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Resumo

Nesta tese, investigamos o surgimento de propriedades topoldgicas em sistemas bidi-
mensionais (2D). Realizamos os cédlculos utilizando a Teoria do Funcional da Densidade
(DFT) e métodos tight-binding. O primeiro sistema estudado foi a monocamada de bis-
muto, um conhecido isolante topolégico, dopado com um atomo magnético. Nossos cal-
culos mostraram que as propriedades magnéticas introduzidas nao afetam a fase topolog-
ica. Notavelmente, demonstramos que, quando as impurezas estao localizadas proximas a
borda, surge um acoplamento de longo alcance. Além disso, verificamos duas transi¢oes de
fase magnética em funcao da distancia entre as impurezas, comportamento caracteristico
das interagoes Ruderman-Kittel-Kasuya-Yosida (RKKY). Essas conclusées foram vali-
dadas por meio do Hamiltoniano RKKY, cujos resultados apresentam boa concordancia
com os calculos de DFT. A segunda fase topoldgica investigada neste trabalho emerge em
estruturas porosas de SiGe e Ge semelhantes ao grafenileno. Verificou-se cruzamentos de
bandas quadruplamente degenerados que, com a inclusao do acoplamento spin-orbita, se
dividem em um par de pontos de Weyl. Suas propriedades topologicas foram confirmadas
por meio do cédlculo da quiralidade de Weyl e da curvatura de Berry. Essas conclusoes
foram corroboradas pelos estados topologicos de borda que conectam pontos de Weyl com
quiralidades opostas, arcos de Fermi. Por fim, estudamos o efeito Hall quantico anémalo
em monocamadas de 1T-CrX, (X = Bi, Sb) sob tensao biaxial extrema. Essa fase surge
da interacao entre o acoplamento spin-Orbita, efeitos de muitos elétrons e deformacao
biaxial. FEstados topolégicos de borda também foram observados, concordando com a
correspondéncia entre bulk e borda. Os resultados deste capitulo ampliam a lista de ma-
teriais magnéticos bidimensionais com a predi¢ao do sistema 1T-CrBi,. Para ambos os
sistemas, nossos calculos mostram temperaturas de Curie acima de 160 K, o que fornece

descobertas valiosas para o contexto do efeito Hall quantico anémalo.

Palavras-chave: Propriedades topolégicas, Materiais bidimensionais, Interacao spin-

orbita, Estrutura eletronica.



Abstract

In this thesis, we investigate the emergence of topological properties in two-dimensional
(2D) systems. We perform the calculations using density functional theory and tight-
binding methods. The first system we investigate is a bismuth monolayer, a well-known
topological insulator, doped with magnetic atoms. Our calculations show that the intro-
duced magnetic perturbation does not affect the topological phase. Notably, we verify that
when the impurities are located near the edge, a long-range coupling arises between them.
Additionally, we note the occurrence of two magnetic phase transitions as a function of
the inter-impurity distance, a signature of Ruderman-Kittel-Kasuya-Yosida (RKKY) in-
teractions. These conclusions are validated by means of the derived RKKY Hamiltonian,
whose results show good agreement with DF'T calculations. The second topological phase
investigate in this work emerges in graphenylene-like porous SiGe and Ge structures. We
find fourfold degenerate band crossings which, under spin-orbit coupling, split into a pair
of Weyl points. Their topological properties are confirmed through Weyl chirality and
Berry curvature calculations. These conclusions are supported by the bulk-boundary cor-
respondence, where we verify topological edge states (2D Fermi arcs) connecting Weyl
points with opposite chiralities. Finally, we study the quantum anomalous Hall effect in
extremely biaxial tensile strained 1T-CrX, (X = Bi, Sb) monolayers. This topological
phase arises from the interplay of spin-orbit coupling, many-body effects and biaxial ten-
sile strain. Topological edge states are also observed, consistent with the bulk-boundary
correspondence. The results of this investigation extend the list of two-dimensional mag-
netic materials, in which we predict the stability of the free standing 1T-CrBi; monolayer.
For both systems, our calculations show Curie temperatures above 160 K, which provides

valuable findings for the quantum anomalous Hall context.

Keywords: Topological properties, Two-dimensional materials, Spin-orbit interaction,

Electronic Structure.
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CHAPTER

Introduction

The experimental realization of graphene in 2004 [8, 9] provided a revolution in materi-
als science. The successful isolation of a two-dimensional (2D) system, previously believed
to be experimentally inaccessible, represented a major breakthrough in physics. Due to
this remarkable achievement, Andre Geim and Konstantin Novoselov were awarded the
Nobel Prize in Physics in 2010. Since this experimental report, many other 2D materi-
als with graphene-like structures have been synthesized, such as silicene [10], bismuthene
[11, 12], stanene [13, 14] and hexagonal boron nitride [15]. Additionally, materials that
crystallize in other structures, such as MXenes [16, 17], metal-organic frameworks [18, 19],
black phosphorus-based systems [20, 21] and transition metal dichalcogenetes [22], have
also been synthesized. Their structures are illustrated in Fig. 1. In electronic band theory,
materials are classified by their band gap as semiconductors, metals and insulators. It
is important to note that all these electronic classifications were observed in the 2D con-
text [23], creating new opportunities for research in low-dimensional systems. Magnetic
materials constitute an important subclass of 2D materials, despite early theoretical pre-
dictions, the first experiment realization was achieved only in 2017 [24]. A few materials
have been synthesized in this new subclass, including CrY3 (Y = Cl, Br, I) [24, 25, 26],
Fe3GeTey [27], and CroGeyTeg [28]. The combination of magnetic properties and 2D

architecture is desired for different applications in condensed matter physics.

The development of 2D materials coincided with the emergence of candidate mate-
rials for topological systems in the solid state context. Topological materials combine
valuable properties, such as relativistic effects, symmetry-protected topological states,
bulk-boundary correspondence, and high-speed [29, 30]. In 2005, the seminal work of
Kane and Mele introduced the quantum spin Hall effect in graphene [31], providing key
insights into topology and materials science. The first experimental achievement of this
phase was reported in 2007 [32]. Since the beginning of topological properties investiga-
tion with the Kane-Mele model, several topological phases were observed, including Weyl
semimetals [33, 6, 34, 35|, quantum anomalous Hall effect [36, 37, 38|, topological crys-
talline insulators [39, 40, 41}, and high-order topological insulators [42]. The timeline of
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Figure 1 — Two dimensional materials and its different crystal structures. Image from
Ref. [1].

experimentally reported topological materials is shown in Fig. 2. Prediction and advances
in the topological field had a significant impact on the modern physics, culminating in
the 2016 Nobel Prize in Physics awarded to Thouless, Haldane, and Kosterlitz for their
discoveries on topological phases of matter and phase transitions.

The United Nations designated 2025 as the International Year of Quantum Science
and Technology (QST) [43]. In QST field, topological materials play a significant role
in quantum computing and quantum transport applications due to their fundamental
properties, such as quantized Hall conductivity, dissipationless boundary states, and high
electron mobility. Beyond QST, topological materials have been applied in different fields
including catalysis [44, 45], thermoelectricity [34, 46], low energy consumption [47, 30],
and optics [48], as illustrated in Fig 3. To enable characterization and optimization of
new devices, research efforts to discover and study new topological materials have grown
substantially in the last decade.

In this way, computational materials science plays an important role in predicting and
studying new materials. With recent advances in computing, is has become accessible to
simulate materials at large scales with thousands of atoms, providing valuable guidance

for experimental synthesis.

1.1 Thesis overview

In this thesis, we investigate the emergence of topological properties in different two-

dimensional materials by means of first-principles calculations. We also investigate the
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Figure 2 — Timeline of experimentally observed topological systems following the theoret-
ical prediction of the quantum spin Hall effect in 2005. Image from Ref. [2].

effects and consequences of these topological phases. This thesis is composed by seven

chapters and is organized as follows:

Chapter 1 is the introduction of this thesis, where the history of two-dimensional
materials and topological materials is briefly discussed. Their applications and advances

are also discussed in this chapter.

The second chapter describes the methodology used in this research. This chapter
starts with a discussion from the perspective of the Schrodinger equation in materials
context, and its limitations when applied to systems with a large number of atoms. We
connect this to materials context and introduce the density functional theory (DFT). In
addition, we derive the Kohn-Sham equations. This chapter also includes a discussion of
the approximations for the exchange and correlation term and their appropriate cases.
The concepts of Berry phase and Wannier functions are also discussed in detail in the

final part of this chapter.

Through this thesis, we investigate different topological phases in two-dimensional
systems. The third chapter briefly introduces the concept of topology and its connection
to solid state physics. This chapter also contains an introduction to each topological
system studied in this work, including the topological insulators, Weyl semimetals and
quantum anomalous Hall insulators. We briefly present the history of each class, their

key properties, experimental synthesis, and major advances of each field.
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Figure 3 — Topological materials and their applications in different research fields. Image
from Ref. [3].

The results of this thesis are divided into Chapters 4, 5, and 6. In Chapter four,
we investigate the electronic and topological properties of bismuthene under magnetic
doping. This chapter begins with a review of bismuthene and its key topological proper-
ties. Magnetism is introduced in bismuthene through a magnetic dopant, magnetic and
topological properties are investigated for different doping percentages and system con-
figurations. We observe that the topological edge states couple the magnetic impurities
via long-range indirect interaction, which was also investigated in the final section of the
chapter using an effective Hamiltonian based on DFT results.

Chapter five discusses a new topic in condensed matter physics, Weyl semimetals
in two-dimensional systems. This topological state arises in porous structures that are
intrinsically noncentrosymmetric. This chapter presents a well-detailed investigations of
Weyl chirality, Berry curvature, two-dimensional Fermi arcs and its spin texture. These
results complete the family of Weyl semimetals, with the prediction of the first two-
dimensional linear Weyl crossings in a noncentrosymmetric structure.

In the chapter six we discuss the emergence of quantum anomalous Hall effect in
1T-CrX, (X = Bi, Sb) monolayers. Beyond the topological properties, we perform a
detailed study of crystal stability, electronic and magnetic properties of these systems.
Our calculations show a new stable material the 1T-CrBi; monolayer, extending the list

of two-dimensional magnetic materials.
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Methodology

In the search for a complete description of materials, the Schrodinger equation provides
a helpful way to extract their physical properties, such as wavefunctions and eigenenergies.
In the solid state physics context, a given material is composed of a large number of atoms
arranged in a structure. These atoms are composed by nuclei and electrons. The nuclei,
in turn, are composed of protons and neutrons. Since a material contains multiple atoms
and, consequently, multiple electrons and nuclei, these interactions are described solely
by the Coulomb interaction, repulsion between electrons and attraction between electrons
and nuclei. With the addition of the kinetic energies, all terms of the Hamiltonian are
known.

In this context, it is expected that the system wavefunction depends on the N electrons
(r) and M nuclei (R) coordinates, which assumes the form of ¥ = W(ry,...,7n, Ry, ..., Ry).
The Hamiltonian that describes all interactions in materials includes the kinetic energies
of the electrons (7,) and nuclei (T ), the repulsion between electrons (W,), the repulsion
between nuclei (Wy), and the attraction between nuclei and electrons (V). The general

Hamiltonian is given by the sum of these terms
H=T,+Ty+W.+Wnx+V,. (1)

The fully expanded Hamiltonian, expressed in Hartree units [49], is given by
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In principle, all physical quantities can be extracted only by solving the time-independent
Schrodinger equation (Hiyy=E), such as eigenergies and the probability of finding a elec-
tron at a given position. However, the solution of the Schrédinger equation for this
Hamiltonain can be unpractical due to its multiple degrees of freedom. In this way, there
are some approximations that we can perform to reduce the number of variables in the
system. One of them is the Born-Oppenheimer approximation [50]. Since the nuclei

are nearly 1800 times heavier than the electrons, the nuclei can be considered fixed in
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a position, while the electrons move around them. This leads to an uncoupling of the
electron and nuclear motions, resulting in a separation of the equations that describes
their dynamic. With this approximation, we reduce the terms in the general Hamiltonian
to

H=T,+W.+V,. (3)

This new Hamiltonian is purely electronic. The Schrodinger equation under this new form
is given by

Z—+ZV i)+ = Z U =FEV. (4)

i z;ﬁj ri — T]‘

Which is the fundamental equation of electronic structure [49]. The solution of this
equation provides a complete electronic description, with the wavefunction expressed as
U = U(ry,...,ry). However, when attempting to apply the Eq. (4) to a realistic system,
the problem becomes quite unworkable. For a single COs molecule, the wavefunction
for its 22 electrons will have 66-dimensions [51]. In a complex material, the number of
electrons can be larger than 10?2, In this way, further considerations can be used to make
this problem treatable, such as by means of the crystal structure periodicity and the
Bloch theorem [52, 53, 54]. However, the coupled electrons remain a problem, even with
few electrons in the unit cell. In this way, the DFT proposes a simpler way to describe
the system properties. Instead of looking only for the wavefunction, the electronic charge
density has the main focus in this new analysis. Additionally, a "system replacement'
is performed, which significantly simplify the analysis of the problem and reduces the

computational cost, as we will discuss in the next section.

2.1 Density Functional Theory

The arise and consolidation of the DFT provided a revolution in modern physics and
chemistry. The DFT is based on the investigation of the system ground state electronic
charge density, instead of its wavefunction properly. This theory is based on two theorems
and, due to the impacts in computational materials simulation, Walter Kohn and John
Pople were awarded with the nobel prize in chemistry in 1998. The DF'T is an exact theory,
and provides exactly results for simple systems, such as free electrons gas. However, as
we will discuss next, to describe one of the terms in real materials, some approximations

are required, which leads to a approximated results in most of cases.

2.1.1 Hohenberg-Kohn theorems

Considering a nonrelativistic treatment for a given system with N interacting elec-
trons in the non-degenerated ground state, the first theorem shows a univocal connection

between the electronic density and the external potential [49].



22 Chapter 2. Methodology

First theorem: The external potential V, is uniquely determined, less an additive
constant, by the electronic density of the ground state n(r).

This first theorem leads to important implications. Since the ground state charge
density allows us to investigate the external potential, all the terms in the Hamiltonian (4)
can be determined. With the external potential and the Hamiltonian from Eq.(4), we can
obtain the corresponding ground state many-electron wavefunction ¥. With the ground
state wavefunction, the last step consists of determining the system’s eigenenergies, which

leads to the following relation

n(r)—V, > V¥ - E.

Since the electronic density depends on the position r, the ground state energy is a

density functional. In the functional notation, this relation can be expressed as
E = Fln(r)). (5)

Second theorem: The energy of a ground state is minimum for the exact ground
state electronic density.

As previously mentioned in the discussion of theorem 1, since the external potential is
uniquely determined by the ground state electronic density, the ground state wavefunction
can be obtained from the electronic density. However, by applying an external effect, the
many-electron wavefunction will change, and it is not determined only by the ground
state of electron density. This is intrinsically related to the second theorem, which states
that any wavefunction that does not lead to the minimum mean energy value corresponds
to a excited electron density n/(r). This auxiliary electronic density leads to an external
potential and, consequently, to a wavefunction. The mean value of the Hamiltonian will

leads to higher energy values.
Eln(r)] = (V[H|V) < (V'|H[¥'), (6)

Which leads to
En(r)] < E[n'(r)]. (7)

2.1.2 Kohn-Sham Ansatz

Although the Hohenberg-Kohn theorems give valuable insights regarding the electronic
density of the ground state, the associated calculations can be quite complicated due
to the interacting electrons. In this context, one of the key advantages of DFT is the
representation of the original system by an auxiliary system that consists of N non-
interacting electrons under an effective potential. This change in representation is based
on the Kohn-Sham Ansatz, where relies on two premises [55]:

1 - Non-interacting-V-representability: This assumption consist in the statement that

the ground-state electronic density of an interacting system can be described by the
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ground-state electronic density of a non-interacting auxiliary system under an effective
potential.

2 - Auxiliary Kohn-Sham Hamiltonian Hgg: The auxiliary Kohn-Sham Hamiltonian
is constructed including the kinetic energy of the non-interacting N electrons and an
auxiliary potential, which we denote as the Kohn-Sham potential. This Hxs Hamiltonian

assumes the following form

N

His =3 (—297) + i Vies (o). (®)

i
The electronic system is fermionic, and its wavefunction must be antisymmetric. We
can express the ground-state wavefunction of the auxiliary non-interacting system in the

Slater determinant form

L I Y
o1(rn) ga(ry) -+ on(rw)

In this way, using the variable separation methods, we obtain N eigenvalues equation for

the electrons
histi = €pi. (10)

The auxiliary Hamiltonian assumes the form of a single particle under an effective poten-

tial, defined as
2

hiks = _V2 + Vgs(r). (11)

In this way, we replace a problem of many interacting electrons by a non-interacting
system with the electrons under an effective potential. In this auxiliary system, the
wavefunction depends only on the free electrons spatial coordinates. There are additional
steps that are helpful in the materials context. The solids can exhibit the atomic alignment
in a crystalline form, which shows a periodicity and the wavefunction differs only by a
phase, reducing the analysis of the system to its unit cell. In the next section, we discuss
how to construct a functional that minimizes the ground state energy and derive the

Kohn-Sham equations.

2.1.3 Kohn-Sham equations

In the previous section, the Hohenberg-Kohn theorems were studied. These theorems
provide valuable insights regarding the study of systems in their ground state, where
the ground state energy is expressed in terms of the electronic density. However, the
exact form of this functional is not explicitly defined and remains an open topic in con-

densed matter physics. In this section, we will explore the general form of this functional.
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Based on the Hohenberg-Kohn theorems and the Kohn-Sham ansatz, we can construct a
functional that minimizes the total energy of the system, given the exact ground state
electronic density. This functional must include contributions from the kinetic energy, the

Coulomb interaction and external potential. This ground state energy can be written as
E = mingy {T[n] + Win] + V,[n]} = ming,, [ |+ / Vewt( (12)

Here, F[n] denotes the universal functional, which contains the kinetic energy and Coulomb
interaction terms, present in all many-electron systems. The other term is the external
potential due do the nuclei-electron interaction.

All terms in the universal functional are dependent on the electronic density. However,
for the kinetic energy, this dependence is implicit expressed through the Kohn-Sham
orbitals. The kinetic energy is given by

n= 5 Y [ 1)V (r)dr. (13)

The classical electronic repulsion, given in terms of the Hartree energy [49], has the form

n] = ;// Wdrdr'. (14)

By means of the described interactions, and the external potential, we can rewrite the

energy expression (12) in the following format
E[n] = T[n]| + Ey[n] + Vu[n] + Ey[n]. (15)

It is worth to note that an additional term (F,.) was included in the previous equation.
This term is named the exchange and correlation energy, and all interactions beyond the
kinetic energy and Coulomb interaction are incorporated into this term. A closed expres-
sion for this term remains one of the greatest challenges in modern density functional
theory [51]. The nature of this term and further approximations will be discussed in a
detail in the next section.

The energy as a functional of the electronic density (Eq. (15)) can be rewritten, using
Egs. (13) and (14), in the full expanded terms as

=~%Z/¢ (r)V2i(r d+lﬁ dw+/ Vear(r)dr+Eyen]. (16)

The condition to minimizing the Kohn-Sham auxiliary system functional can be viewed
as a minimization problem with respect to the electronic density. We can solve this

problem using of the Lagrange functional method
L= Bl = % |e [ 61 )irdr) - o] a7
ij

Using the functional expression from Eq. (15), we can rewrite the Eq. (17) as
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L = Tln] + Enln] + Va[n] + Eucln] - [ew/gb r)os(rd(r) — 55| . (18)
The orthogonality condition between the orbltals ¢ and j implies that

[ #i@)ostryd(r) = 5. (19)

In searching for a ground-state density that minimizes the functional, we apply the

Hohenberg-Kohn variational principle, described as

L
07 (r)

=0, (20)

or, using (18)
6T [n] N )
0¢;(r) ~ 6¢7(r)

By performing the functional derivative ! of the first term on the left-hand side and

[Enfn] + Valn] + Exeln) W 3 [imande). @

the term on the right-hand side of the previous equation, we obtain

ot A fowaon] eon, o

Rewriting Eq. (21) using the results from the functional derivative, we have

—;V%i(’r) [Ex[n] 4+ Vp[n] + Eicn]] = €¢i(r). (23)

o
3¢5 (r)
A useful property of the corresponding functional derivative in this context is

5f _of on _ Of

50i(r) ~ onadi(r) o) 2
By applying the previous property into Eq. (23)
\Y% o
— 5 ¢i(r) + 5 [Bnln] + Valn] + Euclnl] ¢i(r) = eiu(r). (25)

The derivatives of Ey[n] and E,.[n| with respect to the electron density correspond to the

respective potentials, where we substitute (25) into the final expression and, since that

%n["] = Vert (1), we verify the following equation
v?
_7 + Vvemt( ) + VH(T> + Vmc(r)] ¢1(T) = Ez¢2<r) (26)

1 Considering a functional with follows the form

Fla = [ fir.atrar

The derivative of the functional can be expressed as

5Fla]  of
Sa  da
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In compact form, we can rewrite the Eq.(26) as a single-particle Schrodinger equation

under a effective Kohn-Sham potential

-+ Vst () = o) (27)

Where
Vis(r) = Ve (?) + Vi () + Vie(r), (28)
V2V (r) = —4nn(r), (29)

n(r) =>_loi(r). (30)

The Equations (27) and (30) are known as the Kohn-Sham equations [56], which
provides a revolutionary way to investigate the electronic properties of the materials. It
is important to note that, to obtain the ground-state electronic density, the Kohn-Sham
orbitals are required for the calculations, as stated by Eq. (30). However, to calculate the
Kohn-Sham orbitals (Eq. (27)), the effective potential from Eq. (28) is required, which
depends on the ground-state electronic density expression.

In practice, the Kohn-Sham equations are solved numerically through self-consistent
calculations. This method consists in perform an initial guess for the electronic density,
where the effective potential is calculated. Using this potential, the Kohn-Sham equation
(27) can be solved. This solution enables the calculation of a new electronic density,
which can be compared to the old charge density, from the initial guess. If the difference
between the new and old densities is lower than a fixed tolerance criterion, the calculation
can be stopped. If not, the full cycle is repeated with the new estimated density until the
criterion is reached. This initial guess for the electron density is usually obtained from

the sum of the charges of the materials isolated atoms.

2.2 Functionals and Approximations

In the previous section, we derived the Kohn-Sham equations using the Kohn-Sham
ansatz, which replaces the interacting many-electrons system by a non-interacting sys-
tem under an effective potential. In the effective potential, all the effects that are not
accounted for the kinetic energy and Coulomb interaction are included in the exchange
and correlation energy [49, 55].

The exchange-correlation term is given by the sum of two distinct contributions: ex-
change energy and correlation energy. The exchange energy arises from the Pauli’s exclu-
sion principle. Since electrons are fermions, their wavefunction must be antisymmetric.
As a result, two electrons with the same spin orientation cannot occupy the same energy
level, only opposite spins are allowed. This leads to an energetic cost associated with ex-
changing electrons between orbitals. Although the exchange integrals are computationally

expensive, it has a closed expression derived from the Hartree-Fock equations [49, 55].
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On the other hand, the correlation energy originates from many-body effects. The
probability of finding an electron at a given position decreases when other electrons are
nearby. Similarly, a single electron influences the overall electronic distribution, and
vice versa. Unlike the exchange term, the correlation term does not have a closed-form
expression. Its nature is complex, as it affects both the kinetic and potential energies of
the system.

In this way, approximations are necessary to address the problem. Two widely used
approaches are the local density and generalized gradient approximations, as will be

discussed next.

2.2.1 Local density approximation

A first proposal for solution of the exchange and correlation term is the local density
approximation (LDA). This approach was proposed by Kohn and Sham in their semi-
nal paper [56] and provides a foundational framework for further approximations. The
LDA simplifies the electronic density by assuming it to be homogeneous, based on free
homogeneous electrons gas model. This simplification makes it possible to investigate the
exchange and correlation energy in a physically accessible way. In this approximation,

the exchange and correlation energy can be expressed as

c

E.[n] = ;/n(r)[eﬁDA + eLPA dy, (31)

Where eg(%A is the exchange (correlation) energy in the LDA. Under this approximation,

an analytic expression for the exchange energy can be derived, which it is given by

(DA —i m /V n(r)idr, (32)

While the exchange energy has a closed-form expression, the correlation energy does not
have an analytical expression. This term can be studied using numerical methods, such
as Monte Carlo simulations [55, 49, 57].

The LDA successfully describes systems with uniform electronic density. However,
for non-homogeneous systems, where the electronic density varies significantly, a more

sophisticated approach is required. This leads to the generalized gradient approximation

(GGA).

2.2.2 Generalized gradient approximation

In the search for a more accurate approach to describe the ground state electronic
density, it is required to take into account non-uniform effects. In this context, the gener-
alized gradient approximation represents an improvement over the LDA approach. Unlike

LDA, which accurately describes only systems with homogeneous electronic density, GGA
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also incorporates the gradient effects of the electron density, providing a more accurate
description for the systems. The exchange and correlation functional in GGA has the

form
Eyeln(r)] = [ f94(n(r), Vn(r))dr. (33)

fGGA is a function of the electronic density and its gradient. It is important

Here,
to note that simply incorporating the gradient of the electronic density is not sufficient
to achieve significant improvements in accuracy compared to LDA, which requires the
inclusion of other terms in the expansion [55, 58]. Under this approach, the correlation
term is described as

ESAn(r)] = [ n(r)[esP + H(n(r), D)]dr. (34)

C

Where e£P4 represents the correlation energy obtained within the LDA framework. The
function H(n(r),t) incorporates the expanded gradient terms. Classic GGA functionals
include the Becke-Lee-Yang-Parr (BLYP) [59, 60], Perdew-Wang (PW) [61], and Perdew-
Burke-Ernzerhof (PBE) [62] functionals, with PBE being one of the most widely used in
DFT calculations.

2.2.3 DFT+U

Although GGA approaches can sufficiently describe a large class of materials, there is
one class of system that these standard DFT approximations fails to describe with reason-
able accuracy. In systems that exhibit strong electronic correlation, these methods fail,
leading to divergence with experimental results [63, 64, 65]. Strongly correlated electrons
arises in well-localized d and f orbitals, where, without a correct treatment, wrong results
are reported [55, 58, 66]. In many systems, without many-electron correction, they ex-
hibit metallic behavior, but with the correction they may show insulating behavior. These
systems are known as Mott insulators [30, 67, 68]. The correction, known as DFT+U,
incorporates many-electron effects through an externally added Coulomb term (U).

This new approach lies in the Hubbard model. Here, a correction term is introduced
in the total energy of the standard exchange and correlation term, such as LDA, GGA or

meta-GGA. The new energy under this consideration reads as
Erpauln(r)] = Erpa[n(r)] + Enwlng, n,] — Eae[n'?]. (35)

The Hubbard term (Ey,;) denotes the correction term, which depends of the occupation
number (n) of the spin electrons (o) at a given atomic site (1), in the m-th state. However,
part of the electronic correlation, even that is not completely described, is included on
the Epa functional. To correct this issue, the Fy. is introduced to avoid double counting

terms.
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A largely used functional from DFET+U context was introduced by Dudarev [63], where
it is taken only the difference between U and J terms, the energy expression under this

method is given by

Bupaculn(e)) = Bpaln(r)] + 92 5 [, a2, (36)

2 m,o

Where Ug¢y = U — J. There are some ways to estimate the effective U term. One of them
is by adjusting this parameter until the properties matches with the experimental findings,
such as lattice parameter or orbital localization. Computationally, different approaches

are developed to estimate this parameter, such as linear response method [69].

2.3 Spin density functional theory

Throughout this chapter, although was given indirect physical insights regarding spin
inclusion, there was no formal treatment of this physical property within DFT. Without
considering spin, a wide class of phenomena cannot be accurately described by this theory,
including magnetic materials, topological insulators, quantum anomalous Hall systems,
and Rasbha effects. Therefore, a complete DFT framework requires the explicit inclusion
of spin.

The inclusion of magnetism in DFT is closely related to special relativity and the Pauli
exclusion principle, which states that two electrons with the same spin cannot occupy the
same energy level. A formal treatment of spin density functional theory was developed by
Rajagopal and Callaway [70]. In the special relativity context, using the Dirac equation,
they demonstrated that the total energy of the system in the ground state is a functional of
the four-current J,(r). This four-current include information from the electronic density
(n(7)), the electron spin density (s(7)), and current densities.

e Without magnetic properties: n(r) 5L E E= Fin(r)]

e With magnetic properties: n(r),s(r) % E, E = G[n(r), s(r)].

Unlike the spinless case, in this context, the total energy has a functional form that
depends not only on the electron density, but also on the spin density. These physical
properties are defined by

n(r) =n(r,c =1) +n(r,o =), (37)

s(r) =n(r,o =1) —n(r,o =|). (38)
Here, 1 e | denote spin-up and spin-down states, respectively. In this way, the electronic

density can be rewritten as
n(r) = 3 |6:(r NP+ 3 o, D) (39)

We can rewrite the Kohn-Sham equation (Eq. (27)) in terms of the spin components as
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1
SV 4 V) V(1) + Vaco ()] 610(7) = €10000(r). (40)
Where the exchange and correlation potential is given by

(SEIC [TLT, ni]

Vaeo(r) = g (T)

(41)
To generalize the Kohn-Sham equation, it is necessary to use a spinor description, where

Wi(r) = di(r, P)xr + di(r, L)Xy (42)

In this formulation, the correlation and exchange terms are separated into a classical sum,

with the magnetic field also included
1
—§V2 + Vo(7r) + Vi(r) + Vie(r) + po - Byo(r)| Vi(r) = €V (7). (43)

The term B,.(r) is defined as the exchange and correlation magnetic field, which aligns

the electrons and leads to magnetic ordering.

2.4 Berry Phase

In the study of topological states of matter, a key concept used for computing topolog-
ical invariants is the Berry phase and its derived quantities, such as the Berry curvature
and Berry connection. The Berry phase arises in systems that perform a closed path un-
der an adiabatically evolution. Previously, it was believed that a quantum system under
an adiabatic evolution did not carry any information accumulated in the evolution, and
only the dynamical phase would manifest. However, Michael V. Berry [71] demonstrates
that, in a closed path, this system carries a phase due to geometric effects. This phase,
also known as the geometric phase, has applications in different physics areas, such as
solid state physics and electrodynamics [72, 73, 74].

We analyze a physical system that intrinsically depends on the R parameter, where
R = (Ry, Ry, ..., Ry), and is also time dependent, denoted by ¢. The evolution of the R
parameter is smoothly and the system is not exposed to significant perturbations in a given
time t = T'. The system Hamiltonian can be expressed as H(R(t)), with the corresponding
eigenenergies denoted by E, (R(t)). The n-th eigenstate of this Hamiltonian is described
by the ket |n(R(t))). By using the Schrodinger’s equation at a given time ¢, we rewrite
the expression as

H(R(1))[n(R(1))) = En(R(2))[n(R(1))). (44)

At an initial time, which is fixed at ¢ = 0, we denote R(0) = Ry. By rewriting the

Schrodinger’s equation (44) in its time-dependent form for an initial state, we have

HR()In(Ro)) = ih o n(Ry)). (45)
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From the perspective of time evolution and dynamical evolution of the system, the eigen-

state [n(R(t))) at the initial time can be rewritten as
n(Ro)) = e Ve Oln(R(t))), (46)

here a,(t) corresponds to the dynamical phase. The system that is already in his eigen-
state, by suffering the time variation, and without perturbation, due to time evolution
this system will be finding in its eigenstate less due to a phase, that is the dynamical

phase, given by
1
an(t) = =1 / Eodt. (47)
When we perform the substitution of Eq. (47) into Eq. (46) and, by considering the

eigenvalues form (Eq. (45)), we obtain
B, [em# ] Brdten O] n(R(1))) = mgt e [ Erdt O] | R(t))). (48)

By taking the derivative in the right-hand side of the previous equation, we obtain

i |- 4Bt gt H B O R + e B O SR (49

In this way, with the simplification of the exponential terms, the Eq. (48) can be rewritten

as
d

i d
E — il |- LB, i @ .
R = i |~ Bt a0+ ] (RO (50)

By applying (n(R(t))| on both sides of (50), and using the normalization condition
(n(R(t))|n(R(t))) = 1, it can be noted that

d d

“nlt) = (R 2 In(R()) (51)
With the following derivative property
d dR
SIn(R() = Val(R) -5 (52)
we can rewrite the previous equation as
d , dR
Cn(t) = (RO T rln(R() (53)

The term i(n(R(t))|Vg|n(R(t))) is named as the Berry connection, here represented by
A, (R(t)). By performing the integral from 0 to T on both sides of the previous equation,
which is the time which the adiabatic motion is performed, we obtain
R(T)
W) = [ A(R(t)-dR, (54)
R(0)
For a closed loop, in a given time T, the system return to the initial position, R(T") =

Ry. This leads to the Berry phase expression

(€)= ?{c A,(R)-dR. (55)
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The previous expression can be rewritten using Stokes’ theorem, where the Berry phase

is expressed as a surface integral of the Berry connection curl
(€)= [ Qu(R)-dS. (56)
S

Here €2, is defined as the Berry curvature, which is given as Q,(R) = Vg X A,(R).
As will be discussed in the Chapter 3, the Berry phase and Berry curvature exhibit key
properties in the context of topological systems. Based on this, we revisit the Berry

curvature expression, where we rewrite in the following form
Ve X A,(R) =Im{Vg x [(n(R)|Vg|n(R))}. (57)

By applying the curl property V x [f(r)Vg(r)] = Vf(r) x Vg(r), we can rewrite the
Berry curvature as

Q, =Im{Vg(n(R)| x |[Vgr|n(R))}. (58)
By inserting the completeness relation, we have
Q, = Im{ Y. Vr(n(R)|m(R)) x (m(R)!VRln(R)>}- (59)
m#n
To verify the off-diagonal elements, where m=n, we revisit the Schrédinger equation. We
apply the Vg operator in Eq. (44), leading to

VrH(R)|n(R)) + H(R)Vg[n(R)) = VRE(R)|n(R)) + E.(R)VE|n(R)) (60)

By projecting into (m(R)| state, we obtain

(m(R)|VrH(R)|n(R))

(m(R)|Vg|n(R)) = (En — Ey)

(61)

Note that this result can be applied to Eq. (59), where the Berry curvature can be

rewritten as

2, ~n{ ¥

m#n

(n(R)|VrH (R)|m(R)) x (m(R)|VrH(R)|n(R)) } (62)

(Em(R) — E,(R))?

It is worth to note that this Berry curvature expression can also be expressed in terms of

the velocity operator [75, 76].

2.5 Wannier functions

One of the intuitive ways to calculate topological invariants is by integrating the
Berry connection over the Brillouin zone. Although the Berry phase provides a useful
way to analytically calculate the topological phase of systems and is successfully applied

in particular cases, such as in two-level systems, its computational implementation is
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challenging. This is because the Berry connection depends on the gauge choice, and
fixing the gauge is non-trivial. Alternatively, the parity of wavefunctions can be used to
compute the topological invariant, however, this method is restricted to centrosymmetric
systems. In this context, Wannier functions offer a more straightforward approach for
computing topological invariants.

The Wannier functions are strictly related to the Bloch Functions and were introduced
by Grigori Wannier in 1937. These functions show a strong correspondence with tigh-

binding models [77], and are defined as

Ve [ _u
wnr) = (g [, ¢ k) db (63)

Here, V_.; corresponds to the volume of the unit cell, BZ denotes the Brillouin zone of the
system as the integration limit, and |u,,) represents the Bloch states. By performing the
Fourier transform (FT), it can be obtained the Bloch functions in terms of the Wannier

counterpart

|tnk) = %: ¢ luwnp). (64)

Clearly, by performing the inverse Fourier transform, the Wannier functions can once

again be expressed in terms of the Bloch functions, as follows

‘/cell
2n)’

[wr) =

/ e Ry N dk PN un) = > e*Flw,g). (65)
BZ R

One of the main advantages of using Wannier functions is the ability to define the
Wannier charge centers (WCC). The WCC represent the expectation value of the position

operator for the Wannier functions
T, = <wn0‘7‘|wn0>- (66>

Through this definition, the WCC are equal to the Fourier transform coefficients of the
Berry connection, establishing a direct relationship between the Wannier charge centers

and the geometric properties of the electronic states
<wn0|r|wnR> = AnR' (67)

Similarly to the Bloch states wavefunctions, we can define

Veeur
(2m)3

Ap = / e HRA(K)dk S A (k) =Y " RAR  (68)
BZ

R

By substituting Eq. (68) into Eq. (67), and considering R = 0 as the origin of coordinates,

we can verify the relation between the WCC and the Berry connection as

— ‘/::'(i
7y = (2# /B _Au(k)dk, (69)
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Using the definition of A, (k), the previous equation can rewritten as

_— Veelr
"o(2m)

/B | Vi) k. (70)

Restricting this previous equation to the 1D case, where the integral over the Brillouin
zone reduces to the interval from 0 to 27/a, and replacing the unit cell volume with the

lattice parameter a, we obtain

27

a a
T, = |— nke |10k | Ui ) Ak, 71
70 = (5 ) [ (wnelion ) (1)
It can be noted that this integral corresponds to the Berry phase expression, defined in
Eq. (55), applied to the 1D system. We can rewrite as

f)/n
T = alm. 2
Tn = ag, (72)

This leads to a direct relationship between the Wannier charge centers and the Berry
phase, differing only by a factor. In this case, calculating the WCC along a path from 0
to a is analogous to calculating the Berry phase from 0 to 27 path. One useful quantity
is the sum of the Wannier charge center over the Brillouin zone, which plays a key role in
determining the Z, topological invariant. Unlike the Berry connection, which is not gauge
invariant, this quantity does not depend on the gauge choice [77]. The sum of WCCs is
given by

s L s
%:xa_%/BZA , (73)

where S' = I, I1, due to time-reversal symmetry property. In a smoothly period adiabatic
motion over an adiabatic time interval {O, %}, the Z, index can be calculated in the

following way
z=y [ (3)- (3)] - X0 - o). (14)

This invariant performs a fundamental in the classification of trivial and topological in-

sulators, as will be discussed in detail in the following chapter.
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CHAPTER

Topological systems in condensed

matter

Topological phases of matter are among the most promising topics of condensed matter
physics. Since the discover of the nontrivial phases in solids, different topological systems
have been both theoretically predicted and experimentally observed. Due to their poten-
tial application in different areas, topological materials have attracted significant scientific
interest in the last two decades. In this chapter, we first introduce the concept of topology
and smooth deformations. Then we present the key properties and discuss the advances
in three fundamental topological systems: topological insulators, Weyl semimetals and
quantum anomalous Hall insulators. These phases will be investigated details in this

work.

3.1 Topology

Topology is a field of mathematics that investigates geometric forms under adiabatic
deformation and classifies them by an invariant. This branch is considered an extension
of geometry. In this context, the topological classification can be represented by the
genus invariant, denoted by g, which counts the number of holes in a surface. The sphere
(Fig. 4(a)) represents a surface with g = 0, and the torus (Fig. 4(b)) a surface with g = 1.
Different geometric forms with the same number of holes share the same invariant, since
they belong to the same topological class. Interestingly, geometric forms in the same
topological class can be transformed into one another through continuous deformations.
Considering the torus in Fig 4(b), by applying smooth deformations, this geometry can be
transformed into a teacup without changing its topological class. However, the transfor-
mation of the torus into a sphere would require performing, at some point, a non-smooth
deformation, which is to perform a hole in its surface. Consequently, it is not possible to

transform a torus (¢ = 1) into a sphere (¢ = 0) through smooth deformations.
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Figure 4 — Surfaces of a sphere (a), torus (b), and double torus (c), representing the
geometric forms with genus g = 0, g = 1, and g = 2, respectively.

3.2 Topological insulators

The concept of topology was imported into condensed matter physics to classify dif-
ferent classes of band insulators, where one class cannot be adiabatically connected to
another without significantly modifying their properties. Systems that show, in their
electronic structure, an energy gap between the valence and conduction bands are clas-
sified as trivial and nontrivial (topological) insulators. Similarly to the genus and torus
example, a trivial insulator cannot be smoothly transformed into a topological insulator
without closing the band gap, leading to a different topological invariant [29, 78, 5]. In
this case, the topological invariant is calculated by the Z, index, which is intrinsically
related to the Berry phase and Wannier functions, as discussed in Section 2.5. While a

trivial insulator shows Z5 = 0, a topological insulator is characterized by Z, = 1.

One of the key signatures to identify a nontrivial phase in insulators is the bulk band
behavior under inclusion of relativistic effects [4]. The topological phase transition is
illustrated in Fig. 5. Without spin-orbit coupling (SOC), the bands behave as a trivial
insulator with Zy = 0. Under a smooth increase of SOC effects, beyond a certain value, the
band gap must close (critical point) and then reopen (Fig. 5(c)). With this reopening,
the conduction band carries information from the valence band and vice versa, which
leads to the nomenclature of an inverted band gap, as shown in Fig. 5(c). In bismuthene,
as will be discussed in Chapter 4, the critical point occurs at 50% of SOC strength. In
systems like graphene, the topological bands without SOC are already in the critical point

configuration, and the inclusion of SOC lifts the degeneracy, leading to an inverted gap.

In a topological insulator, while the bulk exhibits a insulator band configuration, at the
surface (in 3D system) or edge (in 2D system), metallic states connecting the valence to
conduction bands are observed due to the bulk-boundary correspondence. It is important
to note that these states arise not only with the vacuum interface, but also at interfaces
with trivial materials. Interestingly, these metallic surface/edge states are spin-polarized
and counterpropagate relative to one another. In the +k momentum direction, a spin up
channel can be observed, while in the —k direction, there is a spin down edge channel, as

illustrated in Fig 6. In this specific region of momentum space, the electrons behave as
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Figure 5 — Illustration of the band inversion process in a topological insulator. The blue
and red color indicates the valence and conduction bands, respectively. As the
SOC increases, the band gap start from a trivial behavior (a), achieve a critical
point (b) and reopens with inverted character (c). Image from Ref. [4].

massless Dirac fermions, usually showing high-speed Fermi velocity on the order of 10° m/s
(79, 80, 81], which enable valuable applications in high-speed electronics. Interestingly,
as the topological surface/edge shows a spin-momentum locked, in the 3D systems, the
spin-texture shows a helical behavior in a momentum-resolved dispersion, as shown in
Fig 6(d). The Hamiltonian that describes these topological states and its helical behavior
is given by

H=vrk x o. (75)

Here, k represents the momentum vector, o the Pauli matrices, and vg the Fermi velocity,

we also denoted A = 1. The nature of these spin-polarized boundary states lies in an
intrinsic symmetry that plays a significant role in topological insulators, the time-reversal
symmetry. Although more directly related to momentum reversal [82], which performs
Pli—o = —Pli—o, the time-reversal symmetry operator (©) is defined as

—imSy

©=er K=—io,K. (76)

Here, K denotes the conjugated complex operator, h the Planck’s constant. The time-
reversal operator leads to a moment inversion and also inverts the spin components in a

half-integer spin system, in the form

O 'po = —p, (77)
0715, =-8,, (78)

and also
O 'H(k)O = H(—k). (79)

This Hamiltonian property imposes that the electronic band structure in a time-reversal
symmetry protected system must appear in degenerate pairs. Such degeneracy forms what
are called the Kramers pairs. This leads to the key property for topological insulators
Bk, 1) = B(~k, 1),

The SOC is intrinsically related to the atomic number. This relativistic effect induce

topological phase in different materials composed by heavy elements, such as Sn, Pb
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Figure 6 — Schematic representation of topological edge (a)-(b) and surface (c)-(d) states.
Panels (a) and (c) show the real-space scenario, while (b) and (d) illustrates
the corresponding momentum-space representation. Figure from Ref. [5].

and Te [41, 83]. In two-dimensional systems, the topological insulators, also known as
quantum spin Hall insulators, were first predicted in graphene by Kane and Mele in 2005
[31]. Shortly after, in 2006, Bernevig, Hughes and Zhang proposed another quantum spin
Hall system candidate, they reported the topological phase transition in CdTe confined
HgTe quantum wells [84]. The experimental verification was given one year later, in
2007 [32]. In 3D topological insulators counterpart, the first experimental observation
was reported in 2008. By means of angle resolved photoemission spectroscopy (ARPES),
it was verified the topological surface states in BipgSbg; films [85]. Subsequently, this
topological properties were verified in different pristine and doped 3D systems [86, 87].
A well-known 2D topological insulator, and the object of study in this part of this
work, is the bismuth monolayer. This system was first experimentally grown in 2017 by
Reis et al. [11], where a single bismuth monolayer was epitaxially deposited on a SiC
substrate. Through ARPES images, a pair of topologically protected edge states where
verified, showing a good agreement between experiments and DFT calculations. More
recently, in 2021, a bismuth monolayer was grown on Ag(111), exhibiting a topological
band gap of approximately 1 eV [12]. In both systems, due to substrate interaction, the

bismuthene shows a planar configuration, with a band gap opening at the K point.

3.3 Weyl semimetals

In the study of topological systems, it is commonly reported that topological properties

arise in materials with a band gap opened by SOC effects, as previously discussed. In this
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way, a natural question arises: can band crossings also exhibit topological properties? The
answer is yes, and the nature of this behavior lies in the Dirac equation. This equation
provides a suitable way to combine quantum mechanics and special relativity, its solution
can lead to different particles behaviors, giving rise to Dirac, Majorana and Weyl fermions.

In 1929, Hermann Weyl studied one particular solution of the Dirac equation, which is
based on massless particles proposal [88]. The Weyl study led to a simpler case solution,
where the fermions always arises in pairs with opposite chiralities. For a long time, neutri-
nos were thought to meet the criterion for Weyl fermions candidates, as also discussed in
quantum mechanics textbooks [82, 89]. However, with the neutrino mass measurements,
they do not fit as possible candidates, leaving a gap in this particles class [33]. Currently,
there are no experimental reports of Weyl fermions in physics beyond solid state systems.

The Weyl Hamiltonian is given by
H=vpk - o. (80)

From the previous Hamiltonian, the Weyl fermion eigenenergies are given by E = tvgk.
The energy of a Weyl fermion shows a linear dispersion in the momentum space.

In the solid state physics context, a given system protected by both inversion and
time-reversal symmetry has a band structure double degenerate in spin up and spin down,
where E(k,T) = E(k, ). Without SOC, a symmetry-protected system can shows fourfold
degenerate Dirac crossings between the valence and conduction bands. When SOC is
included, these band crossings can be affected or not, as illustrated in Fig. 7. The first
possible scenario is the band opening (Fig. 7(a)), which is a key signature of topological
insulators, as previously discussed. The second possibility is that the SOC does not
affect the fourfold degenerate band crossing, resulting in a Dirac semimetal signature. A
pair of Weyl points may arise from a Dirac semimetal by breaking either time-reversal
or inversion symmetry, where a fourfold degenerated crossing slipts into pair of Weyl
crossings (Fig. 7(b)). It is important to note that Weyl points can also arise in systems
without Dirac semimetal behavior. In gapped systems, by breaking the inversion or time-
reversal symmetry, the upper and lower bands can split and cross each other, leading to
a topological phase transition [21].

Weyl fermions show a nonvanishing Berry curvature at the crossing point. Starting
from the Weyl Hamiltonian (Eq. (80)), the Berry curvature is given by [90, 91]

k

2k3
Where €2 denotes the Berry curvature. In this scenario, Weyl points can be understood

Q=7 (81)

as monopole chiral charges, where the positive and negative topological crossings act as
a source and drain of Berry curvature, respectively. This form allows the visualization of
the Berry curvature as field lines connecting Weyl points with opposite chiralities. The
Weyl chirality is given by

v=— [ Quk (82)

21 JFs
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Figure 7 — Schematic illustration of an inverted band structure without SOC. The inclu-
sion of SOC can open a band gap (a), characterizing a topological insulator
phase, or when combined with a fundamental symmetry breaking, form a Weyl
semimetal phase (b). In the topological insulator phase, the arrows represent
the helical spin texture of the Dirac cone, while in the Weyl semimetal phase
the arrows indicate the Fermi arcs. Adapted image from Ref. [6].

Here, F'S represents the Fermi surface that encloses a Weyl point. Due to Nielsen-
Ninomiya theorem [92], also known as fermion doubling theorem, the sum of the chiral

charges in the Brillouin zone must be zero, satisfying the following equation
BZ
> x;i =0 (83)
J

This implies that Weyl points must arise in pairs with opposite chiralities in the Brillouin
zone; consequently, a single Weyl point will not appear without its corresponding part-
ner [77, 90]. In this way, symmetries play a crucial role in the Weyl semimetals study.
Distinct symmetry conditions lead to different Weyl point behavior in the Brillouin zone,
affecting both Berry curvature and chirality. For a noncentrosymmetric 3D system, pro-
tected by time-reversal symmetry, with a pair of Weyl points located in kg and —kq, the

Berry curvature and Weyl chiralities show the following properties
Q(ko) = —2(—ko), (84)
X(ko) = x(—ko). (85)

In contrast, for an inversion-symmetric 3D system, but with the time-reversal symmetry

broken, the properties changes as follows

Q(ko) = Q(—ko), (86)
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Figure 8 — Momentum-resolved (a) and energy-resolved (b) measurements of the Fermi
arcs on the TaAs surface. The red and blue points indicate the Weyl nodes
with opposite chiralities. Adapted image from Ref. [7].

x(ko) = —x(—ko)- (87)

It is important to note that these properties are restricted to 3D systems. In time-reversal
symmetric systems the minimum number of Weyl points that may arise in Brillouin zone
is four. In counterpart, for time-reversal symmetry broken systems, this minimal number
of Weyl point is two [34, 91]. As will be discussed in Chapter 5, with the reduction
in dimensionality, the inversion and time-reversal properties for Weyl points and Berry
curvatures significantly change.

Similarly to other topological materials, Weyl semimetals show nontrivial surface (or
edge) states due to the bulk-boundary correspondence. In this class, these topological
states are called Fermi arcs. While in topological insulators the boundary states con-
nect the valence to conduction bands, the Fermi arcs form open curves that connect the
projected bulk Weyl points at the surface (or edge), as schematically shown in Fig 7(b).
Through ARPES measurements, in a 3D system, Fermi arcs can be observed at two dif-
ferent perspectives, the first consists in a fixed energy value with k-resolved momentum,
as shown in Fig 8(a), the second is in energy resolved per momentum band structure
(Fig. 8(b)). Interestingly, in systems where the surface projects two Weyl points degen-
erated, for examples in a top surface projecting +k, and -k, Weyl points, the projected
Fermi arcs will shown a double degenerated behavior.

The intrinsically noncentrosymmetric TaAs family (TaAs, NbP, TaP and NbAs) was
the first family of Weyl semimetals theoretically predicted and experimentally observed
(35, 93, 94, 95, 7, 96, 97]. Their prediction was in 2015 and, at the same year, the exper-
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imental verification in TaAs and TaP occurred, marking a breakthrough in topological
matter research. Subsequently, other materials were verified to show the Weyl semimetal
phase, including transition metal dichalcogenides, such as MoTe; and WTe, [98, 99, 100,
101, 102, 103}, and magnetic materials [104, 105, 106, 107].

Previously, it was believed that Weyl crossings were restricted only to 3D systems.
However, it was verified that, under the protection of an crystal symmetry, Weyl semimet-
als can also arise in 2D systems [90]. The first predictions were reported in 2D magnetic
materials [108, 109, 110, 111, 112, 113, 114, 115], followed by reports of quadratic Weyl
crossings in both magnetic and non-magnetic systems [116, 117], and a linear Weyl cross-
ing in a noncentrosymmetric system [118]. In 2024, the first experimental observation of
Weyl semimetals in two-dimensional was reported [21], these topological crossings were
found in bismuthene grown on a SnS substrate. A subsequent experimental identifica-
tion of Weyl fermions in two dimensions was achieved in the PtTe; 75 monolayer [119].
A well-detailed discussion on Weyl fermions in two-dimensional systems is presented in
Chapter 5.

3.4 Quantum anomalous Hall insulators

The interplay between magnetic fields and electronic properties leads to remarkable
physical effects in solid state physics. One of the most interesting discovers regarding the
magnetism in materials is the connection between transversal conductivity and magnetic
field intensity, first reported by Edwin H. Hall in 1879 [120]. This investigation demon-
strates that in a metallic sample, when an electric current is applied parallel to the system
while a perpendicular magnetic field is present, the electrons experience the Lorentz force.
As a consequence, their trajectory is modified, leading to electron accumulation on one
side and hole (positive charges) accumulation on the opposite side. This charge separation
creates a potential difference between the opposite edges of the system, with is named
as Hall voltage. Consequently, a transversal resistivity p,, emerges, which is called Hall
resistivity. This physical quantity is inversely proportional to the Hall conductivity og,.
Hall verified that this transversal conductivity is proportional to the applied magnetic
field, which grows linearly with the external magnetic field.

With advances in experimental techniques, nearly 100 years later, Klaus von Klitzing
verified that, under strong magnetic fields (close to 15 T) and low temperatures (4 K),
the Hall conductivity becomes quantized in integer units of e?/h, consequently the Hall
resistivity is also quantized in h/e? integer values [121]. The remarkable precision of
these measurements exhibits minimal experimental deviation for the quantized values
[122]. These findings demonstrated the positive impact of the quantum Hall effect in the
metrology [36]. Due to significance of the discovery of quantum Hall effect, Klaus von
Klitzing received the Nobel Prize in Physics in 1985.
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Figure 9 — Scheme of the quantum anomalous Hall effect. The blue arrows represent
the dissipationless topological edge states, and the black arrows indicate the
intrinsic magnetic moment of the material.

Magnetic systems also play a crucial role in the study of Hall effect and its derived
effects. Shortly after the discovery of the Hall effect, Edwin Hall verified that, using a
ferromagnetic sample, the Hall voltage increased 10 times compared to the nonmagnetic
counterpart [123, 124]. This finding enhanced the discussion of the intrinsic magnetic
role in the Hall effect. Interestingly, nonzero Hall conductivity can also arise in systems
exposed to a potential difference and without any externally applied magnetic field, as
schematically illustrated in Fig. 9. This effect is named as anomalous Hall effect, and,
when the Hall conductivity shows quantized values, is named as quantum anomalous Hall
(QAH) effect [36, 124, 72].

Quantum anomalous Hall insulators show similar properties to quantum spin Hall
insulators. However, as these materials are magnetic, they intrinsically break the time-
reversal symmetry. In these materials, the SOC strength also plays a crucial role in band
inversion, resulting in a nonzero topological invariant. As a consequence, topological
surface (or edge) states emerge due to bulk-boundary correspondence. These topological
states connects the bulk bands with a gap opened by SOC. Unlike quantum spin Hall
systems, where the boundary states counterpropates each other, these states propagates
in one direction, as illustrated by the blue arrows in Fig 9. The number of topologically
protected states is determined by the topological invariant, in this case, the Chern number

1
C= /BZ Q(k)d?k. (88)
Here, (k) is the Berry curvature as discussed in Section 2.4. Unlike the Z5 index, where
a topological insulator is characterized by Z = 1, quantum anomalous Hall systems can
exhibit different Chern numbers with values, including higher than 3 [125, 126], leading
to a large number of boundary states propagating in one direction.
One of the key findings regarding topological properties in quantum anomalous Hall

systems is the intrinsic connection between anomalous Hall conductivity and Berry phase
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properties [124, 127, 75]. With the emergence of boundary states, the anomalous Hall
conductivity shows a plateau peak at the band gap opening region in bulk. The Chern
number will define the intensity value in integer units of e?/h. The anomalous Hall

conductivity is given by
2
e

h

It is important to note that contributions to o,, are not exclusively from Berry phase

(89)

Ozy = C

effects. Different effects can also influence the transversal conductivity, and potentially
affect its quantized properties [72, 124].

The combination of topological boundary states with intrinsic magnetism makes quan-
tum anomalous Hall systems promising candidates for practical applications, such as spin-
tronic and memory storage technologies. The quantum anomalous Hall effect has been
theoretically predicted in a large variety of materials, such as doped-systems [125, 128,
129], metal-organic frameworks [130, 131, 132] and in-plane magnetization systems [133].
More recently, in the context of valleytronics, different materials candidate have been
proposed as quantum anomalous valley Hall insulators [134, 135].

In 2013, the first experimental observation of the QAH phase was reported by Chang
et al. [38]. Using controlled Cr atoms doping, they verified the QAH effect in two well-
know topological insulators, BisTes and SbyTes films. In 2015, using the same topological
insulators compounds, but with V atomic doping, it was verified the QAH phase in
these materials [136]. This topological effect was observed in the intrinsically magnetic
MnBi,;Te, flakes in 2020 [2]. This material show a different topological phases, such
as magnetic topological insulator, quantum anomalous Hall effect and Weyl semimetal,

which can be tuned by different magnetic alignment [137].



45

CHAPTER

RKKY interactions mediated by

topological states in bismuthene

In this chapter, we investigate the effects on the electronic and topological properties
of the bismuthene doped with magnetic atoms. It is well-known that magnetic effects can
significantly affect the intrinsic properties of topological insulators, which can lead to a
band gap opening in their edge/surface Dirac crossing, allowing electronic backscattering,
consequently reducing their practical applications [29, 79, 4]. However, valuable findings
can also arises in magnetic-doped topological insulators, such as the possibility of quantum
anomalous Hall effect [36], long-range coupling between impurities due to topological
effects [138, 139, 140], and spin filtering device applications [23]. Beyond this, magnetic
properties may arise in topological insulators at different ways, such as due to dangling
bonds [141] and doping effects [142, 143], which enhances the efforts in the investigation

and control of magnetism in topological insulators .

4.1 Bismuth monolayer - Revision

The key insights into quantum spin Hall (QSH) insulators were given by Kane and
Mele in 2005, who developed a model originally proposed for graphene [31]. However, the
carbon SOC parameter exhibits a low intensity value, resulting in a extremely small band
gap opening at the K-point, estimated as 42 peV [144]. Although the topological phase in
graphene is not easily experimentally accessible [4], the same crystal structure, composed
of heavier atoms such as silicon, germanium, and thin, provides valuable findings into the
context of topological materials [29, 4]. In this way, a theoretically predicted [145, 146] and
experimentally synthesized [11, 12] QSH insulator is the bismuth monolayer. The bismuth
monolayer, also known as bismuthene, has a crystal structure similar to graphene, but
instead of C atoms, it is composed of a group-V element, the Bi atom. Figure 10 shows

the bismuthene in the top (a) and side (b) views. Unlike graphene, which is planar,

1 The results discussed in this chapter were published in Ref. [138].
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Figure 10 — Top (a) and side (b) view of the bismuthene crystal structure. The black line
indicates the unit cell, which contains two atoms.

bismuthene shows a buckling height of 1.77 A along the ¢ direction. Its unit cell contains
two atoms, and shows fully optimized lattice parameters as @ = b = 4.43 A, with a Bi-Bi
bound length of 3.12 A. To avoid interactions with its image periodicity, we have adopted
c=20A.

As we mentioned in Section 3.1, one signature for the quantum spin Hall effect is
the band inversion with SOC inclusion. In bismuthene, the SOC strength, estimated as
0.43 ¢V [11], plays a crucial role in the band structure. Figure 11 shows the orbital-
projected band structure for bismuthene under different percentages of SOC. Without
SOC (Fig. 11(a)), the top of the valence band at I" point is mainly composed by the sum
of p, and p, orbitals, denoted here by p,, (red symbols), in counterpart, the bottom of
conduction band is dominated by the p, orbitals (blue symbols). With the increase in SOC
effects, around 50% of SOC (Fig. 11(c)), it can be noted a critical point, where the bands
close the gap and then reopen with an inverted orbital character. With the band gap
reopening due to SOC, at I point, the top of valence band is now mainly composed of p,
orbitals, while the bottom of the conduction band shows a p,, orbitals, clearly indicating
a band inversion phenomenon. The band gap with SOC effects shows a magnitude of 0.6
ev.

To confirm the topological nature of bismuthene, we performed a topological invariant
calculation. Since this system is protected by spatial inversion symmetry, the Z; index
can be determined from the parity of the occupied electronic states [147]. However,
we have used the evolution of the Wannier charge center method [148, 149], discussed in
Chapter 2. Our calculations show a Z; = 1 index for the SOC-included system, indicating
its nontrivial character.

It is well-known that in a QSH system, while the bulk has a normal band gap, at the
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Figure 11 — Projected band structure for bismuthene without SOC (a) and under different
percentages of SOC: 25% (b), 50% (c), 75% (d), and 100% (e). The blue and

red circles correspond to the p, and p,, orbitals, respectively.

edges, electronic states connect the valence and conduction bands. Those edge electrons,
in a given energy-momentum space region, behave as relativistic massless fermions. Inter-
estingly, for each edge, two counterpropagating spin-polarized edge states can be observed
as a consequence of time-reversal symmetry, where E(+k,T) = F(—k,|). To investigate
this bulk-boundary correspondence, we construct a sufficiently large bismuthene nanorib-
bon, where we perform the edge cut along the zigzag direction. The large width ensures
that the spin channels on the left and right edges do not hybridize. These calculations
were carried out using the tight-binding model based on Wannier functions extracted from
DFT results, as described in Appendix A.

To construct and perform the nanoribbon calculations, is required to perform a rigid
cut in the edge atomic bonds. These dangling bonds can significantly affect the electronic
behavior of a QSH insulator at the interface with a trivial system (or the vacuum). In
the bismuthene nanoribbon, without the edge ionic relaxation, a non-vanishing magnetism
arises in these edge atoms due to unpaired electrons in p orbitals [150]. This local magnetic
moment has an order of 0.29 pp, and, in ferromagnetic (FM) configuration, it lifts the
degeneracy of the edge states. In this context, there is no connection between the valence
and conduction bands via edge states. In the studies performed by Dev and Naumov [150,
151], it was found that, with the magnetism in the antiferromagnetic (AFM) phase, the
connection with conduction band by the topological edge states is recovered. A useful
way to reconstruct the edge, resulting in a vanishing magnetic moment, is by performing
edge ionic relaxation. With the new edge atomic positions, the magnetism vanishes.

Figure 12(a) presents a projection of the right edge states from the bismuthene nanorib-
bon in a zigzag cut, shown in Fig. 12(d). Two counterpropagating edge states can be seen,
they arises in k, = 0 point, crosses each other in k, = m/a and connects the valence to
conduction bands in k, = 27 /a point. The Fermi velocity of this Dirac crossing is esti-
mated as vp = 1.1 x 10° m/s. It is worth to note that these topological edge states are
doubly degenerate in the entire energy dispersion due to contributions from the right and
left edges, resulting in a fourfold degenerate crossing point. Although the projected edge

states provide a suitable analysis from the topological behavior, in the context of time-
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Figure 12 — (a) Bismuthene band structure without edge passivation. The contribution of
the edge state is highlighted with the high intensity contribution in colormap,
while the bulk shows a low intensity contribution. Spin texture colormap is
shown in (b) for (S,) component and (c) for (S,) counterpart. The red
(blue) color indicates spin up (spin down). The bismuthene nanoribbon in a
zigzag cut illustrating figure is shown in (d), the arrows indicate the system
periodicity.

reversal symmetry, we further investigated the spin texture (S) of this system, where the

spin polarization vector is given by

() = {6k oo ). (90)
Here o, represents the Pauli matrices, a the x, y and z coordinates, and ¢; the wavefunc-
tions of i-th electronic states. The spin vector is given by the sum of its component. As
can be seen in Figs. 12(b) and 12(c), these edge states are mainly determined by the (S,)
and (S,) components, resulting in a spin vector with the form (S) = (S,)7 + (5.)2. In
agreement with the TRS property, the energy relation F(+k,T) = E(—k,]) is observed
in the band dispersion. Due to symmetry property, at the other edge projection, the spin
signal is inverted in comparison to the right edge, where it shows a positive signal, in the
left edge is negative.

One useful way to avoid the dangling bond effects in nanoribbon calculations is to
saturate the edge, where different types of atoms, usually nytrogen and hydrogen, are
used to form chemical bonds with the edge ions, thereby avoiding missing bond effects
(146, 150]. In this way, we passivate the dangling bonds at the zigzag edge with hydrogen
atoms, as illustrated in Fig. 13. Our fully optimized ionic relaxation calculation shows a

Bi-H bond length of 1.77 A. In absence of dangling bounds, the topological edge states
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Figure 13 — Left (a) and right (b) edge projected spin texture (S,) component onto band
structure for the hydrogen edge passivated bismuthene (c). Here, the blue
circles indicate spin down while the red color represents spin up.

has a significant change. The crossing point shifts to k, = 0 projection, and the Fermi
velocity increases one order of magnitude (0.9 x 10° m/s). The spin-texture will also be
affected by this electronic change, now the spin-contribution is uniquely dominated by

A

the (S.) contribution. Consequently, the total spin is given by (S) = (S,)2.

4.2 Electronic properties of V-doped bismuthene

Using a large bismuthene unit cell with 50 atoms, repeated 5x5x1, we doped the
bismuthene by perfoming a single atomic replacement. We substituted one Bi atom with
a transition metal (TM) atom, vanadium. This single atomic replacement in the unit
cell corresponds to a 2% of impurity concentration in this QSH system. The electronic
configuration of the V atom is given by [Ar]3d*4s?, where unpaired electrons in the d
orbitals can be noted, resulting in a significant magnetic moment, enabling the study of
magnetic effects in bismuthene. Due to atomic ratio difference between Bi and V atoms,
we performed a nearest-neighbor relaxation calculation to obtain the optimized positions
in this doped system. We observe a reduction in the buckling height for the Bi-V bond
length (2.81 A) in comparison with Bi-Bi bond-length (3.12 A), as shown in Fig 14(a).
These results are in good agreement with previous studies in the literature [152].

The V atom contributes with 3 pp out-of-plane (OP) magnetic moment per ion in the
unit cell. To accurately describe the many-electron effects from the vanadium d-orbitals,

we optimized the U, s, value using the linear response method [69]. Our calculations shows



50 Chapter 4. RKKY interaction mediated by topological states in bismuthene

that Uesyr = 3.25 eV, which was used for all calculations in this work, unless otherwise
mentioned. A direct comparison between the bismuthene band structure without and with
V-doped can be seen in Figs. 14(b)-(d). Here, the magnetism induces a spin splitting
in the band structure and introduces new energy levels inside the band gap. A strong
hybridization can be observed between p and d orbitals from Bi and V atoms, respectively,
shifting the Fermi level towards the valence band maximum. The Coulomb interaction
separates the d-orbitals from the valence to the conduction band. To better visualize the
effects of this correction on the electronic structure, we compare the results without (Fig.
14(c)) and with (Fig. 14(d)) Uess. Without Uy, a state mainly dominated by d orbitals
emerges with minimum energy value is close to 0.18 eV at the I' point. Additionally, an
acceptor state is observed above the Fermi energy. This acceptor state also exhibit a small
contribution from d states, resulting in a band gap with the upper state around 0.13 eV.
With the inclusion of Usy (Fig. 14(d)), the state with previous minimum value of 0.18
eV now shifts to above 0.3 eV, resulting in a direct band gap of 0.33 eV at the I' point.
One important finding is that, while without the Coulomb correction the acceptor state
is partially flat around the I' point, the introduction of the correction affects this band,

which exhibits a nearly free electron behavior at I', similarly to pristine in Fig. 14(b).

Figure 14 — Bismuthene doped with one V atom at the top and side view in (a). Projected
band structure for pristine Bi monolayer (b), vanadium doped Bi system
without (c¢) and with (d) Ueys correction. The red (blue) circles represent the
contribution of p,, (p.) orbitals and the green circles represent the d-orbitals
from V atoms.

One of the key findings of this work is the robustness of the topological invariant
against the introduced impurities. Bismuthene shows a Z5 equal to 1, even with the
introduction of the impurities in concentrations up to 5%. However, a topological band
behavior in the TM-doped system does not arises below the Fermi level, as in the pristine
counterpart. The topological origin in this system lies in the new state with a nearly
free electron behavior at the I' point, similar to the pristine case, but located above

Fermi energy. In higher doping concentrations, although the topological band gap is
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Figure 15 — Bismuthene nanoribbon with vanadium atoms (magenta circles) near the
edge. The dashed lines indicate the possible first and second point defect
substitution. At the edge, the white atoms represents the hydrogen atoms.

still observed, its magnitude is lower than in the case studied here. This reduced bulk
gap may hinder the observation of topological edge states when performing a nanoribbon

calculation to investigate the bulk-boundary correspondence.

4.3 Magnetic interactions in bulk

Since magnetism was induced in bismuthene by V atomic substitution, we can explore
its magnetic properties and resultant effects, such as magnetic coupling between the ions
and an increase in overlap orbital. As previously mentioned, the V atom contributes with
a 3 pup magnetic moment, with its easy axis oriented OP. Consequently, due to periodic
boundary conditions, the magnetic coupling with the impurity in the neighboring cell is
ferromagnetic OP. However, to determinate the bulk ground magnetic phase (GMP), we
increase the number of impurities in a enlarged unit cell. This allows us to set impurities

in AFM and FM configurations. The GMP is determined by analyzing the total energy

variation
AEp = ERM — M, (91)
Here, EAFM (EEM) denotes the total energy of the system with the impurities aligned

in the AFM (FM) configuration. If the total energy variation is negative (positive), the
FM (AFM) phase has lower energy, indicating this phase as GMP. We calculated the cou-
pling between magnetic impurities as a function of their separation distance. As shown
in Fig. 15, these deffects were simulated in a line arrangement. The inter-V distances cor-
responds to integer multiples of the lattice parameter. We conducted the calculations for
separations up to 7 lattice parameters, corresponding to approximately 32 A. As shown in
Fig 16(a), the bulk bismuthene supports the FM phase for the shortest inter-V distances.
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For larger separations (three lattice parameters), the exchange coupling decays to zero,
indicating that the impurities become decoupled. This sugests that direct exchange inter-
actions, such as overlap orbital, dominate in bulk. However, residual magnetic interations
also emerges around 15 A, suggesting an indirect magnetism contribution, where it may

be mediated by the impurity state close to the Fermi level.
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Figure 16 — Magnetic coupling (total energy difference) as a function of the inter-impurity
distance when the V-atoms are in bulk (a) and at the edge (b) of the bis-
muthene.

4.4 Magnetic interactions via topological edge states

To investigate the role and effects of topological edge states in magnetic coupling be-
tween the V impurities, we have constructed a bismuthene nanoribbon with a zigzag edge,
saturated with hydrogen atoms. We added the impurities at the second atomic row from
the edge, as shown in Fig. 15. This allows us to study the effects of topologically protected
spin-polarized massless fermions on the magnetic coupling between the impurities. Upon
creating the edge in the system, interesting effects arise in this system. Figure 16(b) shows
the total energy variation (Eq. (91)) for the impurities near the edge. Notably, when the
topological edge state is present, the impurity interacts with the edge state, leading to a
strong impurity coupling that depends on the TM separation. For a comparison, while
the bulk system shows a near zero magnetic interaction at 19 A, the edge configuration

shows a high coupling value for the impurities, with an oscillatory increase that reaches
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Figure 17 — Bismuthene structure with vanadium impurities near the edge is shown in (a),
the arrows indicate the magnetic orientation for this system. In (b) is shown
the orbital contribution of the doped edge atoms to the band structure and (c)
the spin component (S,) contribution. For the antiferromagnetic orientation
of V atoms (d), the same is shown in (e) and (f).

a local maximum peak. Unlike in bulk configuration, the AFM in the edge configuration
represents the GMP for nearly all the inter-impurities distances. Interestingly, for inter-V
distances between 2 and 3 lattice parameters (approximately 9.8 and 14.5 A), a transition
in the GMP from AFM to FM is observed. With further increase, another phase transi-
tion is observed and the AFM configuration returns as GMP. This oscillation in GMP as
function of inter-impurity distances is one of the signatures of Ruderman-Kittel-Kasuya-
Yosida (RKKY) interactions, which are predicted to occur in both 2D and 3D systems
[139, 153, 154]. The magnitude of these oscillations in both bulk and edge configurations
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is consistent with studies with Fe-doped BisSes, a well-known 3D topological insulator
[140]. In the next section of this work, we will discuss these results from the perspective
of an effective Hamiltonian.

In the following part of this section, we investigate the effects of magnetic interactions
on the electronic band structure. For this analysis, we use the doped system with an inter-
impurity distance of 3 lattice parameters. We performed calculations for defects in both
in FM and AFM alignment, as can be seen in Figs 17(a) and 17(d), respectively. With
the impurities in the FM configuration, the time-reversal symmetry is broken, lifting the
Kramers degeneracy and enabling backscattering of electrons in the topological channels.
Figure 17(b) shows the projected band structure of atoms from the left edge cut. The
band gap magnitude is approximately 0.1 eV, and although backscattering occurs, the
spin texture of these edge states remains OP, with (S,) = + 1 (Fig. 17(c)). On the other
hand, when the impurities are in the AFM phase (Fig. 17(d)), the preservation of global
time-reversal symmetry allows the recover of spin-polarized massless fermions channels
that cross each other, with F(+k,T) = E(—k,]). Notably, the AFM phase is the GMP
for most inter-V distances, which leads us to conclude that the recovery of topological
Dirac cone remains intact. It is important to mention that, in the topological edge states
region, the V atoms contribute only with d,, orbitals. The other orbitals from V remain
at lower energy levels in the band dispersion. The robustness of this Dirac crossing is also
observed in Cr-doped bismuthene with AFM alignment at the edge [155], supporting our
findings. One interesting behavior in the AFM band structure is the parabolic curvature
near the Fermi energy at M point, but linear at T', indicating a competition between
linear and quadratic k terms in the energy dispersion, similarly as reported in Rashba
effect [156]. This energy dispersion indicates that the topological edge states have both
massless and massive contributions at different points in momentum space. This finding
provides valuable insights for building an effective model, as we will discuss latter. We
performed the calculations without SOC, simulating a trivial insulator with the same edge.
The obtained results were close to the bulk calculations, highlighting the importance of

topology in this long-range coupling regime.

4.5 Effective Hamiltonian

To further validate the ab initio conclusions and provide a detailed analysis of the
RKKY interactions between two magnetic impurities mediated by topological states, we
derive an effective Hamiltonian that has the form of the RKKY Hamiltonian. To build
this model, we consider a Hamiltonian H, that takes into account the relativistic massless
fermions behavior with a linear energy dispersion, which corresponds to the dispersion of
a pristine bismuthene nanoribbon, as shown in Fig. 13. Two magnetic impurities that are

not directly coupled to each other can interact through indirect exchange. This interaction
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Figure 18 — Energy dispersion E(k) for different 5 parameters. The solid, dashed, and
dash-dotted lines correspond to different values of 3, as indicated in the legend
box. Here, E, (k) and E_(k) are plotted in the same color.

can occur due to the electronic motion along the boundary of a system, or through a "sea'
of conduction electrons [157]. To take into account the ribbon behavior, We build the

wire Hamiltonian, which has the form

Hy= " (Bk*05y — ako?,)chycrs (92)

/
k,s,s

Here cl, (cgs) denotes the creation (annihilation) operator of an electron with spin s in
a low-energy band. Based on DFT results, we verified that the linear dispersion shows a
slope, which reduces the Fermi velocity. This slope is denoted by the o parameter. The
small curvature of the band near the Fermi level, represented by [, is one of the signatures
of the competition between the linear and quadratic dispersion. This behavior is similar
to that observed in Rashba effect [156]. Figure 18 shows the energy dispersion for different
values of 3 compared to a.. As the 8 parameter increases, a parabolic curvature near +k
becomes evident.

As we previously mentioned, the magnetic impurities S; and S5 do not couple to each
other directly. However, those magnetic impurities have a coupling with the ribbon s;
electrons, which mediates the indirect coupling. The interaction between the impurities

and ribbon electrons is given by the Heisenberg model [157], which has the form of
2
i=1

where J is the coupling parameter between the impurity and the ribbon electron. The

factor 2 is introduced for convenience [158]. Using the spin components property [82], we



56 Chapter 4. RKKY interaction mediated by topological states in bismuthene

rewrite the Hamiltonian (93) as
_2JZ{SZSZ+ (S7st + Sits —)} (94)

The ribbon electron spins s; can be expressed in terms of CLS and ¢ operators using the

following expressions
1

5; = 5@‘?% — cljen), (85)
st = (chea), (96)

Here atomic units were used, with & = 1. To rewrite the Hamiltonian from Eq. (94) in
terms of creation and annihilation operators, we use the Eqgs. (95), (96) and (97), resulting
in

= ']Z{ i ZTCZT zicli) + S ( zTCW) + S ( ucﬁ)} (98)

In this way, it is convenient to obtain the Hamiltonian from Eq. (98) in momentum space.
To perform this step, we apply the spatial Fourier transform in the operators CLS and cgs,

which is given by

1 )
Cis = —= e ey, (99)
CTUNZ
—ikz;
o, = e~thaicl | (100)
) / Z k

Applying the spatial Fourier transformation (Egs. (99) and (100)) to the Hamiltonian in
Eq. (98), we obtain the following Kondo-like Hamiltonian [157, 159, 160] which describes

coupling between S; and Sy with the edge electrons

J o
_ e—z(k—k Vs

N

kK

[Szz (C-ll;;/TCkT - CL’¢CR$) + S:_CL/\LC]CT + S’L_CL’TC}&L] (101)

In this context, x; represents the coordinates of the impurities along the edge of the
nanoribbon system, which we assume to be in z-orientation. Also, S, where a = z,y, 2
denotes the a-component of the impurity i spin operator and SF = (S% £iS?) /2. The
full Hamiltonian is given by the sum of the Hamiltonians from the nanoribbon (Eq. (92))
and the Kondo-like Hamiltonian (Eq. (101)), resulting in

The effective Hamiltonian that describes the coupling between the magnetic impurities
mediated by the ribbon edge electrons was obtained by means of second order perturbation

theory, as proposed in Ref. [159]. In this method, the degrees of freedom of the itinerant
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electrons are taken into account. Once that Hy has already expressed in o* basis, the

second-order perturbation theory can be applied to the H; and Hy Hamiltonians

X (k, s|Hy + HolK', 8K, s'|Hy + Ha|k, s)
Hepr =YY Eps — Frg ' t03)

k,s k' s’

By solving the previous Hamiltonian, we obtain an effective Hamiltonian describing the

indirect coupling between the impurities
H=1SiS; + 1,57 Sy +1I7S5Sr. (104)

Which has the form of an anisotropic RKKY-like Hamiltonian. In this notation, /; and
I, are defined as Iy = 2Re (44 +1-_) and I, = (LJr + [_’;_), respectively. The I terms

are given by
J2 k i(k—k")z
=k aw ‘ .
A2 ) ks k|>ks  B(k2 —k?) 4+ da(k — dvk')
Here, we denote 6,v € {+,—}, ks = kp + 0kqo, ko = a/28. Also, x = xo — x1 is the

inter-impurities distance, which x5 > x;. We perform a change of variables, with k = ¢kp

Is, (105)

and ¢’ = k' /kp, then we can provide a suitable form of Eq. (105) as
eila—d )kpx

qs
I, = I / d / dd g . 106
’ 0 ) 1 1¢'|>a5 1 (¢* — ¢?) + da(q — dvq') (106)

Where we use the following relations: Iy = J?/47%8, a = 2k, /kr = a/Bkr, and qs =
1t Ok [y = 1+ 63/2.

To solve the integral expression shown in Eq. (106), we performed numerical calcu-

lations. We use the effective model combined with the DF'T results obtained in Section
4.4. We fixed parameter k, as k, = 0.05kg, which results in @ = 0.1. Although we solved
this integral by means of numerical calculations, in Appendix A of Ref. [159], the authors
provided an analytical expression for this integral solution.

In the Section 4.2, we have shown that the V-impurities provide a OP magnetization,
oriented along the z-direction. For all inter-impurities distances, the magnetic phase
remains aligned in z axis, which results in an indirect coupling mediated only by the I|
terms from Hamiltonian described in Eq. (104).

Figure 19 shows a comparison between the total energy variation AFEp (black circles),
obtained from DFT calculations in Section 4.4, and the I term, calculated numerically
solving the effective model. Both quantities shows the same unit and are plotted as a
function of V-V distance. As shown in the inset, the effective model provides results for
any value of the inter-impurities distance . In the DFT counterpart, the atomic positions
are restricted by the crystal structure of the edge. The DFT results and effective model
shows a good agreement. For short inter-impurity distances, there is a small shift in
purple triangles compared to black circles. This small deviation may result from direct

exchange interactions, which arise from the overlap orbital of the magnetic impurities. At
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Figure 19 — Direct comparison between effective model results (purple triangles) at the
lattice parameter distance points and DFT counterpart (black circles). The
inset shows the continuous curve for the effective model.

large distances, the overlap orbital vanishing, resulting in a excellent agreement between
the DFT and effective model. These results indicate that a RKKY-type of interaction

arises from and it is mediated by the topological states of the bismuthene.
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CHAPTER

Two-dimensional Weyl semimetals

Weyl semimetals are one of the last topological states of condensed matter physics
that is theoretically predicted and experimentally observed. During a notable period,
it was believed that this topological phase of materials would restricted only to three-
dimensional systems, once that, with the dimensional reduction, the reduction in Weyl
equation would make those crossings unstable against perturbations. However, it has been
shown that, in the presence of an additional crystal symmetry, Weyl fermions can emerge
in 2D systems. The role of the additional symmetry is to protect the Weyl point against
instabilities. Similarly to 3D systems, for the emergence of Weyl semimetals in the 2D
context it is also required to break one of the fundamentals symmetries: time-reversal or
inversion. This chapter introduces the intrinsically noncentrosymmetric two-dimensional
porous strutures, their electronic and topological properties, the Weyl semimetal case, as

well as the Weyl equation in 2D 1.

5.1 Structural and electronic properties

The 2D porous structures studied in this chapter have atoms forming a hexagon con-
nected to a square of atoms, arranged in such a way that a large ring can be observed,
as shown in Fig. 20. In the case of carbon atomic composition, this porous structure
is named graphenylene [161, 162], a widely studied material that has also been exper-
imentally synthesized [163]. Here, we study the porous structure with two different
atomic configurations. In the first distribution, blue and magenta spheres represent Si
and Ge atoms, respectively. The second arrangement contains only Ge atoms. Unlike
graphenylene, which is protected by inversion symmetry due to its planar configuration,
both systems studied here present a small buckling height, 0.62 A and 0.72 A for SiGe
and Ge, respectively. This intrinsic elevation along the ¢ direction breaks the inversion
symmetry, classifying both structures as noncentrosymmetric crystals. Their dynamical

and thermal stabilities were confirmed through phonon and ab initio molecular dynamics

L The results discussed in this chapter were published in Ref. [118].
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simulations in [164]. The SiGe and Ge porous structure crystallizes in Pgoe and Ps, or D}
and C}, space groups respectively, with fully converged lattice parameter a = b = 10.92 A
for SiGe and @ = b = 11.17 A. In both systems, the pore diameter is estimated to be
around 9 A, approximately 3 A larger than the graphenylene counterpart [163].

Figure 20 — Porous structure at the top (upper figure) and side (lower figure) views. Here,
the dashed line represents the unit cell, which is composed by 12 atoms. The
blue (I) and magenta (II) atoms was studied in both Ge and Si (I)/Ge (II)
atomic distribution, respectively.

With the inclusion of SOC, the electronic band structure shows a semiconductor be-
havior for both systems, as shown in Figs. 21(a-1)-(a-2) and 21(c-1)-(c-2). The calculated
band gaps between the top of the valence and the bottom of conduction bands are 4.0
meV for the SiGe configuration and 6.2 meV for the Ge counterpart. In the SiGe system,
a smaller band gap opening is observed due to the SOC low parameter of Si compared
to Ge (As; = 3.9 meV and Ag. = 43 meV [80]). It is worth to note that the porous
structure composed only with Si atoms exhibits a metallic behavior and does not show
a sufficiently large band splitting upon the inclusion of SOC. Without SOC, in the full
energy dispersion, the bands are doubly degenerate in spin up and spin down. Below
the Fermi level, around -0.6 eV, interesting fourfold degenerate band crossings are noted,
as highlighted in Figures 21(b-2) and 21(d-2). With the inclusion of SOC, two bands
lift their degeneracy, while two others cross each other at two different points in the Bril-
louin zone (Figures 21(a-3) and 21(c¢-3)), producing a band crossing characteristic of Weyl
semimetals [33, 6, 35].

5.2 Topological properties

In the band structure of porous Ge, a band gap opening is observed with the inclusion
of fully relativistic effects, as shown in Fig. 21, where Fig. 21(d-1) corresponds to the
band structure without SOC and Fig. 21(c-2) to the band structure with SOC. In SiGe,
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Figure 21 — Porous SiGe (a)-(b) and Ge (c)-(d) band structures, respectively. Figures (a)
and (c) show the electronic band structure with SOC effect. In counterpart,
(b) and (d) are without SOC inclusion. A small band gap between valence
and conduction band is highlighted in (a-2) and (c¢-2) figures, while in (a-3)
and (c-3) is the Weyl crossing pair. The same energy range is shown in (b)
and (d), showing the behavior of bands without SOC.

due to its lower symmetric space group, the gap is already open without the inclusion
of SOC (Fig. 21(b-1)). We compute the Z; index up to the Fermi level and, for both
atomic configurations, a trivial behavior was verified, with Zs = 0. However, this trivial
behavior arises due to an additional inverted band (1), present in both systems. When we
compute the Z index up to the v5 band, we have found a nontrivial behavior, suggesting
topological properties in both systems.

Regarding the interesting band crossings between v3 and v, bands, and due to a non-
trivial phase obtained up to 1», we investigate the topological properties of each crossing
by using a derived 2D Weyl chirality (x?”) expression [118, 90, 165]

2P — %fA(k) - dk. (107)

Where A(k) represents the Berry connection and [ is the the closed loop in momentum

D = 0. In contrast,

space (k) surrounding each crossing. For a trivial band crossing, x>
P # 0 for a nontrivial touch point, where it can show integer numbers for the chiral

charge, usually up to three [166]. By computing the Weyl chirality from each Dirac
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crossing in the SiGe and Ge porous structures, we found that both crossings carry the same
chirality (x?” = —1), confirming their topological nature. By applying a Cs symmetry, an
opposite chirality point is observed. Over the entire Brillouin zone, the resultant chirality
vanishes, which is in good agreement with the fermion doubling theorem [92], as we will
discuss below. Although it is more commonly reported that Weyl crossing in a similar
band shape produce opposite Weyl chiralities, the same chirality over a path has also
been observed, but resultant chiral charge vanishing. This behavior has been reported in
3D systems, such as Sn;_,Pb,(Se, Te) and AgBi(Cry07)y, [167, 168] as well as in the 2D
systems like the CryC [109].

In a 2D context, the Weyl Hamiltonian is studied with a reduction in dimensionality,
which implies the absence of the (k.o,). In this way, an additional crystal symmetry, such
as Cy or Cj, is pivotal to protect the stability of the 2D Weyl crossing [90]. As can be seen
in Figure 22, applying a C3 rotation to a specific Weyl point, it rotates to another point
with the same chirality. In these systems, the C3 symmetry is responsible for protecting
these Weyl crossings, resulting in six pairs of Weyl nodes across the entire BZ. It is worth
to note that, in the SiGe porous structure, the Weyl crossings are located out of the high-
symmetry I'-M line, along the 3-%; direction (green line in Fig. 22(a)), due to its reducted
space group symmetry. In the more symmetric Ge system, the Weyl points are located
along the high-symmetry line, as show in inset from Fig. 22(b). The Weyl crossings from
SiGe localize at (0.188,0.0075,0.0) and (0.185,-0.0103,0.0) points in units of 27 /a, here a
is the lattice constant. For the porous Ge, since the topological points are located along
a high-symmetry path, their respective positions are (0.216,0.0,0.0) and (0.206,0.0,0.0) at
the same units. Unlike in time-reversal protected 3D Weyl crossings, where the chirality
follows x (k) = x(—k), in the 2D counterpart, we have a different picture. For 2D Weyl
systems with TRS protection, the chirality is ruled by x(k) = —x(—k). This property
will be discussed in detail at the last section of this chapter.

Another key difference between 3D and 2D Weyl semimetals is related to the Berry
curvature. In 3D systems, as discussed in Chapter 3, by starting from the Weyl Hamil-
tonian (80), the Berry curvature expression can be obtained as Q(k) = Fk/2k?, which
resembles the expression for the electric field [90, 72, 91]. This fact allows us two write
the Berry curvature as monopole charges, with field lines connecting them. However, in

2D scenarios, the Berry curvature is described by a delta function formalism
QP =76k — ko)ey.. (108)

Applying the time-reversal property in Eq. (108), we observe that in TRS-protected sys-
tems, Q(k) = —Q(—k), similarly to the chirality expression. This result indicates that a
delta peak arises at the region of the Weyl crossing. Figure 23 shows the Berry curvature
distribution for Ge structure in the k,, plane. These crossing points are separated by
smaller distances, the inset shows the zoom at the red delta point, where two delta peaks,

one for each Weyl point, can be clearly seen.
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(a)

Figure 22 — Position of Weyl points and their chiralities in the Brillouin zone for SiGe
(a) and Ge (b) atomic composition. In insets it is highlighted the position
of WPs. Unlike to the Ge WPs, which is on the high-symmetry [-M line,
the SiGe WPs are located in the ¥-3; path (green-line). Here, the blue (red)
represents the positive (negative) chirality.
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Figure 23 — Berry curvature distribution for a selected region in kx,ky plane in Porous
Ge system. The aquamarine region is highlighted in the next figure. The
blue (red) color indicates the Berry curvature of the Weyl point with positive
(negative) chirality. The inset figure shows a zoom in the negative chiral pair,
which in distance it can not be distinguished.

One of the main properties of systems that host Weyl crossings is the presence of
topological Fermi arcs, a consequence of the bulk-boundary correspondence. Unlike in
3D systems, where the Fermi arcs can be observed in energy- or momentum-resolved
density of states, in 2D configurations, since the edge path is one-dimensional, the 2D
Fermi arc is more suitably observed in the energy-resolved band structure. By fixing an
energy range and varying momentum directions, two high-density points corresponding to
the projection of bulk WPs will be observed [21]. As the topological properties arise from
the bulk crossings in both atomic configurations, we build a sufficiently large nanoribbon,
as illustrated in Fig. 24, periodic only in the direction of the arrows. We project the band
structure onto the X-M-X' path, which is equivalent to the 0 - 7/a - 27/a path along
the k:_y direction. As show in Figure 24(b), this path contains the projection of positive
Weyl points (blue dashed line) and negative Weyl point (red dashed line).
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Figure 24 — Porous structure nanoribbon with periodicity only in the arrows direction
(a). The projection of the Weyl points in the edge path which connects Weyl
pairs with opposite chirality is shown in (c).

The projected band structures along the edge path for SiGe and Ge nanoribbons are
shown in Figs. 25(a) and 25(b), respectively. Two edge states can be seen connecting
the bulk projected Weyl points with opposite chiralities. These states are known as 2D
Fermi arcs or Fermi strings [21]. Note that these Fermi arcs arise in pairs, with one for
each Weyl point. Even though small inter-Weyl point distances are reported, a split of
the arcs is noted. These edge states are double degenerated due to the same terminating
edge, resulting in a degeneracy between left and right edge states. Due to the strong
hybridization between the bulk and edge states, Fermi arcs originating from different
Weyl points, beyond those projected in Figure 24, are hidden and cannot be observed.
The Fermi arcs in these systems show a high Fermi velocity, with maximum energy values
of -0.25 eV and -0.32 eV at 7/a point for SiGe and Ge, respectively. These findings can

make these materials suitable for high-speed devices and transport applications.

As the Fermi arcs are topological edge states, they exhibit the Kramers degeneracy
at time-reversal invariant momentum points. However, in Figs. 25(a) and 25(b), the edge
states are not degenerate at M point, indicating that some additional mechanism beyond
the topological edge state lifts the Kramers degeneracy. To build the nanoribbon, a rigid
cut in the bond length of the edge atoms was performed. Due to unpaired electrons that
arises in dangling bonds, a local magnetic moment was created in both SiGe and Ge

systems, with values of 0.27 and 0.12 upg, respectively. These local magnetic moments
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are responsible for opening the band gap at the TRIM point. To avoid the non-vanishing
magnetism originated from dangling bonds, we performed the hydrogen passivation at
the nanoribbon edges. We used a reconstructed DFT nanoribbon to investigate the topo-
logical states. To avoid interactions between both sides, we build a sufficiently large
nanoribbon with a width of 11.6 nm. After extracting the fully optimized bond lengths
Si-H = 1.51 A and Ge-H = 1.57 A, we calculated the band structure of the nanoribbon
using first-principles. As shown in Figs. 25(¢) and 25(d), when projected onto edge atoms,
two high-intensity bands arise from bulk WPs. These bands disperse with a high Fermi
velocity and penetrate into the bulk at the position of opposite chirality WPs, similarly
as non-saturated bands. However, with passivation, the local magnetic moment vanishes,
recovering the Kramers degeneracy at M point. Even after hydrogen passivation, the
bulk states also shows a strong hybridization with the edge, limiting the observation of

Fermi arcs originated from different WPs.
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Figure 25 — Band structure plot with the Weyl points projection for porous SiGe (a) and
(¢) system without and with hydrogen saturation, respectively. Figures (b)
and (d) show the same, but for Ge counterpart. The blue and red circles
represents the Weyl point chirality of the projected Weyl points. The high
intensity edge states corresponds to the 1D Fermi arcs.

In Weyl semimetals, the Fermi arcs do not follow a specific spin-polarization rule.
A recent report shows that the spin texture of the Fermi arc in a 2D Weyl system is
predominantly aligned along the (S,) component [21], whereas other studies reveal non-
collinear spin polarization configurations, with (S,) and (S,) also contributing to the
spin-polarization vector [96, 98, 169]. As can be seen in Figs. 26(a)-(c), in the non-

passivated edge Ge nanoribbon, the Fermi arcs have dominant behavior in (S.), but with



66 Chapter 5. Two-dimensional Weyl semimetals

smaller (5,) and (S,) contributions, exhibiting a non-collinear spin channel at the edge.
In the SiGe composition, Figs. 26(d)-(f), the (S,) and (S,) components contribute equally
to the Fermi arcs, also exhibiting a non-collinear edge state. With the edge passivation,
in both cases, the edge bands show a similar spin-texture behavior, restoring the Kramers

degeneracy.
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Figure 26 — Spin components plots of the Fermi arcs in Ge (a)-(c) and SiGe (d)-(f) struc-
tures. The red and blue colors indicates the positive and negative spin values,
respectively.

5.3 Weyl equation analysis for 2D systems

In this section we perform a thorough analysis of Weyl equation applied to a two-
dimensional context. We have found that the topological properties match with the
findings obtained from DFT.

In 1929, Hermann Weyl proposed a particular case of the Dirac equation, which became
known as the Weyl equation [88]. Weyl’s study has a significant impact on different physics
areas, such as cosmology and condensed matter physics [89, 33, 6]. The solution of the

equation proposed by Weyl describes massless fermions. As we previously discussed in
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Chapter 3, the Weyl Hamiltonian is given by
H = hck-o,

where A and ¢ represent the reduced Planck constant and the speed of light, respectively, k
corresponds to the momentum, and o represents the Pauli matrices. In condensed matter
physics, instead of using the speed of light, it is used the Fermi velocity. In a typical Dirac
crossing, the Fermi velocity (vr) can reach the order of 10° m/s [146, 170, 171], here we
use vp = 1 for convenience. However, to simplify the notation, we use natural units

mentioned in Chapter 2. The Weyl Hamiltonian for an isotropic xy-plane is given by
H = ky0, + kyoy. (109)

In terms of the Pauli matrices (0, ), the 2D Weyl Hamiltonian can be rewritten as

01 0 —1
H: km _'_k'y . ' ) (110>
1 0 1 0

ky — ik
= Y Sl (111)
ke +ik, 0

Which shows a vanishing diagonal contribution, that corresponds to the term associated

or, in a compact form

with the £, component in its 3D counterpart.

5.3.1 Eigenenergies and Eigenfunctions

Through the Schrédinger equation, (44), we can determine the eigenenergies and eigen-
functions of the Weyl Hamiltonian (111). The Schrodinger equation with the Weyl Hamil-

tonian is given by
k, — ik
O ek fen) (o) (112)
by + ik, 0 V9 V2

The eigenvalues are obtained using the characteristic equation, given by det(A — \I),

which allows us to determinate the corresponding eigenvalues

—€ ky — ik,

. =0, (113)
ky + ik, —€

resulting in eigenenergies equation

€= /k2+ k.. (114)

Consequently, rewritten using k% = k2 + k‘Z, the key result for the behavior of relativistic
fermions, ¢ = +k, is obtained. In a condensed matter physics context, the solution is

expressed by € = +wvpk. This solution leads to an interesting physical behavior, the
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positive and negative eigenenergy values imply that Weyl points always arise in pairs,
with the same dispersion but in opposite momentum directions.

To derive the respective eigenfunctions, which are important in the study of topological

corresponding eigenvalue into Eq. (112), results in

k ke —iky\ (e1) (O
k, + ik, k ©s 0)’
which yields the following equation

invariants and the Berry curvature, we consider the eigenvalue ¢ = —k. Inserting the

(115)

(116)

Or, in a more suitable form
—ky + ik

Y1 = Ty%- (117)

Using the normalization condition of the coefficients |p1|* + |p2|* = 1, it results in

(—ky +ik,) (—k

—iky)
=1 (118)
Consequently, we obtain
1
P2 = ﬁ (119)
Using the result from Eq. (117) and inserting Eq.(119), we can rewrite as

B i_k’” + ik,
Y1 = \/§ ]C .

(120)
To simplify the notation, we use cylindrical coordinates k, = kcosf, k, = ksin6, while

k. remains unchanged. With this, we can rewrite the previous equation in the form

1 —kcosf +iksind
. , 121
By means of Euler’s relation (e=% = cosf — isin ), we obtain the coefficient ¢, as
1 —1
¥1 = _ﬁe 97 (122)
which leads to both coefficient terms
_ 1 _—ib
A (123)
Y2 = %
The eigenfunction expression is given by

1 [—e ¥
w:\/ﬁ( 1 )

(124)
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It is worth noting that, for the corresponding ¢ = +k eigenvalue, the only difference

remains in the sign of the (; term, resulting in p; = +%e*i9, which leads to the expression

1 [Fe®
Q/}ik—\/ﬁ( . ) (125)

Those results are important for the analysis of topological properties, as we will discuss

for the eigenfunctions

below.

5.3.2 Topological analysis

Once we have obtained the eigenfunctions for the 2D isotropic Weyl Hamiltonian, we
can further investigate the topological characteristics by estimating the Berry quantities,
i.e., phase, connection and curvature, and Chern number. The Berry connection is given
by

A(k) = i{tper|Vi|tsr).- (126)

Here Vi denotes the gradient operator in momentum space. As our analysis was per-
formed in cylindrical coordinates, the gradient operator in this coordinate system is given
by
0 10 0
Vi=—€r+-——ey+ —e,. 127
Tk T koo’ Ok, (127)

It can be noted that the only nonzero component is in 6 direction, where the derivative

0 1 [Fie ™
aewi’“):\/i( . ) (128)

Consequently, performing the expected value operation, and taking into consideration the

leads to

imaginary index from Eq. (126), the Berry connection is given by

1
Ak, 0) =7 ep. (129)

Unlike 3D systems, where the chiral charge is calculated by integrating over a closed
Fermi sphere surrounding each Weyl point, in its 2D counterpart, the Berry flux is ob-
tained by integrating the Berry connection (Eq. (129)) over a closed loop (1) around each

Weyl point according to the following expression

v = ?lfA(k) . dk, (130)

which corresponds to the Berry phase, derived in Eq. 55. Note that, since dk = kd#d,
by calculating the integrating the Berry connection (Eq. (129)) into the Berry phase
(Eq. (129)) over the interval [0, 27], we obtain v = +x. This result defines the two-

dimension Weyl chirality as

1
2D _ 1 e —
X = jl{A(k) dk = £1. (131)
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Another key property of Weyl physics in condensed matter is the Berry curvature,
which is denoted by € = V x A. In cylindrical coordinates, the curl of the Berry
connection vanishes for all components except in ey, where

10 1

It can be verified that, when k£ # 0, the Berry curvature vanishes. However, when k = 0
an indeterminate form is obtained, which means that the Berry curvature exhibits a peak
at the position of the Weyl crossings, this is a signature of the Dirac delta function. We

conclude that the two-dimensional Berry curvature is
Q = +r5*(k)es,. (133)

From Stokes’ theorem, we can rewrite the Berry phase (Eq. (130)) in terms of the Berry

curvature

fA.dk:/vXA.ds. (134)

The Berry curvature obtained is a Dirac delta function. In this way, we can calculate the
right-hand side integral from the previous equation. With ds = kdfdk, the result of the
integral is 7. This result leads to the derived Chern number expression

1 2D

C=-| Q-ds==l. (135)

T JBZ
This equation provide an alternative method for calculating the Weyl chirality, expressed

in terms of the Berry curvature.
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CHAPTER

Quantum anomalous Hall effect in

1T-CrX5> monolayers

Since the experimental achievement of 2D materials with the graphene in 2004 [8],
the prediction and synthesis of new 2D materials have become one of the main topics in
materials science. Practical applications, such as in spintronics and quantum computa-
tion fields, require the 2D character [102, 172]. Beyond the architecture, many of these
applications also require intrinsic magnetic properties, such as in memory storage. In this
work, we investigate the emergence of the quantum anomalous Hall effect in 1T mono-
layers with two different atomic configurations. In this chapter, we predict the 1T-CrBi,
monolayer, thus extending the list of theoretically predicted magnetic materials in 2D

structures, and we investigate their magnetic and topological properties .

6.1 Stability of 1'T-MX structures

In the class of two-dimensional materials, different types of layer arrangements have
been reported, such as 1T, 1T’ and 2H structures. The 1T structure is composed of
three planes of atoms, in which the atoms located in the central plane form six chemical
bonds, three bonds to each atomic plane. In this chapter, we investigated the 1T-MX,
monolayers (Fig. 27), here M represents the chromium atom and X was studied with
two different group-V elements, Bi and Sb atoms. In this 1T phase, in both atomic
configurations, the structure belongs to the P3ml (or No. 164) space group symmetry.
We performed the ionic relaxation for both systems, resulting in a fully optimized lattice
parameter @ = b = 3.43 A for the 1T-CrBi, structure, with a Cr-Bi bond length of 2.97
A, and a buckling height (A) of 4.63 A. For the 1T-CrSbh, monolayer, our results show
a=0b=2328 A, a Cr-Sb bond length of 2.67 A, and A = 4.43 A. We also performed
phonon calculations for the optimized free standing systems, which show that both atomic

compositions are dynamically stable, without negative phonon frequencies, as shown in

1 The results discussed in this chapter were published in Ref. [173]
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Figure 27 — Crystal structure of 1T-CrX, (X=Bi, Sb) monolayer at the top (a) and side
views (b). The magenta spheres represent the Cr atoms and the blue coun-
terpart Bi or Sb atoms. The black line indicates the unit cell.

Figs. 28(a) and 28(b). In addition to dynamical stability, we investigate, using ab initio
molecular dynamics (AIMD) calculations, the thermal stability at 300 K over a time range
of 10 ps, as shown in Figs. 28(c)-(d). As highlighted in the final snapshot of the AIMD
results, insets in Figs. 28(c)-(d), both Bi and Sb compositions are thermally stable over
a 10 ps range at 300 K.

Interestingly, both structures are dynamically stable, without imaginary phonon fre-
quencies, under a wide range of biaxial tensile strain (TS). In both systems, we noted a
reduction in buckling height as the lattice parameter increased (Figs. 28(e) and 28(f)). Our
results show stability up to 20% and 25% for CrBiy and CrSby, respectively (Figs. 29(a)
and 29(b)). These results, obtained through phonon calculations, are validated by means
the ultimate strain-energy curve as a function of biaxial TS (Fig. 29(c)). This curve shows
maximum energy points (critical points) near the values predicted by phonon dispersions.
For both structures, the strain energy increases with the biaxial TS, reaching a critical
point before decreasing. This decrease in strain energy indicate structural phase transi-
tions or ruptures in atomic bonds [174]. However, these systems do not show structural
phase transitions under the applied biaxial TS, leading to the breaking of Cr-X chemical
bonds. Beyond the dynamical stability, we also investigated the thermodynamic stability
of the free standing (FS) systems and at the ultimate tensile strain by calculating both

cohesive and formation energies. The cohesive energy (FE..p) is given by [49, 53]

B, = Eior — Eivi/sz) - EC'I‘.

In this notation NV is the number of atoms in the unit cell, £, represents the total energy

(136)

of the systems with or without external strain, Ep; s, and Eg, are the total energies of

an isolated Bi (or Sb) and a Cr atom, respectively. For the 1T-CrBiy system, our cohesive
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Figure 28 — Dynamical and thermal stabilities for 1T-CrXs monolayers. In (a) and (b)
is shown the phonon spectra for 1T-CrBiy and 1T-CrSby monolayers, respec-
tively. For these respective systems, (c¢) and (d) show the ab initio molecular
dynamics at 300 K, with the final snapshot highlighted in the inset. The
buckling height as a function of the lattice parameter is shown in (e) and (f)
for Bi and Sb compositions, respectively.

energies results were —3.10 eV /atom and —2.68 eV /atom for free standing and highest
tensile strained systems, respectively. For the Sb counterpart, the calculated energies were
—2.97 ¢V /atom in the strain-free configuration and —2.78 eV /atom under the highest TS
condition. It is worth to note that, with negative values, both systems are energetically
favorable, even under the highest tensile strain. To further confirm the stability, we

calculated the formation energy

Erorm = Eiot — Epuk(Bi/sv) — EBuk(cr)- (137)

Where Epuk(pi/sy) represents the energy of the bulk system composed uniquely by Bi
or Sb atoms in a 3D unit cell (U.C.), and EBuk(cry corresponds to the same, but for Cr
atoms. Similarly to the cohesive energy, negative formation energy values were obtained

for 1T-CrBiy, in free standing (—1.66 ¢V/U.C.) and under the highest tensile-strain regime
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Table 1 — Cohesive and formation energies of CrXy systems in a free standing (FS) con-
figuration, and at the ultimate tensile strain (TS) form. Here, the Cohesive
energy is given in eV /atom, and the formation energy is expressed in eV per

unit cell.
System  Cohesive energy Formation energy
FS CrBi, -3.10 -1.66
TS CrBiy -2.68 -0.35
FS CrShs -2.97 -0.82
TS CrSbh, -2.78 -0.25

(—0.35 eV/U.C.), indicating thermodynamic stability even at critical TS value. In 1T-
CrSby configuration, the values are —0.82 ¢V /U.C. and —0.25 ¢V /U.C. for F'S and highest
TS systems, respectively. Our calculated cohesive and formation energies for the FS 1T-
CrShy system are in good agreement with Wang et al. [175]. These results for cohesive

and formation energies are summarized in Table 1.

6.2 Magnetic properties

The unpaired electrons in d-orbitals from Cr atoms give rise to magnetic properties in
both atomic configurations. In strain-free systems, the intrinsic magnetism per Cr atom is
4.1 pp and 3.53 pp for 1'T-CrBiy and 1T-CrSbs, respectively. This magnetism in Cr atoms
leads to a magnetic polarization of Bi and Sb atoms, with a non-zero opposite magnetiza-
tion of —0.09 pup and —0.05 pp for their neighboring Bi and Sb atoms, respectively. This
nonzero magnetization, resulting from the interaction with magnetic atoms, is one of the
main characteristics of superexchange coupling [176]. It is well known that conventional
DFT approaches, such as LDA and GGA, do not provide accurate results for strongly
correlated systems [55, 49]. To improve the analysis, in this work, we use the GGA+U

method, with Dudarev’s functional [63]. In this way, we take into account the effective
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Figure 29 — Phonon dispersion for the ultimate tensile strained 1T-CrBiy; monolayer (20%)
in (a) and for the ultimate strain value for 1T-CrSby (25%) in (b). Strain-
energy curve as function of the biaxial tensile strain is shown in (c).
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U term. The U.s; parameter for systems composed of Cr and X atoms, where (X = Bi,
Sb), is reported in the literature to range between 2.0 €V and 3.5 eV [175, 177, 178, 179].
Unless otherwise specified, we used Uty = 2.0 €V for the Sb configuration and U.ss = 3.0

for the Bi counterpart.
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Figure 30 — Total energy difference between the Cr atoms aligned in AFM and FM con-
figuration as function of the biaxial tensile strain. The positive (negative)
values indicate the AFM (FM) phase as most stable in comparison with FM
(AFM) alignment.

The ground magnetic phase for both systems in their free standing form is antifer-
romagnetic with an in-plane easy magnetization axis. However, external effects, such as
strain and electric field, can significantly affect the ground magnetic phase and easy axis
[135, 180, 181, 182]. By increasing the biaxial T'S, a magnetic phase transition from AFM
to FM is observed in both systems, as shown in Fig. 30. While in CrSbsy the magnetic
phase transition occurs only around 2%, for the CrBi, counterpart, a larger strain (close
to 15%) is required to verify this phase transition. Although a decrease in Cr magnetic
moment is observed at the highest tensile strain regime, reaching 3.85 pup and 3.36 pp for
CrBiy and CrShg, respectively, both structures show the FM phase as GMP.

Table 2 — Calculated magnetic anisotropy energy values (in meV) for the 1T-CrBiy mono-
layers under different external biaxial tensile strain. The easy magnetization
axis is located in-plane (out-of-plane) when the MAE values are negative (pos-
itive).

Strain MAE

0%  -8.81
6.5% -6.27
5% -1.26
19%  9.16
20% 5.3

Notably, tensile strain affects not only the GMP but also the easy magnetization axis.

Through the magnetic anisotropy energy (MAE), defined as the difference between the



76 Chapter 6. Quantum anomalous Hall effect in 1T-CrXs monolayers

Table 3 — Calculated magnetic anisotropy energy values (in meV) for the 1T-CrSby mono-
layers under different external biaxial tensile strain. The easy magnetization
axis is located in-plane (out-of-plane) when the MAE values are negative (pos-

itive).
Strain MAE
0% -0.58
8.2% -0.40
17%  -0.20
23% 0.18
25% 1.46

total energy with the magnetic moment aligned IP and OP, we calculated the MAE values
for selected external strains, as shown in Tables 2 and 3. The easy axis transit from IP
to OP with an increase in TS for both CrBiy; and CrSbe. The negative (positive) values
indicate an IP (OP) easy magnetization axis.

In the many-electron effects context, the GMP is affected not only by external strain,
but also by the increase or decrease of correlation effects. It is well-known that in an
external interaction-free material, the correlation term simulated in DFT is fixed, with
a given U,y value, which can be accurately predicted using linear response method [69].
However, extrinsic effects, such as strain modulation and electric field, may require dif-
ferent Uy values in DFT simulations. For free standing 1T-CrSby, with U.ry = 4.0 €V,
the GMP is FM instead of AFM. Table 4 shows the energy difference between the mag-
netic atoms in FM alignment, set as the reference due to its minimal value, and different
variations of antiferromagnetism: Néel, stripy and zigzag, calculated with Uery = 4.0
eV. Even under different biaxial TS values, the FM phase remains the GMP for this Uy

value.

Table 4 — Relative energy calculations, given in meV, for the 1T-CrSbhy monolayer with
the U.ss = 4 eV. The ground magnetic phase is ferromagnetic, which is set as
zero, and the values reflects the total energy difference with relation to Néel,
Stripy and Zigzag magnetic phases.

Strain FM  Néel Stripy Zigzag

0% 0.0 2832 2820 28.23
82% 0.0 7412 7418  74.20
11.2% 0.0 3377 33.69 33.72
20.0% 0.0 29.44 29.22 29.76
23.4% 0.0 232.07 232.23 232.20
25.0% 0.0 263.05 263.0 263.01

In the highest tensile strain regime, where both systems are ferromagnetic, the U,y
term plays a crucial role in the easy magnetization axis location. Figures 31(a) and 31(b)
show an easy axis transition from OP to IP in CrBiy and CrSbg, respectively. It is worth

noting that the FM configuration remains OP in the most plausible U.ss regime, with a
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critical transition point at 4.6 eV for Bi and 2.8 for Sb compositions. The FM OP order

is crucial for the topological behavior of these systems, as will be discussed in the next

section.
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Figure 31 — Magnetic anisotropy energy (given in meV) as function of U, ;s parameter for
ultimate tensile strained 1T-CrBiy (a) and 1T-CrSby (b). The positive and
negative MAE values indicate the easy magnetization axis out-of-plane and
in-plane, respectively.

6.2.1 Curie Temperature

In the context of magnetic materials, it is important to evaluate their critical tem-
peratures. Exposing materials to temperatures above their critical values leads to the
loss of their magnetic order. For FM materials, this critical temperature is named Curie
temperature. For AFM materials, it is called the Néel temperature. For practical ap-
plications, such as memory storage and quantum computing [183, 172, 184], it is desired
that these temperatures reach near or above room temperature [23]. However, in 2D
materials, due to experimental limitations, the highest Curie temperature experimentally
achieved is close to 45 K [24], which enhances the search for 2D magnetic materials with
high critical temperatures. Motivated by this, we investigated the Curie temperature of
the 1T CrXy; monolayers at the ultimate tensile strain. In the DFT context, there are
two most well-known methods to estimate the Curie temperature. The first one consists
of using mean-field theory, however, this method significantly overestimates the Curie
temperature, leading to an empirical analysis that concludes that the overestimates are
about 50% [108, 185]. The second is the Monte Carlo method.

In this work, the Curie temperature (T¢) was estimated through Monte Carlo simu-

lations based on the Heisenberg model, which Hamiltonian is given by
H=-Y J;S-S;—A> (S} (138)
i i

Here, the J; ; term represents the coupling between the spins .S; ;. The magnetic anisotropy
term A is usually neglected due to the low MAE magnitudes, on the order of peV. How-

ever, due to significant MAE values found in these systems, as shown in Table 5, it is
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important to consider it. Table 5 summarizes the 1T-CrXs; magnetic properties under

extreme biaxial tensile strain.

Table 5 — Magnetic parameters for 1T-CrXs monolayers at the ultimate tensile strain.
The magnetization per Cr atom is given in pp, the magnetic anisotropy energy
in meV, while the coupling parameter AFE qpp—pyr per Cr atoms in the system
is also given in meV. The Curie temperature is shown in Kelvin.

CI'XQ Mag/Cr MAE AEAFM—F]\/[/N TC
CrBiy 3.85 5.30 58 180
CrShy 3.36 1.46 53 170

Figure 32 shows the magnetic moment as a function of temperature, obtained through
Monte Carlo simulations, for both 1T-CrBiy (red) and 1T-CrSbs (blue) monolayers. Both
curves behave similarly until reaching the critical Curie temperature, which for 1T-CrBis
is estimated as 180 K and 1T-CrSby as 170 K. These temperatures are higher than the
experimentally reported in 2D magnetic materials, such as Crls, which has a Curie tem-
perature of 45 K [24], and Fe3GeTe, monolayer, which is 20 K [27, 23]. It is important
to note that, as we will discuss below, both structures show the quantum anomalous
Hall phase. In this context, the experimentally observed Curie temperatures for quantum
anomalous Hall systems runs over from a few Kelvins, our estimated Curie temperatures

suggest that these systems are promising for topological applications.
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Figure 32 — Magnetic moment as function of the temperature for 1T-CrBi; monolayer

under 20% of biaxial tensile strain in red symbols and in blue for 1T-CrSh,
monolayers under 25%.

6.3 Quantum Anomalous Hall effect

In this section, we discuss the emergence of the quantum anomalous Hall effect in high

tensile-strained 1T-CrXs monolayers. It is known that the SOC strength is proportional
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Figure 33 — Band structure without (a) and with (b) SOC effects in ultimate tensile-
strained 1T-CrBiy monolayer, additionally (c¢) shows the Berry curvature dis-
tribution in momentum space. For the Sb counterpart, at the ultimate tensile
strain, the band structures without and with SOC are shown in (d) and (e),
respectively, and (f) shows the Berry curvature plot for this system.

to the atomic number (Z). In this context, both Bi (Z = 83) and Sb (Z = 51) atoms show
a strong intrinsic SOC, which drives topological properties in many systems containing
these atoms [186, 187]. The band structures without SOC for the highest tensile strained
CrBiy and CrSby systems are shown in Figs. 33(a) and 33(d), respectively. It can be
noted that, near to the high-symmetry K-point, Dirac crossings arise close to the Fermi
level (black dotted line). With the inclusion of SOC the Dirac points degeneracy is lifted,
resulting in a clean band gap in K-M-K’ path, as shown in Figs. 33(b) for Bi composition
and 33(e) for Sb counterpart. In the K-I'" direction, the lower states cross the Fermi
level. However, even at higher energies values, those bands split by SOC do not cross
each other. Our results show a continuous gap between lower and higher bands, which
is crucial for the topological invariant calculation, as will be discussed below. In the
Bi atomic configuration, the band gap is located above the Fermi level, while in the Sb
structure it remains at this level.

To investigate the topological properties at the highest strained systems, we build a
tight-binding model extracted from DFT results. The Berry curvature, defined in Eq. (62),
can be computed using the Kubo formula [75]. In terms of the velocity operators v, ,, the

Berry curvature over all occupied states is given by

k)= -3 3 fn”mw"’“(‘gjf’i’“gi";f Polfes) (139)

n m#n

Here m and n denotes the band indices, 1, , and E,,,, are the respective eigenfunctions
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Figure 34 — Evolution of Wannier charge centers for the ultimate tensile strained 1T-CrX,
monolayers. Plots for 1T-CrBi; with OP and IP magnetism are shown in (a)
and (c), respectively. For the Sb counterpart, the corresponding plots are
shown in (b) and (d), representing the OP and IP magnetism, respectively.

and eigenvalues of the corresponding bands, and f,, is the Fermi-Dirac distribution. Fig-
ures 33(c) and 33(f) show the Berry curvature for the 20% tensile-strained CrBiy and 25%
CrShag, respectively. The high-intensity peaks indicate the topological nature in these sys-
tems, e.g., the points where the topological band gap is opened by SOC. For CrSb,, they
are located outside the high-symmetry I'-K line, while for the Bi composition, they are
located on the high-symmetry path.

As we mentioned in Chapter 3, the Chern number is calculated by integrating the

Berry curvature over the entire Brillouin zone

1
o

C /B _ Q)% (140)

Our results show C' = 2 for both structures, indicating a non-trivial behavior for these
out-of-plane ferromagnetic monolayers. We also investigated the systems with an in-
plane magnetic configuration, where the calculated Chern number was C' = 0, indicating
a trivial topology. These findings can also be verified by analyzing the evolution of
Wannier charge centers, as shown in Figure 34. In the OP magnetic alignment (Fig. 34(a)
for CrBiy and 34(b) for CrSby), the evolution of the WCCs shows two curves starting at
zero and terminating at one, indicating C' = 2, as previously calculated. However, the IP
counterpart does not show a continuous curve from zero to one, illustrated in Figure 34(c)
for the Bi composition and Figure 34(d) for Sb, resulting in a Chern number value C' = 0.

As a consequence of the bulk-boundary correspondence, the nonzero Chern number
leads to the formation of dissipationless topological edge states. Due to C = 2, two

topological edge states are expected to connect the bands split by SOC in bulk, as shown
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Figure 35 — Projected band structure along the edge path of 1T-CrBiy with two different
biaxial tensile strain values, 19% (a) and 20% (b). In (d) and (e), the same
is shown for 23.4% and 25% tensile strained 1T-CrSby. The green arrows
indicate the topological edge states. The anomalous Hall conductivity for the
highest tensile strained Bi and Sb compositions is shown in (¢) and (d). A
schematic figure of a quantum anomalous Hall device and a way to measure
anomalous Hall conductivity is illustrated in (g). The blue and black arrows
indicates the edge states and intrinsic OP magnetism, respectively.

in Figure 33. To investigate the effects of strain on the topological edge states, we per-
formed nanoribbon calculations under two different strain percentages. For the 1T-CrBi,
monolayer, biaxial tensile strains of 19% and 20% were applied. For the Sb composition,
we considered biaxial tensile strains of 23.4% and 25%. Figures 35(a) and 35(b) show the
energy-resolved dispersion for the 1T-CrBi; nanoribbon under the mentioned strain val-
ues. For the smaller strain value (Fig. 35(a)), we observe that two topological edge states
connect the lower and upper bands, as indicated by green arrows. At the ultimate tensile-
strained 1T-CrBiy system (Fig. 35(b)), the edge state that disperses through k, = 7/a
point shows a behavior similar to that in the smaller strain configuration (Fig. 35(b)).
However, the second state shifts in momentum direction, and its dispersion is partially
hidden by the bulk states, its position is indicated by a green arrow. In 1T-CrSby, mono-
layer, for both values of strain, 23.4% (Fig. 35(d)) and 25% (Fig. 35(e)), the edge states,
also indicated by green arrows, show similar configurations without significant changes.
In the CrSby monolayer, under 23.4% of strain, a trivial edge state arises near 0.1 V. As
the biaxial TS increases, this edge state shifts to higher energy values, beyond the range
shown in Fig. 35(e).

In a quantum anomalous Hall system, one of the keys properties, particularly from the
an experimental perspective [124, 36], is the anomalous Hall conductivity (AHC), which
is denoted by o,,. This physical quantity is proportional to the Chern number and is
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Figure 36 — Topological phase diagram for 1T-CrXs monolayers, with the Chern number
as function of the percentage of biaxial tensile. The black symbols represent
the Bi composition and purple symbols the Sb counterpart.

defined as 0,, = C(e?/h). Figures 35(c) and 35(f) show the AHC for the 20% strained
1T-CrBiy and 25% 1T-CrShy monolayers, respectively. In both systems, a plateau peak
can be observed within the energy range from the band gap opening, with 0., = 1.30 €*/h
for the Bi-based system and o, = 1.45 €*/h for the Sb counterpart. A scheme illustrating
how to measure the AHC is shown in Fig. 35(g). In both systems, the AHC does not reach
the exact quantized value of o,, = 2 €*/h. The reason for this non quantized effect lies
in the metallic behavior of the band structure at different momentum points, especially
near to I' point, as shown in Figs. 33(b) and 33(e). This non quantized AHC, resulting
from bands that cross the topological gap at different momentum points, is also observed
in other 2D quantum anomalous Hall systems [178, 188, 189, 124, 190, 191, 192].

The non trivial phase in 1T-CrX, monolayers arises due to biaxial tensile strain, spin-
orbit coupling and with many-electron effects. As a result, a topological phase transition
occurs at a given critical point. The combination of external strain effects and SOC leads
to a topological phase diagram, as can be seen in Fig. 36. It is observed that the trivial
behavior remains for both atomic compositions up to 15%. In the 1T-CrBiy system, the
topological phase transition occurs at 17% of biaxial TS, while in the Sb-based system,
the transition occurs around 18%.

We also observed topological behavior at larger values of biaxial tensile strains, where
our calculations show negative phonon frequencies. In this way, with a substrate that
stabilizes these imaginary phonon modes, in higher values of biaxial tensile strain, these

systems can show the quantum anomalous Hall effect.
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Conclusion

In this work, we reported the emergence of nontrivial topological phases in different
materials and systematically investigated their effects and additional properties resulting
from such topological behavior. First, using first-principles calculations, we investigated
the effects of a magnetic doping atom in a well-known quantum spin Hall insulator, bis-
muthene. The vanadium atom contributes introduces an out-of-plane magnetic moment
in this system. Interestingly, we found that the topological invariant remains unchanged
upon the introduction of the magnetic dopant, indicating robustness of the topologically
nontrivial phase even in the presence of magnetism. This finding opens new possibilities
for research in topological insulators combined with magnetism, which is highly desired

due to practical applications.

The coupling between the two magnetic V impurities in bismuthene was investigated
as a function of their separation distance. We analyzed the total energy variation for the
impurities arranged in a line of defects, in the bulk and at one of the edges. The easy
magnetization axis is oriented along the out-of-plane direction. Our results show that
the bulk bismuthene supports ferromagnetic alignment between the V atoms at distances
shorter than four lattice parameters. At larger distances, the magnetic coupling vanishes,
indicating short-range magnetic coupling. However, when the impurities are located near
one of the edges, their interaction with the topological states induces a significant change
in magnetic behavior. Antiferromagnetism dominates in this new configuration, repre-
senting the ground magnetic phase for almost all inter-impurity distances. Beyond the
ground magnetic phase behavior, we observed a long-range coupling with nonvanishing
interactions between impurities up to 7 lattice parameters, near 30 A. Notably, we verified
two magnetic phase transitions with increasing the lattice parameter. These oscillations
are attributed to the Ruderman-Kittel-Kasuya-Yosida coupling, here mediated by the
topological states.

The electronic band structure reveals key distinctions between magnetic phases. While
ferromagnetic alignment breaks time-reversal symmetry, inducing a band gap in the Dirac

cone, the antiferromagnetic ground state (dominant across nearly all V-V distances)
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maintains spin-polarized edge states with preserved Dirac crossings. In this regime, the
spin configuration follows (S) = (S.)2. Using an effective Hamiltonian, we elucidated
the Ruderman-Kittel-Kasuya-Yosida mediated coupling mechanism. The effective model
shows a good agreement with DFT results, especially for distances larger than 3 lattice
parameters. At shorter distances, minor deviations are noted due to the fact that ab
initio calculations take into account all interactions, including direct overlap orbitals.
These findings establish a robust framework for investigating magnetism in topological

insulators while preserving their essential properties.

One of the key themes of this thesis is a new topological class of materials, the two-
dimensional Weyl semimetals. Prior to this work, in Weyl semimetals class, almost all
subclasses had known potential candidate materials, except for the subclass of noncen-
trosymmetric Weyl semimetals with linear crossings. In this context, our study with the
graphenylene-like porous structures, composed of SiGe and Ge, addresses this gap by pre-
dicting a family of two-dimensional noncentrosymmetric Weyl semimetals with a linear
dispersion. The intrinsic buckling height in the z-direction drives an intrinsically broken
inversion symmetry, which is crucial for the emergence of the topological phase. We found
that spin-orbit coupling plays a pivotal role in the band splitting of a fourfold degenerate
band crossing, which leads to the Weyl point formation. As required for the existence of
two-dimensional Weyl semimetals, we verified that the C5 symmetry protects the Weyl
crossing in both atomic compositions, with a vanishing resultant chiral charge in Brillouin

zone, in agreement with the fermion doubling theorem.

The properties of Weyl semimetal in a two-dimensional case show a different behavior
from their three-dimensional counterpart. We studied the Weyl equation in the two-
dimensional case and found key differences regarding the Berry curvature and Weyl chi-
rality. In the two-dimensional case, the Berry curvature is given by a delta function, with
its peak centered on the crossing position. The bulk-boundary correspondence in this sys-
tem were verified through a nanoribbon calculation. In each system, we observe two edge
states connecting the bulk Weyl points projected onto the edge with high Fermi velocity.
Unlike in the quantum spin Hall case studied here, these Fermi arcs show a non-collinear
spin texture, indicating that this spin channel forms an angle with the electronic motion
plane. We observed that the Fermi arcs, although they lift their degeneracy, are robust
against the non-vanishing magnetism originating from the dangling bonds. Similarly to

the bismuthene system, this magnetism is suppressed by hydrogen edge passivation.

In the last results chapter, we have studied the emergence of quantum anomalous Hall
phase in 1T-CrX, (X = Bi, Sb) monolayers due to the combination of different effects.
We predicted a new two-dimensional magnetic material, the 1T-CrBiy monolayer, which
is dynamically stable and thermodynamically stable at 300 K. We also investigated the
1T structure with Sb composition, the 1T-CrSbs monolayer. Both structures show large

elasticity, with dynamic and thermodynamic stability up to 20% and 25% of biaxial ten-
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sile strain for Bi and Sb compositions, respectively. These maximum strain points agrees
with the strain energy curve as a function of biaxial tensile strain. Regarding the mag-
netic properties, our findings demonstrate that the magnetic configuration, arising from
Cr d-orbitals, is sensitive to external effects, where the increase in biaxial tensile strain
induces a magnetic phase transition from antiferromagnetic to ferromagnetic in both sys-
tems. Another sensibility of the magnetic configuration to external effects occurs in the
ferromagnetic case. As the many-electron parameter increases, an easy magnetization
axis transition from out-of-plane to in-plane is noted. The easy axis orientation plays a
pivotal role in the topological phase. In both systems, we find above 160 K Curie temper-
atures using Monte Carlo simulations. These calculated temperatures are higher than the
experimentally reported temperatures, representing a significant finding for experimental
applications.

We observed the quantum anomalous Hall effect in these systems under the combina-
tion of biaxial tensile strain, many-electron effects, and spin-orbit coupling. This topo-
logical phase emerges at larger biaxial tensile strain values, where the ferromagnetism
dominates as the ground magnetic phase. We found that the out-of-plane easy axis is
crucial for the nontrivial topology, thus requiring an appropriate many-electron param-
eter. The strong spin-orbit coupling drives the topological phase, as evidenced by the
band gap opening in Dirac cones, suggesting a topological phase transition. The topolog-
ical nature was confirmed through Chern number calculations and non-vanishing Berry
curvature.

We investigated the bulk-boundary correspondence in these systems by analyzing the
nanoribbon band structure. Our calculations show two edge states propagating unidi-
rectionally in both systems. We verified that the edge states in the Bi composition are
sensitive to the external strain applied. In the 1T-CrBiy nanoribbon, increasing the ap-
plied strain drives the penetration of one topological state into the bulk. The anomalous
Hall conductivities show a plateau in the limit of the band gap opening due to SOC.
However, the higher values diverge from the quantized value of 2¢?/h. The reason lies
in the other bands that cross, at the same energy range and different momentum points,
the topological band gap opened due to SOC, reducing the anomalous Hall conductiv-
ity to non-integer units. These flexible structures, exhibiting stable magnetism at high
Curie temperatures and hosting quantum anomalous Hall effect, offer valuable findings

for spintronic and quantum computing devices.
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APPENDIX A

Computational details

In this appendix we will discuss the computational details that leaded to the results
of this thesis.

Overall the calculations were performed using density functional theory (DFT), with
the projector-augmented waves (PAW) method. We employed the plane-wave expansion,
implemented in Vienna ab initio simulation package (VASP) [193, 194]. The exchange
and correlation term was described using the generalized gradient approximation (GGA),
with the Perdew-Burke-Ernzerhof (PBE) functional [62]. For a better description of
magnetic properties, we considered the DFT+U correction, as detailed in the respective
section. Tight-binding models were constructed within the Wannier functions formalism,
with parameters extracted from DFT calculations using Wannier90 [195]. The topolog-
ical invariants were calculated using the Wannier charge centers [148] implemented in

Z2Pack [149]. The particularities of each study are discussed next.

A.1 Chapter 4

The calculations were performed with a kinetic energy cutoff of 420 eV. The conver-
gence criterion for residual forces was set to 0.001 eV/A. All calculations included fully
relativistic effects in the pseudopotentials. The electronic correlation of the vanadium
3d-orbitals was described with the DFT+U method using the Dudarev formalism [63].
We optmized the effective U parameter by means of linear response method [69]. For the
single vanadium impurity study, a 5x5x1 supercell with 50 atoms was used, the Brillouin
zone was mapped by a 7x7x1 Monkhost-pack k-mesh. We adopted a vacuum of 15Ain
the c-direction to avoid interactions with its periodic image. To investigate the coupling
effects between the impurities for the highest inter-V distances (7 lattice parameters) the
supercell in both bulk and edge contains 308 atoms.

To solve the integrals of RKKY interaction, numerical calculations methods were used.
We use a code, originally written by Silva and Vernek [159], in Julia language adapted
for this study.
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A.2 Chapter 5

For this study, we adopted a plane wave kinetic energy cutoff of 400 eV. We have
used fully relativistic effects in the pseudopotentials. The Brillouin zone was sampled
using a Monkhost-Pack grid of 11x11x1 for the unit cell. The topological properties
were calculated with the WannierTools package [196], which was used to determine the
Weyl chirality, Chern number and projected edge states (without edge passivation). To
avoid the dangling bonds in the edge states, we build a nanoribbon replied 11 times in
a direction. We performed the relaxation of Si-H and Ge-H edge bonds in a convergence
criterion of 1077 eV. The lenghts of saturated nanoribbons are 12.4 nm for Ge and 12.2

nm for SiGe.

A.3 Chapter 6

We performed calculations with converged plane-wave kinetic energy cutoff of 350
eV. All the calculations included relativistic effects. The relaxation calculations were
carried with a total energy convergence of 1075 ¢V and a residual force criterion of 0.001
eV/A. We used a Brillouin zone k-mesh of 15x15x 1 in the Monkhost-Pack formalism. To
prevent periodic image interactions, we adopted a 15A0f vacuum between the layers. We
performed ab initio molecular dynamics (AIMD) simulations in the canonical ensemble
(NVT) at 300 K using a 3x3x1 supercell over a 10 ps timeframe to investigate the
thermodynamic stability. We studied the elastic properties by means of the strain-energy
curve as a function of biaxial tensile strain, obtained with the VASPKIT facility [197]. The
dynamical stability were investigated by phonon dispersion analysis, using the PHONOPY
code [198, 199]. To accurately describe the electronic correlation in 3d-orbitals from
Cr, we applied the DFT+U correction via Dudarev method [63]. We determined the
Curie temperature using Monte Carlo simulations based on the Heisenberg model, with
the parameters extracted from DFT results using the VAMPIRE package [200]. The
topological properties, such as Chern number and Berry curvature, were investigated

with WannierTools [196]. The VASP data were obtained with VASProcar [201].
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