact with radiation, only the surfaces of the boundaries. As such,

the average temperature fields were fed diretcly to RTS, without applying filtering and
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turbulence models to the RTE.

The cavity is filled with initially stagnant air, whose properties were calculated using
CoolProp considering a pressure of P = 101,325 Pa (ambient constant pressure, as in
the experiment) and a temperature of 7' = 295.5 K (an average of the hot and cold wall
temperatures). The natural convection was modelled with Boussinesq’s approximation,
with the thermal expansion coefficient taken from CoolProp as well. Gravity is set to be
parallel to the z direction, going from the top wall to the bottom wall. The values were
obtained this way due to Xin et al. (2013) not informing the values of all variables as
shown in Table 8, but rather only the kinematic viscosity, the thermal diffusivity and
thermal expansion coefficients, and thus leaving values like the heat conductivity, specific
heat and specific mass implicit. Nevertheless, the values calculated with CoolProp are
coherent with the ones informed by Xin et al. (2013), displaying only slight differences,
and are representative of the real experiment.

For the radiation model, the air was considered transparent, and thus the spectral
properties of the media are zero. The emissivities of the walls, as well as the boundary
conditions, were taken directly from Xin et al. (2013). Finally, due to an inability of
simulating the conjugated heat transfer on the top and bottom walls, a fixed temperature
profile boundary condition was taken as specified by Sergent et al. (2013a). This profile

is given by the following function:

z-(x—1)-(z—0.681)
(z—1) — 0.0406(x +0.5)°

gbottom = (05 — fI/') + 0.994 (63)
i

_TptTe
The above equation can be rewritten, considering that § = T—Q, where T, = 288 K

Tp—T.
and T, = 303 K, as:

Tbottom(x) = 2955 -+ 15 . ebottom(l'). (64)

A summary of the physical properties and boundary conditions is available in Tables
8 and 9. A summary of the dimensionless parameters that describe this case is given in
Table 10.
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Figure 47 — Illustration of the computational domain for the Salat Thermal Cavity. Cold
and hot walls are highlighted with blue and red respectively. The figure also
shows the width, height and depth measures of the cavity, as well as its
orientation according to the Cartesian axes.

() (b)

Figure 48 — Initial mesh on MFSim (a) and mesh utilized in RTS (b) viewed in the
middle plane y = 0.16 m. In (a), red and blue indicate levels 1bot and
1lbot+1 respectively.
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Specific mass (p) 1.1949686702345306 Tg—;
Viscosity (1) 1.8319820060333877 x 107> Pa- s
Gravity acceleration (g) 9.81 3

Specific heat (c,) 1006.218690342917 @%K
Thermal conductivity (k) 0.02604944054127262 -
Expansion coefficient (/5y) 0.00339 %
Absorption coefficient (k) 0.0 m™*
Scattering coefficient (o) 0.0 m™*

Table 8 — Physical properties used for modelling Salat’s thermal cavity.

Field West East South North Bottom Top
Velocity [7Z] No-slip | No-slip | No-slip No-slip No-slip No-slip
Pressure [Pa] |4 =0| 4 =0| =0 =0 | €=0 =0

Temperature [K] 303 288 | 4T =T | O = T | Tg(x) | —Ther(1 — )
Emissivity [—] 0.09 0.09 0.97 0.97 0.18 0.18

Table 9 — Boundary conditions for the Salat Thermal Cavity. For the top and bottom
walls, the temperature value is given by the function Ty (z) = 295.5 + 15 -

(0.5 — ) +0.994— (”;'Eﬁ)__lz)"(o%géﬂﬁ) , with x values given in metres.

Dimensionless number | Value

Rayleigh (Ra) 1.5 x 10°
Prandtl (Pr) 0.7076
Optical thickness (1) 0.0

Scattering albedo (w) -
Planck number (Pl) 0.0178

Table 10 — Dimensionless numbers for Salat’s thermal cavity.

6.2.1 Verification results

The results were taken from the dimensionless temperature 6, as well as the dimen-

sionless Ugqm and wyq, velocity fields. These are defined by the following relations:

T _ TutTe

f = 2 6.5
T -1, (65)

k
Urey = _—HRCL%, where H = 1 m is the cavity’s height, (6.6)

P Cp

u

Ugdm = O (6.7)
Wadm = — (6.8)

Uref .
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The time-averaged u,q, and w,q, velocities, as well as the dimensionless temperature
¢ were taken on horizontal lines in the mid-depth (y = L,/2) of the cavity, with heights
varying from z = 0.1 m to z = 0.5 m. The dimensionless temperature field on the line
x = L,/2, y=L,/2, and the convective Nusselt number on the centre line of the hot wall
(x =0, y = L,/2) were also measured. Results from these fields were taken from ¢ = 100 s
to t = 600 s and their weighted mean was calculated to obtain their time-averaged values
(0), (Uadm)y (Waam) and (Nu.). The results were compared to experimental data, as seen
in Figures 49 and 50.

The error between the curves from Figures 49 and 50 and the respective experimental

data was also measured. For this, the following definitions were used:

o Error: err(¢) = ¢prsim — Gexp.,

err(o)

o Relative Error: err.. (¢) = 7

Y

e Root Mean Square of the Error: RMSE(¢) = \/% fol err?(¢)dl,

o Root Mean Square of the Relative Error: RMSE,. (¢) = \/% fol err?, (¢)dl,
e Maximum Absolute Error: L., = max(|err(¢)|),

e Maximum Absolute Relative Error: L7 = max(|err,q. (¢)]),

where ¢ is any of the time-averaged fields and [ is the length of the line in which they
were measured. Error plots based on, respectively, Figures 49 and 50 can be seen in
Figures 51 and 52. Global error metrics from these plots are written in Tables 11 and 12.

A stark contrast between the problem solved without and without radiative heat
transfer modelling can be noticed in Figures 49 and 51. Overall, the FAM and DOM
results are also roughly similar to each other. For instance, the peak value of (wugy,) is
under-predicted by about 15% to 27% in the cases without radiation, while the cases
with radiation follow the experimental data quite closely, although for z = 0.1 m they
show a slight deviation in the region after the peak. Despite this, the simulation without
radiation modelling still shows a higher RMSE for this plot. The inclusion of radiation
increases the magnitude of (w4 ), which translates to an increase in the flow velocity of
thermal cavities that has been observed by both Xin et al. (2013) and Yiicel, Acharya
and Williams (1989). Overall, a reduction of 2x to 3x of the RMSE is observed for all
(Waam) plots when radiation modelling is applied, except for z = 0.1 m where they are
just slightly lower.

The temperature plots also reveal a difference when radiation is considered, where a
reduction of 2x to 7x in the RMSE can be seen. Although all cases display curves that

are close to each other, the case without radiation consistently fit the experimental data
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better, which leads to a higher global error. This is also the variable that best fits the
experimental data overall, as can be seen from its error plots.

The (uqam) field present higher errors overall, owing to the fact that the experimental
data itself is probably noisier, evidenced for example by the fact that many experimental
points cluster together and do not form a neat curve. This makes sense, as the flow in this
region points strongly towards the z, meaning that w4, is expected to be intense while
Uqam should be close to zero. For this field, the models with radiation show relatively
good agreement with the experimental data, particularly for z = 0.2m, z = 0.3 m and
z = 0.5m, while for z = 0.1 m it under-predicts the intensities in the middle of the curve
(but fits well with the last two points), and in z = 0.4 m it over-predicts the intensity
in the latter half of the points. Nevertheless, a gain in accuracy by applying radiation
modelling was achieved for z = 0.2m where a reduction of 5x of the RMSE can be
seen. In the other plots, the RMSE is roughly the same between the DOM, FAM and
no radiation simulations. Similar patterns for the (u,q4,) plots were reproduced by the
computer simulations in Xin et al. (2013), although the MFSim-RTS coupling showed
more accurate predictions for z = 0.3 m.

In Figures 50 and 52, it can be observed that (Nu,.) is over-predicted by the model
without radiation, similarly to the Yiicel thermal cavity cases. The contrast is quite
stark, with both RMSE and maxima of the relative error having a 5 x reduction when
radiation is applied, similarly to the (f) and (wugm) plots. This means a reduction of
56% in the RMSE to around 11%. The FAM discretization performed slightly better,
but it is still relatively close in performance to the DOM model, with their error lines
relatively close to each other.

For (f) in the middle of the cavity shown in Figures 50 and 52, all models under-
predict the temperatures at the bottom of the cavity and over-predict the temperatures
at the top, although the cases with DOM and FAM do this only around the peaks, fitting
well with the experimental data between these peaks, while the no radiation case has a
considerably worse fit. This is translated by a relatively flat error plot for the cases with
radiation, and a reduction of over two times in the RMSE metric.

Overall, a noticeable gain in accuracy from considering radiative heat transfer can be
inferred from all of the plots. Despite this gain in accuracy not being shown in all plots,
the models with radiation at worst do not cause a significant reduction in accuracy. This
can be seen in the RMSE metrics from Table 11, where they are either several times
lower than the case without radiation, or roughly the same. The differences between the
DOM and FAM models are also overall quite small, although they may perform a bit
better or a bit worse depending on the plot. The accuracy gain is in line with Xin et
al. (2013), where the authors concluded that the radiative heat transfer between the
cavity’s surfaces has significant effects on the temperature and flow fields, and must be

taken into account for accurately modelling the cavity. In fact, the MFSim-RTS coupling
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has shown accuracy similar to the computer simulations by Xin et al. (2013).
From this verification, it is clear that radiative heat transfer is appreciable in thermal

cavities, even if the media is optically thin (or transparent) and the domain has relatively

small temperatures and temperature gradients.
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Figure 49 — Time averaged fields for y = 0.16 m.
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Figure 50 — Time averaged Nusselt number in the middle of the hot wall (z =0, y =
0.16 m) and dimensionless temperature in the middle of the domain (z =
0.5 m, y=0.16 m).
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Figure 51 — Errors from the plots of Figure 49.
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Figure 52 — Errors for plots in Figure 50.
(0) (Uadm) (Wadm)
Z=0.5m | DOM FAM noRad | DOM FAM noRad | DOM FAM noRad
RMSE 0.007  0.007 0.028 0.001  0.001 0.001 0.008  0.008 0.023
Lo 0.024 0.024 0.146 0.002 0.002 0.002 0.034 0.034 0.075
Z=04m | DOM FAM noRad | DOM FAM noRad | DOM FAM noRad
RMSE 0.009  0.008 0.033 0.002 0.001 0.001 0.008 0.007 0.020
L 0.036  0.036 0.144 0.003  0.003 0.001 0.032 0.030 0.070
Z=0.3m | DOM FAM noRad | DOM FAM noRad | DOM FAM noRad
RMSE 0.008  0.008 0.049 0.001  0.001 0.001 0.007  0.006 0.016
L 0.044 0.044 0.160 0.002 0.002 0.002 0.038 0.037 0.052
Z=02m | DOM FAM noRad | DOM FAM noRad | DOM FAM noRad
RMSFE 0.007 0.007 0.051 0.001 0.001 0.005 0.004 0.004 0.012
Lo 0.035 0.038 0.207 0.002 0.002 0.010 0.025 0.024 0.042
Z=0.1m | DOM FAM noRad | DOM FAM noRad | DOM FAM noRad
RMSFE 0.026 0.024 0.055 0.003  0.002 0.003 0.009 0.009 0.011
Lo 0.046 0.049 0.242 0.005 0.004 0.007 0.053 0.053 0.060

Table 11 — Global error metrics for the plots in Figure 49.
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(Nuc) (0)
DOM FAM noRad DOM FAM noRad
RMSE,q. | 11.48% 10.89% 56.06% | RMSE | 0.013 0.013  0.033
et 18.48% 18.36% 97.58% L 0.048 0.049  0.069

Table 12 — Global error metrics for the plots in Figure 50.
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7 Conclusions

Radiation is known to have an important role in combustion processes, making its
correct modelling fundamental for obtaining accurate data in combustion simulations.
One way this is evidenced is that these cases in particular are usually associated with
high temperatures which, according to Planck’s law, increases radiation emission and
thus its effects. Furthermore, combustion products like gases and soot are known to
interact strongly with radiation. That said, evidence in literature also suggest that it may
play similarly significant roles in many other heat transfer problems, even when such
high temperatures are not present, as in the Salat thermal cavity. This is further evidence
that it is evidenced an important process to be modelled for computer simulations.

For the sake of implementing radiative heat transfer modelling capabilities in MFSim,
initially aiming for simulating industrial processes with combustion, RT'S was developed
by Rodrigues (2023). Due to focusing his efforts in developing RTS and verifying its
accuracy, the coupling with MFSim was in need of adjustments and testing of its own.
This work further enhanced this coupling, enabling MFSim to run independently from it,
utilizing its usual MPI parallelization and AMR mesh. This allowed for more flexibility
in simulations with radiative heat transfer and directly improved computational costs.

The coupling developed in this work was also verified with two thermal cavity cases
that serve as good canonical cases for representing radiative heat transfer interactions
with fluid dynamics. The setup of these cases was presented in great detail, allowing for
them to be reproduced in other software suites. The results obtained are in line with the
literature and show interesting behaviour of radiative heat transfer in thermal cavities,
such as the increase of flow velocities and a decrease in thermal stratification. It has also
been shown that the new coupling layer has relatively small costs when compared to the
total time of time step while allowing for significant reductions in the average wall-clock
time of each time-step by enabling the utilization of coarser spatial meshes for RTS. The
fact that MFSim can now run in parallel with AMR further reduces simulation memory
and time costs.

Last, but not least, bibliographic review on cases relating to radiative heat transfer
and many aspects of its computational implementation, as well as its coupling with CFD
and presence in combustion systems, was performed. This review will hopefully be a
stepping stone for future research in the MFLab. This research encompassed topics such
as fundamental concepts of radiative heat transfer, the definition of the RTE and its
simplifying hypothesis, discretization methods for the angular domain, spectral modelling,
RTE solver design (including a discussion on parallelization strategy), the important

influence that radiation can have on fluid dynamics, the application of radiation in
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combustion processes and trends in academia relating to radiation modelling.

Comparing to Subsection 4.5.3, the coupling of MFSim with RTS now:

e Allows for MFSim to run in parallel, just like in its other applications;

e Allows for MFSim to utilize its AMR mesh, allowing for optimal solver costs for
the CFD;

e Allows for RTS to have its own spatial mesh, separate from MFSim;

e Allows for optimization of computational costs by utilizing coarser meshes for the

radiative fields, a commonly employed technique.

As such, the objectives of this work have been concluded successfully and another
step is taken towards enabling MFSim to simulate problems with complex radiative heat
transfer phenomena. Simulations that were formerly prohibitively costly or impractical

are now possible.

7.0.1 Future works

Currently, RTS is a promising deterministic RTE solver for general applications
in combustion processes. Further development is necessary to expand its applications
and scalability. Considering recent trends on reworking MFSim to run on distributed
GPU platforms, it is also vital that RTS be adapted to run on this same environment
and leverage GPU capabilities. Section 3.10 discusses how a parallel RTE solver may
be developed, concluding that a Krylov-based solver may be a better and promising
alternative to a parallel sweep algorithm, especially on highly parallel environments like
GPUs. In this vein, the use of Diffusion Synthetic Algorithm as pre-conditioner may also
help in amplifying the solver performance. It is likely that, going forward, RTS’s spatial
mesh implementation may be re-written with the prospect of it running in parallel and
on a GPU.

Another problem on the radar is that RTS for now can only handle problems with
a simple, rectangular geometry: although this is enough for flames such as Smooke
(Smooke; Mitchell; Keyes, 1986), Sandia D (Barlow; Frank, 1998; Pitsch; Steiner, 2000)
and Liu’s sooting flame (Liu et al., 2002b), it is not enough for the complex geometries
of the engineering problems it aims to simulate. Although unstructured meshes is a
commonly implemented solution to this problem, Immersed Boundary methods such as
Multi Direct Forcing (Magalhaes, 2022) or Ghost Cells (Ribeiro Neto, 2021) may be a
more interesting solution, especially considering that MFSim is built upon this technology.
Other codes, like Pele, do use Ghost Cells and contain RTE solvers. Whichever method
may be used should concern itself with the existence of solid angle overhang (Section

3.6.2) whenever irregular geometries are present.
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On an aspect more focused on radiation modelling, currently RTS can only solve
grey gases, or a non-gray mixture of carbon dioxide and water using the WSGG model
from Bordbar, Wecel and Hyppénen (2014) and Bordbar, Fraga and Hostikka (2020).
Models featuring more participating species, such as C'O, may be strategic for the solver.
Section 3.8 shows a tendency from researchers of using the FSK family methods for
spectral modelling in CFD-RTE couplings due to displaying great accuracy while being
relatively lightweight; as such, it might be a strategic addition to the code in conjunction
with other WSGG models. Finally, a LBL model for benchmarking purposes may be an
interesting idea to pursue as well.

As future projects aim to simulate turbulent flames, it is important to cite TRI
models as well, as the literature hints to important contributions to solver accuracy
and they should become a considerable concern when more complex simulations are
addressed. Although developing and testing TRI models present quite a challenge, it
is also a field with many research opportunities, untackled problems and important
applications. For example, the recently published Coelho and Fraga (2024) on Large
Eddy Simulation (LES) of reactive flows shows scenarios where TRI data are still lacking,
and discuss how TRI can be important in LES combustion simulations.

Other RTE discretization methods such as Photon Monte Carlo could be implemented,
which could leverage MFSim’s already existent Discrete Particle Method (DPM) models
used for simulating spray droplets. Monte Carlo is naturally scalable on the GPU due to
the fact that each photon particle is independent from each other, making them a prime
target for parallelization. Although historically a very costly method, modern GPU
platforms may allow them to be cost efficient enough for CFD coupling. Furthermore, it
is a trend that can be observed, for example, in the AVBP-Rainier coupling that has
been constantly employed in combustion simulations recently.

Finally, the modelling of soot radiation is also a strategic addition to be had in
RTS, as these not only commonly appear in combustion, but are well-known to strongly
interact with radiation, as noted by Liu et al. (2002b). This task would also require the
addition of soot models in MFSim, and the ability for RTS to communicate with the
soot data from MFSim, making it quite challenging.

For now, a more immediate second step would be simulating non-isothermal jets
such as the ones described by Armengol (2019). Another interesting approach would be
laminar flames with simple geometries like the experiment described in Smooke, Mitchell
and Keyes (1986).
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