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Resumo

Nesta tese, investigamos o surgimento de propriedades topológicas em sistemas bidi-

mensionais (2D). Realizamos os cálculos utilizando a Teoria do Funcional da Densidade

(DFT) e métodos tight-binding. O primeiro sistema estudado foi a monocamada de bis-

muto, um conhecido isolante topológico, dopado com um átomo magnético. Nossos cál-

culos mostraram que as propriedades magnéticas introduzidas não afetam a fase topológ-

ica. Notavelmente, demonstramos que, quando as impurezas estão localizadas próximas à

borda, surge um acoplamento de longo alcance. Além disso, verificamos duas transições de

fase magnética em função da distância entre as impurezas, comportamento característico

das interações Ruderman-Kittel-Kasuya-Yosida (RKKY). Essas conclusões foram vali-

dadas por meio do Hamiltoniano RKKY, cujos resultados apresentam boa concordância

com os cálculos de DFT. A segunda fase topológica investigada neste trabalho emerge em

estruturas porosas de SiGe e Ge semelhantes ao grafenileno. Verificou-se cruzamentos de

bandas quadruplamente degenerados que, com a inclusão do acoplamento spin-órbita, se

dividem em um par de pontos de Weyl. Suas propriedades topológicas foram confirmadas

por meio do cálculo da quiralidade de Weyl e da curvatura de Berry. Essas conclusões

foram corroboradas pelos estados topológicos de borda que conectam pontos de Weyl com

quiralidades opostas, arcos de Fermi. Por fim, estudamos o efeito Hall quântico anômalo

em monocamadas de 1T-CrX2 (X = Bi, Sb) sob tensão biaxial extrema. Essa fase surge

da interação entre o acoplamento spin-órbita, efeitos de muitos elétrons e deformação

biaxial. Estados topológicos de borda também foram observados, concordando com a

correspondência entre bulk e borda. Os resultados deste capítulo ampliam a lista de ma-

teriais magnéticos bidimensionais com a predição do sistema 1T-CrBi2. Para ambos os

sistemas, nossos cálculos mostram temperaturas de Curie acima de 160 K, o que fornece

descobertas valiosas para o contexto do efeito Hall quântico anômalo.

Palavras-chave: Propriedades topológicas, Materiais bidimensionais, Interação spin-

órbita, Estrutura eletrônica.



Abstract

In this thesis, we investigate the emergence of topological properties in two-dimensional

(2D) systems. We perform the calculations using density functional theory and tight-

binding methods. The first system we investigate is a bismuth monolayer, a well-known

topological insulator, doped with magnetic atoms. Our calculations show that the intro-

duced magnetic perturbation does not affect the topological phase. Notably, we verify that

when the impurities are located near the edge, a long-range coupling arises between them.

Additionally, we note the occurrence of two magnetic phase transitions as a function of

the inter-impurity distance, a signature of Ruderman-Kittel-Kasuya-Yosida (RKKY) in-

teractions. These conclusions are validated by means of the derived RKKY Hamiltonian,

whose results show good agreement with DFT calculations. The second topological phase

investigate in this work emerges in graphenylene-like porous SiGe and Ge structures. We

find fourfold degenerate band crossings which, under spin-orbit coupling, split into a pair

of Weyl points. Their topological properties are confirmed through Weyl chirality and

Berry curvature calculations. These conclusions are supported by the bulk-boundary cor-

respondence, where we verify topological edge states (2D Fermi arcs) connecting Weyl

points with opposite chiralities. Finally, we study the quantum anomalous Hall effect in

extremely biaxial tensile strained 1T-CrX2 (X = Bi, Sb) monolayers. This topological

phase arises from the interplay of spin-orbit coupling, many-body effects and biaxial ten-

sile strain. Topological edge states are also observed, consistent with the bulk-boundary

correspondence. The results of this investigation extend the list of two-dimensional mag-

netic materials, in which we predict the stability of the free standing 1T-CrBi2 monolayer.

For both systems, our calculations show Curie temperatures above 160 K, which provides

valuable findings for the quantum anomalous Hall context.

Keywords: Topological properties, Two-dimensional materials, Spin-orbit interaction,

Electronic Structure.
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Chapter 1

Introduction

The experimental realization of graphene in 2004 [8, 9] provided a revolution in materi-

als science. The successful isolation of a two-dimensional (2D) system, previously believed

to be experimentally inaccessible, represented a major breakthrough in physics. Due to

this remarkable achievement, Andre Geim and Konstantin Novoselov were awarded the

Nobel Prize in Physics in 2010. Since this experimental report, many other 2D materi-

als with graphene-like structures have been synthesized, such as silicene [10], bismuthene

[11, 12], stanene [13, 14] and hexagonal boron nitride [15]. Additionally, materials that

crystallize in other structures, such as MXenes [16, 17], metal-organic frameworks [18, 19],

black phosphorus-based systems [20, 21] and transition metal dichalcogenetes [22], have

also been synthesized. Their structures are illustrated in Fig. 1. In electronic band theory,

materials are classified by their band gap as semiconductors, metals and insulators. It

is important to note that all these electronic classifications were observed in the 2D con-

text [23], creating new opportunities for research in low-dimensional systems. Magnetic

materials constitute an important subclass of 2D materials, despite early theoretical pre-

dictions, the first experiment realization was achieved only in 2017 [24]. A few materials

have been synthesized in this new subclass, including CrY3 (Y = Cl, Br, I) [24, 25, 26],

Fe3GeTe2 [27], and Cr2Ge2Te6 [28]. The combination of magnetic properties and 2D

architecture is desired for different applications in condensed matter physics.

The development of 2D materials coincided with the emergence of candidate mate-

rials for topological systems in the solid state context. Topological materials combine

valuable properties, such as relativistic effects, symmetry-protected topological states,

bulk-boundary correspondence, and high-speed [29, 30]. In 2005, the seminal work of

Kane and Mele introduced the quantum spin Hall effect in graphene [31], providing key

insights into topology and materials science. The first experimental achievement of this

phase was reported in 2007 [32]. Since the beginning of topological properties investiga-

tion with the Kane-Mele model, several topological phases were observed, including Weyl

semimetals [33, 6, 34, 35], quantum anomalous Hall effect [36, 37, 38], topological crys-

talline insulators [39, 40, 41], and high-order topological insulators [42]. The timeline of
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Figure 1 – Two dimensional materials and its different crystal structures. Image from
Ref. [1].

experimentally reported topological materials is shown in Fig. 2. Prediction and advances

in the topological field had a significant impact on the modern physics, culminating in

the 2016 Nobel Prize in Physics awarded to Thouless, Haldane, and Kosterlitz for their

discoveries on topological phases of matter and phase transitions.

The United Nations designated 2025 as the International Year of Quantum Science

and Technology (QST) [43]. In QST field, topological materials play a significant role

in quantum computing and quantum transport applications due to their fundamental

properties, such as quantized Hall conductivity, dissipationless boundary states, and high

electron mobility. Beyond QST, topological materials have been applied in different fields

including catalysis [44, 45], thermoelectricity [34, 46], low energy consumption [47, 30],

and optics [48], as illustrated in Fig 3. To enable characterization and optimization of

new devices, research efforts to discover and study new topological materials have grown

substantially in the last decade.

In this way, computational materials science plays an important role in predicting and

studying new materials. With recent advances in computing, is has become accessible to

simulate materials at large scales with thousands of atoms, providing valuable guidance

for experimental synthesis.

1.1 Thesis overview

In this thesis, we investigate the emergence of topological properties in different two-

dimensional materials by means of first-principles calculations. We also investigate the
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Figure 2 – Timeline of experimentally observed topological systems following the theoret-
ical prediction of the quantum spin Hall effect in 2005. Image from Ref. [2].

effects and consequences of these topological phases. This thesis is composed by seven

chapters and is organized as follows:

Chapter 1 is the introduction of this thesis, where the history of two-dimensional

materials and topological materials is briefly discussed. Their applications and advances

are also discussed in this chapter.

The second chapter describes the methodology used in this research. This chapter

starts with a discussion from the perspective of the Schrödinger equation in materials

context, and its limitations when applied to systems with a large number of atoms. We

connect this to materials context and introduce the density functional theory (DFT). In

addition, we derive the Kohn-Sham equations. This chapter also includes a discussion of

the approximations for the exchange and correlation term and their appropriate cases.

The concepts of Berry phase and Wannier functions are also discussed in detail in the

final part of this chapter.

Through this thesis, we investigate different topological phases in two-dimensional

systems. The third chapter briefly introduces the concept of topology and its connection

to solid state physics. This chapter also contains an introduction to each topological

system studied in this work, including the topological insulators, Weyl semimetals and

quantum anomalous Hall insulators. We briefly present the history of each class, their

key properties, experimental synthesis, and major advances of each field.
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Figure 3 – Topological materials and their applications in different research fields. Image
from Ref. [3].

The results of this thesis are divided into Chapters 4, 5, and 6. In Chapter four,

we investigate the electronic and topological properties of bismuthene under magnetic

doping. This chapter begins with a review of bismuthene and its key topological proper-

ties. Magnetism is introduced in bismuthene through a magnetic dopant, magnetic and

topological properties are investigated for different doping percentages and system con-

figurations. We observe that the topological edge states couple the magnetic impurities

via long-range indirect interaction, which was also investigated in the final section of the

chapter using an effective Hamiltonian based on DFT results.

Chapter five discusses a new topic in condensed matter physics, Weyl semimetals

in two-dimensional systems. This topological state arises in porous structures that are

intrinsically noncentrosymmetric. This chapter presents a well-detailed investigations of

Weyl chirality, Berry curvature, two-dimensional Fermi arcs and its spin texture. These

results complete the family of Weyl semimetals, with the prediction of the first two-

dimensional linear Weyl crossings in a noncentrosymmetric structure.

In the chapter six we discuss the emergence of quantum anomalous Hall effect in

1T-CrX2 (X = Bi, Sb) monolayers. Beyond the topological properties, we perform a

detailed study of crystal stability, electronic and magnetic properties of these systems.

Our calculations show a new stable material the 1T-CrBi2 monolayer, extending the list

of two-dimensional magnetic materials.
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Methodology

In the search for a complete description of materials, the Schrödinger equation provides

a helpful way to extract their physical properties, such as wavefunctions and eigenenergies.

In the solid state physics context, a given material is composed of a large number of atoms

arranged in a structure. These atoms are composed by nuclei and electrons. The nuclei,

in turn, are composed of protons and neutrons. Since a material contains multiple atoms

and, consequently, multiple electrons and nuclei, these interactions are described solely

by the Coulomb interaction, repulsion between electrons and attraction between electrons

and nuclei. With the addition of the kinetic energies, all terms of the Hamiltonian are

known.

In this context, it is expected that the system wavefunction depends on the N electrons

(r) andM nuclei (R) coordinates, which assumes the form of Ψ = Ψ(r1, ..., rN ,R1, ...,RM).

The Hamiltonian that describes all interactions in materials includes the kinetic energies

of the electrons (Te) and nuclei (TN), the repulsion between electrons (We), the repulsion

between nuclei (WN), and the attraction between nuclei and electrons (VN). The general

Hamiltonian is given by the sum of these terms

H = Te + TN +We +WN + Vn. (1)

The fully expanded Hamiltonian, expressed in Hartree units [49], is given by

H = −
∑

i

∇2
i

2
−

∑

I

∇2
I

2M
+

1

2

∑

i̸=j

1

|ri − rj|
+

1

2

∑

I ̸=J

ZIZJ

|RI − RJ | −
∑

i,I

ZI

|ri − RI | . (2)

In principle, all physical quantities can be extracted only by solving the time-independent

Schrödinger equation (Hψ=Eψ), such as eigenergies and the probability of finding a elec-

tron at a given position. However, the solution of the Schrödinger equation for this

Hamiltonain can be unpractical due to its multiple degrees of freedom. In this way, there

are some approximations that we can perform to reduce the number of variables in the

system. One of them is the Born-Oppenheimer approximation [50]. Since the nuclei

are nearly 1800 times heavier than the electrons, the nuclei can be considered fixed in
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a position, while the electrons move around them. This leads to an uncoupling of the

electron and nuclear motions, resulting in a separation of the equations that describes

their dynamic. With this approximation, we reduce the terms in the general Hamiltonian

to

H = Te +We + Vn. (3)

This new Hamiltonian is purely electronic. The Schrödinger equation under this new form

is given by


−
∑

i

∇2
i

2
+

∑

i

Vn(ri) +
1

2

∑

i̸=j

1

|ri − rj|



 Ψ = EΨ. (4)

Which is the fundamental equation of electronic structure [49]. The solution of this

equation provides a complete electronic description, with the wavefunction expressed as

Ψ = Ψ(r1, ..., rN). However, when attempting to apply the Eq. (4) to a realistic system,

the problem becomes quite unworkable. For a single CO2 molecule, the wavefunction

for its 22 electrons will have 66-dimensions [51]. In a complex material, the number of

electrons can be larger than 1022. In this way, further considerations can be used to make

this problem treatable, such as by means of the crystal structure periodicity and the

Bloch theorem [52, 53, 54]. However, the coupled electrons remain a problem, even with

few electrons in the unit cell. In this way, the DFT proposes a simpler way to describe

the system properties. Instead of looking only for the wavefunction, the electronic charge

density has the main focus in this new analysis. Additionally, a "system replacement"

is performed, which significantly simplify the analysis of the problem and reduces the

computational cost, as we will discuss in the next section.

2.1 Density Functional Theory

The arise and consolidation of the DFT provided a revolution in modern physics and

chemistry. The DFT is based on the investigation of the system ground state electronic

charge density, instead of its wavefunction properly. This theory is based on two theorems

and, due to the impacts in computational materials simulation, Walter Kohn and John

Pople were awarded with the nobel prize in chemistry in 1998. The DFT is an exact theory,

and provides exactly results for simple systems, such as free electrons gas. However, as

we will discuss next, to describe one of the terms in real materials, some approximations

are required, which leads to a approximated results in most of cases.

2.1.1 Hohenberg-Kohn theorems

Considering a nonrelativistic treatment for a given system with N interacting elec-

trons in the non-degenerated ground state, the first theorem shows a univocal connection

between the electronic density and the external potential [49].
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First theorem: The external potential Vn is uniquely determined, less an additive

constant, by the electronic density of the ground state n(r).

This first theorem leads to important implications. Since the ground state charge

density allows us to investigate the external potential, all the terms in the Hamiltonian (4)

can be determined. With the external potential and the Hamiltonian from Eq.(4), we can

obtain the corresponding ground state many-electron wavefunction Ψ. With the ground

state wavefunction, the last step consists of determining the system’s eigenenergies, which

leads to the following relation

n(r) → Vn → Ψ → E.

Since the electronic density depends on the position r, the ground state energy is a

density functional. In the functional notation, this relation can be expressed as

E = F [n(r)]. (5)

Second theorem: The energy of a ground state is minimum for the exact ground

state electronic density.

As previously mentioned in the discussion of theorem 1, since the external potential is

uniquely determined by the ground state electronic density, the ground state wavefunction

can be obtained from the electronic density. However, by applying an external effect, the

many-electron wavefunction will change, and it is not determined only by the ground

state of electron density. This is intrinsically related to the second theorem, which states

that any wavefunction that does not lead to the minimum mean energy value corresponds

to a excited electron density n′(r). This auxiliary electronic density leads to an external

potential and, consequently, to a wavefunction. The mean value of the Hamiltonian will

leads to higher energy values.

E[n(r)] = 〈Ψ|H|Ψ〉 < 〈Ψ′|H|Ψ′〉, (6)

Which leads to

E[n(r)] < E[n′(r)]. (7)

2.1.2 Kohn-Sham Ansatz

Although the Hohenberg-Kohn theorems give valuable insights regarding the electronic

density of the ground state, the associated calculations can be quite complicated due

to the interacting electrons. In this context, one of the key advantages of DFT is the

representation of the original system by an auxiliary system that consists of N non-

interacting electrons under an effective potential. This change in representation is based

on the Kohn-Sham Ansatz, where relies on two premises [55]:

1 - Non-interacting-V-representability: This assumption consist in the statement that

the ground-state electronic density of an interacting system can be described by the



2.1. Density Functional Theory 23

ground-state electronic density of a non-interacting auxiliary system under an effective

potential.

2 - Auxiliary Kohn-Sham Hamiltonian HKS: The auxiliary Kohn-Sham Hamiltonian

is constructed including the kinetic energy of the non-interacting N electrons and an

auxiliary potential, which we denote as the Kohn-Sham potential. This HKS Hamiltonian

assumes the following form

HKS =
N

∑

i

(

−1

2
∇2

i

)

+
N

∑

i

VKS(ri). (8)

The electronic system is fermionic, and its wavefunction must be antisymmetric. We

can express the ground-state wavefunction of the auxiliary non-interacting system in the

Slater determinant form

ΦKS =
1√
N !

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

φ1(r1) φ2(r1) · · · φN(r1)

φ1(r2) φ2(r2) · · · φN(r2)
...

...
. . .

...

φ1(rN) φ2(rN) · · · φN(rN)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

. (9)

In this way, using the variable separation methods, we obtain N eigenvalues equation for

the electrons

hKSφi = εiφi. (10)

The auxiliary Hamiltonian assumes the form of a single particle under an effective poten-

tial, defined as

hKS = −∇2

2
+ VKS(r). (11)

In this way, we replace a problem of many interacting electrons by a non-interacting

system with the electrons under an effective potential. In this auxiliary system, the

wavefunction depends only on the free electrons spatial coordinates. There are additional

steps that are helpful in the materials context. The solids can exhibit the atomic alignment

in a crystalline form, which shows a periodicity and the wavefunction differs only by a

phase, reducing the analysis of the system to its unit cell. In the next section, we discuss

how to construct a functional that minimizes the ground state energy and derive the

Kohn-Sham equations.

2.1.3 Kohn-Sham equations

In the previous section, the Hohenberg-Kohn theorems were studied. These theorems

provide valuable insights regarding the study of systems in their ground state, where

the ground state energy is expressed in terms of the electronic density. However, the

exact form of this functional is not explicitly defined and remains an open topic in con-

densed matter physics. In this section, we will explore the general form of this functional.
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Based on the Hohenberg-Kohn theorems and the Kohn-Sham ansatz, we can construct a

functional that minimizes the total energy of the system, given the exact ground state

electronic density. This functional must include contributions from the kinetic energy, the

Coulomb interaction and external potential. This ground state energy can be written as

E = minn(r) {T [n] +W [n] + Vn[n]} = minn(r)

[

F [n] +
∫

n(r)Vext(r)dr
]

. (12)

Here, F[n] denotes the universal functional, which contains the kinetic energy and Coulomb

interaction terms, present in all many-electron systems. The other term is the external

potential due do the nuclei-electron interaction.

All terms in the universal functional are dependent on the electronic density. However,

for the kinetic energy, this dependence is implicit expressed through the Kohn-Sham

orbitals. The kinetic energy is given by

T [n] = −1

2

∑

i

∫

φ*
i (r)∇2φi(r)dr. (13)

The classical electronic repulsion, given in terms of the Hartree energy [49], has the form

EH [n] =
1

2

∫∫ n(r)n(r′)

|r − r′| drdr
′. (14)

By means of the described interactions, and the external potential, we can rewrite the

energy expression (12) in the following format

E[n] = T [n] + EH [n] + Vn[n] + Exc[n]. (15)

It is worth to note that an additional term (Exc) was included in the previous equation.

This term is named the exchange and correlation energy, and all interactions beyond the

kinetic energy and Coulomb interaction are incorporated into this term. A closed expres-

sion for this term remains one of the greatest challenges in modern density functional

theory [51]. The nature of this term and further approximations will be discussed in a

detail in the next section.

The energy as a functional of the electronic density (Eq. (15)) can be rewritten, using

Eqs. (13) and (14), in the full expanded terms as

E[n] = −1

2

∑

i

∫

φ*
i (r)∇2φi(r)dr+

1

2

∫∫ n(r)n(r′)

|r − r′| drdr
′+

∫

n(r)Vext(r)dr+Exc[n]. (16)

The condition to minimizing the Kohn-Sham auxiliary system functional can be viewed

as a minimization problem with respect to the electronic density. We can solve this

problem using of the Lagrange functional method

L = E[n] −
∑

ij

[

εij

∫

φ*
i (r)φj(r)d(r) − δij

]

. (17)

Using the functional expression from Eq. (15), we can rewrite the Eq. (17) as
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L = T [n] + EH [n] + Vn[n] + Exc[n] −
∑

ij

[

εij

∫

φ*
i (r)φj(r)d(r) − δij

]

. (18)

The orthogonality condition between the orbitals i and j implies that
∫

φ*
i (r)φj(r)d(r) = δij. (19)

In searching for a ground-state density that minimizes the functional, we apply the

Hohenberg-Kohn variational principle, described as

δL

δφ*
i (r)

= 0, (20)

or, using (18)

δT [n]

δφ*
i (r)

+
δ

δφ*
i (r)

[EH [n] + Vn[n] + Exc[n]] =
δ

δφ*
i (r)

∑

i

εi

∫

φ*
i (r)φi(r)d(r). (21)

By performing the functional derivative 1 of the first term on the left-hand side and

the term on the right-hand side of the previous equation, we obtain

δT [n]

δφ*
i (r)

=
δ

δφ*
i (r)

[

−1

2

∑

i

∫

φ*
i (r)∇2φi(r)dr

]

= −1

2
∇2φi(r). (22)

Rewriting Eq. (21) using the results from the functional derivative, we have

−1

2
∇2φi(r) +

δ

δφ*
i (r)

[EH [n] + Vn[n] + Exc[n]] = εiφi(r). (23)

A useful property of the corresponding functional derivative in this context is

δf

δφ*
i (r)

=
δf

δn

δn

δφ*
i (r)

=
δf

δn
φi(r). (24)

By applying the previous property into Eq. (23)

−∇2

2
φi(r) +

δ

δn
[EH [n] + Vn[n] + Exc[n]]φi(r) = εiφi(r). (25)

The derivatives of EH [n] and Exc[n] with respect to the electron density correspond to the

respective potentials, where we substitute (25) into the final expression and, since that
δVn[n]

δn
= Vext(r), we verify the following equation

[

−∇2

2
+ Vext(r) + VH(r) + Vxc(r)

]

φi(r) = εiφi(r). (26)

1 Considering a functional with follows the form

F [α] =

∫

f(r, α(r))dr,

The derivative of the functional can be expressed as

δF [α]

δα
=

δf

δα
.
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In compact form, we can rewrite the Eq.(26) as a single-particle Schrödinger equation

under a effective Kohn-Sham potential
[

−∇2

2
+ VKS(r)

]

φi(r) = εiφi(r). (27)

Where

VKS(r) = Vext(r) + VH(r) + Vxc(r), (28)

∇2VH(r) = −4πn(r), (29)

n(r) =
∑

i

|φi(r)|2. (30)

The Equations (27) and (30) are known as the Kohn-Sham equations [56], which

provides a revolutionary way to investigate the electronic properties of the materials. It

is important to note that, to obtain the ground-state electronic density, the Kohn-Sham

orbitals are required for the calculations, as stated by Eq. (30). However, to calculate the

Kohn-Sham orbitals (Eq. (27)), the effective potential from Eq. (28) is required, which

depends on the ground-state electronic density expression.

In practice, the Kohn-Sham equations are solved numerically through self-consistent

calculations. This method consists in perform an initial guess for the electronic density,

where the effective potential is calculated. Using this potential, the Kohn-Sham equation

(27) can be solved. This solution enables the calculation of a new electronic density,

which can be compared to the old charge density, from the initial guess. If the difference

between the new and old densities is lower than a fixed tolerance criterion, the calculation

can be stopped. If not, the full cycle is repeated with the new estimated density until the

criterion is reached. This initial guess for the electron density is usually obtained from

the sum of the charges of the materials isolated atoms.

2.2 Functionals and Approximations

In the previous section, we derived the Kohn-Sham equations using the Kohn-Sham

ansatz, which replaces the interacting many-electrons system by a non-interacting sys-

tem under an effective potential. In the effective potential, all the effects that are not

accounted for the kinetic energy and Coulomb interaction are included in the exchange

and correlation energy [49, 55].

The exchange-correlation term is given by the sum of two distinct contributions: ex-

change energy and correlation energy. The exchange energy arises from the Pauli’s exclu-

sion principle. Since electrons are fermions, their wavefunction must be antisymmetric.

As a result, two electrons with the same spin orientation cannot occupy the same energy

level, only opposite spins are allowed. This leads to an energetic cost associated with ex-

changing electrons between orbitals. Although the exchange integrals are computationally

expensive, it has a closed expression derived from the Hartree-Fock equations [49, 55].
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On the other hand, the correlation energy originates from many-body effects. The

probability of finding an electron at a given position decreases when other electrons are

nearby. Similarly, a single electron influences the overall electronic distribution, and

vice versa. Unlike the exchange term, the correlation term does not have a closed-form

expression. Its nature is complex, as it affects both the kinetic and potential energies of

the system.

In this way, approximations are necessary to address the problem. Two widely used

approaches are the local density and generalized gradient approximations, as will be

discussed next.

2.2.1 Local density approximation

A first proposal for solution of the exchange and correlation term is the local density

approximation (LDA). This approach was proposed by Kohn and Sham in their semi-

nal paper [56] and provides a foundational framework for further approximations. The

LDA simplifies the electronic density by assuming it to be homogeneous, based on free

homogeneous electrons gas model. This simplification makes it possible to investigate the

exchange and correlation energy in a physically accessible way. In this approximation,

the exchange and correlation energy can be expressed as

Exc[n] =
1

2

∫

n(r)[εLDA
x + εLDA

c ]dr. (31)

Where εLDA
x(c) is the exchange (correlation) energy in the LDA. Under this approximation,

an analytic expression for the exchange energy can be derived, which it is given by

εLDA
x = −3

4

[

3

π

]
1
3

∫

V
n(r)

4
3dr. (32)

While the exchange energy has a closed-form expression, the correlation energy does not

have an analytical expression. This term can be studied using numerical methods, such

as Monte Carlo simulations [55, 49, 57].

The LDA successfully describes systems with uniform electronic density. However,

for non-homogeneous systems, where the electronic density varies significantly, a more

sophisticated approach is required. This leads to the generalized gradient approximation

(GGA).

2.2.2 Generalized gradient approximation

In the search for a more accurate approach to describe the ground state electronic

density, it is required to take into account non-uniform effects. In this context, the gener-

alized gradient approximation represents an improvement over the LDA approach. Unlike

LDA, which accurately describes only systems with homogeneous electronic density, GGA
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also incorporates the gradient effects of the electron density, providing a more accurate

description for the systems. The exchange and correlation functional in GGA has the

form

Exc[n(r)] =
∫

fGGA(n(r),∇n(r))dr. (33)

Here, fGGA is a function of the electronic density and its gradient. It is important

to note that simply incorporating the gradient of the electronic density is not sufficient

to achieve significant improvements in accuracy compared to LDA, which requires the

inclusion of other terms in the expansion [55, 58]. Under this approach, the correlation

term is described as

EGGA
c [n(r)] =

∫

n(r)[εLDA
c +H(n(r), t)]dr. (34)

Where εLDA
c represents the correlation energy obtained within the LDA framework. The

function H(n(r), t) incorporates the expanded gradient terms. Classic GGA functionals

include the Becke-Lee-Yang-Parr (BLYP) [59, 60], Perdew-Wang (PW) [61], and Perdew-

Burke-Ernzerhof (PBE) [62] functionals, with PBE being one of the most widely used in

DFT calculations.

2.2.3 DFT+U

Although GGA approaches can sufficiently describe a large class of materials, there is

one class of system that these standard DFT approximations fails to describe with reason-

able accuracy. In systems that exhibit strong electronic correlation, these methods fail,

leading to divergence with experimental results [63, 64, 65]. Strongly correlated electrons

arises in well-localized d and f orbitals, where, without a correct treatment, wrong results

are reported [55, 58, 66]. In many systems, without many-electron correction, they ex-

hibit metallic behavior, but with the correction they may show insulating behavior. These

systems are known as Mott insulators [30, 67, 68]. The correction, known as DFT+U,

incorporates many-electron effects through an externally added Coulomb term (U).

This new approach lies in the Hubbard model. Here, a correction term is introduced

in the total energy of the standard exchange and correlation term, such as LDA, GGA or

meta-GGA. The new energy under this consideration reads as

ELDA+U [n(r)] = ELDA[n(r)] + EHub[n
l,σ
m1,m2

] − Edc[n
l,σ]. (35)

The Hubbard term (EHub) denotes the correction term, which depends of the occupation

number (n) of the spin electrons (σ) at a given atomic site (l), in the m-th state. However,

part of the electronic correlation, even that is not completely described, is included on

the ELDA functional. To correct this issue, the Edc is introduced to avoid double counting

terms.
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A largely used functional from DFT+U context was introduced by Dudarev [63], where

it is taken only the difference between U and J terms, the energy expression under this

method is given by

ELDA+U [n(r)] = ELDA[n(r)] +
(Ueff )

2

∑

m,σ

[

nm,σ − n2
m,σ

]

. (36)

Where Ueff = U −J . There are some ways to estimate the effective U term. One of them

is by adjusting this parameter until the properties matches with the experimental findings,

such as lattice parameter or orbital localization. Computationally, different approaches

are developed to estimate this parameter, such as linear response method [69].

2.3 Spin density functional theory

Throughout this chapter, although was given indirect physical insights regarding spin

inclusion, there was no formal treatment of this physical property within DFT. Without

considering spin, a wide class of phenomena cannot be accurately described by this theory,

including magnetic materials, topological insulators, quantum anomalous Hall systems,

and Rasbha effects. Therefore, a complete DFT framework requires the explicit inclusion

of spin.

The inclusion of magnetism in DFT is closely related to special relativity and the Pauli

exclusion principle, which states that two electrons with the same spin cannot occupy the

same energy level. A formal treatment of spin density functional theory was developed by

Rajagopal and Callaway [70]. In the special relativity context, using the Dirac equation,

they demonstrated that the total energy of the system in the ground state is a functional of

the four-current Jµ(r). This four-current include information from the electronic density

(n(r)), the electron spin density (s(r)), and current densities.

• Without magnetic properties: n(r)
F−→ E, E = F [n(r)]

• With magnetic properties: n(r), s(r)
G−→ E, E = G[n(r), s(r)].

Unlike the spinless case, in this context, the total energy has a functional form that

depends not only on the electron density, but also on the spin density. These physical

properties are defined by

n(r) = n(r, σ =↑) + n(r, σ =↓), (37)

s(r) = n(r, σ =↑) − n(r, σ =↓). (38)

Here, ↑ e ↓ denote spin-up and spin-down states, respectively. In this way, the electronic

density can be rewritten as

n(r) =
∑

i

|φi(r, ↑)|2 +
∑

i

|φi(r, ↓)|2. (39)

We can rewrite the Kohn-Sham equation (Eq. (27)) in terms of the spin components as
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[

−1

2
∇2 + Vn(r) + VH(r) + Vxc,σ(r)

]

φi,σ(r) = εi,σφi,σ(r). (40)

Where the exchange and correlation potential is given by

Vxc,σ(r) =
δExc[n↑, n↓]

δnσ(r)
. (41)

To generalize the Kohn-Sham equation, it is necessary to use a spinor description, where

Ψi(r) = φi(r, ↑)χ↑ + φi(r, ↓)χ↓. (42)

In this formulation, the correlation and exchange terms are separated into a classical sum,

with the magnetic field also included
[

−1

2
∇2 + Vn(r) + VH(r) + Vxc(r) + µσ · Bxc(r)

]

Ψi(r) = εiΨi(r). (43)

The term Bxc(r) is defined as the exchange and correlation magnetic field, which aligns

the electrons and leads to magnetic ordering.

2.4 Berry Phase

In the study of topological states of matter, a key concept used for computing topolog-

ical invariants is the Berry phase and its derived quantities, such as the Berry curvature

and Berry connection. The Berry phase arises in systems that perform a closed path un-

der an adiabatically evolution. Previously, it was believed that a quantum system under

an adiabatic evolution did not carry any information accumulated in the evolution, and

only the dynamical phase would manifest. However, Michael V. Berry [71] demonstrates

that, in a closed path, this system carries a phase due to geometric effects. This phase,

also known as the geometric phase, has applications in different physics areas, such as

solid state physics and electrodynamics [72, 73, 74].

We analyze a physical system that intrinsically depends on the R parameter, where

R = (R1, R2, ..., RN), and is also time dependent, denoted by t. The evolution of the R

parameter is smoothly and the system is not exposed to significant perturbations in a given

time t = T . The system Hamiltonian can be expressed asH(R(t)), with the corresponding

eigenenergies denoted by En(R(t)). The n-th eigenstate of this Hamiltonian is described

by the ket |n(R(t))〉. By using the Schrödinger’s equation at a given time t, we rewrite

the expression as

H(R(t))|n(R(t))〉 = En(R(t))|n(R(t))〉. (44)

At an initial time, which is fixed at t = 0, we denote R(0) = R0. By rewriting the

Schrödinger’s equation (44) in its time-dependent form for an initial state, we have

H(R(t))|n(R0)〉 = iℏ
∂

∂t
|n(R0)〉. (45)
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From the perspective of time evolution and dynamical evolution of the system, the eigen-

state |n(R(t))〉 at the initial time can be rewritten as

|n(R0)〉 = eiαn(t)eiγn(t)|n(R(t))〉, (46)

here αn(t) corresponds to the dynamical phase. The system that is already in his eigen-

state, by suffering the time variation, and without perturbation, due to time evolution

this system will be finding in its eigenstate less due to a phase, that is the dynamical

phase, given by

αn(t) = −1

ℏ

∫

Endt. (47)

When we perform the substitution of Eq. (47) into Eq. (46) and, by considering the

eigenvalues form (Eq. (45)), we obtain

En

[

e− i

ℏ

∫

Endteiγn(t)
]

|n(R(t))〉 = iℏ
∂

∂t

[

e− i

ℏ

∫

Endteiγn(t)
]

|n(R(t))〉. (48)

By taking the derivative in the right-hand side of the previous equation, we obtain

iℏ

{[

− i

ℏ
En + i

∂

∂t
γn(t)

]

e− i

ℏ

∫

Endteiγn(t)|n(R(t))〉 + e− i

ℏ

∫

Endteiγn(t) ∂

∂t
|n(R(t))〉

}

. (49)

In this way, with the simplification of the exponential terms, the Eq. (48) can be rewritten

as

En|n(R(t))〉 = iℏ

[

− i

ℏ
En + i

d

dt
γn(t) +

d

dt

]

|n(R(t))〉. (50)

By applying 〈n(R(t))| on both sides of (50), and using the normalization condition

〈n(R(t))|n(R(t))〉 = 1, it can be noted that

d

dt
γn(t) = i〈n(R(t))| d

dt
|n(R(t))〉. (51)

With the following derivative property

d

dt
|n(R(t))〉 = ∇R|n(R(t))〉 · dR

dt
, (52)

we can rewrite the previous equation as

d

dt
γn(t) = i〈n(R(t))|∇R|n(R(t))〉dR

dt
. (53)

The term i〈n(R(t))|∇R|n(R(t))〉 is named as the Berry connection, here represented by

An(R(t)). By performing the integral from 0 to T on both sides of the previous equation,

which is the time which the adiabatic motion is performed, we obtain

γn(T ) =
∫

R(T )

R(0)

An(R(t)) · dR. (54)

For a closed loop, in a given time T, the system return to the initial position, R(T ) =

R0. This leads to the Berry phase expression

γn(C) =
∮

C

An(R) · dR. (55)
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The previous expression can be rewritten using Stokes’ theorem, where the Berry phase

is expressed as a surface integral of the Berry connection curl

γn(C) =
∫

S

Ωn(R) · dS. (56)

Here Ωn is defined as the Berry curvature, which is given as Ωn(R) = ∇R × An(R).

As will be discussed in the Chapter 3, the Berry phase and Berry curvature exhibit key

properties in the context of topological systems. Based on this, we revisit the Berry

curvature expression, where we rewrite in the following form

∇R × An(R) = Im{∇R × [〈n(R)|∇R|n(R)〉}. (57)

By applying the curl property ∇ × [f(r)∇g(r)] = ∇f(r) × ∇g(r), we can rewrite the

Berry curvature as

Ωn = Im{∇R〈n(R)| × |∇R|n(R)〉}. (58)

By inserting the completeness relation, we have

Ωn = Im

{

∑

m̸=n

∇R〈n(R)|m(R)〉 × 〈m(R)|∇R|n(R)〉
}

. (59)

To verify the off-diagonal elements, where m6=n, we revisit the Schrödinger equation. We

apply the ∇R operator in Eq. (44), leading to

∇RH(R)|n(R)〉 +H(R)∇R|n(R)〉 = ∇RE(R)|n(R)〉 + En(R)∇R|n(R)〉 (60)

By projecting into 〈m(R)| state, we obtain

〈m(R)|∇R|n(R)〉 =
〈m(R)|∇RH(R)|n(R)〉

(En − Em)
(61)

Note that this result can be applied to Eq. (59), where the Berry curvature can be

rewritten as

Ωn = Im

{

∑

m̸=n

〈n(R)|∇RH(R)|m(R)〉 × 〈m(R)|∇RH(R)|n(R)〉
(Em(R) − En(R))2

}

. (62)

It is worth to note that this Berry curvature expression can also be expressed in terms of

the velocity operator [75, 76].

2.5 Wannier functions

One of the intuitive ways to calculate topological invariants is by integrating the

Berry connection over the Brillouin zone. Although the Berry phase provides a useful

way to analytically calculate the topological phase of systems and is successfully applied

in particular cases, such as in two-level systems, its computational implementation is
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challenging. This is because the Berry connection depends on the gauge choice, and

fixing the gauge is non-trivial. Alternatively, the parity of wavefunctions can be used to

compute the topological invariant, however, this method is restricted to centrosymmetric

systems. In this context, Wannier functions offer a more straightforward approach for

computing topological invariants.

The Wannier functions are strictly related to the Bloch Functions and were introduced

by Grigori Wannier in 1937. These functions show a strong correspondence with tigh-

binding models [77], and are defined as

|wnR〉 =
Vcell

(2π)3

∫

BZ
e−ik·R|unk〉dk. (63)

Here, Vcell corresponds to the volume of the unit cell, BZ denotes the Brillouin zone of the

system as the integration limit, and |unk〉 represents the Bloch states. By performing the

Fourier transform (FT), it can be obtained the Bloch functions in terms of the Wannier

counterpart

|unk〉 =
∑

R

eik·R|wnR〉. (64)

Clearly, by performing the inverse Fourier transform, the Wannier functions can once

again be expressed in terms of the Bloch functions, as follows

|wnR〉 =
Vcell

(2π)3

∫

BZ
e−ik·R|unk〉dk F T⇐⇒ |unk〉 =

∑

R

eik·R|wnR〉. (65)

One of the main advantages of using Wannier functions is the ability to define the

Wannier charge centers (WCC). The WCC represent the expectation value of the position

operator for the Wannier functions

rn = 〈wn0|r|wn0〉. (66)

Through this definition, the WCC are equal to the Fourier transform coefficients of the

Berry connection, establishing a direct relationship between the Wannier charge centers

and the geometric properties of the electronic states

〈wn0|r|wnR〉 = AnR. (67)

Similarly to the Bloch states wavefunctions, we can define

AnR =
Vcell

(2π)3

∫

BZ
e−ik·R

An(k)dk
F T⇐⇒ An(k) =

∑

R

eik·R
AnR. (68)

By substituting Eq. (68) into Eq. (67), and considering R = 0 as the origin of coordinates,

we can verify the relation between the WCC and the Berry connection as

rn =
Vcell

(2π)3

∫

BZ
An(k)·dk, (69)
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Using the definition of An(k), the previous equation can rewritten as

rn =
Vcell

(2π)3

∫

BZ
i〈unk|∇k|unk〉dk. (70)

Restricting this previous equation to the 1D case, where the integral over the Brillouin

zone reduces to the interval from 0 to 2π/a, and replacing the unit cell volume with the

lattice parameter a, we obtain

xn =
(

a

2π

) ∫ 2π

a

0
〈unk|i∂k|unk〉dk, (71)

It can be noted that this integral corresponds to the Berry phase expression, defined in

Eq. (55), applied to the 1D system. We can rewrite as

xn = a
γn

2π
. (72)

This leads to a direct relationship between the Wannier charge centers and the Berry

phase, differing only by a factor. In this case, calculating the WCC along a path from 0

to a is analogous to calculating the Berry phase from 0 to 2π path. One useful quantity

is the sum of the Wannier charge center over the Brillouin zone, which plays a key role in

determining the Z2 topological invariant. Unlike the Berry connection, which is not gauge

invariant, this quantity does not depend on the gauge choice [77]. The sum of WCCs is

given by
∑

α

xS
α =

1

2π

∫

BZ
AS, (73)

where S = I, II, due to time-reversal symmetry property. In a smoothly period adiabatic

motion over an adiabatic time interval
[

0, T
2

]

, the Z2 index can be calculated in the

following way

Z2 =
∑

α

[

xI
α

(

T

2

)

− xII
α

(

T

2

)]

−
∑

α

[

xI
α (0) − xII

α (0)
]

. (74)

This invariant performs a fundamental in the classification of trivial and topological in-

sulators, as will be discussed in detail in the following chapter.
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Chapter 3

Topological systems in condensed

matter

Topological phases of matter are among the most promising topics of condensed matter

physics. Since the discover of the nontrivial phases in solids, different topological systems

have been both theoretically predicted and experimentally observed. Due to their poten-

tial application in different areas, topological materials have attracted significant scientific

interest in the last two decades. In this chapter, we first introduce the concept of topology

and smooth deformations. Then we present the key properties and discuss the advances

in three fundamental topological systems: topological insulators, Weyl semimetals and

quantum anomalous Hall insulators. These phases will be investigated details in this

work.

3.1 Topology

Topology is a field of mathematics that investigates geometric forms under adiabatic

deformation and classifies them by an invariant. This branch is considered an extension

of geometry. In this context, the topological classification can be represented by the

genus invariant, denoted by g, which counts the number of holes in a surface. The sphere

(Fig. 4(a)) represents a surface with g = 0, and the torus (Fig. 4(b)) a surface with g = 1.

Different geometric forms with the same number of holes share the same invariant, since

they belong to the same topological class. Interestingly, geometric forms in the same

topological class can be transformed into one another through continuous deformations.

Considering the torus in Fig 4(b), by applying smooth deformations, this geometry can be

transformed into a teacup without changing its topological class. However, the transfor-

mation of the torus into a sphere would require performing, at some point, a non-smooth

deformation, which is to perform a hole in its surface. Consequently, it is not possible to

transform a torus (g = 1) into a sphere (g = 0) through smooth deformations.
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way, a natural question arises: can band crossings also exhibit topological properties? The

answer is yes, and the nature of this behavior lies in the Dirac equation. This equation

provides a suitable way to combine quantum mechanics and special relativity, its solution

can lead to different particles behaviors, giving rise to Dirac, Majorana and Weyl fermions.

In 1929, Hermann Weyl studied one particular solution of the Dirac equation, which is

based on massless particles proposal [88]. The Weyl study led to a simpler case solution,

where the fermions always arises in pairs with opposite chiralities. For a long time, neutri-

nos were thought to meet the criterion for Weyl fermions candidates, as also discussed in

quantum mechanics textbooks [82, 89]. However, with the neutrino mass measurements,

they do not fit as possible candidates, leaving a gap in this particles class [33]. Currently,

there are no experimental reports of Weyl fermions in physics beyond solid state systems.

The Weyl Hamiltonian is given by

H = vF k · σ. (80)

From the previous Hamiltonian, the Weyl fermion eigenenergies are given by E = ±vFk.

The energy of a Weyl fermion shows a linear dispersion in the momentum space.

In the solid state physics context, a given system protected by both inversion and

time-reversal symmetry has a band structure double degenerate in spin up and spin down,

where E(k, ↑) = E(k, ↓). Without SOC, a symmetry-protected system can shows fourfold

degenerate Dirac crossings between the valence and conduction bands. When SOC is

included, these band crossings can be affected or not, as illustrated in Fig. 7. The first

possible scenario is the band opening (Fig. 7(a)), which is a key signature of topological

insulators, as previously discussed. The second possibility is that the SOC does not

affect the fourfold degenerate band crossing, resulting in a Dirac semimetal signature. A

pair of Weyl points may arise from a Dirac semimetal by breaking either time-reversal

or inversion symmetry, where a fourfold degenerated crossing slipts into pair of Weyl

crossings (Fig. 7(b)). It is important to note that Weyl points can also arise in systems

without Dirac semimetal behavior. In gapped systems, by breaking the inversion or time-

reversal symmetry, the upper and lower bands can split and cross each other, leading to

a topological phase transition [21].

Weyl fermions show a nonvanishing Berry curvature at the crossing point. Starting

from the Weyl Hamiltonian (Eq. (80)), the Berry curvature is given by [90, 91]

Ω = ∓ k

2k3
. (81)

Where Ω denotes the Berry curvature. In this scenario, Weyl points can be understood

as monopole chiral charges, where the positive and negative topological crossings act as

a source and drain of Berry curvature, respectively. This form allows the visualization of

the Berry curvature as field lines connecting Weyl points with opposite chiralities. The

Weyl chirality is given by

χ =
1

2π

∫

F S
Ω·dk. (82)
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Figure 7 – Schematic illustration of an inverted band structure without SOC. The inclu-
sion of SOC can open a band gap (a), characterizing a topological insulator
phase, or when combined with a fundamental symmetry breaking, form a Weyl
semimetal phase (b). In the topological insulator phase, the arrows represent
the helical spin texture of the Dirac cone, while in the Weyl semimetal phase
the arrows indicate the Fermi arcs. Adapted image from Ref. [6].

Here, FS represents the Fermi surface that encloses a Weyl point. Due to Nielsen-

Ninomiya theorem [92], also known as fermion doubling theorem, the sum of the chiral

charges in the Brillouin zone must be zero, satisfying the following equation

BZ
∑

j

χj = 0. (83)

This implies that Weyl points must arise in pairs with opposite chiralities in the Brillouin

zone; consequently, a single Weyl point will not appear without its corresponding part-

ner [77, 90]. In this way, symmetries play a crucial role in the Weyl semimetals study.

Distinct symmetry conditions lead to different Weyl point behavior in the Brillouin zone,

affecting both Berry curvature and chirality. For a noncentrosymmetric 3D system, pro-

tected by time-reversal symmetry, with a pair of Weyl points located in k0 and −k0, the

Berry curvature and Weyl chiralities show the following properties

Ω(k0) = −Ω(−k0), (84)

χ(k0) = χ(−k0). (85)

In contrast, for an inversion-symmetric 3D system, but with the time-reversal symmetry

broken, the properties changes as follows

Ω(k0) = Ω(−k0), (86)
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imental verification in TaAs and TaP occurred, marking a breakthrough in topological

matter research. Subsequently, other materials were verified to show the Weyl semimetal

phase, including transition metal dichalcogenides, such as MoTe2 and WTe2 [98, 99, 100,

101, 102, 103], and magnetic materials [104, 105, 106, 107].

Previously, it was believed that Weyl crossings were restricted only to 3D systems.

However, it was verified that, under the protection of an crystal symmetry, Weyl semimet-

als can also arise in 2D systems [90]. The first predictions were reported in 2D magnetic

materials [108, 109, 110, 111, 112, 113, 114, 115], followed by reports of quadratic Weyl

crossings in both magnetic and non-magnetic systems [116, 117], and a linear Weyl cross-

ing in a noncentrosymmetric system [118]. In 2024, the first experimental observation of

Weyl semimetals in two-dimensional was reported [21], these topological crossings were

found in bismuthene grown on a SnS substrate. A subsequent experimental identifica-

tion of Weyl fermions in two dimensions was achieved in the PtTe1.75 monolayer [119].

A well-detailed discussion on Weyl fermions in two-dimensional systems is presented in

Chapter 5.

3.4 Quantum anomalous Hall insulators

The interplay between magnetic fields and electronic properties leads to remarkable

physical effects in solid state physics. One of the most interesting discovers regarding the

magnetism in materials is the connection between transversal conductivity and magnetic

field intensity, first reported by Edwin H. Hall in 1879 [120]. This investigation demon-

strates that in a metallic sample, when an electric current is applied parallel to the system

while a perpendicular magnetic field is present, the electrons experience the Lorentz force.

As a consequence, their trajectory is modified, leading to electron accumulation on one

side and hole (positive charges) accumulation on the opposite side. This charge separation

creates a potential difference between the opposite edges of the system, with is named

as Hall voltage. Consequently, a transversal resistivity ρxy emerges, which is called Hall

resistivity. This physical quantity is inversely proportional to the Hall conductivity σxy.

Hall verified that this transversal conductivity is proportional to the applied magnetic

field, which grows linearly with the external magnetic field.

With advances in experimental techniques, nearly 100 years later, Klaus von Klitzing

verified that, under strong magnetic fields (close to 15 T) and low temperatures (4 K),

the Hall conductivity becomes quantized in integer units of e2/h, consequently the Hall

resistivity is also quantized in h/e2 integer values [121]. The remarkable precision of

these measurements exhibits minimal experimental deviation for the quantized values

[122]. These findings demonstrated the positive impact of the quantum Hall effect in the

metrology [36]. Due to significance of the discovery of quantum Hall effect, Klaus von

Klitzing received the Nobel Prize in Physics in 1985.
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properties [124, 127, 75]. With the emergence of boundary states, the anomalous Hall

conductivity shows a plateau peak at the band gap opening region in bulk. The Chern

number will define the intensity value in integer units of e2/h. The anomalous Hall

conductivity is given by

σxy = C
e2

h
. (89)

It is important to note that contributions to σxy are not exclusively from Berry phase

effects. Different effects can also influence the transversal conductivity, and potentially

affect its quantized properties [72, 124].

The combination of topological boundary states with intrinsic magnetism makes quan-

tum anomalous Hall systems promising candidates for practical applications, such as spin-

tronic and memory storage technologies. The quantum anomalous Hall effect has been

theoretically predicted in a large variety of materials, such as doped-systems [125, 128,

129], metal-organic frameworks [130, 131, 132] and in-plane magnetization systems [133].

More recently, in the context of valleytronics, different materials candidate have been

proposed as quantum anomalous valley Hall insulators [134, 135].

In 2013, the first experimental observation of the QAH phase was reported by Chang

et al. [38]. Using controlled Cr atoms doping, they verified the QAH effect in two well-

know topological insulators, Bi2Te3 and Sb2Te3 films. In 2015, using the same topological

insulators compounds, but with V atomic doping, it was verified the QAH phase in

these materials [136]. This topological effect was observed in the intrinsically magnetic

MnBi2Te4 flakes in 2020 [2]. This material show a different topological phases, such

as magnetic topological insulator, quantum anomalous Hall effect and Weyl semimetal,

which can be tuned by different magnetic alignment [137].
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Chapter 4

RKKY interactions mediated by

topological states in bismuthene

In this chapter, we investigate the effects on the electronic and topological properties

of the bismuthene doped with magnetic atoms. It is well-known that magnetic effects can

significantly affect the intrinsic properties of topological insulators, which can lead to a

band gap opening in their edge/surface Dirac crossing, allowing electronic backscattering,

consequently reducing their practical applications [29, 79, 4]. However, valuable findings

can also arises in magnetic-doped topological insulators, such as the possibility of quantum

anomalous Hall effect [36], long-range coupling between impurities due to topological

effects [138, 139, 140], and spin filtering device applications [23]. Beyond this, magnetic

properties may arise in topological insulators at different ways, such as due to dangling

bonds [141] and doping effects [142, 143], which enhances the efforts in the investigation

and control of magnetism in topological insulators 1.

4.1 Bismuth monolayer - Revision

The key insights into quantum spin Hall (QSH) insulators were given by Kane and

Mele in 2005, who developed a model originally proposed for graphene [31]. However, the

carbon SOC parameter exhibits a low intensity value, resulting in a extremely small band

gap opening at the K-point, estimated as 42 µeV [144]. Although the topological phase in

graphene is not easily experimentally accessible [4], the same crystal structure, composed

of heavier atoms such as silicon, germanium, and thin, provides valuable findings into the

context of topological materials [29, 4]. In this way, a theoretically predicted [145, 146] and

experimentally synthesized [11, 12] QSH insulator is the bismuth monolayer. The bismuth

monolayer, also known as bismuthene, has a crystal structure similar to graphene, but

instead of C atoms, it is composed of a group-V element, the Bi atom. Figure 10 shows

the bismuthene in the top (a) and side (b) views. Unlike graphene, which is planar,
1 The results discussed in this chapter were published in Ref. [138].
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is consistent with studies with Fe-doped Bi2Se3, a well-known 3D topological insulator

[140]. In the next section of this work, we will discuss these results from the perspective

of an effective Hamiltonian.

In the following part of this section, we investigate the effects of magnetic interactions

on the electronic band structure. For this analysis, we use the doped system with an inter-

impurity distance of 3 lattice parameters. We performed calculations for defects in both

in FM and AFM alignment, as can be seen in Figs 17(a) and 17(d), respectively. With

the impurities in the FM configuration, the time-reversal symmetry is broken, lifting the

Kramers degeneracy and enabling backscattering of electrons in the topological channels.

Figure 17(b) shows the projected band structure of atoms from the left edge cut. The

band gap magnitude is approximately 0.1 eV, and although backscattering occurs, the

spin texture of these edge states remains OP, with 〈Sz〉 = ± 1 (Fig. 17(c)). On the other

hand, when the impurities are in the AFM phase (Fig. 17(d)), the preservation of global

time-reversal symmetry allows the recover of spin-polarized massless fermions channels

that cross each other, with E(+k, ↑) = E(−k, ↓). Notably, the AFM phase is the GMP

for most inter-V distances, which leads us to conclude that the recovery of topological

Dirac cone remains intact. It is important to mention that, in the topological edge states

region, the V atoms contribute only with dxz orbitals. The other orbitals from V remain

at lower energy levels in the band dispersion. The robustness of this Dirac crossing is also

observed in Cr-doped bismuthene with AFM alignment at the edge [155], supporting our

findings. One interesting behavior in the AFM band structure is the parabolic curvature

near the Fermi energy at M point, but linear at Γ, indicating a competition between

linear and quadratic k terms in the energy dispersion, similarly as reported in Rashba

effect [156]. This energy dispersion indicates that the topological edge states have both

massless and massive contributions at different points in momentum space. This finding

provides valuable insights for building an effective model, as we will discuss latter. We

performed the calculations without SOC, simulating a trivial insulator with the same edge.

The obtained results were close to the bulk calculations, highlighting the importance of

topology in this long-range coupling regime.

4.5 Effective Hamiltonian

To further validate the ab initio conclusions and provide a detailed analysis of the

RKKY interactions between two magnetic impurities mediated by topological states, we

derive an effective Hamiltonian that has the form of the RKKY Hamiltonian. To build

this model, we consider a Hamiltonian H0 that takes into account the relativistic massless

fermions behavior with a linear energy dispersion, which corresponds to the dispersion of

a pristine bismuthene nanoribbon, as shown in Fig. 13. Two magnetic impurities that are

not directly coupled to each other can interact through indirect exchange. This interaction
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rewrite the Hamiltonian (93) as

Hi = 2J
2

∑

i=1

{

Sz
i s

z
i +

1
2

(S−
i s

+
i + S+

i s
−
i )

}

. (94)

The ribbon electron spins si can be expressed in terms of c†
ks and cks operators using the

following expressions

sz
i =

1
2

(c†
i↑ci↑ − c†

i↓ci↓), (95)

s+
i = (c†

i↑ci↓), (96)

s−
i = (c†

i↓ci↑). (97)

Here atomic units were used, with ℏ = 1. To rewrite the Hamiltonian from Eq. (94) in

terms of creation and annihilation operators, we use the Eqs. (95), (96) and (97), resulting

in

Hi = J
2

∑

i=1

{

Sz
i (c†

i↑ci↑ − c†
i↓ci↓) + S−

i (c†
i↑ci↓) + S+

i (c†
i↓ci↑)

}

. (98)

In this way, it is convenient to obtain the Hamiltonian from Eq. (98) in momentum space.

To perform this step, we apply the spatial Fourier transform in the operators c†
ks and cks,

which is given by

ci,s =
1√
N

∑

k

e+ikxicks, (99)

c†
i,s =

1√
N

∑

k

e−ikxic†
ks. (100)

Applying the spatial Fourier transformation (Eqs. (99) and (100)) to the Hamiltonian in

Eq. (98), we obtain the following Kondo-like Hamiltonian [157, 159, 160] which describes

coupling between S1 and S2 with the edge electrons

Hi =
J

N

∑

k,k′

e−i(k−k′)xi [Sz
i

(

c†
k′↑ck↑ − c†

k′↓ck↓
)

+ S+
i c

†
k′↓ck↑ + S−

i c
†
k′↑ck↓]. (101)

In this context, xi represents the coordinates of the impurities along the edge of the

nanoribbon system, which we assume to be in x-orientation. Also, Sα
i , where α = x, y, z

denotes the α-component of the impurity i spin operator and S±
i = (Sx

i ± iSy
i ) /2. The

full Hamiltonian is given by the sum of the Hamiltonians from the nanoribbon (Eq. (92))

and the Kondo-like Hamiltonian (Eq. (101)), resulting in

H = H0 +H1 +H2. (102)

The effective Hamiltonian that describes the coupling between the magnetic impurities

mediated by the ribbon edge electrons was obtained by means of second order perturbation

theory, as proposed in Ref. [159]. In this method, the degrees of freedom of the itinerant
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electrons are taken into account. Once that H0 has already expressed in σz basis, the

second-order perturbation theory can be applied to the H1 and H2 Hamiltonians

Heff =
occ
∑

k,s

emp
∑

k′,s′

〈k, s|H1 +H2|k′, s′〉〈k′, s′|H1 +H2|k, s〉
Eks − Ek′s′

. (103)

By solving the previous Hamiltonian, we obtain an effective Hamiltonian describing the

indirect coupling between the impurities

H̃ = I‖S
z
1S

z
2 + I⊥S

+
1 S

−
2 + I*

⊥S
+
2 S

−
1 . (104)

Which has the form of an anisotropic RKKY-like Hamiltonian. In this notation, I‖ and

I⊥ are defined as I‖ = 2Re (I++ + I−−) and I⊥ =
(

I−+ + I*
+−

)

, respectively. The I terms

are given by

Iδν =
J2

4π2

∫ kδ

−kδ

dk
∫

|k′|>kδ

dk′ ei(k−k′)x

β(k2 − k′2) + δα(k − δνk′)
. (105)

Here, we denote δ, ν ∈ {+,−}, kδ = kF + δkα, kα = α/2β. Also, x = x2 − x1 is the

inter-impurities distance, which x2 > x1. We perform a change of variables, with k = qkF

and q′ = k′/kF , then we can provide a suitable form of Eq. (105) as

Iδν = I0

∫ qδ

−qδ

dq
∫

|q′|>qδ

dq′ ei(q−q′)kF x

(q2 − q′2) + δã(q − δνq′)
. (106)

Where we use the following relations: I0 = J2/4π2β, a = 2kα/kF = α/βkF , and qδ =

1 + δkα/kF = 1 + δã/2.

To solve the integral expression shown in Eq. (106), we performed numerical calcu-

lations. We use the effective model combined with the DFT results obtained in Section

4.4. We fixed parameter kα as kα = 0.05kF , which results in ã = 0.1. Although we solved

this integral by means of numerical calculations, in Appendix A of Ref. [159], the authors

provided an analytical expression for this integral solution.

In the Section 4.2, we have shown that the V-impurities provide a OP magnetization,

oriented along the z-direction. For all inter-impurities distances, the magnetic phase

remains aligned in z axis, which results in an indirect coupling mediated only by the I‖

terms from Hamiltonian described in Eq. (104).

Figure 19 shows a comparison between the total energy variation ∆ET (black circles),

obtained from DFT calculations in Section 4.4, and the I‖ term, calculated numerically

solving the effective model. Both quantities shows the same unit and are plotted as a

function of V-V distance. As shown in the inset, the effective model provides results for

any value of the inter-impurities distance x. In the DFT counterpart, the atomic positions

are restricted by the crystal structure of the edge. The DFT results and effective model

shows a good agreement. For short inter-impurity distances, there is a small shift in

purple triangles compared to black circles. This small deviation may result from direct

exchange interactions, which arise from the overlap orbital of the magnetic impurities. At
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Chapter 5

Two-dimensional Weyl semimetals

Weyl semimetals are one of the last topological states of condensed matter physics

that is theoretically predicted and experimentally observed. During a notable period,

it was believed that this topological phase of materials would restricted only to three-

dimensional systems, once that, with the dimensional reduction, the reduction in Weyl

equation would make those crossings unstable against perturbations. However, it has been

shown that, in the presence of an additional crystal symmetry, Weyl fermions can emerge

in 2D systems. The role of the additional symmetry is to protect the Weyl point against

instabilities. Similarly to 3D systems, for the emergence of Weyl semimetals in the 2D

context it is also required to break one of the fundamentals symmetries: time-reversal or

inversion. This chapter introduces the intrinsically noncentrosymmetric two-dimensional

porous strutures, their electronic and topological properties, the Weyl semimetal case, as

well as the Weyl equation in 2D 1.

5.1 Structural and electronic properties

The 2D porous structures studied in this chapter have atoms forming a hexagon con-

nected to a square of atoms, arranged in such a way that a large ring can be observed,

as shown in Fig. 20. In the case of carbon atomic composition, this porous structure

is named graphenylene [161, 162], a widely studied material that has also been exper-

imentally synthesized [163]. Here, we study the porous structure with two different

atomic configurations. In the first distribution, blue and magenta spheres represent Si

and Ge atoms, respectively. The second arrangement contains only Ge atoms. Unlike

graphenylene, which is protected by inversion symmetry due to its planar configuration,

both systems studied here present a small buckling height, 0.62 Å and 0.72 Å for SiGe

and Ge, respectively. This intrinsic elevation along the c direction breaks the inversion

symmetry, classifying both structures as noncentrosymmetric crystals. Their dynamical

and thermal stabilities were confirmed through phonon and ab initio molecular dynamics
1 The results discussed in this chapter were published in Ref. [118].
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crossing in the SiGe and Ge porous structures, we found that both crossings carry the same

chirality (χ2D = −1), confirming their topological nature. By applying a C6 symmetry, an

opposite chirality point is observed. Over the entire Brillouin zone, the resultant chirality

vanishes, which is in good agreement with the fermion doubling theorem [92], as we will

discuss below. Although it is more commonly reported that Weyl crossing in a similar

band shape produce opposite Weyl chiralities, the same chirality over a path has also

been observed, but resultant chiral charge vanishing. This behavior has been reported in

3D systems, such as Sn1−xPbx(Se, Te) and AgBi(Cr2O7)2, [167, 168] as well as in the 2D

systems like the Cr2C [109].

In a 2D context, the Weyl Hamiltonian is studied with a reduction in dimensionality,

which implies the absence of the (kzσz). In this way, an additional crystal symmetry, such

as C2 or C3, is pivotal to protect the stability of the 2D Weyl crossing [90]. As can be seen

in Figure 22, applying a C3 rotation to a specific Weyl point, it rotates to another point

with the same chirality. In these systems, the C3 symmetry is responsible for protecting

these Weyl crossings, resulting in six pairs of Weyl nodes across the entire BZ. It is worth

to note that, in the SiGe porous structure, the Weyl crossings are located out of the high-

symmetry Γ-M line, along the Σ-Σ1 direction (green line in Fig. 22(a)), due to its reducted

space group symmetry. In the more symmetric Ge system, the Weyl points are located

along the high-symmetry line, as show in inset from Fig. 22(b). The Weyl crossings from

SiGe localize at (0.188,0.0075,0.0) and (0.185,-0.0103,0.0) points in units of 2π/a, here a

is the lattice constant. For the porous Ge, since the topological points are located along

a high-symmetry path, their respective positions are (0.216,0.0,0.0) and (0.206,0.0,0.0) at

the same units. Unlike in time-reversal protected 3D Weyl crossings, where the chirality

follows χ(k) = χ(−k), in the 2D counterpart, we have a different picture. For 2D Weyl

systems with TRS protection, the chirality is ruled by χ(k) = −χ(−k). This property

will be discussed in detail at the last section of this chapter.

Another key difference between 3D and 2D Weyl semimetals is related to the Berry

curvature. In 3D systems, as discussed in Chapter 3, by starting from the Weyl Hamil-

tonian (80), the Berry curvature expression can be obtained as Ω(k) = ∓k/2k3, which

resembles the expression for the electric field [90, 72, 91]. This fact allows us two write

the Berry curvature as monopole charges, with field lines connecting them. However, in

2D scenarios, the Berry curvature is described by a delta function formalism

Ω
2D
k0

= πδ2(k − k0)ekz. (108)

Applying the time-reversal property in Eq. (108), we observe that in TRS-protected sys-

tems, Ω(k) = −Ω(−k), similarly to the chirality expression. This result indicates that a

delta peak arises at the region of the Weyl crossing. Figure 23 shows the Berry curvature

distribution for Ge structure in the kx,y plane. These crossing points are separated by

smaller distances, the inset shows the zoom at the red delta point, where two delta peaks,

one for each Weyl point, can be clearly seen.
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Chapter 3, the Weyl Hamiltonian is given by

H = ℏck·σ,

where ℏ and c represent the reduced Planck constant and the speed of light, respectively, k

corresponds to the momentum, and σ represents the Pauli matrices. In condensed matter

physics, instead of using the speed of light, it is used the Fermi velocity. In a typical Dirac

crossing, the Fermi velocity (vF ) can reach the order of 106 m/s [146, 170, 171], here we

use vF = 1 for convenience. However, to simplify the notation, we use natural units

mentioned in Chapter 2. The Weyl Hamiltonian for an isotropic xy-plane is given by

H = kxσx + kyσy. (109)

In terms of the Pauli matrices (σx,y), the 2D Weyl Hamiltonian can be rewritten as

H = kx





0 1

1 0



 + ky





0 −i
i 0



 , (110)

or, in a compact form

H =





0 kx − iky

kx + iky 0



 . (111)

Which shows a vanishing diagonal contribution, that corresponds to the term associated

with the kz component in its 3D counterpart.

5.3.1 Eigenenergies and Eigenfunctions

Through the Schrödinger equation, (44), we can determine the eigenenergies and eigen-

functions of the Weyl Hamiltonian (111). The Schrödinger equation with the Weyl Hamil-

tonian is given by




0 kx − iky

kx + iky 0









ϕ1

ϕ2



 = ε





ϕ1

ϕ2



 . (112)

The eigenvalues are obtained using the characteristic equation, given by det(A − λI),

which allows us to determinate the corresponding eigenvalues
∣

∣

∣

∣

∣

∣

−ε kx − iky

kx + iky −ε

∣

∣

∣

∣

∣

∣

= 0, (113)

resulting in eigenenergies equation

ε =
√

k2
x + k2

y. (114)

Consequently, rewritten using k2 = k2
x + k2

y, the key result for the behavior of relativistic

fermions, ε = ±k, is obtained. In a condensed matter physics context, the solution is

expressed by ε = ±vFk. This solution leads to an interesting physical behavior, the
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positive and negative eigenenergy values imply that Weyl points always arise in pairs,

with the same dispersion but in opposite momentum directions.

To derive the respective eigenfunctions, which are important in the study of topological

invariants and the Berry curvature, we consider the eigenvalue ε = −k. Inserting the

corresponding eigenvalue into Eq. (112), results in




k kx − iky

kx + iky k









ϕ1

ϕ2



 =





0

0



 , (115)

which yields the following equation

kϕ1 + (kx − iky)ϕ2 = 0. (116)

Or, in a more suitable form

ϕ1 =
−kx + iky

k
ϕ2. (117)

Using the normalization condition of the coefficients |ϕ1|2 + |ϕ2|2 = 1, it results in

(−kx + iky) (−kx − iky)
k2

ϕ2
2 + ϕ2

2 = 1. (118)

Consequently, we obtain

ϕ2 =
1√
2
. (119)

Using the result from Eq. (117) and inserting Eq.(119), we can rewrite as

ϕ1 =
1√
2

−kx + iky

k
. (120)

To simplify the notation, we use cylindrical coordinates kx = k cos θ, ky = k sin θ, while

kz remains unchanged. With this, we can rewrite the previous equation in the form

ϕ1 =
1√
2

−k cos θ + ik sin θ
k

, (121)

By means of Euler’s relation (e−iθ = cos θ − i sin θ), we obtain the coefficient ϕ1 as

ϕ1 = − 1√
2
e−iθ, (122)

which leads to both coefficient terms






ϕ1 = − 1√
2
e−iθ,

ϕ2 = 1√
2
.

(123)

The eigenfunction expression is given by

ψ =
1√
2





−e−iθ

1



 . (124)
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It is worth noting that, for the corresponding ε = +k eigenvalue, the only difference

remains in the sign of the ϕ1 term, resulting in ϕ1 = + 1√
2
e−iθ, which leads to the expression

for the eigenfunctions

ψ±k =
1√
2





±e−iθ

1



 . (125)

Those results are important for the analysis of topological properties, as we will discuss

below.

5.3.2 Topological analysis

Once we have obtained the eigenfunctions for the 2D isotropic Weyl Hamiltonian, we

can further investigate the topological characteristics by estimating the Berry quantities,

i.e., phase, connection and curvature, and Chern number. The Berry connection is given

by

A(k) = i〈ψ±k|∇k|ψ±k〉. (126)

Here ∇k denotes the gradient operator in momentum space. As our analysis was per-

formed in cylindrical coordinates, the gradient operator in this coordinate system is given

by

∇k =
∂

∂k
ek +

1
k

∂

∂θ
eθ +

∂

∂kz

ez. (127)

It can be noted that the only nonzero component is in θ direction, where the derivative

leads to
∂

∂θ
|ψ±k〉 =

1√
2





∓ie−iθ

0



 . (128)

Consequently, performing the expected value operation, and taking into consideration the

imaginary index from Eq. (126), the Berry connection is given by

A(k, θ) = ± 1
2k

eθ. (129)

Unlike 3D systems, where the chiral charge is calculated by integrating over a closed

Fermi sphere surrounding each Weyl point, in its 2D counterpart, the Berry flux is ob-

tained by integrating the Berry connection (Eq. (129)) over a closed loop (l) around each

Weyl point according to the following expression

γ =
∮

l
A(k) · dk, (130)

which corresponds to the Berry phase, derived in Eq. 55. Note that, since dk = kdθ,

by calculating the integrating the Berry connection (Eq. (129)) into the Berry phase

(Eq. (129)) over the interval [0, 2π], we obtain γ = ±π. This result defines the two-

dimension Weyl chirality as

χ2D =
1
π

∮

l

A(k) · dk = ±1. (131)
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Another key property of Weyl physics in condensed matter is the Berry curvature,

which is denoted by Ω = ∇ × A. In cylindrical coordinates, the curl of the Berry

connection vanishes for all components except in ekz
, where

∇ × A =
1
k

∂

∂k

(

±k 1
2k

)

ekz
. (132)

It can be verified that, when k 6= 0, the Berry curvature vanishes. However, when k = 0

an indeterminate form is obtained, which means that the Berry curvature exhibits a peak

at the position of the Weyl crossings, this is a signature of the Dirac delta function. We

conclude that the two-dimensional Berry curvature is

Ω = ±πδ2(k)ekz
. (133)

From Stokes’ theorem, we can rewrite the Berry phase (Eq. (130)) in terms of the Berry

curvature
∮

A · dk =
∫

∇ × A · ds. (134)

The Berry curvature obtained is a Dirac delta function. In this way, we can calculate the

right-hand side integral from the previous equation. With ds = kdθdk, the result of the

integral is ±π. This result leads to the derived Chern number expression

C =
1
π

∫ 2D

BZ
Ω · ds = ±1. (135)

This equation provide an alternative method for calculating the Weyl chirality, expressed

in terms of the Berry curvature.
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Chapter 6

Quantum anomalous Hall effect in

1T-CrX2 monolayers

Since the experimental achievement of 2D materials with the graphene in 2004 [8],

the prediction and synthesis of new 2D materials have become one of the main topics in

materials science. Practical applications, such as in spintronics and quantum computa-

tion fields, require the 2D character [102, 172]. Beyond the architecture, many of these

applications also require intrinsic magnetic properties, such as in memory storage. In this

work, we investigate the emergence of the quantum anomalous Hall effect in 1T mono-

layers with two different atomic configurations. In this chapter, we predict the 1T-CrBi2
monolayer, thus extending the list of theoretically predicted magnetic materials in 2D

structures, and we investigate their magnetic and topological properties 1.

6.1 Stability of 1T-MX structures

In the class of two-dimensional materials, different types of layer arrangements have

been reported, such as 1T, 1T’ and 2H structures. The 1T structure is composed of

three planes of atoms, in which the atoms located in the central plane form six chemical

bonds, three bonds to each atomic plane. In this chapter, we investigated the 1T-MX2

monolayers (Fig. 27), here M represents the chromium atom and X was studied with

two different group-V elements, Bi and Sb atoms. In this 1T phase, in both atomic

configurations, the structure belongs to the P3m1 (or No. 164) space group symmetry.

We performed the ionic relaxation for both systems, resulting in a fully optimized lattice

parameter a = b = 3.43 Å for the 1T-CrBi2 structure, with a Cr-Bi bond length of 2.97

Å, and a buckling height (∆) of 4.63 Å. For the 1T-CrSb2 monolayer, our results show

a = b = 3.28 Å, a Cr-Sb bond length of 2.67 Å, and ∆ = 4.43 Å. We also performed

phonon calculations for the optimized free standing systems, which show that both atomic

compositions are dynamically stable, without negative phonon frequencies, as shown in
1 The results discussed in this chapter were published in Ref. [173]
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Table 3 – Calculated magnetic anisotropy energy values (in meV) for the 1T-CrSb2 mono-
layers under different external biaxial tensile strain. The easy magnetization
axis is located in-plane (out-of-plane) when the MAE values are negative (pos-
itive).

Strain MAE
0% -0.58

8.2% -0.40
17% -0.20
23% 0.18
25% 1.46

total energy with the magnetic moment aligned IP and OP, we calculated the MAE values

for selected external strains, as shown in Tables 2 and 3. The easy axis transit from IP

to OP with an increase in TS for both CrBi2 and CrSb2. The negative (positive) values

indicate an IP (OP) easy magnetization axis.

In the many-electron effects context, the GMP is affected not only by external strain,

but also by the increase or decrease of correlation effects. It is well-known that in an

external interaction-free material, the correlation term simulated in DFT is fixed, with

a given Ueff value, which can be accurately predicted using linear response method [69].

However, extrinsic effects, such as strain modulation and electric field, may require dif-

ferent Ueff values in DFT simulations. For free standing 1T-CrSb2, with Ueff = 4.0 eV,

the GMP is FM instead of AFM. Table 4 shows the energy difference between the mag-

netic atoms in FM alignment, set as the reference due to its minimal value, and different

variations of antiferromagnetism: Néel, stripy and zigzag, calculated with Ueff = 4.0

eV. Even under different biaxial TS values, the FM phase remains the GMP for this Ueff

value.

Table 4 – Relative energy calculations, given in meV, for the 1T-CrSb2 monolayer with
the Ueff = 4 eV. The ground magnetic phase is ferromagnetic, which is set as
zero, and the values reflects the total energy difference with relation to Néel,
Stripy and Zigzag magnetic phases.

Strain FM Néel Stripy Zigzag
0% 0.0 28.32 28.20 28.23

8.2% 0.0 74.12 74.18 74.20
11.2% 0.0 33.77 33.69 33.72
20.0% 0.0 29.44 29.22 29.76
23.4% 0.0 232.07 232.23 232.20
25.0% 0.0 263.05 263.0 263.01

In the highest tensile strain regime, where both systems are ferromagnetic, the Ueff

term plays a crucial role in the easy magnetization axis location. Figures 31(a) and 31(b)

show an easy axis transition from OP to IP in CrBi2 and CrSb2, respectively. It is worth

noting that the FM configuration remains OP in the most plausible Ueff regime, with a
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Chapter 7

Conclusion

In this work, we reported the emergence of nontrivial topological phases in different

materials and systematically investigated their effects and additional properties resulting

from such topological behavior. First, using first-principles calculations, we investigated

the effects of a magnetic doping atom in a well-known quantum spin Hall insulator, bis-

muthene. The vanadium atom contributes introduces an out-of-plane magnetic moment

in this system. Interestingly, we found that the topological invariant remains unchanged

upon the introduction of the magnetic dopant, indicating robustness of the topologically

nontrivial phase even in the presence of magnetism. This finding opens new possibilities

for research in topological insulators combined with magnetism, which is highly desired

due to practical applications.

The coupling between the two magnetic V impurities in bismuthene was investigated

as a function of their separation distance. We analyzed the total energy variation for the

impurities arranged in a line of defects, in the bulk and at one of the edges. The easy

magnetization axis is oriented along the out-of-plane direction. Our results show that

the bulk bismuthene supports ferromagnetic alignment between the V atoms at distances

shorter than four lattice parameters. At larger distances, the magnetic coupling vanishes,

indicating short-range magnetic coupling. However, when the impurities are located near

one of the edges, their interaction with the topological states induces a significant change

in magnetic behavior. Antiferromagnetism dominates in this new configuration, repre-

senting the ground magnetic phase for almost all inter-impurity distances. Beyond the

ground magnetic phase behavior, we observed a long-range coupling with nonvanishing

interactions between impurities up to 7 lattice parameters, near 30 Å. Notably, we verified

two magnetic phase transitions with increasing the lattice parameter. These oscillations

are attributed to the Ruderman-Kittel-Kasuya-Yosida coupling, here mediated by the

topological states.

The electronic band structure reveals key distinctions between magnetic phases. While

ferromagnetic alignment breaks time-reversal symmetry, inducing a band gap in the Dirac

cone, the antiferromagnetic ground state (dominant across nearly all V-V distances)
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maintains spin-polarized edge states with preserved Dirac crossings. In this regime, the

spin configuration follows 〈S〉 = 〈Sz〉ẑ. Using an effective Hamiltonian, we elucidated

the Ruderman-Kittel-Kasuya-Yosida mediated coupling mechanism. The effective model

shows a good agreement with DFT results, especially for distances larger than 3 lattice

parameters. At shorter distances, minor deviations are noted due to the fact that ab

initio calculations take into account all interactions, including direct overlap orbitals.

These findings establish a robust framework for investigating magnetism in topological

insulators while preserving their essential properties.

One of the key themes of this thesis is a new topological class of materials, the two-

dimensional Weyl semimetals. Prior to this work, in Weyl semimetals class, almost all

subclasses had known potential candidate materials, except for the subclass of noncen-

trosymmetric Weyl semimetals with linear crossings. In this context, our study with the

graphenylene-like porous structures, composed of SiGe and Ge, addresses this gap by pre-

dicting a family of two-dimensional noncentrosymmetric Weyl semimetals with a linear

dispersion. The intrinsic buckling height in the z-direction drives an intrinsically broken

inversion symmetry, which is crucial for the emergence of the topological phase. We found

that spin-orbit coupling plays a pivotal role in the band splitting of a fourfold degenerate

band crossing, which leads to the Weyl point formation. As required for the existence of

two-dimensional Weyl semimetals, we verified that the C3 symmetry protects the Weyl

crossing in both atomic compositions, with a vanishing resultant chiral charge in Brillouin

zone, in agreement with the fermion doubling theorem.

The properties of Weyl semimetal in a two-dimensional case show a different behavior

from their three-dimensional counterpart. We studied the Weyl equation in the two-

dimensional case and found key differences regarding the Berry curvature and Weyl chi-

rality. In the two-dimensional case, the Berry curvature is given by a delta function, with

its peak centered on the crossing position. The bulk-boundary correspondence in this sys-

tem were verified through a nanoribbon calculation. In each system, we observe two edge

states connecting the bulk Weyl points projected onto the edge with high Fermi velocity.

Unlike in the quantum spin Hall case studied here, these Fermi arcs show a non-collinear

spin texture, indicating that this spin channel forms an angle with the electronic motion

plane. We observed that the Fermi arcs, although they lift their degeneracy, are robust

against the non-vanishing magnetism originating from the dangling bonds. Similarly to

the bismuthene system, this magnetism is suppressed by hydrogen edge passivation.

In the last results chapter, we have studied the emergence of quantum anomalous Hall

phase in 1T-CrX2 (X = Bi, Sb) monolayers due to the combination of different effects.

We predicted a new two-dimensional magnetic material, the 1T-CrBi2 monolayer, which

is dynamically stable and thermodynamically stable at 300 K. We also investigated the

1T structure with Sb composition, the 1T-CrSb2 monolayer. Both structures show large

elasticity, with dynamic and thermodynamic stability up to 20% and 25% of biaxial ten-
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sile strain for Bi and Sb compositions, respectively. These maximum strain points agrees

with the strain energy curve as a function of biaxial tensile strain. Regarding the mag-

netic properties, our findings demonstrate that the magnetic configuration, arising from

Cr d-orbitals, is sensitive to external effects, where the increase in biaxial tensile strain

induces a magnetic phase transition from antiferromagnetic to ferromagnetic in both sys-

tems. Another sensibility of the magnetic configuration to external effects occurs in the

ferromagnetic case. As the many-electron parameter increases, an easy magnetization

axis transition from out-of-plane to in-plane is noted. The easy axis orientation plays a

pivotal role in the topological phase. In both systems, we find above 160 K Curie temper-

atures using Monte Carlo simulations. These calculated temperatures are higher than the

experimentally reported temperatures, representing a significant finding for experimental

applications.

We observed the quantum anomalous Hall effect in these systems under the combina-

tion of biaxial tensile strain, many-electron effects, and spin-orbit coupling. This topo-

logical phase emerges at larger biaxial tensile strain values, where the ferromagnetism

dominates as the ground magnetic phase. We found that the out-of-plane easy axis is

crucial for the nontrivial topology, thus requiring an appropriate many-electron param-

eter. The strong spin-orbit coupling drives the topological phase, as evidenced by the

band gap opening in Dirac cones, suggesting a topological phase transition. The topolog-

ical nature was confirmed through Chern number calculations and non-vanishing Berry

curvature.

We investigated the bulk-boundary correspondence in these systems by analyzing the

nanoribbon band structure. Our calculations show two edge states propagating unidi-

rectionally in both systems. We verified that the edge states in the Bi composition are

sensitive to the external strain applied. In the 1T-CrBi2 nanoribbon, increasing the ap-

plied strain drives the penetration of one topological state into the bulk. The anomalous

Hall conductivities show a plateau in the limit of the band gap opening due to SOC.

However, the higher values diverge from the quantized value of 2e2/h. The reason lies

in the other bands that cross, at the same energy range and different momentum points,

the topological band gap opened due to SOC, reducing the anomalous Hall conductiv-

ity to non-integer units. These flexible structures, exhibiting stable magnetism at high

Curie temperatures and hosting quantum anomalous Hall effect, offer valuable findings

for spintronic and quantum computing devices.
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APPENDIX A

Computational details

In this appendix we will discuss the computational details that leaded to the results

of this thesis.

Overall the calculations were performed using density functional theory (DFT), with

the projector-augmented waves (PAW) method. We employed the plane-wave expansion,

implemented in Vienna ab initio simulation package (VASP) [193, 194]. The exchange

and correlation term was described using the generalized gradient approximation (GGA),

with the Perdew-Burke-Ernzerhof (PBE) functional [62]. For a better description of

magnetic properties, we considered the DFT+U correction, as detailed in the respective

section. Tight-binding models were constructed within the Wannier functions formalism,

with parameters extracted from DFT calculations using Wannier90 [195]. The topolog-

ical invariants were calculated using the Wannier charge centers [148] implemented in

Z2Pack [149]. The particularities of each study are discussed next.

A.1 Chapter 4

The calculations were performed with a kinetic energy cutoff of 420 eV. The conver-

gence criterion for residual forces was set to 0.001 eV/Å. All calculations included fully

relativistic effects in the pseudopotentials. The electronic correlation of the vanadium

3d-orbitals was described with the DFT+U method using the Dudarev formalism [63].

We optmized the effective U parameter by means of linear response method [69]. For the

single vanadium impurity study, a 5×5×1 supercell with 50 atoms was used, the Brillouin

zone was mapped by a 7×7×1 Monkhost-pack k-mesh. We adopted a vacuum of 15Åin

the c-direction to avoid interactions with its periodic image. To investigate the coupling

effects between the impurities for the highest inter-V distances (7 lattice parameters) the

supercell in both bulk and edge contains 308 atoms.

To solve the integrals of RKKY interaction, numerical calculations methods were used.

We use a code, originally written by Silva and Vernek [159], in Julia language adapted

for this study.



A.2. Chapter 5 105

A.2 Chapter 5

For this study, we adopted a plane wave kinetic energy cutoff of 400 eV. We have

used fully relativistic effects in the pseudopotentials. The Brillouin zone was sampled

using a Monkhost-Pack grid of 11×11×1 for the unit cell. The topological properties

were calculated with the WannierTools package [196], which was used to determine the

Weyl chirality, Chern number and projected edge states (without edge passivation). To

avoid the dangling bonds in the edge states, we build a nanoribbon replied 11 times in

a direction. We performed the relaxation of Si-H and Ge-H edge bonds in a convergence

criterion of 10−7 eV. The lenghts of saturated nanoribbons are 12.4 nm for Ge and 12.2

nm for SiGe.

A.3 Chapter 6

We performed calculations with converged plane-wave kinetic energy cutoff of 350

eV. All the calculations included relativistic effects. The relaxation calculations were

carried with a total energy convergence of 10−6 eV and a residual force criterion of 0.001

eV/Å. We used a Brillouin zone k-mesh of 15×15×1 in the Monkhost-Pack formalism. To

prevent periodic image interactions, we adopted a 15Åof vacuum between the layers. We

performed ab initio molecular dynamics (AIMD) simulations in the canonical ensemble

(NVT) at 300 K using a 3×3×1 supercell over a 10 ps timeframe to investigate the

thermodynamic stability. We studied the elastic properties by means of the strain-energy

curve as a function of biaxial tensile strain, obtained with the VASPKIT facility [197]. The

dynamical stability were investigated by phonon dispersion analysis, using the PHONOPY

code [198, 199]. To accurately describe the electronic correlation in 3d-orbitals from

Cr, we applied the DFT+U correction via Dudarev method [63]. We determined the

Curie temperature using Monte Carlo simulations based on the Heisenberg model, with

the parameters extracted from DFT results using the VAMPIRE package [200]. The

topological properties, such as Chern number and Berry curvature, were investigated

with WannierTools [196]. The VASP data were obtained with VASProcar [201].
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