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Abstract

Many-body physics, frustrated magnetism and the knobs for tuning quantum materials intersect

at a rich frontier of modern condensed matter physics. The kagome lattice, with its unique

geometry and yet not completely understood phase diagram, has emerged as a key platform

for exploring such phenomena. In this thesis, we investigate the effects of applied distortions

on the magnetic properties of kagome lattices, focusing on the interplay between Geometric

Frustration (GF) and correlations. We study a simple Hubbard model, and employ the Density

Matrix Renormalization Group (DMRG) method to study the ground state properties of strained

kagome systems. Two quantifiers for GF are proposed [1], and their predictive capabilities

evidenced. Based on the literature review we conducted, one of said quantifiers features as

the first local correlation-only way to “probe” GF. Our findings are thus a proof of concept in

favor of not only that strain can significantly change “effective dimensionalities” and magnetic

order, but also modify the “frustration content” and electronic structure of interacting kagome

lattices, potentially leading to novel phases and emergent phenomena. This work paves the

way for future studies on the interplay between strain, electronic correlations, frustration and

elastic properties in interacting kagome lattices, with potential implications for the design of

novel quantum materials and devices.

Keywords: Kagome lattice, straintronics, quantum materials, frustrated magnetism, Den-

sity Matrix Renormalization Group (DMRG), Hubbard model, Quantum Spin Liquids (QSL),

anisotropic insulators, tensor networks.





Resumo

A física de muitos corpos, o magnetismo frustrado e os parâmetros de controle de materiais

quânticos se encontram numa fronteira rica da física da matéria condensada moderna. A rede

kagome, com sua geometria singular e um diagrama de fases ainda não completamente com-

preendido, tem emergido como uma plataforma central para a exploração desses fenômenos.

Nesta tese, investigamos os efeitos de distorções aplicadas sobre as propriedades magnéticas de

redes kagome, com foco na interação entre frustração geométrica e correlações. Estudamos um

modelo de Hubbard simples e empregamos o método do grupo de renormalização da matriz

densidade (DMRG) para analisar as propriedades do estado fundamental de sistemas kagome

deformados. Dois quantificadores de frustração geométrica (FG) são propostos [1], e suas ca-

pacidades preditivas são evidenciadas. Com base na revisão bibliográfica que realizamos, um

desses quantificadores configura-se como a primeira forma local de “sondar” a FG. Nossos resul-

tados constituem, assim, uma prova de conceito de que deformações podem não apenas alterar

significativamente as “dimensionalidades efetivas” e a ordem magnética, mas também modificar

o “conteúdo de frustração” e a estrutura eletrônica de redes kagome interagentes, potencial-

mente levando a novas fases e fenômenos emergentes. Este trabalho abre caminho para estudos

futuros sobre as relações entre deformações mecânicas, correlações eletrônicas, frustração e pro-

priedades elásticas em redes kagome interagentes, com possíveis implicações para o desenho de

novos materiais e dispositivos quânticos.

Palavras-chave: Rede de kagome, straintronics, materiais quânticos, magnetismo frustrado,

grupo de renormalização da matriz densidade (DMRG), modelo de Hubbard, líquidos de spin

quânticos (QSLs), isolantes anisotrópicos, redes tensoriais.
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Chapter 1

Introduction

Humanity lives through fascinating, albeit troublesome times, indeed. The so-called “infor-

mation age” and our supposedly current Fourth Industrial Revolution [2, 3] feature what are

nothing short of modern-day miracles [4] which became as taken for granted as sunsets and

sunrises. Its current pinnacle, Artificial Intelligence (AI for short), has led to, motivated and

served as a playground for several deep advances in multidisciplinary fronts [5–9]. The Nobel

prizes - plural, just in the last year - signal AI’s range and power: from sentiment analysis

and protein folding [5] to theoretical techniques applied in quantum chemistry and fundamental

physics [8, 10]. The Large Language Models (LLM) [11], toddlers in human time scales, have

continued the staggering improvement rate of Deep Neural Networks [12, 13], whose prominence

became particularly notable in the last 10 to 15 years. A fan favorite movie, Her, depicts a

reality that now seems just in reach - as eerie as it may sound.

Even though those consequences of AI are truly earth-shattering, this is not a thesis on the

subject. It is much more aligned with something people believe to be an even deeper and wider

stressor over what we deem “normal life” : the large scale production and usage of quantum

materials and the applications of quantum computation [14, 15]. The latter, once a mere theo-

retical curiosity, now genuinely promises a reshaping of entire industries, from pharmaceuticals

and cryptography to materials science and energy. We’re glimpsing the ability to design entirely

new structures atom-by-atom, effortlessly crack currently unbreakable encryptions, or simulate

complex processes and solve other objectively impossible, as per today’s methods, problems in

many other economically essential fields, such as logistics. Once deemed mere fiction, such sce-

narios are now imminent possibilities. But the future is not our only concern, for just as Jacob’s

ladder, it is grasped one present step at a time. And there is plenty to grapple with right now.

Reaching this “quantum-enabled” future requires overcoming formidable challenges. Some of

them are deeply rooted in the intricacies of interacting quantum materials.

Quantum materials are a promising continuation - and major enhancement - of technological

successes provided by quantum theory in the last century. There is no doubt about the impacts

that transistors have made, and to the fact that band theory has semiconductor physics as

one of its crowning achievements. But modern day discoveries, such as that of graphene and

its two-dimensional “poor cousins” like borophene [16], have shed unprecedent light on the

space of possibilities. Those materials showcase remarkable electronic, optical and mechanical

properties, strengthening once again the links between fundamental physics and cutting-edge

1
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technology. By the same token, topological insulators have not only beautifully expanded our

understanding of matter configurations, bringing robust symmetry-protected effects and new

roles for entanglement to the table [17], but also inspired outstanding practical applications -

with spintronics, low-power electronics and metrological enhancements as important examples

[18, 19].

The aforementioned examples highlight some of the successes achieved for quantum systems

with weakly or essentially non-interacting particles, whose theoretical treatment was made quite

manageable and precise by tools such as perturbative approaches, Landau’s Fermi Liquid frame-

work and Density Functional Theory [20–22]. Understanding and applying quantum matter is,

however, a path littered with complexity. Drawing inspiration from Taleb’s notion of antifragility

[23], we must view such difficulties as “features, not bugs”. That is especially true when ad-

dressing strongly interacting systems. These are characterized by particle-particle correlations so

intense that standard simplifying assumptions become completely invalid [15]. Canonical the-

oretical approaches, like perturbation theory and (naïvely applied) quasiparticle descriptions,

frequently fall short, and really break down spectacularly in systems like high-temperature su-

perconductors [24], Mott insulators (e.g. NiO) [25, 26] and states exhibiting fractionalization

such as the Fractional Quantum Hall Effect (FQHE) [27, 28]. The interplay between short and

long-range scales can become so important that the “bare”1 degrees of freedom might completely

cease to resemble meaningful low-energy excitations [29, 30]. Instead, nontrivial collective modes

emerge. Moreover, we insist, such “new” degrees of freedom are rarely - if ever - obvious from

the microscopic theory at hand, thereby rendering helpless even the very powerful idea of quasi-

particles, as it is customarily applied. Consequently, novel nonperturbative approaches become

crucial for fundamentally new insights and novel quantum technologies.

Phenomena such as the Mott transition and quantum spin liquid physics stem precisely from

this interplay between interactions and quantum fluctuations, whereby often unforeseen collec-

tive behaviors are crafted by nature. The pioneering work by Sir Nevill F. Mott helped with

understanding the physics in, e.g. the canonical example of NiO, where Coulomb repulsion local-

izes electrons, whence its insulating properties, despite traditional band structure predictions of

metallic behaviors [31, 32]. The failure of a system to settle into an unique lowest-energy config-

uration due to competing interactions defines frustration, which, along with strong correlations

and quantum fluctuations, combines into yet another wealth of physical marvels, conceptualized

by Anderson and his Resonating Valence Bond (RVB) theory [33]: the much sought-after Quan-

tum Spin Liquids (QSLs) [34–36]. These exhibit no conventional long-range magnetic order,

even at absolute zero temperature. Instead, they show massive entanglement, highly degener-

ate eigenstate manifolds, and might host fractionalized excitations such as spinons and visons

[37, 38]. Unsurprisingly, given their topological nature, a satisfactory description of this physics

seems to defy the highly successful Landau symmetry-breaking paradigm. At last, the acqui-

sition of experimental data, a quite challenging endeavor in such realms, have been pursued in

compounds like herbertsmithite (ZnCu3(OH)6Cl2), a Kagome Antiferromagnet (KAF) believed

to have a QSL ground state [39]. In a similar spirit, α-RuCl3 has been extensively studied as

a candidate for the Kitaev Spin Liquid, whose low-energy physics might behave as emergent

1To speak field theory lingo: the “microscopic Lagrangian”.



CHAPTER 1. INTRODUCTION 3

Majorana fermions [40, 41].

From the collective behaviors brought by strongly correlated electron materials, a plethora of

configurations - and phases of matter [42]- arise, well beyond these paradigmatic cases outlined

above [43]. High-temperature superconductivity in copper-oxide (cuprate) materials figure as

an archetypal example of emergent phenomena whose origins seem to fundamentally depend

on electron correlations [24]. Heavy-fermion systems, CeCu2Si2 or CeCoIn5 to name a few,

have a characteristically extreme mass enhancement of their charge-carriers, due to localized

f-electrons and conduction band electrons hybridization [44]. Apart from admitting unconven-

tional superconductivity, heavy-fermion compounds might host other complex phenomena as

well, such as Deconfined Quantum Critical Points (DQCP) [45]. Finally, iron-based supercon-

ductors, multiferroics and the celebrated colossal magnetoresistance materials exemplify the

drastic implications that strong correlations might cause, often generating unexpected features

that defy conventional frameworks and our mental models of nature [46].

How, then, may one study problems of this caliber? Aiding a theory for such phenomena re-

quires treatments far beyond simple approximations, whence effective model constructions, some

Dynamical Mean-Field Theory (DMFT) approaches [47, 48] or Tensor Network (TN) methods

[49–51] like the well-established Density Matrix Renormalization Group (DMRG) [52, 53], the

“2D-native” Projected Entangled Pair States (PEPS) [54] and the tailored-for-1D-criticality

Multiscale Entanglement Renormalization Ansatz Ansatz (MERA) [55, 56] were devised. They

have been bootstrapped into mandatory and respectable tools, serving as fundamental guides

of rigour and benchmarks for new methods ever since their onset. DMFT, for instance, a quite

imaginative approach that becomes (rigorously) exact in the limit of infinite dimensions, has

been instrumental in capturing the essential features of systems such as those exhibiting Kondo

physics [57–62], and is very well-suited for the so-called “single-impurity problems”. DMRG, in

retrospect a quite natural extension of Wilson’s Numerical Renormalization Group (NRG) - the

latter being developed to tackle the aforementioned Kondo problem, specifically - turns out to

be a very deep gaze into nature’s “economical approach” to encode information, a layer later

on revealed by Tensor Network representations in general. Its remarkable success in tackling

(quasi-)1D problems and delivering a precision well beyond what Quantum Monte Carlo or other

“silver-bullet” methods can achieve continues to find fertile grounds for application and further

insights. Carefully implemented, it is quite capable of optimizing 2D and 3D ground states as

well. In fact, this is the method of choice for our problem, which will be introduced in due time.

But yet another dimension of the issue lies on “what is the problem to be solved, really?”.

One could start from first principles, and try his luck at dealing with Schrödinger’s equation

in its full glory. Realistically, though, solving even modest numbers of interacting particles

is already intractable beyond comprehension. The truth about doing theoretical science, the

author humbly believes, is that we should sometimes accept our deficiencies and ask nature - or

God - indirect questions, whose answers allow some fathomable glimpses of reality, without us

being blinded or crushed by her true weight. That such endeavors bear any fruit whatsoever is

a miracle already well-awed by Wigner’s famous statement about mathematics, which, it must

be said, should be extended to what’s revealed through e.g. Renormalization Group (RG) fixed-

point analysis. So, we bow our heads and strive for “the second best things” in this enterprise.
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But they allow for a paradise of their own. And theorists believe in heavens built upon models

simple enough to be handled, yet rich in the right measure, thereby matching nature’s complexity

and beauty to the greatest extent any abstraction possibly can. The Hubbard model, originally

introduced to describe strongly-repelled electrons, epitomizes this balance between minimalism

and complexity.

Despite its deceptive simplicity - just hopping and onsite interaction terms in its minimal

incarnation - the Hubbard model has profoundly impacted our understanding of strong corre-

lations [63, 64]. It captures essential aspects of Mott insulators with success, gives room for

antiferromagnetism at certain limits, and even seems to provide a conceptual foundation for

cuprate superconductivity. Nevertheless, its analytical solution in general dimensions remain

elusive, with exact solutions mainly restricted to one-dimensional integrable limits, famously

addressed by the Bethe Ansatz. These cases yield remarkable phenomena such as solitons, spin-

charge separation and non-Fermi liquid behavior. It is truly outstanding that so deep insights

are achievable even from such simplified yet paradigmatic theoretical constructions. Tools like

the RG fill us with the hopes that sometimes, rather curiously, such abstractions turn out closer

to the truth than expected. For universal properties in critical systems, as an intriguing known

example, one must simply build the “microscopic” model with certain right symmetries, in order

to reach understanding of a whole class of systems. But by the same token, it is also remarkable

that the physics held by those “simplified theoretical constructions” is so difficult to crack open.

The message of thoughtfully crafted models is comforting, profound and challenging, all at once.

But we must not digress any further. Let us be more concrete in what follows.

We turn back to the kagome lattices, since they occupy a special position in current af-

fairs, and figure as one of our major concerns in this work. With their distinctive geometry of

corner-sharing triangles, Geometric Frustration (GF) is inherent, which amounts to competing

interactions that prevent conventional magnetic ordering, as we’ve previously alluded. Such

frustration can lead to exotic states like the already mentioned QSL. Ground state searches

in the quantum Heisenberg problem are still a particular controversy. Althought the scientific

community seems to be now positive about its QSL character, the consensus still dwells mainly

between Z2 gapped and U(1) gapless phases [38, 65–68]. It is not within our scope, however, to

address the isotropic KAF within this manuscript, at least not with the level of detail it surely

requires. Our context is bounded by exploring the anisotropic lattice through an innovative

approach to manipulate quantum states that has emerged in the last 20 years or so: straintron-

ics [69–71] - the application of mechanical deformations to systematically modify a material’s

properties.

Originating within the graphene community, straintronics has effectively tuned electronic

structures, revealing new possibilities [69, 72, 73]. Extending this technique to strongly corre-

lated materials could provide unprecedent control over frustration, localization and quantum

phases in general. Inspired by these ideas, this thesis investigates two nanoribbon configura-

tions in the quantum KAF problem. We employ a theoretical model based on the single band

Hubbard Hamiltonian, approaching the strong coupling regime. The DMRG [52, 74, 75] is

employed to find ground states, explore magnetic correlations, frustration and local magneti-

zation patterns of the uniformly strained KAF. We also propose two simple ways with which
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Geometric Frustration might be quantified, and discuss their general usefulness by contrasting

with previously known frustration indicators. Our findings are evidence that, as one would in-

tuitively expect, both the direction and strength of the applied deformations reshape magnetic

structures. Moreover, by controlling the direction of strain at a large enough fixed strength,

it is possible to effectively tune the KAF between 1D-like and 2D structures, with the former

enabling a coexistence of antiferromagnetic lines and easily polarizable sites, whilst the latter

hosts ferrimagnetic structures due to it essentially becoming a Lieb lattice.

This thesis is organized as follows: In Chapter 2, we provide essential background on quantum

materials, the challenges of interacting problems and general frameworks for dealing with strong

correlations effects. Theoretical tools are there presented, each in fitting detail, to overview

state-of-the-art methods. We finish with an explanation of the chosen computational techniques.

Chapter 3 presents Frustration, picturing the KAF as one de facto candidate for hosting QSL

physics, thereby emphasizing our main concerns with frustration right away. Some classical

results are outlined, and the KAF QSL controversy discussed. Finally, works on the anisotropic

KAF are reviewed. Chapter 4 introduces straintronics, discusses some literature on the kagome

lattice for non-interacting cases, related KAF results in either classical or quantum cases, and

finishes by framing our problem as living in an intersection of the three major themes thus

far exposed. Our main findings regarding applied strain are presented in Chapter 5, detailing

the quantification and tuning of frustration, with the latter resulting from how strain affects

magnetic properties in kagome nanoribbons. We contrast our findings with known literature,

focusing on classical vs quantum behaviors, exotic anisotropic configurations, ferrimagnetism

and mention alternative methods for inducing anisotropies already crafted. Finally, Chapter

6 holds our final reflections on the subject, summarizes the key contributions in this thesis,

discusses their broader implications, and highlights promising future research directions.



Chapter 2

Quantum materials and strongly

correlated systems

At the forefront of modern condensed matter physics, quantum materials stand promising trans-

formative impacts on fundamental science and technology alike. These systems display behaviors

explicitly dominated by quantum mechanical effects. In this chapter, we give a brief account on

what has been and might be achieved through quantum materials exploration. Next, we intro-

duce foundational concepts essential to their understanding, with a special emphasis on strong

electronic correlations. Some difficulties on dealing with the latter are exemplified through the

1D Hubbard model, thereby motivating alternative theoretical approaches to these complex phe-

nomena. Amounting to the bulk of this chapter, Tensor Network methods are briefly discussed

in the last section, with the DMRG particularly emphasized in its traditional form.

2.1 Quantum materials: a brief overview

Quantum materials exhibit macroscopic properties governed by quantum mechanical effects,

distinguishing them from classical systems. These effects—such as quantum confinement, co-

herence, entanglement, and topological characteristics—endow them with remarkable behaviors,

driving advancements in fundamental science and technology. Graphene, a single-layer of carbon

atoms in a honeycomb lattice, exemplifies this class with its Dirac-like electronic dispersion, ex-

ceptional mechanical strength, and optical transparency. Topological insulators, such as Bi2Se3,

embody another subclass1, featuring insulating bulks and robust, symmetry-protected conduct-

ing edge states.

Beyond these archetypes, quantum materials span a diverse range. Transition metal dichalco-

genides (e.g., MoS2) leverage quantum confinement in 2D layers, enabling tunable bandgaps for

optoelectronics [76, 77]. Coherence underpins superconducting qubits in quantum computing,

as seen in niobium-based circuits [78, 79]. Entanglement drives QSL, where spins form highly

correlated, disordered states, a phenomenon central to our kagome lattice study [35, 38, 39].

Topological properties also manifest in Weyl semimetals (e.g., TaAs), hosting massless fermions

1Surely graphene can also host topological states, but the technical details of its mechanisms are different and
we won’t spend much lines on the subject. Interested readers can, for instance, refer to the excellent discussion
by Castro Neto et. al. [70].

6
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with potential for ultra-efficient electronics [80, 81].

Recent reviews highlight the interplay of these features in shaping material properties. For

instance, symmetry and topology dictate robust edge states, while confinement and interactions

amplify correlation effects in low dimensions [82, 83]. This synergy positions quantum materials

as a frontier for both theoretical exploration and applications like quantum sensing [84, 85] and

energy storage [86, 87], setting the stage for our investigation of strongly correlated kagome

systems under strain.

2.2 Strongly correlated electron systems

Strong correlations are most easily spotted whenever a system’s properties are affected by its

constituents’ interactions in non trivial manners. Contrary to widely used semiconductors such

as silicon and germanium, whose behaviors mainly stem from electrons’ delocalized nature,

with a kinetic energy that overwhelmingly dictates the underlying physics, strongly correlated

electron materials have their properties (magnetic, optical etc) fundamentally altered by e.g.

electron-electron interactions. Emergent phenomena such as magnetic order, superconductivity

and metal-insulator transitions arise from the interplay between interactions, lattice structures

and quantum fluctuations. Strong correlation features are quite common in transition metals

with d- or f- valence electrons, with their narrow bands and characteristically localized charge-

carriers. Their nuances might be better understood through a “competition” lens, in either

physical or mathematical terms.

It starts with what might be called the “root of all evil”, regarding our difficulties in solving

quantum mechanical problems - but it is also the root of much beauty: Hamiltonians H = H0+V

where we can solve either H0 or V but [H0, V ] ̸= 0. The cherry on top usually is that they

either have different symmetries altogether, so simultaneous block-diagonalization is off the

menu for starters, or the common set of conserved quantities does not partition the problem

into manageable sectors - that is, treating the subproblems is essentially just as hard. Whence,

mathematically speaking, different eigenbasis can give good quantum numbers for one term but

not for the other. Physically, the distinctions are frequently noted through qualitative aspects,

usually separated by one or more phase transitions. Not even an image compares to carefully

crafted examples, so we proceed with one as follows.

2.2.1 Many ways of not solving the 1D Hubbard model

Consider the single band, half-filled, Hubbard problem for electrons (spin-1
2), since it is one of

the main actors in this work anyways, but this time in 1D2:

H = µ
∑

iσ

niσ − t
∑

<i,j>,σ

c†
iσcjσ + U

∑

i

ni↑ni↓. (2.1)

If t ̸= 0 and U = 0 the low-energy physics is just that of a perfect conductor : Fermi Gas +

lattice periodicity. For U ̸= 0, and t = 0 however, the ground state favors singly-occupied

2Yes, the 1D Hubbard is very special, does have hidden symmetries, and is integrable through the so-called
nested coordinate Bethe Ansatz indeed [88], but we won’t delve into such level of detail in the main text, as it
does no harm to the point at hand.
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(doubly-occupied) lattice sites if U > 0 (U < 0). Notably, the U > 0 ground state is massively

degenerate, due to spin multiplicity, and we have perfectly insulating behavior3. Mathematically,

the conductor lives in a local-in-momentum basis, whilst the insulator at a local-in-position

eigenspace. Such incompatibilites lie, as we’ve already mentioned, at the core of both “beauty

and horror” that lurk in the way of those who attempt to solve even a toy model, if it is of any

use.

At this point, one could try a few standard tricks. Say we are interested at t ≫ U > 0

regimes. The natural instinct is having a go at naïve perturbation theory.

Perturbation theory divergence

Diagonalizing the kinetic term in momentum space with the hopes of finding perturbative cor-

rections due to repulsion means that we should write Eq. (2.1) as

H =
∑

kσ

ϵ(k)c†
kσckσ + U

∑

k,k′,q

c†
k↑ck−q,↑c

†
k′↓ck′+q,↓ ≡ H0 + V , (2.2)

where we’ve supposed that the lattice has periodic boundary conditions and N sites. The

operators H0 and V are implicitly defined as well. The ground state of H0 is a completely filled

fermi sea |FS⟩ =
∏
k≤kF

c†
k↓c

†
k↑|0⟩. Now, a true believer of the great Fermi Liquid Theory (FLT)

would expect renormalized quasiparticles with effective masses, charges and whatnot. It is not

hard to see that the first truly peculiar things start to appear at second order, whose energy

correction is given by

E(2) =
∑

n̸=FS

|⟨n|V |FS⟩|2
EFS − En

. (2.3)

Now, please observe that the states |n⟩ connected to |FS⟩ by V are particle-hole-excited ones: we

take electrons from the Fermi Sea and put elsewhere. There are infinitely many such transitions,

close and far away from the Fermi level. And in the many-particle limit (N ≫ 1), H0 becomes

gapless whereby the integral we get out of Eq. (2.3) has a logarithmic divergence. This is a

disaster people in the last century had to deal with. Let’s pretend we don’t know what they did,

for now, and look for alternative approaches, before we attempt to understand why perturbation

theory failed so badly.

Well, one of the only things we know to do whenever dealing with complicated problems

have left us hanging. We are demoralized and hopeless, but never surrender. There is always

mean-field to be tried.

Mean field failure

Looking at Eq. (2.1), one wonders whether electron occupations could be described as a mean

value plus small fluctuations, such that the latter can be kept up to first order. This seems

3Of a different breed: it is a Mott, not band-insulator. We shall properly address it afterwards.
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reasonable:

niσ → ⟨niσ⟩ + δniσ (2.4)

ni↑ni↓ ≈ ni↑⟨ni↓⟩ + ni↓⟨ni↑⟩ − ⟨ni↑⟩⟨ni↓⟩, (2.5)

and since we’re considering the half-filled lattice with spin-flip4 (↑↔↓) symmetry, the mean-field

Hamiltonian becomes (modulo an overall constant)

HMF = µMF

∑

iσ

niσ − t
∑

<i,j>,σ

c†
iσcjσ, (2.6)

with µMF = µ + U/2. This is readily diagonalized in momentum space, provided the change

ϵ(k) → ϵ(k) + U/2 is made. Therefore, mean-field predicts metallic physics all around, should

quadratic fluctuations be discarded. We fall into disgrace once more. But, fortunately, this is

the miraculously specific situation where we contemplate an integrable problem.

The answer

In 1968, Professor Dr. Elliot H. Lieb, teamed with another giant of the exactly solvable models

community, Professor Dr. Fa-Yueh Wu, to share their analytical solution of the one-dimensional

Hubbard model. This was a great part of the reason behind choosing this problem as an exam-

ple, since we rigorously know its solution, thereby enabling a reference for all approximations

we might test it against. Indeed, for the 1D case, things are even more slippery5, but those

specificities leave the valuable messages untouched.

Perhaps the most important feature from the exact solution is that no metal-insulator tran-

sition happens at finite U . In other words, the Fermi Sea does not survive perturbatively in the

face of Coulomb repulsion. Hence, expecting FLT to thrive is absolutely hopeless, in the sense

that electrons cease to be the relevant low-energy degrees of freedom for any repulsion whatso-

ever. Landau’s adiabaticity hypothesis does not fit. The perturbation theory we attempted was

doomed from the start, for it only works if we’re close enough to the answer.

2.2.2 A model for Hubbard and Mott

Quite differently from the other extremum of this deceptively simple Hamiltonian, we can get

away with second order degenerate perturbation theory when computing the corrections for

U → ∞. Here we actually are close enough to the answer, only - again, but now trivially -

not in the Fermi Liquid paradigm. The approximation is successful, provided we accept that

an effective model will emerge to describe this phase. And it reveals an insulator of entirely

distinct nature from band-theory’s. Here, the absence of electrical conductivity is not due to,

e.g., completely filled energy bands6 that make available states reached by, say, an arbitrarily

small electric field, only after the applied energy exceeds a finite treshold. In Mott insulators,

charge mobility is prevented by large Coulomb repulsion, whereby the gap is of an entirely

4In fact, complete SU(2) symmetry, as the model holds by construction.
5As they usually are, due to quantum fluctuations being much more important in lower dimensions [42, 89].

A prime example of such particularities is, of course, Luttinger Liquid Theory [90, 91].
6In fact, the whole concept of bands typically dies altogether.
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distinct nature. Moreover, the charge carriers are now correlated in such a way that, for 1D in

particular, quasi long-range order is attained. This will become very clear later on.

The following hand-waving argument, whose lack of rigor can be remedied by calculations

shown in any good many-body physics book on condensed matter theory [92–94], captures the

essential physical picture nonetheless. Reasoning with 2 sites is enough, as the fundamental

aspects for nearest-neighbors do not depend on the lattice geometry. When U ≫ t > 0, and

we have L sites, the ground state is 2L degenerate, since the only requirement is that of single

occupancy7, and each electron can have any of two spin projections |↑⟩ and |↓⟩- hereafter dubbed

“up” and “down”. For L = 2, then, the degeneracy is 4. Those states are

|ψ1⟩ ≡ |↑, ↑⟩, (2.7)

|ψ2⟩ ≡ |↓, ↓⟩, (2.8)

|ψ3⟩ ≡ |↑, ↓⟩, (2.9)

|ψ4⟩ ≡ |↓, ↑⟩. (2.10)

Now, it is quite easy to convince oneself that, as our perturbation is here

V = −t
∑

σ∈↑,↓

(
c†

1σc2σ + h.c.
)
, (2.11)

the first order corrections vanish identically: doubly-occupied states are accessed, and have

no overlap with singly-occupied ones. The leading contributions are due to virtual processes

whereby a configuration in our ground state is excited and returns to either itself or another

ground state vector. This is allowed, since we are dealing with second-order degenerate pertur-

bation theory. Also, please observe that the energy correction should be an operator indeed, for

V does not lift the degeneracy completely. Our effectivel model should thus be calculated from

H(2) =
∑

n̸=GS

|⟨n|V |GS⟩|2
EGS − En

= − t2

U

∑

n̸=GS

∣∣∣∣∣∣
⟨n|

∑

σ∈↑,↓

(
c†

1σc2σ + h.c.
)

|GS⟩

∣∣∣∣∣∣

2

. (2.12)

Bearing in mind that V moves an electron from its origin site to a neighbor, the attentive reader

will immediately notice that neither ψ1 nor ψ2 contribute, given Pauli exclusion. By the same

token, she will realize that there are 8 virtual processes with 4 inequivalent results obtained:

|↑, ↓⟩ → |↑↓, 0⟩ → |↑, ↓⟩ (2.13)

|↑, ↓⟩ → |0, ↑↓⟩ → |↑, ↓⟩ (2.14)

|↑, ↓⟩ → |↑↓, 0⟩ → |↓, ↑⟩ (2.15)

|↑, ↓⟩ → |0, ↑↓⟩ → |↓, ↑⟩, (2.16)

and 4 analogous processes with the up and down roles exchanged. Notice that the right counting

should mind distinct results only, whereby the effective coupling is in fact ∼ −4t2/U , modulo

the global sign that is determined in the next step.

7Don’t forget: we’re assuming a half-filled system. Were that not the case, another effective Hamiltonian
would emerge
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After one tinkers with those relevant virtual processes and exploits single-occupancy space

completeness, then either by studying the “emerging” operators due to multiplying the up and

down hopping terms, or through the remembrance of fermionic parton/slave-fermion represen-

tations for spin-1
2 SU(2) operators

Saj ≡ 1

2

∑

α,β

c†
jασ

a
αβcjβ, (2.17)

where σa are the usual Pauli matrices, one arrives at the effective problem

Heff ≡ JS⃗1 · S⃗2 + irrelevant constant, (2.18)

with J ≡ 4t2/U . For an arbitrary lattice in any dimension, given nearest-neighbors hopping

only, this is the general form as well, i.e.

Heff ≡ J
∑

<i,j>

S⃗i · S⃗j + irrelevant constant. (2.19)

This is the celebrated Heisenberg model, which provides a good description of the low-energy

sector of the single-orbital Hubbard model at half-filling, provided there is a charge gap of order U

- and if that’s not so negligible, interesting features, e.g. SDW itinerant magnetism, might arise

[32]. The simplification of going from sites with 4 to 2 degrees of freedom is enormous, but this

effective problem is a work of art in itself. As usual, it is integrable in none but one dimension.

The sign of J determines whether its ground state favors ferro (J < 0) or antiferromagnetic

(J > 0) tendencies. For the problem at hand (J > 0), it is clear that antiparallel spins define the

low-energy landscape. In one dimension, there is no true long-range order (even at T = 0), due

to infinitesimal excitations (such as the Nambu-Goldstone bosons) which spoil ordering for this

candidate of a symmetry-broken phase, featuring one of Mermin-Wagner’s theorem many facets

[95–98]. The spin-spin correlations decay algebraically at long separations. Differently from

what occurs at large enough dimensions for both antiferro (AF) and ferromagnetic (FM) ground

states, where spin waves are propagated by magnons (spin-1 bosons), here fractional excitations

dubbed spinons dictate the dominant physics. For other low dimensions, such as 2 and 3,

the underlying lattices can heavily modify the kinds of phases that arise. Frustration effects,

to be discussed in a later chapter, might appear already with nearest-neighbor interactions

only. Extracting meaningful data out of such cases is a great challenge. We also mention for

completion that, rather ironically, above this system’s upper critical dimension Dc = 4, the

universal properties [42] are exactly captured by mean-field analysis.

2.2.3 Aftermath and how to get things right

We hope that all those failed attempts at finding the ground state properties of the Hamilto-

nian (2.1), plus the appearence of an effetive problem, highlighted some subtleties in dealing

with interactions, while convincingly exemplifying the wealth of phenomena that might occur.
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Notwithstanding the 1D peculiarity of having just two points as the “Fermi surface” could be a

hint at FLT’s demise, this dramatic change in the relevant degrees of freedom persists at higher

dimensions, where the Mott transition now happens at finite U .

In 1D, Hubbard’s low-energy physics is given by Luttinger Liquid Theory (LLT) [89, 91],

and can be analytically found through bosonization, a fairily well-stablished framework for one-

dimensional problems. It basically consists of the continuum limit from particle-hole excitations’

point of view (+ Wilson RG to get the phase diagrams mostly right). It is then evident how

different the excitations/eigenmodes look in LLT contrasted with FLT. Such is more a rule than

exception in truly many-body problems. A final quite remarkable fact is that, while the exact

solution through Bethe Ansatz gives several information, such as the excitation spectrum and

gap conditions, it usually does not tell how to figure the correlations out. Bosonization [99] is

of particular value in such endeavors.

The already mentioned Wilson RG evidently stands as one of the greatest ideas in physics

and science altogether, mainly for how it systematically zooms in on the low-energy degrees of

freedom by integrating out high-energy ones iteratively. Its successes are ubiquitous: from un-

raveling the Kondo effect to quantitatively explaining phase transitions in classical and quantum

systems via universal scaling laws as consequences of fixed-point analysis. In that sense, it not

only provides a tidy classification of phases near criticality but also instills a powerful picture of

how collective behavior emerges as “irrelevant” details get washed out under successive coarse-

graining. However, the method can become quite tricky when the physics does not remain local

or neatly factorable into a series of scales—particularly when dealing with strong interactions

that do not clearly separate high and low energy sectors. Even with these caveats, Wilson’s RG

remains a monumental insight into how to peel off layers of complexity in a controlled manner.

Dynamical Mean-Field Theory (DMFT) is yet another approach whose impact has been

similarly profound, especially in understanding correlated lattice fermions. It effectively captures

local quantum fluctuations exactly by replacing the lattice with a single-site (or cluster) impurity

problem subject to a self-consistency condition - the true point at which approximations are

always made, for the sake of tractability. When it comes to strongly correlated materials, DMFT

has proven invaluable for describing Mott transitions at finite temperature and (large-enough)

finite dimensions—where perturbation theories so often falter—while retaining a tangible link

to realistic electronic structures. Nonetheless, as a purely local scheme, it cannot fully address

spatial correlations or collective modes that hinge on nonlocal physics, and extensions to include

short-range correlations (like cluster-DMFT) come at the cost of heavier computational demands.

Despite these limitations, DMFT stands as a cornerstone for tackling the intricate interplay of

bandwidth, interaction strength, and lattice geometry that hallmark modern studies of strongly

correlated electron systems.

All those distinct techniques and combinations thereof, beckon at the necessity of develop-

ing non-trivial schemes for the treatment of strongly correlated systems. As we have already

mentioned, the collective modes are customarily not evident from the “primordial” constituents

of a microscopic model. Sometimes, if we are lucky enough, deriving an effective Hamiltonian is

manageable. But even that problem, as in the Hubbard → Heisenberg case, might be an Everest

on its own. It seems that having intimacy with phenomena such as quantum phase transitions,
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magnetic order and spontaneous symmetry breaking in general is something reserved for those

initiated in deep enough ideas that help cracking those mysteries open. Amongst many such

great tools that humanity has built, Tensor Network algorithms are probably the most powerful

for the task at hand, to this very day.

2.3 Tensor network algorithms

A delightful lineage of ideas flew since the first classical field-theory problems with infinities were

highlighted by Max Abraham and Hendrik Lorentz [100, 101]. Too many great researchers were

involved in this enterprise to be cited with due justice, so we will keep only a few well-known

names. Drawing inspiration from the seminal ideas of Abraham and Lorentz, the founding

fathers of Quantum Field Theory tackled UV-divergences under regularization and parameter-

renormalization schemes, thereby providing the first “proof of concept” for ideas that even-

tually led to building the most precise scientific theory to date [102–105]. It was Freeman

Dyson who first proved foundational theorems on renormalizability, and modern “lagrangian-

building” is (happily) constrained by such criteria [106]. We then have Kadanoff’s essential

block-renormalization insights [107], alongside Michael Fisher’s inheritance and brilliant expan-

sion of Widom’s scaling hypothesis to their fullest powers, pushing the boundaries of what was

possible and understood in statistical mechanics [108, 109].

The increasingly visible bridge between scale-invariance [110] and assorted tools in phase

transitions [42, 98], and general high-energy physics tricks for taming infinites, was perhaps first

made concrete through the Renormalization Group “formalization” by Kenneth G. Wilson in the

1970s [111]. One of its crowning achievements was the outstanding solution to the Kondo Prob-

lem. As guiding principles, scale8-invariance and coarse-graining the right degrees of freedom

surely became central to the most precise approximative schemes able to grapple with strongly

correlated systems. On the Kondo side of things, the “right way” to proceed is by iteratively

coarse-graining the energy scales of the problem. However, such protocol won’t guide us to the

truth in certain systems where, as we have previously alluded, it turns out that entanglement

scales are the key instead. Steven White published the pioneering example of how to treat a

problem with such nature, providing its solution with unprecedent accuracy: the Density Matrix

Renormalization Group algorithm was discovered, and numerically rigorous results for the Hal-

dane chain were first given [52, 113]. Inheriting all the maturity, time-tested tools and essential

concepts from this large corpus of ideas so elegantly summarized by the initials RG, the modern

entanglement-based renormalization schemes pioneered by DMRG still flourish from its seeds.

It is then mandatory that we take a moment to reflect on the essential ideas behind DMRG,

before they are generalized to the Tensor Network realm. But this requires a word or two about

Wilson’s NRG.

2.3.1 The NRG and its limitations, briefly

One could say that the main reason DMRG exists is that NRG fails badly for important prob-

lems, even at the 1D tight-binding case exemplified by White and Noack [113]. So, how does

8Conformal, to be precise, in 2nd order transitions described by critical systems [42, 98, 112]. But let it be.
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NRG work? The idea is starting with a small system that can be numerically diagonalized in an

exact manner9. One then grows the system, but the maximum Hilbert space size is kept until a

target system size is reached. It is visible that this ceremony of increasing the system without

letting Hilbert space’s vastness get the best of our resources has two stages: (i) one grows both

the system and Hilbert space sizes accordingly, as long as the numerically exact result is guar-

anteed. (ii) a truncation of the Hilbert space is performed, while growing the system, but now

true numerical errors are expected. Of course, the central questions now are: 1) how is that

growth achieved, precisely? 2) what are the truncation criteria?

Wilson did it as follows. One starts with blocks of small enough systems. In the growth phase,

those blocks are linked to form a larger block. The Hamiltonian is then exactly diagonalized and

the basis states are its eigenstates. The selection of which states to keep is based on momentum

RG ideas of “energy cut-offs”. The states are ordered according to their energy, and the lowest

ones are kept - those below a certain threshold. The rest are discarded, and those that are kept

are then used to build a new block, which is again enlarged and diagonalized. This process is

repeated until the target system size is reached.

As we have already mentioned several times through the text, this approach turned out

very effective for the Kondo model [111] and, for providing the general RG formalism crowned

by the Kondo problem solution, Kenneth Wilson was awarded the Nobel Prize in Physics in

1982. However, albeit well-fit for impurity problems, it fails at other relevant strongly correlated

systems, such as the 1D Hubbard model. In fact, quite remarkably, it cannot handle the simplest

1D tight-binding hamiltonians (!). The main reason for this, as was later realized, is that the

NRG approach does not take into account the entanglement structure of the system. In a more

concrete framing, as was brilliantly discussed by White and Noack in their 1992 paper [113],

the usual choice of block eigenstates to be kept “mutilates” the connections of blocks previously

detached. As the authors put it:

The boundary condition of ignoring the connections T to neighboring blocks corre-

sponds to setting the wave function to 0 at the sites just outside the block(...). Any

state made only of low-lying states from the previous iteration must have a “kink”

in the middle. In order to accurately represent states in the larger block, one must

make use of nearly all the states in the smaller block: Any truncation leads to large

errors.

Their attempts at fixing this problem revealed that the solution was to keep the bipartite

entanglement structure of the system as intact as possible, and this is what DMRG does.

2.3.2 A beautiful answer for a beautiful question: DMRG and how to trun-

cate properly

The Density Matrix Renormalization Group (DMRG) addresses the exponential complexity

of quantum many-body systems by coarse-graining entanglement [52]. Introduced by White,

DMRG vastly outperforms exact diagonalization’s reach by targeting the ground state via a

9We closely follow [114] in this exposition.
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variational ansatz. But that is the modern understanding. Let us dive into the original perspec-

tive in which it was introduced, with only a few refinements for the sake of brevity.

Consider a 1D chain with Hamiltonian H =
∑
i hi,i+1, under open boundary conditions,

whose properties (usually the low-energy ones) we are interested in. Take the ground state as

our target. And to be really concrete, consider the following spin-S Heisenberg Hamiltonian:

H =
N−1∑

i=1

S⃗i · S⃗i+1

=
N−1∑

i=1

(
Sxi S

x
i+1 + Syi S

y
i+1 + Szi S

z
i+1

)
. (2.20)

DMRG works in two main acts for optimizing the variational energy of a trial state |ψ⟩

Eψ =
⟨ψ|H|ψ⟩
⟨ψ |ψ⟩ (2.21)

in the Hilbert space of the system, whilst minimizing the error |||ψexact⟩ − |ψ⟩||2. It turns out

that entanglement maximization naturally emerges from the last condition10, and this is the

reason why reduced density operators show up with a central role in DMRG. They are:

• The Infinite-System Algorithm (ISA)- the growth.

• The Finite-System Algorithm (FSA) - the sweeping.

The ISA is the one that builds the system up through a decimation procedure.

The infinite-system algorithm (ISA)

At the ISA stage, DMRG considers a chain of increasing length, usually even. By iteratively

keeping a sufficient number of states, in a “special” basis, one finds the best representation in this

“reduced state space” which can capture the essential features. As will be properly addressed in

a later section, the very existence of such reduced space is at the same time a miraculous finding

and deep facet of nature. And DMRG is particularly capable of exploiting those advantages in

the case of local 1D Hamiltonians. But let us digress no further.

The ISA DMRG builds the system as follows. We start with left and right blocks A and B.

Those can consist, for instance, of even just a single site each, in the first step. The left block

is then enlarged by adding a new site to its right, and the rightmost analogously. That is, the

growth is made by inserting pairs of sites between blocks. If the current block has l sites, then

a superblock consists of the whole system, i.e. the left block, the new sites and the right block,

with a total size11 of 2l+ 2 sites. This structure is generically represented through the notation

A • •B, where the bullets evidently represent the new sites. Analogous questions to those asked

for the NRG now arise: (i) what is the spectrum of the current superblock? and (ii) how to

efficiently obtain it after the system grows? Equivalently, how to truncate the Hilbert space in

a physically accurate way?
10A straightforward argument can be found in the literature, e.g., [75].
11As the discussion progresses, we will be referring to a couple of sizes: Hilbert space’s, the block’s, the

superblock’s... Don’t forget to be mindful about each one of those!
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Following the notation in [74], we start from the fact that any state of the superblock A••B
can be written as

|ψ⟩ =
∑

aAσAσBaB

ψaAσAσBaB
|aA⟩|σA⟩|σB⟩|aB⟩ ≡

∑

iA,jB

ψiAjB |iA⟩|jB⟩, (2.22)

where the new blocks (A• and •B) are represented by the indices iA and jB, and the σ indices rep-

resent the added sites’ degrees of freedom of local dimension d(= 2, for our spin Hamiltonian (2.20)).

The ψiAjB denote the coefficients of the superblock’s wavefunction in the basis of (new) left and

right blocks. The next step is to numerically find the minimized variational energy. Given

the sparse nature of usual local problems, iterative eigensolvers such as Lanczos or Davidson

methods are commonly employed [115, 116] at this stage.

The next step is taking states {|iA⟩} as the basis for the new (larger) left block. Naturally,

the renormalization procedure pressuposes a truncation in Hilbert space dimension. Let D be

this maximum dimension, hereafter denoted bond dimension. Well, the new left block would

now have dimension at most dD. The optimal way to truncate is the following. Consider the

reduced density matrix for this new left block A•12:

ρA• = Tr•B|ψ⟩⟨ψ| =
∑

iAi
′

A
jB

ψiAjBψ
∗
i′
A
jB

|iA⟩⟨i′A| =
∑

iA

λiA |iA⟩⟨iA|. (2.23)

We are now tasked to find the (non negative) eigenvalues λiA - or Schmidt coefficients - and

eigenstates |iA⟩ of this density matrix13. But we must not keep all of them, for the sake of

computational efficiency: only the orthonormal eigenstates with D largest λiA . We denote them

by |bA⟩. Then, the truncated wavefunction amplitudes for subsystem A• are simply obtained

by projecting the previous complete basis states |aA⟩|σA⟩ into the new basis |bA⟩. All other

relevant operators (such as the Hamiltonian, other observables and any simplifying symmetries

implemented) must be “rotated” into the new eigenbasis as well. The new left block is then

represented by the states {|bA⟩}, and the right block is obtained in an analogous way. The

superblock is now ÃB̃, and the process is repeated until convergence14. Also, please observe

how this D can vary from step to step, a feature that will make more sense after we discuss the

FSA.

The finite-system algorithm (FSA)

The FSA is the second part of the DMRG algorithm. It is a refinement of the ISA, and it is

usually performed after the ISA has converged, and a system with L sites was reached. The FSA

consists of a series of sweeps through the system, where the left and right blocks are updated

iteratively. The main idea is to improve the accuracy of the wavefunction by optimizing the left

and right blocks separately, while keeping the other block fixed. It is widely reported in the
12Evidently, the new right block is obtained in an analogous way. If the system has translational invariance, it

is simply a mirror of the left one.
13A Singular Value Decomposition (SVD) is assumed.
14A very honest convergence measure is the truncation error ε ≡ 1 −

∑
a>D

λa, with descending order of the
λa being assumed (λ1 > λ2 > ...), and a proper normalization for the lambdas as well. Here, of course, we must
diagonalize at least a slightly larger problem in order to estimate ε.
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literature, and known by those who have implemented DMRG, that the ISA alone is frequently

not enough, wherefore deeming the FSA practically mandatory. Actually, as White pointed in

his seminal paper, such lack of accuracy is expected, given that ISA’s final state starts with

initially small blocks. By yet another conceptual token, UV/IR mixing is not completely taken

into account by the infinite algorithm.

The idea here is essentially the same as in the ISA, but, say, block B’s growth is now

performed at the expense of block A’s. So, if B has N sites, A must have L − N − 2. This

procedure is continued until either A is so small that a chosen D amounts to its Hilbert space

being numerically exact, or until A is a single site. Once block B has grown to such maximum

size, the process is reversed: A is now the one to grow, and B is accordingly shrinken. This

process is repeated until convergence, and it is called a sweep.

Some implementation subtleties are worth mentioning. The fact that operator representa-

tions in all bases (with varying subsystem sizes) will be needed is not hard to see. But a subtler

feature is connected to the fact that, in order to find the ground state |ψ⟩ for a given A • •B
configuration, large sparse matrix eigensolvers require an initial guess [116]. Of course, the closer

we are to the actual answer15, the faster the convergence. It is easy to intuit that this is the

most time-consuming part of DMRG, and that its acceleration is thus crucial. Therefore, an

obvious guess to start the FSA is whichever last converged state was obtained from the ISA.

This is a good approximation, but it is not always enough, whereby further “astute” tricks are

sometimes required [53, 116]. The reason is that, we insist once more, the ISA does not take

into account the entanglement structure of the system as neatly. Hence, should the ISA result

be already biased in a negative sense, the final output will perform poorly, as far as the physics

of interest is concerned. Supposing that the final ISA wavefunction is “good enough”, however,

one proceeds with the sweep, whereby the previously computed best state is applied as input to

the eigensolver. This is then repeated at each sweep step.

The number of sweeps, for typical 1D systems usually does not exceed 10, and the maximal

dimension D ranges from O(100) to O(1000), in order to get energies right up until the nineth

decimal place. Although there are other problems (and already found solutions) regarding the

simplest DMRG setup of block-site-site-block, this discussion is enough to frame the main ideas

behind DMRG. We would like to now contrast its weaknesses and strengths, at the same time

as we actually understand those. But in order to do so, we must learn why the Hilbert space

vastness is kind of a hoax.

2.3.3 The relevant Hilbert space is not that large, after all

This is one of the key ingredients to Matrix Product States (MPS) and TNs in general, and we

really should savor it later, but the circumstances are such that we must bring it up right now.

But to contemplate the gains, we must first gaze at the price before discounts are applied. Take

our good old Heisenberg Hamiltonian (2.20). For a spin-1/2 chain with L sites, the comprised

Hilbert space is 2L dimensional. If we want to represent a quantum state of this system just

15We should bear in mind: there is always a chance that our guess has no overlap with the true ground state
whatsoever. However, since exact diagonalizations are being made up until a maximum size, the ISA+FSA
combination usually guarantees we won’t be haunted by this ghost. DMRG variations whereby we start directly
in the FSA are the most affected by “initial state sensitivity”.
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by writing all those possible coefficients down, we better have a good friend to deliver us from

such madness. To put things in perspective, suppose [49] L ∼ 1023. Hence, the total number of

basis states in Hilbert space is O(21023

). We don’t even know what to think, when looking at

this number, let’s be honest. This quantity is exponentially larger than the estimated number

of atoms in the observable universe (∼ 1080). There is just no way we can even think of either

writing down all those coefficients, or storing them in a computer16. And this is just for a 1D

system! The situation gets worse and worse as we increase the number of dimensions.

Whether by nature’s laziness or elegance, we are lucky to find that not all those states

are relevant for the low-energy physics of local Hamiltonians [117–119]. This very locality has

important consequences. The most significant to our ends is that the Entanglement Entropy

(EE) of the low-lying eigenstates of such systems obey the so-called area law: it scales, for large

enough regions, as the size of the boundary of said region, rather than its comprised volume.

Such feature is remarkably rare: should we throw a multidimensional dice and select an arbitrary

state from the Hilbert space, the probability to get an area law state is virtually zero. As people

usually put it, the corner of relevant states is a tiny, exponentially small, fraction of the whole

Hilbert space [49]. To get a non rigorous feel, consider an arbitrary (randomly picked) state in a

lattice with local dimension χ. For a sufficiently large bipartition, it is natural to expect that the

reduced density matrix of a typical random state would have entropy close to the logarithm of

its Hilbert-space dimension ∼ χL
D

, with D the spatial dimension and L a characteristic length

scale. This gives S ∼ LD, a volume law rather than an area law.

It is quite interesting to ponder about that. Some of the consequences of having the Hilbert

space so big are fascinating. In a prism that is particularly relevant for the field of many-body

localization, it can be proved that the time-evolved quantum many-body state after a time t

that’s polynomially big in the system size L only reaches a subspace that is exponentially small

[120]. The bottom line reads: it takes an exponentially long time (∼ exp(L)) to access certain

regions17. This lies at the core of several uncertainties as to whether or not certain states are

ergodic, and it is a very active field of research.

Finally, we are now almost equipped to clearly understand why is DMRG so successful. The

area law property of the low-lying eigenstates of local Hamiltonians implies that the Entangle-

ment Entropy of a bipartition of the system is small, and that the entanglement structure can

be efficiently captured by a MPS representation. This means that the relevant Hilbert space

can be approximated by a much smaller space, which is what DMRG does. The MPS ansatz

allows for an efficient description of the quantum state, and it can be shown that the DMRG

algorithm variationally optimizes within this very class of states [49, 74]. Almost because MPS

were not properly addressed yet. We will do so afterwards, but first let us keep our promise of

discussing the strengths and weaknesses of DMRG.

16Actually, such information content, concentrated in a single desk, should be more than enough to develop
into a black-hole.

17If they are ever to be reached in the first place. But I don’t want to open people’s scars right now. Let us
focus on the main issues.
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2.3.4 DMRG’s reach

DMRG’s strengths include high accuracy in 1D (errors ∼ 10−10) and adaptability to quasi-1D

systems like Heisenberg ladders [121]. Weaknesses include bond dimension scaling (D ∼ 103−104

for 2D-like systems) and sensitivity to initial state choice in diagonalization routines, mitigated

by finite-system sweeps and noise injection [122, 123]. Over the years, DMRG’s accuracy has

been shown explicitly through its comparison to some exactly solvable systems and the method’s

expected asymptotic behaviors explored[124–127]. Such analysis reveal that, in one-dimensional

gapped local systems, the Schmidt coefficients decay exponentially fast, whereby DMRG be-

comes enormously facilitated. But in two-dimensional “ribbon-like” geometries where dimen-

sions L × W with L ≫ W are considered, the situation is more complicated [128]. Increasing

W makes the Schmidt coefficients decay slower, sometimes even hindering DMRG completely

inefficient.

We can see in a somewhat “worst-case scenario” way what causes DMRG to fail in 2D.

Suppose our Schmidt coefficients are all λ ∼ 1/D, roughly speaking, with D being the largest

Hilbert space dimension required to get “good physics” out of the problem. The Entanglement

Entropy is then S ∼ logD, and the number of states in the reduced density matrix is then ∼ 2S .

This means that the number of states in the reduced density matrix grows exponentially with

the entropy, which is a clear sign of a problem, given that S ∼ L, by area law requirements.

To be just, 2D systems are generally more difficult to be handled in comparison to 1D ones,

essentially by construction. But the fact that DMRG is not able to treat them as well as it does

for 1D systems feels like an obstacle that, with a few crucial tweaks, might actually work out.

2.3.5 Early successes of projective methods: the Affleck-Kennedy-Lieb-Tasaki

and Majumdar-Ghosh models

The Affleck-Kennedy-Lieb-Tasaki (AKLT) and Majumdar-Ghosh (MG) models [92, 129–131]

stand as early examples of reverse-engineered Hamiltonians: models crafted to host specific,

analytically tractable ground states with nontrivial, yet controlled entanglement structures. We

mention those briefly, for now, as an account of their historical importance. In the AKLT model,

designed for spin-1 chains, the ground state is a Valence Bond Solid (VBS) composed of spin-

1/2 singlets projected into a symmetric triplet subspace. This construction captures Haldane’s

conjecture [132, 133] and provides a pedagogical foundation for symmetry-protected topological

phases. Similarly, the MG model, a spin-1/2 chain with next-nearest-neighbor interactions,

exhibits a (degenerate18) dimerized ground state expressible exactly as a product of singlets

between neighboring spins. These models are not just pedagogical gems, but also practical

stepping stones: their exact solvability, compatibility with valence bond representations, and

modest entanglement scaling have informed modern Tensor Network designs. They serve as

clear case studies where Matrix Product States can exactly capture ground states with minimal

bond dimension, exemplifying how simple entanglement structures still encode rich physics,

particularly MPS, which can express both ground states in closed form [49, 51]. First, we must

have a primer on MPS and their properties. In order to keep this somewhat self-contained, with

18A neat example of the celebrated Lieb-Mattis-Schultz theorem on bipartite Heisenberg problems [134]: their
ground state is either unique and with a gapless excitation spectrum or degenerate and gapped.



CHAPTER 2. QUANTUM MATERIALS AND STRONGLY CORRELATED SYSTEMS 20

no further pretension to be historically linear any longer, we are now proceeding to introduce the

MPS and their properties, referring to the literature whenever possible for the sake of conciseness.

2.3.6 Essentials about Matrix Product States

We follow [49, 50, 74, 135] in our exposition, and mainly focus on 1D or quasi-1D aspects. As

can be shown, by working in MPS space, DMRG algorithms and other optimization methods

come about quite naturally. Moreover, the graphical notation to be introduced enables a neat

compact and correctness-enforcing representation of both states and operators. Although such

constructions won’t be here addressed, we will lay out some essential notation, definitions and

properties.

Tensor networks primer

As far as our purposes are concerned, we can think of a Tensor Network as a multidimensional

collection of complex numbers, with the rank of the tensor being the number of indices it has.

For example, a rank-0 tensor is just a number (a scalar), rank-1 tensors can be seen as vectors19

vj , whilst rank-2 tensors with indices i and j can be represented as a matrix Aij . An essential

operation, index contraction is the sum over all possible values of the repeated indices of a set of

tensors. Few examples are sufficient to illustrate this. Consider first a vector vj and construct

the rank-2 tensor Aij ≡ v∗
i vj . The only contraction here possible is

∑
iAii ≡ ∑

i v
∗
i vi =

∑
i |vi|2,

which is the usual euclidean norm of the vector. Now, consider two rank-2 tensors Aij and Bkl.

The contraction
∑
j AijBjl gives a new rank-2 tensor Cil with components Cil =

∑
j AijBjl, as

it should, since that’s just the usual matrix multiplication. And as the latter, the contracted

indices’ dimensions must match, unless otherwise explicitly stated - a rule which holds for every

contracted pair. This operation is crucial for building more complex TNs, as it allows us to

combine different tensors into a single one.

Figure 2.1: Tensor Network diagram taken from [49]. It connects the notion of open/free indices to the
existence of those free lines that connect the blue dot to no other dot. a. The rank-0 tensor is a scalar,
and it has no free indices. b The rank-1 tensor is a vector, and it has one free index. c. The rank-2
tensor is a matrix, and it visibly has two open indices. Analogously, d. the rank-3 tensor has three free
indices, and it can be represented as a parallelepiped - or as a stack of matrices.

Please, notice that a blatant difference of indexes’ character is presented as soon as contrac-

tions are inserted in the rules. The indices i and l are called “free” or open indices, meaning

that they can take any value - within their respective dimensionality - while the index j is a

“dummy” one, given that it is being summed over. This distinction is important because it
19Notions such as transformation properties of geometrical entities and the subtletites in defining vectors through

them are not necessary in our present level of discussion.
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allows us to keep track of which indices are “integrated out” and which ones are free. It is im-

mediate that in the absence of free indices, the tensor is of rank-0, i.e. a scalar. Those notions

are diagramatically represented in Fig. 2.1, whilst some contractions are pictured in Fig. 2.2.

The reader is invited to find the corresponding diagram for the trace of a transfer matrix like

the one that shows up in solving the 1D Ising model under periodic boundary conditions, i.e.,

T =
∑

{σ1,σ2,...,σN } Vσ1σ2
Vσ2σ3

...VσNσ1
, where the V ’s are the elementary 2x2 transfer matrix

elements. This is a very important point to keep in mind, as it will be crucial for understanding

the MPS representation of quantum states. As a final note, we would like to point that doing

contractions for arbitrarily arranged TNs is a VERY hard task. In fact, it is rigorously known

that general Tensor Network contractions are NP-hard [136], and people usually try to optimize

by approaching specific cases through certain heuristics. We won’t delve into such complications

here, but the interested reader would benefit from checking references such as [137, 138].

Figure 2.2: Diagrammatic representations in Tensor Network “language” for a. a product of matrices
(contraction of 2 rank-2 tensors), b. the contraction of a complex assembly of 2 rank-3 and 2 rank-4
tensors that yields a rank-4 tensor, c. the contraction of two vectors, i.e., the scalar product and d. a
possible full contraction of the rank-4 tensor obtained at b. From this depiction, it must be understood
that lines connecting tensors (the blue dots) signal contractions. Picture originally found in [49].

MPS overview

Figure 2.3: MPS representation of a quantum state. The open indices are physical, and the closed ones
are called bond or ancilliary indices. Picture from [135].

MPS are essentially one-dimensional Tensor Network states like the one shown in Fig.2.3. Those

bonds connecting the tensors (here, the purple boxes) are called bond or ancilliary indices, and

they are the ones that will be contracted in order to obtain the final state. The open indices are

called physical indices, and they represent the degrees of freedom of the system. Before writing
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it down, let us first explain some essential properties of MPS in a somewhat brief manner.

1. Suitable for 1D translationally invariant systems. While in principle each of those

purple boxes in Fig. 2.3 could host distinct tensors, it is also possible to instill translational

invariance by choosing a given unit cell of tensors that is repeated over the lattice - even

if an infinite number of times, whereby thermodynamics might be obtained.

2. The set is dense. MPS are a complete set of states, meaning that any state can be

approximated by an MPS with sufficiently large bond dimension. This is a very important

point, as it allows us to use MPS to approximate any state we want, and it is one of the

reasons why DMRG works so well. However, to cover “sufficiently distant” states, the

bond dimension D must grow exponentially in the system size.

3. Capture 1D area law by construction. The Entanglement Entropy of a bipartition of

the system is proportional to the number of bonds that cross the cut, which is a direct con-

sequence of the MPS structure. This means that MPS can efficiently represent states with

low entanglement, such as the already mentioned ground states of gapped local Hamilto-

nians. The fact that O (logD) is proportional to EE’s upper bound was highlighted at the

end of section 2.3.4 already.

4. Exponentially decaying correlations. Pairwise correlation functions of MPS decay

exponentially for large distances. This implies that a finite correlation length ξ is always

present for any finitely-truncated MPS. Such is the case for DMRG, whereby finite-size

scaling schemes are implemented whenever gapless hamiltonians are to be studied. This

bias must always be kept in mind when interpreting results and doing extrapolations. More

about that will be said when the KAF is discussed. A particularly instructive argument

for this exponential behavior can be found in [49].

5. Expectation values are exactly computable. For instance, the scalar product be-

tween two MPS can always be done in at most O(LdD3) operations, where L is the

number of sites, d is the local dimension and D is the bond dimension, as before.

The next step would be showing how might an arbitrary quantum state be decomposed into

MPS form. To this, we refer the reader to great expositions such as [49, 74, 135]. The main

idea is to use the SVD to express the state in a form that can be represented as an MPS. The

SVD allows us to decompose a matrix into a product of three matrices, one of which is diagonal.

This decomposition is crucial for understanding the entanglement structure of quantum states

and for efficiently manipulating them in TN algorithms - bells that ring in the ears of those

who have already read the previous section on DMRG. Lastly, we would like to emphasize that,

from a modern viewpoint, DMRG can be understood as a variational method over the space of

MPS. Each DMRG sweep optimizes one tensor at a time while keeping others fixed, effectively

minimizing the energy with respect to a restricted yet highly expressive variational manifold.

Operationally speaking, those sweeping updates across the chain correspond to sequential ten-

sor contractions and Schmidt decompositions that redistribute entanglement efficiently. Even

though we believe to have sufficiently stressed already, notice the core idea behind using MPS
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ansätze once more: physical ground states of gapped local 1D systems typically obey an area law

for entanglement, making them naturally compressible into said form with small bond dimension

[53, 117–119].

2.4 Outlook on quantum materials

Quantum materials lie at the confluence of contemporary fundamental physics and technolog-

ical revolution. Their rich landscape — from topologically protected edge states to entangled

magnetic phases — highlight the vast space of possibilities that arise from quantum interac-

tions. However, the full complexity of these systems is often veiled by strong correlations and

frustration, requiring novel theoretical and numerical tools. Looking ahead, the road is both

steep and promising. Strain engineering, non-equilibrium phases, and multi-orbital quantum

simulations are all compelling avenues. TNs, bolstered by entanglement-based reasoning with

continued algorithmic refinement, are likely to remain central, and have already found their way

into field-theoretical grounds - e.g., cMPS and cMERA, with “c” standing for continuous. As

experimental capabilities inch closer to theoretical ambitions, the interplay between emergence,

effective Hamiltonians, and real materials will demand deeper integration of physical intuition,

numerical strategy, and perhaps even machine-learned guidance.



Chapter 3

Many ways to be frustrated

Frustration is a cornerstone concept in condensed matter physics, describing systems where

competing interactions prevent the simultaneous minimization of all energy terms, typically

leading to highly degenerate ground states and exotic behaviors. This phenomenon, in its

subclass dubbed Geometric Frustration, is particularly pronounced in lattice structures like

the kagome, where corner-sharing triangles inherently defy conventional ordering. Historically,

however, it was through the exploration of Spin Glass (SG) physics that frustration was first

appreciated. In this chapter, we explore its origins and implications, starting with some words

on that particular class of disordered spin systems. We then present the usual example of Ising

and XY (planar) spins in a triangle, contrasting their physics with that of Heisenberg spins in

the same configuration. By progressing to QSLs, then focusing on the kagome lattice as a key

platform, we finally conclude with a concise review of the quantum Kagome Antiferromagnet

controversy and some known results for the anisotropic KAF, whence setting the stage for our

deformed-lattice investigations in later chapters.

3.1 Origins of frustration: spin glass physics

The study of spin glasses - disordered magnetic systems characterized by random, competing

interactions between spins [139] - gave rise to the concept of frustration, embedded in models

such as the Edwards-Anderson [140], in the mid 1970s. This model essentially describes classical

Ising spins (Sj = ±1) on a lattice with nearest-neighbor exchanges that are normally-distributed

around zero, thereby hosting the competing ferromagnetic (FM) and antiferromagnetic (AF)

bonds. Such competitions lead to “rugged” energy landscapes with numerous metastable states

[141]. This degeneracy precludes conventional magnetic ordering: it fosters a “frozen” disordered

state below a critical temperature, instead. Early theoretical tools, including the “replica-trick”

[139] and mean-field approximations1 enlightened the slow dynamics [142] and memory effects

[143] emblematic of SGs. However, while SGs highlight frustration due to disorder, there are

alternative paths to explore mutually incompatible arrangements in perfectly ordered lattices,

where geometry alone can induce similar effects. This so-called Geometric Frustration is of

central importance to our work, whereby our attentions will be completely devoted to it, now

1As we would intuitively expect, mean-field techniques like Parisi’s cavity-method [115, 139], are more amenable
to long-range models such as the Sherrington-Kirkpatrick [141].

24
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that we made some justice about frustration’s historical origin.

3.2 Frustration in simple spin problems: Ising, O(2) and Heisen-

berg on a triangle.

To grasp frustration intuitively, consider the simplest frustrated system: three spin-1/2 Ising

spins on an equilateral triangle with AF nearest-neighbor interactions2, described by the Hamil-

tonian:

H = J
∑

⟨i,j⟩

SiSj , J > 0, Si = ±1/2. (3.1)

Here, ⟨i, j⟩ denotes nearest-neighbor pairs, and J is the coupling strength. For two spins, the

ground state is degenerate, but straightforward: one spin up (+1), one down (−1), yielding an

energy of −J/4. Adding a third spin, and enforcing the loop, introduces a dilemma: if two

spins are antialigned (e.g., S1 = +1/2, S2 = −1/2), the third spin (S3) cannot satisfy both

neighbors simultaneously. Aligning S3 = +1/2 satisfies S2 but conflicts with S1, and vice versa.

The ground state thus has two spins aligned and one opposed (e.g., +,−,+), with an energy of

−J/4, but there are six degenerate configurations due to permutation symmetry (e.g., ↑↓↑, ↑↑↓,

etc.). This degeneracy arises because the triangular geometry prevents a fully antiferromagnetic

arrangement3, a hallmark of frustration. But that is not an exclusive feature of this Z2 model.

Let us take the classical model, planar spin with O(2) symmetry: S⃗ = 1
2 (cosθ, sinθ). On the

same triangle, exploit the relation

Hplanar = J
∑

⟨i,j⟩

S⃗i · S⃗j (3.2)

=
J

2

(
S⃗1 + S⃗2 + S⃗3

)2
− 3J

8
, (3.3)

to notice that, minimizing the squared term requires it to vanish, i.e. S⃗1 + S⃗2 + S⃗3 = 0. This is

a very different situation from the Ising case, where the spins are forced to be aligned or anti-

aligned. Here, the spins can take any direction in the plane, and the only requirement is that

they sum to zero - whereby they compromise in a 120o arrangement - no pair is perfectly happy,

but the whole settles into what’s possible nevertheless: a canted configuration. This leads to a

continuous degeneracy of ground states, as any rotation of the spins around the center of mass

will yield another ground state. The energy remains constant at −3J
8 , but the possibilities are

much richer4.

Finally, as our last example on the importance of geometry, underlying symmetries and

“quantumness”, let us consider the Heisenberg model on the same triangle, in its spin-1/2

2Of course, this jargon is perfectly understood by the initiaded, but we insist on a brief clarification: whenever
such presentations are made (“AF nearest-neighbor interactions”), specially for finite-sized problems as the case
in point, we should understand that it is the low-energy sector that favors antiparallel alignment.

3Such failure to simultaneously minimize every term can also be achieved by the Villain Lattice [144]: a square
with all terms ferromagnetic, but one. Since this is more akin to frustration of “bond-disorder” type, we mention
it only for completion.

4The reader can easily imagine that this degeneracy would be even greater should we allow for a third dimension,
i.e. S⃗i ∈ R

3, which gives yet another axis of freedom to the spins.
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incarnation. The Hamiltonian can be written in analogy to the planar case, but now we have a

quantized three-dimensional vector. The Hamiltonian reads:

HHeisenberg = J
∑

⟨i,j⟩

S⃗i · S⃗j (3.4)

=
J

2

(
S⃗1 + S⃗2 + S⃗3

)2
− 9J

8
. (3.5)

A fundamental difference here arises: the total angular momentum squared cannot vanish, as

it would in the planar case. This is because the total angular momentum squared is given by

S⃗2 ≡
(
S⃗1 + S⃗2 + S⃗3

)2
= S(S + 1) (ℏ = 1), where S is the total spin quantum number. The

ground state of this system is now only four-fold degenerate. The frustration here arises from

the fact that the system cannot simultaneously minimize all interactions between the spins, as

can be seen in the following (S = 1/2).

EGSHeisenberg =
J

2
S(S + 1) − 9J

8
(3.6)

=
J

2

3

4
− 9J

8
= −3

4
J, (3.7)

and with the assumption of translational invariance, we can easily evaluate the correlations

between each pair of spins. The correlation function is given by:

Cij = ⟨S⃗i · S⃗j⟩ − ⟨S⃗i⟩ · ⟨S⃗j⟩, (3.8)

which, by (3.7), gives us the following results for all i, j pairs:

Cij = ⟨S⃗1 · S⃗2⟩ − ⟨S⃗1⟩ · ⟨S⃗2⟩ (3.9)

=
1

3J
EGSHeisenberg − 0 (3.10)

= −1

4
. (3.11)

This result is somewhat intriguing, given that the Heisenberg triangle can, in a sense, achieve

what the Ising couldn’t (-1/4 “correlation points” per pair). It is noteworthy that such arange-

ment corresponds to an equally weighted combination of singlet and triplet subspaces.

3.2.1 Frustration signalers and quantifiers

Frustration in magnetic systems manifests itself through various indicators, both microscopic

and macroscopic. Understanding and quantifying this phenomenon is crucial for exploring ex-

otic magnetic phases. We will now discuss some of the most relevant and known measures of

frustration found in the literature, weighting their advantages and disadvantages.
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Toulouse’s plaquette criterion

Toulouse captured the essence by defining certain “plaquette variables” or “loop-products” like

the following [145]:

PW ≡ (−1)#terms
∏

<i,j>∈p

sgn(Jij). (3.12)

The idea is that we should take a given spin hamiltonian, e.g. H =
∑
i,j JijSiSj , construct

elementary loops (the “plaquettes” p) whose connections are given by couplings Jij , compute

the latter’s signs and evaluate the product. Frustration on a plaquette would then be signaled

by PW < 0, and to evaluate the system as a whole, we should gather all plaquette’s results. This

concept is analogous to the Wilson loop in lattice gauge theories and has been instrumental in

understanding spin glasses and related systems. The utmost simplicity makes it instantaneously

attractive. Its essential drawback, however, is a certain “low-resolution” nature, for the actual

relative strenghts of the couplings are not taken into account.

Ramirez’s frustration parameter

Ramirez [146] proposed a macroscopic measure of frustration, the frustration parameter f , de-

fined as the following ratio:

f = −ΘCW

Tc
, (3.13)

with ΘCW being the Curie-Weiss temperature and Tc the ordering temperature. This parameter

quantifies the degree of frustration in a system, with |f | > 1 indicating strong frustration, as

the system fails to order at temperatures where interactions are significant. It is specially useful

for comparing different materials and understanding their magnetic properties. The obvious

difficulty with this approach is that it requires a well-defined ordering temperature, which is

not always present in strongly frustrated systems. Moreover, the Curie-Weiss temperature can

be influenced by other factors, such as disorder or anisotropy, complicating the interpretation

of f . Finally and most importantly, this parameter requires knowledge from finite temperature

physics, which might mask potential critical features, should the measurements (or approximate

calculations) have been performed at the inconvenient part of the phase diagram.

Residual entropy and Pauling’s spin ice

Linus Pauling’s study of water ice-like systems led to the concept of residual entropy, a measure

of disorder in a system at absolute zero. In his work on spin ice [147], he found that the

ground state is highly degenerate, leading to a non-zero residual entropy even at T = 0. This

phenomenon arises from the Geometric Frustration present in the system, where competing

interactions conspire to prevent it from settling into a unique ground state. The residual entropy

can be quantified using the celebrated microscopic definition of entropy by Boltzmann:

Sres ∼ ln Ω, (3.14)
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where Ω is the number of degenerate ground states. This measure is particularly relevant in

systems like spin ice, where the residual entropy reflects the underlying frustration and the

presence of equivalent low-energy configurations. Nevertheless, it is evident that not every

degeneracy is a sign of frustration, as it can also arise from other factors like symmetries. A

very sounding complementary result, certainly inspired by Pauling’s work, is the one by Wannier

[148], who showed that the residual entropy of a triangular lattice with Ising spins subject to

no magnetic field is finite. This highlights the role of geometry in determining the ground state

properties of a system and serves as a precursor to the concept of Geometric Frustration.

Anderson’s block coupling energy

P.W. Anderson5 introduced a nonlocal definition of frustration for spin glasses [149], focusing

on the coupling energy accross boundaries between large blocks of spins. The method involves

subdividing a spin system of N sites into m smaller blocks, each containing N/m spins - its

volume - and with a surface area A ∝ ld−1 (where l = (N/m)1/d), between neighboring blocks

B1 and B2. Each block is allowed to independently reach its lowest energy state, with spins set

to S0
i . The coupling energy between said blocks is then given by:

EAB =
∑

i∈B1,j∈B2

JijS
0
i S

0
j , (3.15)

where Jij are the coupling constants between spins in different blocks. A system is then deemed

frustrated if the variance of this energy, Ē2, satisfies [149]

lim
A→∞

Ē2

A
= 0 → frustrated, (3.16)

whilst for non frustrated local systems Ē2 ∝ A2. Anderson interpreted the scaling in Eq. (3.16)

as a result of the interactions between blocks having random signs, thus preventing an overall

compatible ordered structure. This approach stands out in the study of disordered systems with

its general applicability to various spin systems (Ising, Heisenberg, etc) and interaction ranges.

It also succeeds in capturing an essential feature of frustration, that is, the globally disrupted

long-range order. But its nonlocal nature6 makes it less intuitive for identifying possible “local

sources” of frustration. Moreover, it is more of an all-or-nothing rule, thereby missing out the

potential gradients of frustration. Finally, it features the problem of generalizations: they don’t

seem to come out in an obvious way for, e.g., clean systems where frustration is a result of

geometric constraints alone.

Kobe and Klotz’s misfit parameter

Kobe and Klotz [150] proposed a quantitative measure of frustration through the so-called misfit

parameter, which compares the ground-state energy of a frustrated system to that of an idealized

5Yes, him again. This gentleman worked until his very last days, and his contributions are so many that it is
hard to keep track of them all.

6Perhaps an omen to the topological nature of QSL and other-problems-to-come.
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reference system. The parameter, for a state i is defined as:

µi =
Ei − Eidmin
Eidmax − Eidmin

, (3.17)

where Ei is the energy of the state i, and Eidmin and Eidmax are the minimum and maximum energies

of the idealized reference system, respectively, assuming all bonds are satisfied or unsatisfied:

Eidmin = −
∑

<i,j>

|Jij |, Eidmax =
∑

<i,j>

|Jij |. (3.18)

For the ground state, the misfit is µ0 = µ(E0), which ranges between 0 (no frustration) and

1 (maximal frustration). For ±J spin glasses, µ0 clearly represents the fraction of unsatisfied

bonds. This measure somewhat shares Anderson’s nonlocal criteria versatility, but it turns

out to be even more so. It can be applied to both ordered and disordered systems right out-

of-the-box, including spin glasses, Potts models and combinatorial optimization problems like

graph partitioning [151–153]. Even more so, in the widening aspect of delving deeper into

frustration’s shades, it provides a quantification, a scale to measure such quantity. The most

serious impediment to its usage seems to be the requirement of a reference system, since that

may introduce ambiguity in problems with mixed interactions. Finally, a common feature among

every measure that we have already commented in this thesis, with the exception of Toulouse’s,

is that they do not directly reveal local frustration sources.

3.3 Quantum spin liquids: frustration meets quantum mechan-

ics

Frustration’s complexity escalates in quantum systems, where fluctuations and entanglement

give new colors to, if not amplify, degeneracy effects. QSLs represent an extreme manifesta-

tion, characterized by the absence of conventional magnetic order even at T = 0, sustained

by massive entanglement and fractionalized excitations. Anderson’s RVB theory pioneered this

concept, proposing that spins form a superposition of singlet pairs, resonating across the lattice

[33]. Unlike classical ordered states, QSL host exotic quasiparticles such as spinons (spin-1/2

excitations) and visons (topological defects), defying Landau’s symmetry-breaking paradigm

[34].

The theoretical allure of QSL is matched by experimental challenges. Materials like herbert-

smithite (ZnCu3(OH)6Cl2) and α-RuCl3 are prime candidates, exhibiting no long-range order

down to millikelvin temperatures [39, 154]. Herbertsmithite, with its kagome structure, shows a

continuum of spin excitations suggestive of fractionalization [155], while α-RuCl3 approximates

the Kitaev model, potentially hosting Majorana fermions [156]. These systems underscore frus-

tration’s role in stabilizing QSL, but their ground states remain contentious due to experimental

limitations (e.g., disorder) and theoretical ambiguities.
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3.4 Geometric Frustration in the kagome lattice

The kagome spin lattice, a 2D network of corner-sharing triangles, is an archetypal frustrated

system. Its geometry—three sites per unit cell connected by bonds forming a David star-

like pattern—ensures that nearest-neighbor antiferromagnetic interactions compete relentlessly.

For the classical Ising model on kagome, Ramirez estimated a ground-state degeneracy scaling

exponentially with system size (∼ 20.501N , whereN is the number of sites), reflecting an extensive

entropy [146]. This degeneracy not only persists but is actually enhanced in the Heisenberg case

(H = J
∑

⟨i,j⟩ S⃗i · S⃗j), where continuous spin degrees of freedom amplify frustration effects.

3.5 The quantum kagome antiferromagnet controversy

The quantum Heisenberg model on the kagome lattice (S = 1/2) is a battleground for theoretical

physics, with its ground state debated for decades. The Hamiltonian,

H = J
∑

⟨i,j⟩

S⃗i · S⃗j , J > 0, (3.19)

looks simple, yet its low-energy physics eludes consensus. Early exact diagonalization studies

suggested a disordered ground state with a spin gap [157], hinting at a gapped QSL. However,

computational limitations (e.g., ≤ 27 sites) left open questions about finite-size effects.

Analytical approaches, notably the large-N expansions of Read and Sachdev based on Sp(N)

symmetry, offered crucial early insights [158]. These expansions identified two distinct regimes:

for large N , quantum fluctuations selected an ordered state from classically degenerate manifold

configurations, while at smaller N , the system transitioned into a quantum-disordered phase

featuring deconfined spinon excitations, thus hinting at potential fractionalization [158, 159].

Further analytical classifications were significantly advanced by Projective Symmetry Group

analysis, pioneered by Wen and collaborators, systematically cataloging possible spin-liquid

states by considering fractionalized spinon excitations transforming under lattice and local sym-

metries. This led to identifying numerous candidate states, particularly gapless U(1) Dirac and

gapped Z2 spin liquids [37, 160].

The emergence of powerful Tensor Network methodologies, notably Density Matrix Renor-

malization Group, revitalized the debate. Yan et al. (2011) performed DMRG calculations on

cylinders with circumferences up to 12 lattice spacings and found evidence for a gapped spin

liquid with short correlation lengths and indications of Z2 topological order [68]. Subsequent

DMRG investigations by Depenbrock et al. (2012) and Jiang et al. (2012), employing larger

bond dimensions and more comprehensive entanglement analyses, strongly argued for a gapped

Z2 QSL characterized by a finite spin gap and distinct topological Entanglement Entropy sig-

natures [161, 162].

Meanwhile, alternative Tensor Network methods such as PEPS, Projected Entangled Sim-

plex States (PESS), and MERA further complicated consensus. PEPS and PESS simula-

tions, designed explicitly for two-dimensional entangled states, favored gapless U(1) spin liq-

uids [163, 164]. Similarly, MERA, optimized for critical systems, also inclined toward gapless

phases [165]. The methodological divergences among these numerical approaches, it is worth
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mentioning, could be influenced by intrinsic biases: DMRG, despite its precision, struggles with

genuine two-dimensional long-range entanglement and is heavily dependent on extrapolations

from quasi-one-dimensional geometries. Conversely, PEPS, PESS, and MERA balance accuracy

against computational cost, at the expense of potentially introducing biases toward particular

types of correlation structures.

Recent breakthroughs have added further complexity. A 2025 study leveraging machine-

learning-enhanced variational Monte Carlo suggests an entirely different scenario: the kagome

Heisenberg model may host a spinon pair density wave, preserving both time-reversal and lattice

symmetries while breaking the conventional expectations of Dirac or Z2 QSL states [166]. This

result challenges prior outcomes rooted in both DMRG and PEPS-based analyses. Concurrently,

the possibility of a chiral spin liquid has been theoretically revived, with recent work indicating

that the kagome lattice may support time-reversal symmetry-breaking spin-liquid phases under

purely Heisenberg interactions [167]. This expands the known landscape beyond Dirac and Z2

paradigms.

On the experimental side, notably neutron scattering on candidate materials such as her-

bertsmithite, provide indirect yet compelling support for gapless QSL phases, revealing a broad

continuum of excitations without detectable magnetic order [155]. However, the interpreta-

tion of such experiments remains challenging due to the complications arising from impurities,

interlayer couplings, and lattice distortions, which prevent direct comparisons with ideal the-

oretical models. Moreover, recent discoveries have broadened the experimental horizon. In

2023, magnetization measurements on YCu3(OH)6.5Br2.5 revealed a robust 1/9 magnetization

plateau—suggesting the existence of a spin-gapped, potentially fractionalized, phase [168]. In-

triguingly, another study demonstrated that moderate bond disorder in YCu3(OH)6.5[(ClxBr1−x)3−y(OH)y]

can stabilize a QSL state rather than destroy it, challenging the conventional wisdom that dis-

order is purely detrimental to topological order [169].

Finally, advanced spectroscopic probes have recently provided compelling evidence for Dirac

spinon excitations in kagome antiferromagnets, lending experimental weight to theoretical mod-

els of gapless U(1) QSL with Dirac-like dispersions [170].

As of 2025, the quantum Kagome Antiferromagnet controversy remains unresolved, yet in-

creasingly rich. The community broadly agrees on the existence of a quantum spin liquid ground

state but remains divided over its precise nature. Whether the kagome lattice hosts a gapped

Z2 liquid, a gapless U(1) Dirac phase, a spinon pair density wave, or even a chiral spin liquid

is an open and vibrant question. Achieving resolution will require not only further advances in

numerical methods and analytical frameworks but also targeted experimental probes capable of

directly interrogating fractionalized excitations, entanglement structures, and subtle symmetry-

breaking phenomena.

3.6 Anisotropic kagome lattices

Anisotropy serves as a pivotal parameter in modulating the magnetic properties of kagome

antiferromagnets. In the classical Heisenberg model, unequal exchange interactions (J1 ̸= J2 ̸=
J3) disrupt the extensive ground-state degeneracy characteristic of the isotropic kagome lattice.

This lifting of degeneracy stabilizes various ordered phases, including ferrimagnetism and stripe
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order, as demonstrated by Vojta et al. [171]. The authors evidenced how uniaxial strain along

a lattice vector (e.g., a1) enhances specific bond strengths, thereby reducing frustration and

inducing classical phase transitions.

In the quantum regime, the interplay between frustration, quantum fluctuations, and anisotropy

gives rise to a rich and complex phase diagram. Schnyder, Starykh, and Balents [172] inves-

tigated the strongly anisotropic limit of the spin-1/2 Kagome Antiferromagnet, showing that

spatial anisotropy drives the system away from a QSL towards magnetically ordered phases or

valence bond crystals. Their exact diagonalization results indicate that the QSL is destabilized

once the ratio between coupling constants crosses a critical threshold.

Further studies of the breathing kagome lattice—a variant where up-pointing and down-

pointing triangles have different coupling strengths—demonstrate that the QSL phase is robust

under moderate anisotropy but eventually gives way to a lattice-nematic phase as the anisotropy

increases [173]. These results suggest that the kagome QSL is not indefinitely robust but exists

within a finite window of parameter space.

Additionally, DMRG studies on kagome strip lattices have uncovered the emergence of mag-

netization plateaus whose stability is highly sensitive to anisotropic perturbations [174]. Certain

plateaus remain stable when anisotropy aligns with the external field, while others collapse under

transverse anisotropy. This highlights the subtle interplay between field orientation, anisotropy

direction, and quantum fluctuations in determining the ground state.

These insights collectively underscore the potential of strain engineering as a powerful tool to

systematically explore and manipulate the phase diagram of kagome antiferromagnets. Unlike

electric-field-induced anisotropy, which modifies exchange couplings through charge redistri-

bution [175], strain mechanically deforms the lattice, providing a direct geometric handle on

frustration and quantum order.

3.7 Summary and outlook

Frustration transforms the already fascinating spin models into playgrounds for yet richer emer-

gent phenomena, from classical degeneracy to quantum entanglement. The kagome lattice epit-

omizes this, hosting a contentious QSL debate that underscores the interplay of geometry, in-

teractions, and computational methods. Anisotropic variants, particularly under strain, provide

a promising avenue to resolve ambiguities and engineer novel states. In the next chapter, we

explore straintronics as a tool to manipulate kagome physics, building on this foundation to

investigate our strained nanoribbon system.



Chapter 4

Straintronics

Straintronics—the deliberate application of mechanical strain to tune the electronic, magnetic, or

optical properties of materials—has emerged as a powerful paradigm in condensed matter physics

and materials science. By deforming a lattice, hopping amplitudes can be modified, effective

gauge fields might be induced, or phase boundaries may be shifted, offering a versatile control

knob for quantum systems. This chapter traces straintronics’ foundations in elasticity theory, its

evolution through carbon-based nanostructures, and its extension to strongly correlated systems

like the kagome lattice. We conclude by framing our Hubbard model study within this context,

highlighting strain as a bridge between geometry and quantum many-body physics.

4.1 Elasticity theory and early electron-phonon studies

The roots of straintronics lie in elasticity theory, which describes how materials deform under

stress. For a 2D lattice, the strain tensor ϵ quantifies deformations relative to the undeformed

state:

ϵij =
1

2

(
∂ui
∂xj

+
∂uj
∂xi

+
∑

k

∂uk
∂xi

∂uk
∂xj

)
, (4.1)

where u⃗(r⃗) is the displacement field, and the nonlinear term accounts for large deformations.

In the linear regime, this simplifies to the symmetric part of the displacement gradient. The

material’s response is governed by elastic constants (e.g., Young’s modulus, Poisson ratio ν),

linking strain to stress via Hooke’s law.

At the microscopic level, electron–phonon coupling provides the bridge between elastic defor-

mations and changes in electronic structure. A central concept here is the Grüneisen parameter,

which quantifies the sensitivity of phonon frequencies to changes in volume (or, in two dimen-

sions, area). For a phonon mode ν with momentum q, one defines the mode-resolved Grüneisen

parameter as

γν(q) = −∂ lnων(q)

∂ lnV
, (4.2)

first introduced in the early 20th century [176, 177]. This quantity can differ strongly between

acoustic and optical branches, and between different regions of the Brillouin zone [178].

For thermodynamic properties, such as the thermal expansion coefficient, it is convenient to

introduce an effective or macroscopic Grüneisen parameter, obtained as a heat-capacity-weighted
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average over all modes [179, 180]:

γ(T ) =

∑
ν,q Cν(q, T ) γν(q)
∑
ν,q Cν(q, T )

, (4.3)

where Cν(q, T ) is the mode-specific heat. This effective γ is generally temperature-dependent:

at low temperatures only acoustic modes contribute, while at high temperatures many phonon

branches are thermally populated.

In the context of electronic structure modeling, a related but distinct parameter often ap-

pears: the bond-level Grüneisen parameter, commonly denoted β. This measures how electronic

hopping amplitudes change with bond stretching due to the exponential sensitivity of orbital

overlap:

tij = t0 exp

[
−β

(
|r⃗′
ij |

|r⃗ij |
− 1

)]
, (4.4)

where t0 is the unstrained hopping and r⃗′
ij the strained bond vector. Typical values β ∼ 2−4

have been reported for carbon-based systems, consistent with both density-functional-theory

(DFT) calculations and Raman experiments [178, 181, 182].

Experimentally, Grüneisen parameters can be accessed in several ways. Mode-resolved γν(q)

is obtained from high-pressure Raman or infrared spectroscopy, by tracking phonon frequency

shifts under controlled strain or hydrostatic pressure [183]. The macroscopic γ(T ) can be ex-

tracted from thermal expansion and specific heat measurements [180]. Bond-level β is usu-

ally inferred indirectly from the strain dependence of bandgaps (e.g., in carbon nanotubes and

graphene) or from fitting tight-binding models to DFT-computed hopping integrals under lattice

distortions [184].

4.2 Straintronics in graphene: a pioneering case

Graphene, a 2D honeycomb lattice of carbon atoms, catalyzed straintronics’ rise in quantum

materials. Its discovery in 2004 [185] revealed exceptional mechanical and electronic properties,

making it an ideal testbed. Castro Neto and collaborators pioneered the theoretical framework,

showing that strain mimics a pseudo-magnetic field due to lattice distortions [186, 187]. For

small, long-wavelength deformations, the displacement field u⃗(r⃗) modifies the Dirac Hamiltonian

via an effective vector potential:

A⃗ ∝ β (ϵxx − ϵyy,−2ϵxy) , (4.5)

where ϵij are strain tensor components. This gauge field, reaching strengths of 10–300 T in exper-

iments [187], shifts Dirac cones without breaking time-reversal symmetry, unlike real magnetic

fields. Experimental observations have confirmed that mechanical deformations in graphene can

lead to significant pseudomagnetic fields, resulting in sublattice symmetry breaking and pseu-

dospin polarization. Such effects have been proposed as mechanisms for developing valleytronic

devices, including THz valley filters [188]. Strain engineering in graphene nanoribbons has been

theoretically shown to induce topological phase transitions between quantum spin Hall and

quantum anomalous Hall states without the need for external magnetic fields. This is achieved
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through the interplay of strain-induced pseudomagnetic fields and spin-orbit coupling [189]. As

a final example on graphene’s rich interplay due to its pseudomagnetic field capabilities, we can

mention a paper by Faria et al. on strained graphene rings which have brought evidence that

circularly symmetric deformations lead to inhomogeneous current distributions, thus providing

important insights into the differences between “real” and “pseudomagnetic” fields [73].

We also mention in passing that the integration of mechanical strain into graphene sys-

tems has significantly advanced the control of transport properties, by offering a versatile ap-

proach to modulate electronic states. With strategically applied deformations, it is possible

to engineer electronic pathways, induce valley polarization, and create nanoscale waveguides,

thereby expanding the functional capabilities of graphene in electronic applications and quan-

tum simulators[190–192].

For larger or uniform strains, the picture shifts to “UV-changes”—direct microscopic renor-

malization of hopping amplitudes rather than emergent fields. Guinea et al. (2010) modeled

uniform strain on graphene, finding that strong uniaxial tension (ϵ ∼ 20%) opens a bandgap by

merging Dirac points [72]. This stems from anisotropic hoppings (t1 ̸= t2 ̸= t3) across the honey-

comb’s three bond directions, disrupting the conical dispersion. Experimentally, straintronics in

graphene has enabled pseudomagnetic field mapping via scanning tunneling microscopy (STM)

[187] and strain-engineered superconductivity in twisted bilayers [193], thereby highlighting its

technological promise once more.

4.3 Strain in non-interacting kagome lattices

The kagome lattice, with its corner-sharing triangles, extends straintronics to frustrated systems.

In the non-interacting tight-binding model,

H = −
∑

⟨i,j⟩,σ

tijc
†
iσcjσ, (4.6)

strain modifies hoppings tij per Eq. (4.4). Liu (2020) theoretically demonstrated that applying

specific strain patterns to a kagome crystal can induce uniform pseudomagnetic fields, leading

to the formation of pseudo-Landau levels and quantum oscillations in both the density of states

and electrical conductivity [194]. This work highlights the potential of strain engineering in

manipulating electronic properties of kagome systems, drawing parallels to similar phenomena

observed in strained graphene. Mojarro et al. (2023) studied kagome nanoribbons under uniaxial

strain, showing that deformation angle θ tunes Dirac cones and flat bands [195]. They found

that, at specific angles (e.g., along lattice vectors), strain-induced anisotropy splits the flat

band and can trigger the emergence of edge-localized topological states. Notably, when spin-

orbit coupling is added to the model, these strained kagome systems can host Chern insulating

phases (i.e., inducing topological edge states) or strain-tunable topological transitions.

Topological aspects amplify strain’s impact. Kane and Mele’s seminal work on spin-orbit

coupling in graphene inspired kagome studies, where strain can induce a quantum anomalous

Hall effect [196]. Jiang et al. (2019) demonstrated that the Lieb and Kagome lattices can be

tuned into one another via strain, leading to topological phase transitions [197]. These non-
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interacting results establish strain as a geometric control parameter, but interactions—central

to kagome’s exotic phases—require further exploration.

4.4 Straintronics in strongly correlated kagome systems

Strong correlations, as in the Hubbard or Heisenberg models, complicate strain’s role. Vojta

et al. (2022) investigated the classical kagome Heisenberg model under strain, finding that

anisotropic couplings (J1 ̸= J2 ̸= J3) lift frustration, stabilizing ferrimagnetic or stripe phases

[171]. In the quantum regime, strain’s effect on the KAF is less studied. Studies on anisotropic

kagome systems, as displayed in Chapter 3, highlight the possibilities of QSL-like and 1D-like

states as anisotropy increases. Once more, those corroborate with the idea that strain could

interpolate between 2D frustrated and 1D ordered physics, a hypothesis we test in Chapter 5.

Strain contrasts with other anisotropy methods, like electric fields. Sun et al. (2019) applied

electric fields to kagome magnets, effectively tuning exchange via charge redistribution [175].

While feasible, this approach lacks strain’s direct geometric control, even though the former has

the feature of preserving lattice symmetries while reshaping interactions - a quality that is very

desirable in certain contexts.

4.5 Framing our problem: strain and the kagome hubbard model

Our work intersects frustration, strong correlations, and straintronics. The kagome lattice’s

inherent frustration, paricularly in the context of strong Coulomb repulsion (U), hosts a rich

phase diagram—metallic, insulating, and very likely QSL-like states [68]. Strain introduces

anisotropy, modifying hoppings as:

tij(θ) = t exp
[
−β

(
|⃗a′
α(θ)| − 1

)]
, (4.7)

where we make a slight change of notation for the nearest-neighbor vectors and write them as

a⃗′
α = (I +ϵ)⃗aα. ϵ is the already introduced strain tensor. This framework, inspired by graphene’s

UV-changes, targets the strong-coupling regime (U/t ≫ 1), where frustration and magnetism

dominate the low-energy physics.

Non-interacting kagome studies provide a baseline: strain tunes band structures and topol-

ogy. Interacting results suggest that order emerges from anisotropy in certain quantum [173]

and classical [171] setups. Quantum correlated cases hint at phase tunability. Our contribu-

tion—exploring strained kagome nanoribbons with DMRG—merges these threads, probing how

strain reshapes frustration and magnetic correlations. As we have independently realized in our

investigations (see Chapter 5), strain can drive transitions between 1D-like and 2D-like phases,

potentially allowing the probe of topological characteristics that persist under deformations,

thereby offering insights into the KAF controversy and straintronics’ broader potential.
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4.6 Summary and outlook

Straintronics evolves from elasticity and electron-phonon physics into a transformative tool for

quantum materials. Graphene showcased its power, while kagome studies reveal its reach into

frustration and topology. In strongly correlated systems, strain promises unprecedented control

over quantum phases, bridging classical order and quantum disorder. The next chapter applies

this paradigm to our strained kagome nanoribbon, testing strain’s ability to sculpt many-body

physics.



Chapter 5

Results on the uniaxially strained

nanoribbon

Figure 5.1: Schematic representation of a kagome nanoribbon in the Flat Ribbon Geometry (FRG). The
atomic sites with localized orbitals are drawn as circles. Solid lines correspond to nearest-neighbor hopping
matrix elements. Dashed orange lines (bottom and top) hint at the possibility of periodic boundaries,
in which case the ribbon is arranged into a Long Cylinder Geometry (LCG). The lattice vectors are ê1

and ê2, whilst aj (j = 1, 2, 3) connect nearest-neighbors. Dashed blue axis at the lower edge comprises
θ: whereby defining the direction of applied strain with respect to ê1. This figure corresponds to Lx = 4
unit cells along the x direction and Ly = 3 unit cells along ê2. The dashed hexagon (magenta) contains
a convenient unit cell and associated bonds that are shown useful afterwards in the text.

We now wish to explore many-body effects on the kagome lattice subject to uniaxial strain. In

Ref. [195] the authors find interesting single-electron features, and a natural inquiry is whether

those are persistent, transformed or completely washed away in the presence of interactions.

Apart from our findings [1] of intersticial sites and their magnetic properties, one of the most

interesting contributions we have given is the quantification of frustration through intuitive

functions. We show how they agree and display predictive power at the spin-dominant phase.
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5.1 Model and methods

Our starting point is the following single-orbital tight-binding Hamiltonian:

H = ε0

∑

j,σ

njσ −
∑

<i,j>
σ

tijc
†
iσcjσ +

∑

j

(
Unj↑nj↓ + VzS

z
j

)
, (5.1)

where c†
jσ (cjσ) are the usual fermion creation (annihilation) operators with on-site energy ε0 and

spin σ at site j, njσ = c†
jσcjσ is the number operator and Szj = ℏ (nj↑ − nj↓) /2 is the local spin

z-component. U quantifies Coulomb repulsion due to double occupancy, and Vz = gµBB is the

Zeeman energy in the presence of a magnetic field B along spin z-direction1. The hopping matrix

elements between nearest-neighbor sites (denoted by < i, j >), are modified by the presence of

a spatially homogeneous uniaxial strain in the ribbon as

tij ≡ tα (θ) = t exp
[
−β

(∥∥a′
α (θ)

∥∥− 1
)]
, (5.2)

where β is the material-dependent Grüneisen parameter (≃ 3 for kagome sheets [198]), a′
α =

(I + ϵ) aα are the strained vectors, a1 = 1
2

(
1,

√
3
)
, a2 = 1

2

(
1,−

√
3
)

and a3 = −(a1 + a2) =

(−1, 0) define the unstrained vectors (see Fig. 5.1), and set the nearest neighbor separation as

the unit length. Vector norm is denoted by ∥v∥, as usual. Finally, the strain tensor is [195]

ϵ = ϵ

[
cos2 θ − ν sin2 θ (1 + ν) sin θ cos θ

(1 + ν) sin θ cos θ sin2 θ − ν cos2 θ

]
, (5.3)

where, ϵ is the relative deformation, ν the well-known Poisson ratio2 and θ the direction of

applied strain, as indicated in Fig. 5.1.

In order to study its low-energy physics, we subject our system to the Density Matrix Renor-

malization Group (DMRG) via ITensor library implementation [199, 200] in the Julia language

[201]3. This Matrix Product States4 platform is by now thoroughly established, and easily al-

lows the calculations of many physical quantities relevant for quantum many-body systems. In

the problem at hand, given large enough U , we might achieve quite interesting insights just

by looking at local magnetizations M z
j = ⟨Szj ⟩ and Nearest-Neighbor Spin-Spin Correlations

(NNSSC for short, and hereafter dubbed link correlations) Cij = ⟨Si ·Sj⟩−⟨Si⟩ · ⟨Sj⟩, where Sj

is the spin operator on a given lattice site j, and ⟨· · · ⟩ represents the low-temperature thermal

average, done in order to remedy effects of spurious degeneracies.

1Chosen to lie along the lattice plane (zero flux), whereby avoiding Peierls phases.
2In our implementations, we have used ν = 0.165.
3Besides the original papers, we can benefit from very helpful tutorials and

code examples found at https://itensor.org/docs.cgi?page=tutorials (C++ centered) or
https://docs.itensor.org/ITensors/stable/examples/ITensor.html (Julia language docs). Both hyperlinks
were functioning at September 2025.

4See discussion on Tensor Networks in Chapter 2.
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5.2 Numerical results for the Hubbard model

Hereafter, the energy scale is defined by setting t = 1, ℏ = 1, and since we want to study

half-filling properties, ε0 = −U/2. The phase-tuning (“metal vs insulator”) parameter is thus

U , whose representative values of 5, 10 and 20 were used in our numerics. It is important to

highlight that, despite being simple to construct and enunciate, the Hubbard nanoribbons in

kagome lattices have an intriguing phase diagram whose exploration was only recently started

[202]. As one would have thought, the large U behavior seemingly corresponds to Heisenberg

physics, whilst an intermediate phase emerges as U decreases. According to [202] U = 5 amounts

to a metallic system, U = 10 gives a so-called “Translational Symmetry Broken Insulator” which

nears the QSL/KAF phase and U = 20 is deep into that regime. System finiteness, of course,

should constantly remind us about the delicacy of applying a “phase” concept. Nevertheless, as

we discuss next, qualitative distinctions are appealing enough to enable the resolution between

ground state behaviors for distinct U values.

Therefore, following Refs.[68, 202], we construct a ribbon with Lx = 12 and Ly = 3, thus

amounting to a total of N = Ly(3Lx + 2) lattice sites. Under the adopted Long Cylinder

Geometry (LCG) this yields the YC6 cylinder, as described in just-referenced papers. If no

spatial periodicity is made, we get what will be referred to as a Flat Ribbon Geometry (FRG).

Another important set of parameters are given by DMRG tuning choices: we have tolerated

truncation errors typically under 10−6 and used tensors as building-blocks for Matrix Product

States with bond dimensions (χ or m as per the notations used in previous chapters) up to 5000.

5.2.1 Base case: the relaxed system

The unstrained system is an obvious first step to not only gauging the DMRG convergence

but also establishing a natural reference to constrast with deformed lattice properties. Even

though the Kagome Antiferromagnet is known to be a notoriously difficult problem, with a

ground state that supposedly hosts quantum spin liquid order of yet unknown characteristics

[65, 67, 68, 155, 157, 161, 202–207], we constrain ourselves to the task of obtaining reliable

information about link correlations.

By focusing on spatially representing correlation strengths the idea of spatial link correlation

obtains:

Clink(x, y) =
∑

i,j

Cije
−dij(x,y)/b, (5.4)

with dij(x, y) the distance between some point and the line segment that connect lattice sites i

and j. b is but an “aesthetical parameter” to control how sharp the link structure appears and

we again have Cij = ⟨Si ·Sj⟩−⟨Si⟩ · ⟨Sj⟩. This quantity enables pictures like the following, thus

giving a better grasp of the resulting correlation profile in Fig. 5.2. At (a) we see homogeneous

yet mostly fainting link correlations, thereby indicating that no significant magnetic ordering can

be inferred from the short-range correlations in that system. This corroborates with a metallic

one. As Coulomb repulsion increases, however, besides from the overall antiferromagnetic char-

acter becoming clearer, it is easy to notice that bonds’ thicknesses are distributed in distinct
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Figure 5.2: Link correlations, Clink, in the absence of strain (ϵ = 0) for (a) U = 5, (b) U = 10 and (c) U =
20. Darker “bonds” represent antiferromagnetically favorable alignments, clearly enhanced for U = 20.
The uniform link distribution in (a) becomes more inhomogeneous for increasing U . Apart from strong
links along the edges of this open ribbon, there appears to be no overall order of the antiferromagnetic
bonds in (c).

ways throughout the sample. This is very evident in panels (b) and (c). Those inhomogeneities

can be understood if we consider edges that do not belong to triangles. Notice how they always

“concentrate” link correlations, whence tending to singlet-like behavior5. Such patterns likely

emerge as a way out of energetic losses due to Geometric Frustration (GF). Once the other-

wise homogeneous structure is perturbed by such correlation rearrangements, the profiles above

become reasonable. All Clink plots are for FRG, unless otherwise stated.

5.2.2 Strained system

The effects of applied unixial strain are now analyzed. Since its consequences depend on the

orientation θ, we plot the ground-state energy per site E0 as a function of θ for several relative

deformation values with a fixed repulsion strength of U = 5. Going from ϵ = 0.10 up to

ϵ = 0.30, we construct the 2x2 plot in Fig. 5.3. Blue circles account for FRG energies, whilst red

squares give LCG ones. The black-dashed line is ζ(θ), the reciprocated hopping variance, hereby

dubbed coupling isotropicity. Its interpretation as a frustration quantifier will be discussed later

on. Some interesting nuances are present in the aforementioned figure. Panel 5.3(a) informs

that FRG energies, in the given scale, oscillate little to nothing as a function of θ. On the other

hand, LCG behavior is much more sensitive to strain axis orientation: the peak around 0.3π

5One might readily conclude so by observing, say, the bottom links: sites that belong to stronger bonds talk
little or nothing one to another, even if they have a nearest-neighbor connection.
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Figure 5.3: (a) Ground state energy per site, E0/N , as function of strain direction θ for ϵ = 0.10 (a),
ϵ = 0.15 (b), ϵ = 0.20 (c) and ϵ = 0.30 (d). Blue and red curves correspond to FRG and LCG respectively.
The black dashed line shows ζ(θ) defined in Eq. (5.5) and properly scaled. In all panels U = 5, i.e., in
the metallic regime for the unstrained system.

is shifted about 0.05 units relative to the valley nearing 0.8π. Such order of broadening only

shows up for the FRG at panel (d) - a deformation of 30% - but at this point the LCG energies

have an amplitude of ∼ 0.15 already. Regarding the curve shape, as we could expect from the

ribbon geometry, the energies are neither π
3 periodic nor symmetric around π

6 - which would

be the case for a bulk material. Finally, increasing deformations make the plot develop into

well-defined maxima and minima as θ varies. Observe how not only larger strain resolves the

energy peaks but it also increases the average values around which oscillations occur. Although

the dependence on strain direction for FRG is better defined for ϵ = 0.30 [Fig. 5.3(d)], it is

already evident at ϵ = 0.10 [Fig. 5.3(a)], with FRG peaks and valleys very clear when ϵ = 0.15

[Fig. 5.3(b)], whilst the LCG profile becomes somewhat clearer only at ϵ = 0.20 [Fig. 5.3(c)].

Notice that whenever strain is applied orthogonally to one of the lattice vectors, a minimum

obtains (θ ≈ π/6, π/2 and 5π/6). The maxima, in contrast, correspond to tensioning the lattice

along some aj .

Let us try to explain some of the aforementioned behaviors. For one, tj generally approx-

imates zero as ϵ increases, and it does so in an anisotropic way. This suppresses correlations

along aj , thus alleviating GF. If, however, the applied strain is large enough, a global elevation

of ground state energies will occur. Such energy raising is consistent (as it better be!) with the

fact that uniform mechanical stress is, for the case being, a consequence of external work.

Geometric Frustration function

Since the “Geometric Frustration alleviation” issue already showed up, it is time to construct

ζ(θ) as a frustration sensor. One would expect a tripartite system, in its ground state, to be as

frustrated as possible whenever all hoppings were equal. The ansatz is then: smaller dispersions
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in tj ’s favor frustration at low energies. A simple and natural bonafide dispersion measure for

real variables is given by the variance σ2. We then introduce the following as a Geometric

Frustration function:

ζ(θ) =
1

σ2
=

Nt(Nt − 1)
∑Nt

j=1

(
tj − t̄

)2 =
6

∑3
j=1

(
tj − t̄

)2 , (5.5)

where t̄ = (t1 + t2 + t3) /3, and Nt = 3 is the number of distinct hoppings in the kagome lattice

unit-cell. It is named coupling isotropicity and seems to capture the intuition that, should

all three couplings be the same, we would have maximal (“infinite”) frustration. Notice that

Eq. (5.5) depends implicitly on both ϵ and θ through tj . Its values can be scaled and compared

with E0(θ)6, and this is exactly what we see displayed as black dashed lines in Fig. 5.3, which

follows the FRG energy profiles quite well for ϵ = 0.15 already. Panel (d) shows that DMRG-

energies for both FRG and LCG behave quite similarly to ζ(θ). In particular, the maxima

(minima) of E0(θ) occur whenver GF is a local maximum (minimum), even if U = 5 (metallic

at ϵ = 0). Finally, notice how couplings’ maxima (minima) are directly related to ground

state energy minima (maxima). A consequence that seems natural in hindsight is the following.

Assume stationary ground state energies (in accordance with numerical data) whenever one

of the couplings tj are as well. Then, taking from the unit-cell’s energy ε(t1, t2, t3) ∼ t1C1 +

t2C2 + t3C3
7 and imposing dε

dθc
= 0 with the hypothesis that, say t1 and S1 are stationary, and

t2 = t3 = t, we find8

dε

dθc
∼ t

(
S′

2 + S′
3

)
+ t′ (S2 − S3) = t

(
S′

2 + S′
3

)
= 0, (5.6)

whence the opposite derivatives condition is required, since S2 = S3 by symmetry and t ̸= 0.

This implies a certain dual role between couplings and correlations along a given direction.

LCG sensitivity and link correlation structure changes

The greater LCG sensitivity, relative to FRG, might arise as a consequence of preferential trans-

lational symmetry direction alterations: once ϵ is fixed, θ selects the axis along which couplings

are weaker. This anisotropy suppresses electron hopping along that direction, effectively driving

the spatial density of states toward a minimum near those bonds. Notice that, e.g., at θ = π/3

hoppings are favored along a2 and a3, whence a more 2D-like configuration is obtained. At

θ = 5π/6 ≈ 0.83π, however, the favored direction is a1, and we might be readily convinced

that closed chain-loops are incentivized. Although such arguments do not explain the complete

behavior of Fig. 5.3(a), they appeal in an understandable way to account for such striking ampli-

tude between the maximum near π/3 and the minimum nearing 5π/6. But it is not so difficult

to get a clear picture of the asymmetry once we realize that, under LCG, configurations (e) and

(f) in Fig. 5.3 loop a1 lines onto themselves (see Fig. 5.1), in great contrast to what happens

6The scaling factor is obtained as follows: with ζmax ≡ max {ζ(θ)} and ζmin ≡ min {ζ(θ)}; the equiv-
alent minimum (maximum) value of E0(θ) for those angles in the FRG curve are Emin (Emax). Then
ζ →

(
ζ−ζmin

ζmax−ζmin

)
(Emax − Emin) + Emin gives the desired scale for ζ(θ) shown in Fig. 5.3.

7Cj , as we quickly infer, is the connected correlation between a pair bonded by tj . In the insulating phase,
this amounts to just the link correlations. Sj analogously stands for the non-connected correlations.

8Eq. A.18 was here used.
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Figure 5.4: Link correlations for ϵ = 0.30 and different strain orientations: θ = 0 (a), θ = π/6 (b),
θ = π/3 (c), θ = π/2 (d), θ = 2π/3 (e) and θ = 5π/6 (f). The left (right) column panels correspond to
maxima (minima) in E0(θ) of Fig. 5.3. For energy maxima (left column), links with antiferromagnetic
correlations form 2D oblique Lieb-like lattices. For energy minima (right column), links form 1D-like
arrays with stronger (darker) antiferromagnetic correlations. U = 5 in all panels. At the top-right, an
inset with nearest-neighbor vectors to help with identifying the link orientations.

with the remaining ones: for example, a2 lines are alternatingly coupled with one another in (b)

and (c).

The kagome ribbon has its link correlations structure affected by strain. Unsurprisingly, the

effects depend on θ more dramatically for larger deformations. Fig 5.4 displays a heatmap for

Clink at angles of stationary energies. Notice that it exhibits a structure of connected oblique

Lieb-like lattices [197] for directions that give E0 or ζ maxima (left panels with θ = 0, π/3, 2π/3).

Quite evident at (a) and (c) are dark links at the edges which survive the application of strain.

Apart from those, who were previously discussed, links are homogeneous throughout, with

correlations between pairs connected along strained directions having nearly vanishing strength.

The Clink distribution for energy minima (right panels), in contrast, reveal quasi-independent
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Figure 5.5: Link correlations for ϵ = 0.30 along a1 (θ = π/3, left panels, a maximum in E0(θ)) and
orthogonally to a2 (θ = π/6, left panels, a minimum in E0(θ)). These configurations occur whenever
strain is applied along a1 and orthogonally to a2, in this order (see top-right inset). Upper and lower
panel rows correspond to U = 10 and U = 20, respectively. Compared to Fig. 5.4(b) and (c), the
correlations here are much more pronounced. Nevertheless, there is little difference between U = 10 and
20.

1D chains’ configurations of strongly correlated links along directions normal to θ.

Bearing in mind that Fig. 5.4 presents the link correlations for U = 5, we would expect

that, by increasing the Coulomb repulsion, the antiferromagnetic character becomes enhanced,

whereby correlation profiles could then be more pronounced. Fig 5.5 shows that the suppression
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of charge fluctuations leads to “nicer” profiles, indeed. Antiferromagnetic links are darker, with

the consequence of 1D structures (right panels) being better-defined, i.e., the relative strenghts

between strong and weak correlation axis increases, naturally leading to a greater degree of

independence between those Neél lines.

While ζ(θ) is a good indicator of θ values that most affect the ground state energy E0, with

yet another being discussed in the Appendix A, it does not directly quantify the spin frustration

present in the system. In reality, phenomena such as spontaneous symmetry breaking teach us

the lesson of constantly being aware that ground states do not always mirror the properties of its

Hamiltonian9. Thus far, we only “probed” frustration as it might be inferred from the couplings.

To obtain real quantum state information, we should calculate some expected values. We have

proposed [1] a useful way to quantify the frustration content of the ground state, assuming we’re

deep in the insulating phase. This is via the following quantity, dubbed the Local Geometrical

Saturation [1]

fGj = 1 − 4

J̃j

∣∣∣∣∣∣∣

∑

(m,n)∈C
j

B

Jmn ⟨SzmSzn⟩

∣∣∣∣∣∣∣
, (5.7)

which accounts for the longitudinal spin-spin correlations within a given unit cell of the kagome

system. In this expression, Jmn = 4t2mn/U represents the exchange coupling between neighbor

spins (m,n) in the considered unit cell, CjB, and included in the sum. Dashed magenta lines in

Fig. 5.1 show the unit cell that is used. Finally, J̃j ≡ ∑
(m,n)∈C

j

B

|Jmn|. In this definition, fGj
accounts for the couplings (including their sign) between each pair of spins in all unit cells. Notice

that fGj → 1 for uncorrelated cells, while fGj → 0 for both fully ferro- and antiferromagnetic

correlated links. The intuition behind such expression comes from thinking that (i) the couplings’

nature weights Geometric Frustration and (ii) GF reads off the gain-and-lose game as seen by

longitudinal correlations. To illustrate, we present an example considering Ising spins. Suppose

there are three sites with a spin-1/2 each, say two ups and one down. The answer to “is this

configuration frustrated?” depends on the sign of each link (J > 0 or J < 0). To gauge exactly

how much the configuration is frustrated, if at all, we must consider the couplings, since they are

not only sensitive to signs but also their respective strengths given ϵ and θ. We now show a very

useful property of Eq. 5.7. By construction, whenever the effective model is SU(2) invariant,

such as for the Heisenberg, we have:

⟨SzmSzn⟩ =
1

3

〈
S⃗m · S⃗n

〉
, (5.8)

from which we easily obtain

fGj = 1 − 4

3

∣∣∣∣∣
εj

J̃j

∣∣∣∣∣ , (5.9)

where εj ≡ ∑
(m,n)∈C

j

B

Jmn
〈
S⃗m · S⃗n

〉
defines the local energy associated to cluster/unit-cell Cj

B
.

9A complementary example is that of a disordered ferromagnetic Heisenberg chain: although the Hamiltonian
lacks translational symmetry, the |↑↑ ...⟩ state still has it, and remains within the ground state manifold! Of
course, the excitations are not expected to resemble magnons any longer.
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Figure 5.6: fG(θ) vs θ for ϵ = 0.30, U = 5 (red squares), U = 10 (blue circles) and U = 20 (black
diamonds). Note that for larger values of U , the maxima and minima become more pronounced, as
expected. Dashed lines indicate θ = π/6, π/3, for the minimum and maximum in E0. See also Fig. A.1.

Therefore, in absolute value, energy minima correspond to index maxima and vice-versa. This

satisfies the “lose-or-gain” intuition that motivated our construction in the first place. Our

definition is conveniently local and able to explicitly capture SU(2) breaking. This is for Eq.

(5.9) would not hold, whence the Local Geometrical Saturation would possibly not be related to

the energy in a nice way as the one if SU(2) is intact. Should there be confidence that the system

is in a spin-dominant phase - whereby avoiding trivialities such as expectedly null correlations

- the possibility of magnetic ordering must be seriously considered. A couple of sidenotes on

Eq. (5.7) are in order: first, since it is defined locally, it can be used to spatially resolve frustration

patterns throughout the lattice. Second, it is not restricted to kagome lattices. We also have no

reason to expect that this quantity is exclusively useful for the Heisenberg model. The insights

should be transferable, provided this “lose-and-gain” reasoning is properly set up for whatever

system one studies.

Enough of definitions for now. The next plot shows an averaged value of this indicator over

the entire system, fG(θ), for three distinct U values, with θ ∈ (0, π/2). Notice that for large U ,

in Fig. 5.6, fG settles onto lower values (contrast with U = 5) with increasingly better defined

stationary points that closely resemble the behavior of E0 in Fig. 5.3. Points in red squares show

very small fluctuations somewhere around 0.72; this almost flat shape might be understood

considering charge fluctuations in the system, which are not favorable to the localization of

magnetic moments at lattice sites. On the one hand, this indicator seems to be not as effective

in providing quantitative value whenever the system is weakly interacting - even though Fig. 5.4

clearly displays the impacts of strain over link correlations. However, the distinct profiles there

shown may hint at the possibility of using fG as a marker for the insulating phase: it could be

the case that fG starts to mold into proper energy shapes at the onset of <phase>→insulator

transitions.
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Figure 5.7: Magnetization Mz
j for the coplanar applied field of strength Vz = 0.05 and θ = 0 (a),

θ = π/6 (b), θ = π/3 (c), θ = π/2 (d), θ = 2π/3 (e) and θ = 5π/6 (f). For all panels, we set U = 5 and
ϵ = 0.30. Faint dots on the right panels (where E0 has minima in Fig. 5.3) feature sites belonging to
Néel-like lines, while dark red dots correspond to loose sites readily polarized by the field. The top-right
inset helps with identifying, e.g., the red lines in (c) as a product of Vz when strain is applied along a1.
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Figure 5.8: Local magnetization Mz
j for coplanar field with strength Vz = 0.05 and strain applied along

θ = π/3 (left) and θ = π/6 (right). Upper and lower panels show results for U = 10 and U = 20,
respectively. As in Fig. 5.7, faint color dots on the right panels represent sites belonging to Néel AF lines,
while dark red dots correspond to loose sites more easily polarized by the field. Notice how the most
energetically favorable top-left to bottom-right red-then-blue pattern results along a2-connected spins.
For all pannels, ϵ = 0.30.
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Interstitial sites and Neél lines

If some attention is given to the right panels at Fig. 5.5, the existence of loosely coupled sites is

realized. They arise as a result of 1D weakly-correlated lines leaving sites between them nearly

free (given large enough strain). It is very tempting to conclude the possibility of paramagnetic

sites coexisting with Neél lines. Perhaps the simplest way to verify this reasoning is by applying

a magnetic field that is weak enough to preserve the low-energy levels of 1D chains, while strong

enough to excite those interstitial sites. When the field is applied uniformly along the sheet

in a conventional z-direction, spatially-resolved polarization patterns can be analyzed over the

lattice.

Fig. 5.7 shows the local magnetization M z
j =

〈
Szj

〉
calculated with low-temperature thermal

averages as always. The field strength is Vz = 0.05 and the stationary energy configurations are

those very same from Fig. 5.7. As the color scale suggests, red (blue) dots at each lattice site

indicate whether the localized moment is polarized in favor of (against) B⃗ or remains unpolarized

- white color.

The θ = 0 profile [Fig. 5.7(a)], for example, showcases a pattern consisting of alternatingly

positive-negative polarizations on the lines that are not the one along which the system is

strained, namely a3. This is understandable, since greater deformations shrink the couplings.

In its ground state, given the energy to be gained by alligning with the field, which most likely

enhances Neél lines as well, the system chooses to pay the price of ferromagnetic correlations

nevertheless. Completely analogous conclusions are reached for the remaining maxima, with the

difference that their weak links turn out to lay along a1 and a2. It is very important, thus we

emphatize once again, that AF lines are either not affected or actually benefit from polarized

sites. This will be shown in greater detail, afterwards, with Clink panels.

Next, the right panels, for which energy are minima. One sees not so clearly defined polar-

ization profiles as in the left panels, which could stem from the fact that enhanced lines (a2 if

θ = π/6, for instance) are locally brought deeper into the metallic phase and the relative link

strength (Jstrong/Jweak) is not great enough to let loose sites be freely oriented with Vz = 0.05.

If our physics is good, increasing U will make those almost-free spins very susceptible. Moving

forward, Fig. 5.8 shows M z
j with U = 10 (U = 20) at the upper (lower) row, where we are still

applying the same field strength Vz = 0.05. The relative deformation is, as always, ϵ = 0.30 (see

Fig. 5.5). Left and right panels inform that θ = π/3 and θ = π/6 configurations, respectively,

become very well-rounded in terms of either Neél lines or loose sites polarization. The right

panels show that the energy is minimized when the system organizes its local magnetization on

alternating diagonal lines which weakly polarize in the field, but at the same time there coexists

strongly polarized moments: could para and antiferromagnetism be good neighbors?

In a first glance, we might think that the spin pattern (right-blue from top to bottom) would

have a red ↔ blue symmetry along Néel lines, but the presence of polarized interstitial sites

guarantee non-degeneracy as follows. Should the blue and red sites be flipped, it is easy to see

that the decisive energy balances are due to whatever results along weak links, since it is not

the true many-body (“connected”) correlations that define energies in the Heisenberg model.

Hence, the a3-connected links would all be ferromagnetically aligned, whilst a1 ones would be

antiferro, thus reversing what is displayed in Fig. 5.8 (b) and (d). The state is then a higher
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energy one since there are more a3 than a1-connected links. At last, a conjecture posits itself:

could in the bulk material (Lx, Ly >> 1) the ground state display a degeneracy with regards to

those configurations, or will it solve the issue with “quantumness”?



Chapter 6

Conclusions and outlook

The world of quantum many-body systems presents a vast and intricate landscape where interac-

tions, geometry, and external fields intertwine to produce a remarkable diversity of phenomena.

Quantum materials exhibit exotic states such as topological insulators, Quantum Spin Liquids,

and unconventional superconductors, yet many fundamental questions—from high-temperature

superconductivity to quantum entanglement—remain open. Strongly correlated systems, char-

acterized by intense particle interactions, defy conventional frameworks, as illustrated by phe-

nomena in models like the 1D Hubbard model. The ongoing development of sophisticated

theoretical frameworks, including quantum field theory and RG techniques, continues to deepen

our understanding and fuel practical advances in materials science, quantum computing, and

information processing.

Progress in the study of strongly correlated systems is propelled by innovative theoretical,

experimental, and computational methodologies. Experimental advances such as angle-resolved

photoemission spectroscopy (ARPES), scanning tunneling microscopy (STM), and ultracold

atom setups have provided extraordinary insights into electronic structures, magnetic behaviors,

and dynamics. On the computational front, numerical techniques like DMRG —again, part

of the broader Tensor Network family—have revolutionized our capacity to simulate complex

quantum states. TNs excel due to their efficient representation of modestly entangled states,

exploiting area law scaling of the Entanglement Entropy. These methods have become pivotal

tools in probing quantum phase transitions, topological order, and quantum information theory.

Within this rich methodological context, the kagome lattice emerges as an ideal platform to

investigate frustration and interactions. Its unique geometry, composed of corner-sharing trian-

gles, leads to Geometric Frustration, degeneracies, and complex low-energy configurations. The

Kagome Antiferromagnet, in particular, is recognized as a potential host for QSL, characterized

by highly entangled ground states, fractional excitations, and absence of conventional magnetic

order. Understanding the subtle interplay of frustration, interactions, and lattice anisotropies

within kagome systems promises both fundamental insights and avenues for tailoring novel quan-

tum materials.

In this thesis, we have embarked on a journey through the physics of kagome nanoribbons,

by exploring its behavior under the influence of strain and external fields. We have employed

a combination of theoretical and numerical techniques, including the DMRG method, to inves-

tigate the ground state properties of a half-filled single band Hubbard model - plus a tunable

50
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constant external magnetic field - with a focus on the strongly repulsive (Heisenberg) regime.

Altough the topological aspects of QSL are compelling, we delve not much further into the

perfectly isotropic problem beyond what’s minimally required to establish a “reference line” to

which strained cases are to be compared. Rather, we explore correlations and local spin po-

larizations, in the face of strain effects on the lattice. Given the uniformity of in-plane axial

deformations, the problem can be described by anisotropic coupling terms, whether those are the

original hoppings or the effective Heisenberg exchanges. That is to be contrasted with the cases

which give rise to pseudomagnetic fields, for example, where deformations large in comparison

to the lattice size - i.e., are more of a long-wavelenght nature - typically involve non-uniform

strain fields. Just as naturally, the question of whether these anisotropies can be linked to the

amount of frustration present in the system arises. By deforming our ribbon along different

directions, we have observed significant changes in the ground state energy, local magnetization

profiles, and spin-spin correlations. But what about the frustration content of the system? How

may we quantify it?

To better orient ourselves through the tuning of “frustrationness”, we have introduced two

functions that seem to capture the Geometric Frustration of the system: the coupling isotropicity

ζ(θ) and the Local Geometrical Saturation (LGS) fGj , whose bulk-average is then used. The

former should hint at low-energies behavior only, whereby the comparable strength of competing

couplings is already expected to be a good indicator of how frustrated the system is. The

latter, on the other hand, is a local measure of the Nearest-Neighbor Spin-Spin Correlations

(NNSSC) explicitly linked to frustration. It is able to capture the effects of strain on the local

geometry of the system, by directly targeting a given state or superposition of those, should

we be considering the ever-present degeneracies in frustrated systems. As we believe to have

evidenced, the aforementioned functions, the ground state energy, NNSSC patterns and local

magnetization profiles are all closely related to one another. Indeed, despite the infinite distance

that separate our numerics and the thermodynamic limit, we believe they are possibly able to

classify different (quantum) phases of the system. In fact, it is quite evident from its definition

that fGj should be sensitive to, e.g., the presence of local magnetic order. Another expectation,

hinted at by Fig. 5.6, is that fGj should be able to distinguish between the insulating and

metallic phases of the system - more nuanced and sensitive to angle changes in the former,

whilst practically flat in the latter. As a final remark on the geometrical saturation, we would

like to highlight that it is the first local, correlation-only, measure of Geometric Frustration

found in the literature, to the best of our knowledge. Apart from the magnetic order sensitivity

that we have already alluded to, it is able to capture the system’s local geometry, and is sensitive

to anisotropy effects. We firmly believe that applications of fGj are not limited to the model

at hand, and that its generalizations/particular instances can be readily inferred by looking for

local operators relevant to the underlying symmetries and energy content of a chosen system,

analogously to what we did with the longitudinal correlations Szi S
z
j .

In a display of its versatility, the strained kagome makes it possible to interpolate between

1D-like and 2D-like configurations, as a function of the strain angle θ. The angles for which

frustration is maximized and ground state energy is minimized are those displaying ferrimag-

netic Lieb-like lattices, while frustration minima correspond to energy minima and behave as
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collections of weakly coupled 1D chains. We believe this result is meaningful, not just because

interstitial sites appear in the latter case, but also given the possible interpretation of ferrimag-

netism as a “suppressed form” of either ferro or antiferromagnetism. Our findings indicate that

ferrimagnetic order can arise not despite frustration, but precisely as a resolution to it under

certain lattice anisotropies. Strain serves as a control knob that either relieves or redistributes

Geometric Frustration, giving rise to emergent ferrimagnetism when the system transitions to-

ward oblique Lieb structures. Frustration if often associated with magnetic order suppression, as

in Quantum Spin Liquids. However, under directional strain, certain anisotropic paths stabilize

ordered moments that align ferromagnetically within sublattices and antiferromagnetically be-

tween them, yielding ferrimagnetism. This points to a reconfiguration rather than suppression of

frustration. This interplay between strain, frustration, and emergent order suggests new direc-

tions in materials engineering — where mechanical control could enable the tuning of magnetic

textures for quantum applications. Ferrimagnetism here, we think, is not merely an artifact of

geometry, but a signature of frustration’s adaptive role in strained quantum materials.

The energy minima configurations have their own interesting features. Local magnetization

profiles reveal that the system organizes itself into alternating diagonal lines of polarized spins,

with interstitial sites remaining unpolarized. Added to the NNSSC profiles seen, for instance, at

5.5, this suggests a coexistence of “1D-antiferromagnetic” ordering tendencies and paramagnetic

behavior, raising intriguing questions about the nature of magnetism in the presence of strain.

The presence of interstitial sites, which are weakly coupled to their neighbors, hints at the

possibility of a more complex magnetic landscape, where different types of order can coexist.

Such indirect, emerging, interactions are particularly relevant in the context of Quantum Spin

Liquids. In fact, the resulting spin textures for such anisotropic kagome couplings with [208] and

without [172, 209, 210] an applied field were explored in the literature. Despite us not aiming to

understand the spin structures in that level of detail, specially within a context of no external

fields, the striking appearence of easily polarized interstitial sites is a valuable product in itself.

It is a clear indication of the presence of a non-trivial magnetic landscape, where different types

of order can coexist and interact in unexpected ways.

As in every problem worth considering, the answers we harvest come with the pleasing

debt of new questions. It is thus in order to mention at least a couple of the ones we were

either capable to envision or kindly gifted by others. We have tried to keep the good taste of

not offending our reader’s intelligence with too trivial observations, and hopefully did succeed.

First, we highlight that the LGS should be sensible to VBS defects, specially localized ones, since

null correlations induced therein are signaled through fGj spikes. Of course, this is not the only

mechanism by which those peaks might occur, and additional probes are likely needed. Next, as

we have already suggested, it is quite possible that the LGS may serve as a guide to the onset

of insulating phases, thereby providing a useful tool for identifying “magnetically active” phase

transitions and understanding the underlying mechanisms at play. In this very spirit, we envision

the possibility of finding a “metallic counterpart” from which a generalized notion of Geometric

Frustration could be defined, and used in a dual sense to that of LGS. For perfectly SU(2)

invariant states, a straightforward connection might be made through (5.9), since the operators〈
S⃗mS⃗n

〉
are directly proportional to the “spin permutation operators”: by properly defining the
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“charge permutation operators” as its complementary set, perhaps something worth exploring

is to be found. In our third speculation, we note a suggestive metaphor: one could think of spin

frustration as “Anderson localization without disorder”, where destructive interferences - here

enforced by lattice geometry and competing exchanges - localizes short-wavelength modes. If

that holds any water, this metallic analog of ours should be probed through local charge current

patterns or localized electronic states in (nearly?) flat bands.

A fourth route is the consideration of yet another generalized notion of frustration: the

idea of “quantum frustration”, with many definitions and not all equivalent, scattered in the

literature. We have tinkered with a seemingly original expression that purely considers the

spin exchange/permutation operator (mentioned above). By essentially measuring how much

“singlet-like” or “triplet-like” is the average pairing of one given spin or of a given unit cell,

the results appear quite promising and intuitive, for the ground state energy profiles could be

predicted rather confidently, and a metallic counterpart is more amenable to both definitions and

interpretations. The final outlook, in order to be somewhat economic, has its roots in the quite

well-informed observation of an anonymous referee: the possibility of distortions spontaneously

happening, through Jahn-Teller-like mechanisms, whence the configurations otherwise achieved

through external deformations could emerge. Our recent efforts are completely devoted to this

end, and we hope to be able to report on it in the near future. The preliminary results, albeit

stepping through early stages with more restricted conditions, are quite promising, and we

already have a humble proof of concept for electron-phonon coupling in a Holstein-Hubbard

ribbon driving anisotropies in the Heisenberg limit.



Appendix A

Strained couplings

The deformed nearest-neighbour vectors are given by

a′

j = (I + ϵ) aj . (A.1)

With

a1 =
a0

2

(
1,

√
3
)
,

a2 =
a0

2

(
1,−

√
3
)
,

a3 = a0 (−1, 0) .

and the strain tensor ϵ as follows

ϵ = ϵ

[
cos2 (θ) − ν sin2 (θ) (1 + ν) sin (θ) cos (θ)

(1 + ν) sin (θ) cos (θ) sin2 (θ) − ν cos2 (θ)

]
. (A.2)

ϵ gives the strain intensity/modulus, θ the azimuth angle in position space, and ν is the Poisson

ratio (a material-dependent value).

In order to both simplify our calculations and expound some properties of ϵ, we use the

trigonometric identities cos2 (θ) = 1+cos(2θ)
2 , sin2 (θ) = 1−cos(2θ)

2 and sin (θ) cos (θ) = 1
2 sin (2θ) to

rewrite Eq.(A.2) as

ϵ =
ϵ

2

{
(1 − ν) I + (1 + ν) R̃ (θ)

}
, (A.3)

where

R̃ (θ) =

[
cos (2θ) sin (2θ)

sin (2θ) − cos (2θ)

]
= R̃

T
(θ) , (A.4)

which1 is then an orthogonal symmetric tensor:

R̃ (θ) R̃
T

(θ) = R̃
T

(θ) R̃ (θ) =
[
R̃ (θ)

]2
= I. (A.5)

Therefore, by defining

α± ≡ (1 ± ν)

2
ϵ (A.6)

1We also note in passing that it can be decomposed as a clockwise rotation of 2θ about the z-axis, followed by
a reflection about the zOx plane, that is, mapping y → −y while keeping the other coordinates intact.
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we might cast Eq.(A.1) as follows

a′

j = a′

j (θ) =
[
(1 + α−) I + α+R̃ (θ)

]
aj . (A.7)

The strained hopping terms to be calculated are given by

tj (θ) = tj exp



−β






∥∥∥a′

j (θ)
∥∥∥

a0


− 1






 , (A.8)

with β the Grüneisen parameter

and tj is the hopping along aj ’s direction. Even though the expression above is generic, we

restrict ourselves to tj = t0 ∀ j in the main text.

With that in mind, we must calculate the strained vectors moduli
∥∥∥a′

j (θ)
∥∥∥ =

√
a′

j (θ) · a′

j (θ).

Now, since R̃ is both symmetric and orthogonal, we get

a′

j (θ) · a′

j (θ) =
[
α2

+ + (1 + α−)2
]

aj · aj + 2α+ (1 + α−) aj · ãj (θ), (A.9)

where ãj (θ) ≡ R̃ (θ) aj .

But aj · aj = a2
0 ∀j, and for a (real) vector of the form aj = a0√

x2

j
+y2

j

(
xj + yj

)
we have

aj · ãj (θ) =
a2

0

x2
j + y2

j

[(
x2
j − y2

j

)
cos (2θ) + 2xjyj sin (2θ)

]
, (A.10)

thus, finally

tj (θ) = tj exp



−β



([
α2

+ + (1 + α
−

)
2
]

+ 2α+ (1 + α
−

)
1

x2
j + y2

j

[(
x2

j − y2
j

)
cos (2θ) + 2xjyj sin (2θ)

]
)1/2

− 1






 .

(A.11)

Now, we see that the effective strained Heisenberg couplings are

Jn (θ) = Jn exp

{
−2β

[([
α2

+ + (1 + α
−

)
2
]

+ 2α+ (1 + α
−

)
1

x2
n + y2

n

[(
x2

n − y2
n

)
cos (2θ) + 2xnyn sin (2θ)

])1/2

− 1

]}
,

(A.12)

with the obvious definition Jn ≡ 4tn
U tn.

Zero-sum property

Notice that
3∑

n=1

(
x2
n − y2

n

)
cos (2θ) + 2xnyn sin (2θ) = 0. (A.13)

This motivates working with Eq.(A.12)2 as follows. First, define

c1 ≡ α2
+ +

(
1 + α2

−

)
, (A.14)

2An analogous result obviously holds for Eq. (A.11).
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c2 ≡ 2α+ (1 + α−)

a2
0

, (A.15)

and

sn (θ) ≡
(
x2
n − y2

n

)
cos (2θ) + 2xnyn sin (2θ) , (A.16)

such that Jn (θ) = Jnexp
{

−2β
[
(c1 + c2sn (θ))1/2 − 1

]}
. Hence


1 −

ln
(
Jn(θ)
Jn

)

2β




2

= c1 + c2sn (θ) ,

which by (A.11) implies
3∑

n=1


1 −

ln
(
Jn(θ)
Jn

)

2β




2

= 3c1,

thus showing the zero-sum property

3∑

n=1


1 −

ln
(
Jn(θ)
Jn

)

2β


 Jn
Jn (θ)

d
dθ
Jn (θ) = 0. (A.17)

Suppose θ = θc for some stationary point θc; thus, one coupling is stationary whilst the remaining

have the same value, as the reader might both readily infer from the problem’s geometry or

calculate with Eq. (A.12) for each n. At the end of the day, yet another geometrically anticipated

result is stabilished: if J ′
m (θc) = 0, then for n, n′ ̸= m we have an “opposed derivatives” relation

d
dθc

(Jn + Jn′) = 0. (A.18)

It’s also easy to see, by symmetry arguments, that

J ′′
n (θc) = J ′′

n′ (θc) ,

whose equivalent statement is “the natural continuity” of Eq.(A.18), i.e.

J ′
n1

(θc + ϵ) + J ′
n2

(θc + ϵ) = 0. (A.19)
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Coupling ratios
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Figure A.1: r(θ) vs θ for ϵ = 0.30. Note that this quantity is U-independent. Dashed lines indicate
θ = π/6, π/3, for a minimum and maximum in E0.

For each angle θ, we display the ratio r(θ) ≡ Jmin(θ)/Jmax(θ) between the smallest and

largest couplings Jn(θ) per each theta, in Fig. A.1. This is an obviously non analytical function,

but its maxima are clearly located at the very stationary points in Fig. 5.3. Consistent with

Eqs. (5.5) and (5.7) the plot reflects that r(θ) values closer to one indicate greater homogeneity

for the couplings, thus implying higher frustration - whence the peak at, e.g., π/3 being taller

than the one at π/6. Curiously, however, we have no direct link between our frustration measures

and the minima in Fig. A.1, thus rendering a satisfactory interpretation, if any, still lacking.

Nevertheless, we realize that r(θ) is a much coarser way to infer frustration, since there are not

two but up to three distinct couplings whose spread is better captured by Eq (5.5).
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