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Resumo

Simulagdes multifisicas sao uma importante ferramenta tanto para a academia como
para a industria, ajudando ambos a compreenderem como varios fendmenos fisicos se com-
portam em um dado contexto. Com o crescimento do mercado de Computacao de Alto
Desempenho (HPC) e o consequente maior acesso a hardware mais avangado e potente,
o uso extensivo de paralelizacao se tornou cena comum nas simulagoes multi-fisicas. Isso
cria um problema de distribuicao de carga, o que nesse caso, dado a natureza ja com-
plexa das simulagoes multi-fisicas, é um problema nada trivial. Por isso, nds propomos
nesse trabalho um balanceamento de carga usando varias abordagens ao invés da tradi-
cional abordagem tinica. Essa proposta foi implementada no software de simulacao fluido-
dindmica (CFD) MFSim, que faz uso de malha adaptativa bloco-estruturada, e validada

usando 3 casos industriais e um caso académico.

Palavras-chave: Balanceamento de Carga. Simulagao Multi-fisica. Fluido-dinamica

computacional. Malha estruturada bloco-adaptativa.
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Abstract

Multi-physics simulations are essential for the academy and industry, helping to un-
derstand how multiple physical phenomena behave in a given context. With the growth of
the HPC market and the consequent greater accessibility to more advanced and powerful
hardware, extensive use of parallelization became a widespread scenario in multi-physics
simulations. This situation creates a problem of proper load distribution, which, in this
case, is complicated by the already complex nature of multi-physics simulations. This
work proposes multiple approaches to the load-balancing problem compared to the more
traditional single-approach solutions. This proposition was implemented for the compu-
tational fluid dynamics (CFD) code MFSim, which uses a block-structured adaptive mesh

and was validated using three industrial-scale cases and one academic case.

Keywords: Load-balancing. Multi-physics simulation. Computational Fluid Dynamics.
Block-Structured Adaptive Mesh..
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CHAPTER

Introduction

Multi-physics simulations are an essential tool with both scientific and industrial appli-
cations (KO et al., 2010) (MERZARI et al., 2023) (LONGARES; GARCIA-JIMENEZ;
GARCIA-POLANCO, 2023). However, direct-coupling multiple physics, each with its
own governing physical laws and equations, and required space and time discretizations,
many times different from each other, tend to create not only limitations on stability,
accuracy, or robustness of the overall simulation (KEYES et al., 2013a), but also load-
balancing problems (RETTINGER; RuDE, 2019) which adds to the already challenging
task.

To mitigate the load-balancing problem, various space-time discretization methods in-
corporating load-balancing techniques have been developed over the years (HENDRICK-
SON; DEVINE, 2000) (DAS; HARVEY; BISWAS, 2001). One of those techniques, the
adaptive mesh refinement, has been constantly developed and upgraded at least since
2001 (LAN; TAYLOR; BRYAN;, 2001), for many types of applications (BAIGES et al.,
2018) (SAKANE; AOKI; TAKAKI, 2022), discretization methods (JUDE; SITARAMAN;
WISSINK, 2022) (YU; FAN, 2009), solvers (SAMPATH et al., 2008) (TEUNISSEN; KEP-
PENS, 2019) and hardware and software environments (SAKANE; AOKI; TAKAKI,
2022) (MATSUSHITA; AOKI, 2021).

Though many advances have been made, there is still room for improvement, especially
for general-purpose multi-physics simulators with high-order, high-accuracy discretization
methods that make use of block-structured adaptive mesh with dynamically sized blocks
(FLUIDOS, 2022) and tackle industrial-scale problems, which tend to bring less than ideal

settings, very large domains, and execution time.

1.1 Motivation

Simulations that handle many physical phenomena have been rather typical, both
in the academy (NORDSLETTEN et al., 2011) and in the industry (BAYAT et al.,

2021) in the past years. Part because of the constantly increasing computational power
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(KEYES et al., 2013b), now going to the exascale (SIRCAR et al., 2023), at the same
time the High Performance Computing (HPC) market grows (RESEARCH, 2022) allow-
ing for more accessible hardware; Part because of the wide range of applications, coming
from the more traditional ones as engineering and science (WILLIAMSON et al., 2012)
(EWERT; KREUZINGER, 2021), passing through public health (DESAI; SAWANT;
KEENE, 2021), food processing (SMAN, 2022) and even forensic investigation (GEN-
TILL; PETRINI, 2016).

With such a wide field of applications, it is expected a plethora of codes (ONLINE,
2025) (ARCACFD, 2025) (NASA, 2025) (MOCZ, 2025) (PROJECT, 2025), both special-
ized and general purposes, using different spatial and time discretization methods, with
varying levels of accuracy, methods to couple the physics and various implementation
of solvers. A load-balancing technique that works well for one code may not work for
another. At the same time, it is also possible that, in the same code, a load-balancing
technique that works well for one case may not work for another, thanks to differences in
the physics involved and how they interact with each other.

Also, codes that work with industrial-scale problems have additional challenges (JANS-
SON et al., 2019), as these cases tend to bring less than ideal settings for coupling the
physics, with many enabled physics, and very commonly, using retro-feeding mechanisms,
under huge domains and, by extent, large requirements of both computational resources
and execution time (LONG et al., 2021).

Adding to that, most of the load-balancing solutions are limited to proposing an
algorithm that can be applied to all physics supported by the code, giving little or no
freedom of customization at all to the user, which, depending on the case, can make a
simulation not possible to balance, while it could be if the user could adjust some of the
configurations of the load-balancing operation, according to the specifics of the studied
case and used code.

This presents a situation where load balancing is necessary, but it is not easy to imple-
ment. Implementing it requires a careful understanding of the used code, its limitations,
and the kind of simulations the code is built to run.

Our primary motivation for this work is to address this situation by proposing a multi-
approach load-balancing solution that considers the inherent challenges of multi-physics

simulations and the code used to run the simulations.

1.2 Objectives and Research Challenges

This work uses the general-purpose multi-physic simulator MFSim (more details in
section 2.3), which already has load-balancing capabilities but fails to balance some
industrial-scale simulations. The limitations stem from the simulation’s complexity, as

well as constraints on the MFSim mesh, solver, and physics coupling, and the load-
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balancing technique’s inability to identify where the load is being generated accurately
and when to apply the load-balancing.

Our first objective is to implement the multi-approach load-balancing into MFSim’s
code to mitigate the limitations that prevent the proper functioning of the load-balancing.
This is what section 3.2 describes.

The second objective is to validate the proposition by testing this modified version of
MFSim with industrial-scale simulations that were previously incapable of applying load
balancing, to verify whether the proposition can address this limitation. This is described
in section 4.2.

The third objective is to evaluate the results of the second objective, both in terms
of macro and micro evaluation, to see how the proposition behaves and its limits when
applied to the test cases. This is described in sections 4.3 and 4.4.

The fourth objective is to compare our proposition with the state-of-the-art in load
balancing of multi-physics simulations, which is what section 4.5 describes.

The final objective is to outline our future (and some not-so-future) plans to expand
the multi-approach load-balancing, mitigating some of the identified limitations, and en-
hancing its capabilities for new Graphics Processing Unit (GPU)-enabled multi-physics

simulations.

1.3 Hypothesis

The central hypothesis of this work is that balancing a multiphysics simulation is
a complex task, highly context-dependent. Therefore, a multi-approach solution can
produce satisfactory results, significantly impacting the time required to run a sufficiently

balanced simulation.

1.4 Contributions

The main contribution of this work is the development and evaluation of the many-
approach load-balancing, described in section 3.2, which provides a better tool for unbal-
ance detection in the scope of multi-physics simulation (see section 3.2.2) and a series of
approaches (hence the many-approach) for the load-balancing decision.

These approaches can both work out-of-box with a default, automatic algorithm (sec-
tion 3.2.3) or can be tuned by the user (see sections 3.2.1, 3.2.3 and 3.2.4), allowing it a
lot of freedom on when to use or not the load-balancing operation.

We also implemented another tool, not necessarily an approach to load balancing, but a
fail-safe, inspired by the rollback functionality typically present in Data Base Management
System (DBMS) systems, but tailored to the context of load-balancing multi-physics
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simulations. This was necessary because of the limitations of the used code (see section
3.2.5).

The implementation was then validated using three industrial-scale cases and one aca-
demic case, which enabled the second contribution of this work: comparing the proposed
many-approach load-balancing with other propositions.

The third contribution derives from the knowledge obtained during the development
of this work, which is linked to our conclusion, which, in short (see section 5 for the
proper conclusion), shows that there are more ways to redistribute the load of a multi-
physics simulation than by only using the load-balancing operation, such as adding more
computational resources or even using data from one simulations to speedup another. We

investigated and published a paper on this topic, a spin-off-like contribution.

1.5 Outline

This dissertation is structured into five chapters. The current section is the introduc-
tion, which briefly presents the problem of load-balancing multi-physics simulations.

In Chapter 2, we delve into the base concepts necessary to understand the proposition,
the framework used to run multi-physics simulations, and the state of the art of load-
balancing multi-physics simulations.

Chapter 3 outlines the dissertation proposal and its challenges, offers insights into the
implementation specifics, and presents the various components along with their respec-
tive functions and the methodologies applied, thus showing the achievement of our first
objective.

Moving on to Chapter 4, we present the 4 test cases we used for experimental assess-
ments, which underscore the achievement of the second, third, and fourth objectives. We
also furnish an in-depth analysis of how this work compares to prior proposals.

Last, in Chapter 5, we discuss the conclusions drawn from the development and ex-
perimentation of the proposed solution, how they proved our hypothesis, the published
papers based on the proposition or derived from it, and the future improvements of the

proposition, fulfilling our last objective.
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CHAPTER

Background and Related Work

This chapter will present some concepts related to Multi-physics simulations (Section
2.1). It also presents load balancing techniques (Section 2.2) and, finally, some related
work (Section 2.4).

2.1 Multi-physics simulations

Simulations that handle more than one physical phenomenon, governed by their prin-
ciples regarding their evolution throughout the simulation and in which conditions they
achieve an equilibrium status, are considered multi-physics simulations (KEYES et
al., 2013a). Their field of application is ample, varying from the traditional science and
engineering fields (WILLIAMSON et al., 2012) (EWERT; KREUZINGER, 2021), pass-
ing through public health (DESAI; SAWANT; KEENE, 2021), food processing (SMAN,
2022), and even forensic investigation (GENTILI; PETRINI, 2016).

Solving a multi-physics simulation requires solving the partial differential (or integro-
differential) equations describing the studied physical phenomena. In most cases, this
can’t be done analytically. So, to obtain a satisfactory resolution to the problem, nu-
merical approximations must be used, hence the need for discretization of the equations
in terms of time and space (FERZIGER; PERIC; STREET, 2019) (FORTUNA, 2000).
Sections 2.2 and 2.1.2 will provide further insight into those themes.

Once the discretized equations are in place, a series of linear systems are mounted
to solve the equations (KEYES et al., 2013a) (FERZIGER; PERIC; STREET, 2019)
(FORTUNA, 2000). A widespread method to achieve that is to use multigrid algorithms
that solve the discretized equations in a variable resolution grid to reduce errors (KEYES
et al., 2013a). This is further explained in section 2.1.4.

And since we are considering multi-physics simulations, there’s also the need to address
how the physics are coupled, as they have different governing laws and possibly different
forms of time-space discretization (ZHANG et al., 2021) (POZZETTI et al., 2019). Inte-
grating this into a single simulation can be done directly (POZZETTI et al., 2019), with
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a single code managing both physics and its particularities, or indirectly, with separate
codes managing each physics and an overseer code managing the integration of the results
(BESSERON; ADHAV; PETERS, 2024). Section 2.1.3 will explore these themes further.

Let’s start with space discretization, which is a requirement for all multiphysics sim-
ulations. Then, we will proceed to time discretization, again a requirement for all multi-

physics simulations, and then to more details regarding physics coupling and solver.

2.1.1 Spatial discretization and mesh

Most of the natural physical phenomena of interest for multiphysics simulations are
described by partial differential or integro-differential equations. This kind of equation,
usually considered a continuum of time and space, can calculate how physical phenomena
behave in that region of space and time. This region is called domain and defines the part
of space and time that is being studied in the simulation (FERZIGER,; PERIC; STREET,
2019) (FORTUNA, 2000), and the phenomena studied are valid.

Since computers are discrete machines (RALSTON, 1986), they can’t solve a con-
tinuum equation (or system of continuum equations). That creates a necessity to ap-
proximate the continuous domain with a discrete model, converting the infinite points
of space-time contained within the domain into a representation with a finite number of
points for space and time. Once that representation of the domain is in place, the con-
tinuum equation, or system of equations, is also converted from the original continuum
equations (partial differential or integro-differential equations) to algebraic equations that
can approximate the original ones, fit in the finite representation of the domain and be
organized in linear systems that can be latter processed by the computer. This process is
called discretization (FERZIGER; PERIC; STREET, 2019) (FORTUNA, 2000). In this
section, we discuss only spatial discretization, with details regarding time discretization
presented in section 2.1.2.

To discretize the domain in terms of space, we create a grid, a mesh (FORTUNA,
2000), composed of points (or nodes) interconnected by vertices. The space between
adjacent nodes forms a cell later used by the discretized equations to obtain the physical
properties in that specific region of the domain. The cells have a center and faces. When
a face coincides with the domain boundaries, it is considered a boundary face. This
classification is necessary to identify when boundary conditions of the domain should
be applied to a cell. Also, some physical properties can only be obtained in the faces,
like values for the velocity vectors, while others can only be obtained in the center, like
pressure (FORTUNA, 2000). Figure 1 shows a graphical representation of nodes, centers,
and faces of cells in Two Dimension (2D) and Tree Dimension (3D) meshes.

The meshes can be further classified regarding their inner structure. They can be struc-
tured, block-structured, or unstructured (FERZIGER; PERIC; STREET, 2019) (FOR-
TUNA, 2000).
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Figure 1 — Nodes and faces on 2D and 3D mesh (MANCHESTERCFED, 2024)

A structured or regular mesh is a type of grid in which each cell is numbered sequen-
tially in reference to the axis of the grid, which allows the use of indices to access each
cell. Also, all cells have a fixed number of neighbors, 4 in 2D grids and 6 in 3D grids,
and the space between their nodes (deltas in each axis) can be fixed (uniform) or variable
(non-uniform). They can also be Cartesian or curvilinear (non-orthogonal) (FERZIGER;
PERIC; STREET, 2019) (MANCHESTERCFD, 2024). Figure 2 provides examples of

these structured meshes.

S

Cartesian Curvilinear

Curvilinear (Body-fitted)
Figure 2 — Types of structured mesh (MANCHESTERCFD, 2024)
The main advantage of structured meshes is that the fixed neighborhood they allow

simplifies the programming of the matrices later used by the algebraic equations and the

linear systems built upon them. The main disadvantage is that they can only be used for
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simple geometries (FERZIGER; PERIC; STREET, 2019).

The block-structured mesh expands the structured meshes. It provides easy access
to the cells from the structured meshes, but organizes the entire mesh as a group of
blocks rather than a single object. Those blocks, also called patches can have cells of
uniform (matching) or variable (non-matching) sizes and in the case of the latter, this
allows refinement regions on the mesh. They can be aligned to the axis (Cartesian) or be
body fitting (curvilinear), and they can have overlapping blocks forming levels (composite
or chimera meshes). Figure 3 shows graphical examples of these settings.

The main disadvantage of this type of mesh, especially for the non-matching or com-
posite ones, is that conservation is not easily enforced at block boundaries, as it is neces-
sary to interpolate the values of the studied physical properties between the less and more
refined blocks. The main advantage is that more complex geometries can be more easily
modeled, as the domain is decomposed into sub-regions better fitting the region geome-
try and, at the same time, allowing refinement areas for more precision of the physical
phenomena studied in the simulation (FERZIGER; PERIC; STREET, 2019).
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Figure 3 — Types of block-structured mesh (MANCHESTERCFED, 2024)

There is also a subtype of block-structured mesh, which adds adaptability, the Structured
Adaptive Mesh Refinement (SAMR). This subtype allows the creation of refinement zones
where the space width of the cells can be reduced to provide more accurate results for
the discretized equations (BERGER; OLIGER, 1984). These zones can be superposed,
creating finer grids that overlap the entire domain or are limited to a particular area, thus

creating a locally refined area. The main advantage of this subtype is the possibility to
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Figure 4 — Animated example of block-structured adaptive mesh - MFSim

convert the block-structured mesh refinement capabilities into a dynamic one, which, de-
pending on the problem, is very useful (JUDE; SITARAMAN; WISSINK, 2022) (DUBEY
et al., 2014). Figure 4 shows an animated example of a block-structured adaptive mesh.

Unstructured mesh is a type of grid where the cells can have any shape or num-
ber of neighbors, thus enabling any kind of geometry in the same mesh, without the
need to create sub-partitions (like the block-structured mesh). Usually, these grids are
made of triangles, quadrilaterals, polygons, or a mix of the tree (FERZIGER; PERIC;

STREET, 2019) (MANCHESTERCFD, 2024). Figure 5 shows some examples of unstruc-
tured meshes.
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Figure 5 — Types of unstructured mesh (MANCHESTERCFD, 2024)
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Though this type of mesh makes it easier to fit into more complex geometries, the
irregularity of the data structure makes generating and plotting this type of mesh a more
difficult task (MANCHESTERCFD, 2024). Also, the matrix of the algebraic equation
system no longer has a regular, diagonal structure, which creates the need for reducing
or reordering the number of points before trying to solve the systems, which takes time
(FERZIGER; PERIC; STREET, 2019).

Lastly, meshes can also be classified according to their implementation. This can vary
wildly, and combinations or hybrid forms are possible, but the main classes are the ones

based on binary trees and the ones based on hashes.

Octree Qctree
level 1 level 2

323 643 1283

Figure 6 — Example of block-structured mesh implemented by an octree with single di-
mension blocks (TATARCHENKO; DOSOVITSKIY; BROX, 2017)

The most common meshes based on binary trees are the quadtree, octree, and
mtree. A quadtree is a binary tree with four children for each node (hence its name),
while an octree has eight children, with each child being used to map elements of the
mesh-like nodes (of the mesh, not the tree), cells, or even blocks. A generalization of the
quadtree/octree is the mtree that allows more children per node (SOUSA et al., 2019).
Multiple trees can be used depending on the domain, implementation, or environment.
Thanks to these characteristics, quad/octrees can be used with nearly all types of meshes,
which makes this implementation one of the most common in multi-physics simulations
(JUDE; SITARAMAN; WISSINK, 2022) (TATARCHENKO; DOSOVITSKIY; BROX,
2017) (NIEMGLLER et al., 2020) (TEUNISSEN; KEPPENS, 2019) (SAMPATH et al.,
2008) (SOUSA et al., 2019) (CASTELO; AFONSO; BEZERRA, 2021) (SILVA et al.,
2023).

When used with block-structured meshes, quad/oct/mtrees can have an interesting
feature, which is generating the blocks (or patches) with the same dimension, which makes
the load balancing task easier (JUDE; SITARAMAN; WISSINK, 2022) (see Figure 6 for
an illustration of block-structured mesh generated by octree with single dimension blocks).

Still, these trees are flexible enough to allow blocks with varying dimensions, which can
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be more adequate for some problems (SILVA et al., 2023). Figure 7 shows an example of

an mtree with blocks of different dimensions at the same level.
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Figure 7 — Example of block-structured mesh implemented by an mtree with varying di-
mension blocks (SILVA et al., 2023)
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The other mesh class regarding the implementation is the hash, which uses a hash to
map the mesh elements: nodes, cells, or blocks/patches. In parallel environments, more
than one hash may be used, with each parallel partition having its own hash containing
the mesh (VILLAR et al., 2007). The most striking feature of this implementation,
when combined with a block-structured adaptive mesh, is the generation of varying-
sized blocks (or patches) for each refinement zone, called the patch-based Adaptive Mesh
Refinement (AMR) approach (JUDE; SITARAMAN; WISSINK, 2022).

2.1.1.1 Discretization techniques

A discretization technique is built upon the mesh, influencing how the equations will
be discretized. Three main techniques (or methods) are used by multi-physics simulations:
finite difference, finite volume, and finite element (FERZIGER; PERIC; STREET, 2019).

The Finite Difference Method (FDM) was initially developed by Euler in the 18th
century and consists of applying approximations to the partial derivatives of the equations
for each point on the grid (or mesh). The result is one algebraic equation per grid node,
in which the variable value at that node and a certain number of neighboring nodes
appear as unknowns. Though this method is straightforward and effective, especially for
structured meshes, enforcing conservation laws is challenging unless special care is taken
(FERZIGER; PERIC; STREET, 2019).

The Finite Volume Method (FVM) uses the integral form of the equations and orga-
nizes the grid cells as control volumes in which the equations are applied. It can be
used with any grid and, by design, easily enforces conservation laws. The main disadvan-
tage of this method is the complexity of developing higher-order methods in 3D meshes
(FERZIGER; PERIC; STREET, 2019).

The last of the three techniques is the Finite Element Method (FEM), which is sim-
ilar to the Finite Volume Method, organizing the mesh into a set of discrete volumes or

finite elements. These elements can be of any shape, making this method very useful for
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unstructured meshes. The main difference with the FVM is that the equations are mul-
tiplied by a weight function before they are applied to the elements. Its main drawbacks
are derived from the unstructured meshes commonly used with the method, which creates
irregular matrices for the linear systems (FERZIGER; PERIC; STREET, 2019).

2.1.2 Time discretization

As is the case with space, which is a continuum that needs to be discretized for
computers to solve the continuum equations that describe the physical phenomena studied
in multi-physics simulations, time, another continuum, and part of the same equations,
must also be discretized.

There are many methods and techniques used to achieve this (GOTTLIEB; KETCHE-
SON;, 2016), many of them directly related to spatial discretization techniques (FERZIGER;
PERIC; STREET, 2019) (DONEA; QUARTAPELLE; SELMIN, 1987). But, generally,
all of them follow the same principle: divide the time the simulation must run into smaller
slices of time, the timestep, which evolves throughout the simulation until its completion.

In this principle, there are two primary forms for creating these time slices: by fixing
the time width of each timestep or by varying the width throughout the simulation
according to specific criteria (a dynamic timestep) (VILLAR et al., 2007). The use
of each form depends on the problem studied by the simulation (FERZIGER, PERIC;
STREET, 2019).

2.1.3 Physics coupling

To have a multi-physics simulation, we need to couple many different types of physics,
each with its own governing laws and subsequent discretizations in terms of time and space
(ZHANG et al., 2021) (POZZETTI et al., 2019). This coupling can be done directly or
indirectly.

Directly coupling means a single code manages all discretizations from all equations.
This can be done by using multiple space discretizations (grids) and/or multiple timesteps
(POZZETTT et al., 2019) (VILLAR et al., 2007), each for each physics, with coupling tech-
niques, like the fractional timestep (YUSTE; QUINTANA-MURILLO, 2012) (VILLAR
et al., 2007), been used to communicate the result of a physics to another and vice-versa.

Indirectly coupling means specialized codes are used for each physics with an overseer
code managing the specialized ones and the communication between them (BESSERON;
ADHAV; PETERS, 2024) (TOTOUNFEROUSH, 2022). This is usually achieved by a
coupling library like preCICE (CHOURDAKIS et al., 2022) integrated with the overseer
code.

Another essential classification regarding physics coupling is how the physics interacts

with each other. Some physics models only receive feedback from others, exhibiting a
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passive behavior, while others interact with each other, employing a retroactive feedback
mechanism. An example of a physics with passive behavior is acoustics, which receives
the pressure field from the fluid dynamics to calculate sound propagation but does not
influence the fluid dynamics itself (NIEMOLLER et al., 2020) (KALTENBACHER, 2018)
(MOHAMED, 2016).

For an example of physics with retro-feed mechanism, fluid-structure interaction can
calculate, for example, vibrations induced into a structure by the fluid dynamics (fluid
-> structure interaction) and a following change in fluid direction caused by the struc-
ture vibration (structure -> fluid interaction) (DOWELL; HALL, 2001) (BELYTSCHKO,
1980). In the same way, combustion can be coupled with fluid dynamics to evaluate, with
a good level of detail, how a chemical reaction occurs inside of a combustion chamber,
with the combustion being influenced by the pressure and velocity vectors from the fluid
(they can be the trigger to ignite the reaction) and, as the chemical reactions occur, the
pressure and velocity end up been influenced by the changes in the chemical composition
of the fluid, caused by the chemical reactions (MURRONE; SCHERRER, 2005) (YIN;
ROSENDAHL; KAER, 2011).

This can vary wildly from simulation to simulation. For example, the same simulation
can have physics without the retro-feed mechanism and with the mechanism simultane-

ously.

2.1.4 Solver dependency

Once the discretized equations are in place, the space and time discretizations are de-
fined, is time to solve the linear systems built upon the discretized equations. This is done
by the solver, which, depending on the problem studied (and subsequent equations), will
solve the linear systems directly or by an iterative (execute operations until convergence)
method (FERZIGER; PERIC; STREET, 2019).

One of the many iterative methods is the Multigrid Method (MG). This method stems
from the premise that as the convergence rate deteriorates as the meshes become more
refined, the error frequencies must be smoothed by the grids with a more appropriate
width (level of refinement) (VILLAR et al., 2007). Thus, the long wavelength part of the
error is smoothed on coarser grids while the short wavelength part is reduced with a small
number of iterations with a basic iterative method on the fine grid (WESSELING, 1995).

The discretized equations are then solved in each level, from the most refined to the
coarsest, with the communication from the finest to the coarsest level being nominated
restriction, which can be followed by a relazation, and the communication from the coars-
est to the finest level been the prolongation/interpolation (VILLAR et al., 2007). This
ensures the same operations are executed at all levels, forming a cycle that can take the
shape of a V or W. Figure 8 shows a graphical representation of these shapes for a 4-level

mesh.
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Figure 8 - V and W Multigrid cycles. Black circles: restriction with relaxation. Gray
circles: prolongation. Blue circles: relaxation (VILLAR et al., 2007)

The cycles are repeated until the solution converges in the given timestep or a max-
imum number of iterations is met (VILLAR et al., 2007). Figure 9 illustrates the full
v-cycle used to solve a discretization of the Poission equation for pressure in a 4-level

mesh.
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Figure 9 — Full multigrid v-cycle (WIKIPEDIA, 2024)

Repeat Until Convergence

Generally, the multigrid method is implemented as GMG, building the coarse levels
of the mesh from the fine level, geometrically increasing the level width of each level in a
top-down manner to satisfy the v or w cycles in which the discretized equations are going
to be solved (VILLAR et al., 2007) (WESSELING; OOSTERLEE, 2001).

There is, though, another type of multigrid, the Algebraic Multigrid Method (AMG).
In the AMG, instead of developing the matrices of the linear system from the many
levels in the mesh (a mesh-to-matrix approach), the idea is to develop the matrices from
the problem equations directly and, therefore, develop the mesh from the matrices (a
matrix-to-mesh approach) (WESSELING; OOSTERLEE, 2001) (RUGE; STUBEN, 1987)
(STUBEN et al., 2001). This makes the AMG attractive as a "black box" solver, as

the number of levels and the operations between levels are derived from the problem’s
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equations and generated by the AMG algorithm directly without the need for intervention
from the user. In addition, AMG can be used for many kinds of problems where the
application of GMG is difficult or impossible (RUGE; STUuBEN, 1987).

Another type of solver is those based on minimization algorithms like the Generalised
Minimal Residual Method (GMRES). Instead of using an iterative method to solve the
linear systems, like the multigrid solvers, this type of solver employs preconditioning
to transform the system’s equations into simpler equivalents, thereby facilitating their
solution (hence its minimization). Usually, this solver requires more memory than the
iterative ones, but can achieve faster convergence if the preconditioning is done correctly
(JUDE et al., 2020).

2.1.5 Method accuracy and computational cost trade-off

Simulating multiple physics and their interactions over physical domains, which can
be large depending on the problem, takes its toll on computational requirements and
time (FERZIGER; PERIC; STREET, 2019). Hence, there are constant improvements in
discretization methods, mesh generation, and solvers, some of which have already been
discussed in the previous sections.

Another approach to mitigating the computational costs of multi-physics simulations
considers the desired level of solution accuracy and the associated constraints on compu-
tational costs.

The more precise (or accurate) a simulation is, the greater the computational costs
(MOHAMAD, 2011). The inverse is also true. Thus, considering the problem studied, it
is necessary to decide if a more accurate but slower method is required or a less precise,
but sufficiently accurate and faster method is a better choice (SUSS et al., 2023). The
methods, algorithms, and techniques presented in sections 2.1.1.1, 2.1.2 and 2.1.4 are high
accuracy but, depending on the problem, slower. This section presents an alternative,
usually with lower accuracy, but a faster method.

This presentation is necessary because load balancing is directly affected by how accu-
racy will be approached and why some methods are naturally more scalable than others.

Continuing, one of the lower accuracy but faster methods available for multi-physics
simulations is the Lattice-Boltzmann Method (LBM). In this method, instead of discretiz-
ing the domain into a grid composed of nodes, elements or control volumes, to represent
parts (or slices) of the simulated space, with thousands of particles each, and in which the
discretized equations will be applied by an iterative solver over several slices of time, we
discretized the space into a grid of particles and then group these particles not in control
volumes (or elements or nodes) but into distribution functions which are solved over slices
of time (MOHAMAD, 2011) (ZHANG, 2011).

The main advantages of this method are its easy application to complex geometries
(MOHAMAD, 2011), better implementation of physics in the particle level (ZHANG,
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2011) and, since the distribution functions are explicit and locale, the method is relatively
easy to parallelize (MOHAMAD, 2011), hence why it tends to be faster (SUSS et al., 2023).
The main drawbacks come in the form of loss of accuracy (MARIE; RICOT; SAGAUT,
2009) (SUSS et al., 2023), which, depending on the physics (or techniques) involved in
the simulation, can be a problem (SUSS et al., 2023) (ELHADIDI; KHALIFA, 2013).

2.2 Load balancing

As explained in the previous sections, multi-physics simulations can take their toll
on computational requirements (FERZIGER; PERIC; STREET, 2019) (see also sec-
tion 2.1.5). Hence the extensive use of parallel environments (PERMANN et al., 2020)
(BERNASCHI et al., 2009) (DUBEY et al., 2009) (BARTUSCHAT; RUDE, 2015), like
the HPC (DADVAND et al., 2013) (SRIVASTAVA; DADHEECH; BENIWAL, 2011), en-
abled by the increasing computational capability (KEYES et al., 2013a), this creates a
necessity to distribute the computational load throughout the many processing units, the
cores, used during the simulation, to prevent that a core or group of cores do more useful
tasks than others, creating a situation of load imbalance (NIEMOLLER et al., 2020).

To prevent this situation, a load balancing technique measures the efficiency loss
due to non-useful tasks for each core and then redistributes the tasks between the cores
(GARCIA-GASULLA et al., 2020). To implement this measure, the technique must first
distinguish between useful and non-useful tasks. This is generally done by organizing the
tasks into computations and communications.

Computations are tasks directly related to solving the discretized equations. At the
same time, communications are operations related to synchronizations or data trans-
fer between processes (or cores) and somewhat related to the computations (GARCIA-
GASULLA et al., 2020) (NIEM6LLER et al., 2020). Though communications aren’t
directly related to solving the discretized equations, they are necessary to the overall
simulation, so non-useful tasks (regarding solving equations) must not be considered as
unnecessary tasks (NIEMOLLER et al., 2020). So, the premise for identifying a situation
of load imbalance is when more time is spent with operations not related to the solu-
tion of the problem’s equations than with operations directly related (HENDRICKSON;
DEVINE, 2000).

Also, both computations and communications are problem-dependent. In other words,
depending on the problem studied, the mesh used, discretization techniques, solver,
physics coupled, methods, and even the hardware used, the time spent on computations
and communications will vary (NIEMOLLER et al., 2020). This leads to load balancing
techniques also being problem or context-dependent. Therefore, a technique well suited

for a particular context may not be suited for another or at least require careful consider-
ation before being used (GARCIA-GASULLA et al., 2020) (HENDRICKSON; DEVINE,
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2000).

Then, after the tasks are grouped adequately by the technique, considering all relevant
factors within the given context, a metric is developed to identify when a load imbalance is
present. Usually, this involves attributing weights to the particles, nodes, control volumes,

or other components with computations, the load-generating objects, and then counting

these weights to know the workload of a core. If a core or group of cores has more weight
than others, then a load imbalance situation is identified (SCHORNBAUM; RiDE, 2018)
(NIEMGLLER et al., 2020) (RETTINGER; RiDE, 2019).

With the load imbalance identified, the technique uses a load balancing algorithm
to redistribute the tasks (computations and communications) between the cores. Since
the computations are tasks directly related to solving the discretized equations, and those
discretizations are dependent on the discretization technique and the type of mesh used
(see section ), the load balancing algorithms are usually applied over the mesh (HEN-
DRICKSON; DEVINE, 2000).

One of those algorithms is the RCB. Berger and Bokhari initially proposed this algo-
rithm (BOKHARI, 1987), which redistributes the tasks by splitting the domain into two
halves, each containing half of the tasks. Then, proceeds to apply the same approach to
each half and continues to do so, recursively, until all generated subdomains, or partitions,
have an equal or near equal number of tasks and all available cores are used (BOKHARI,
1987) (HENDRICKSON; DEVINE, 2000). Figure 10 illustrates a mesh balanced by the
RCB.
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Figure 10 — A RCB redistribution (right) of a mesh (left) in 16 cores (BOKHARI, 1987)

The generated partitions have a rectilinear shape but are not necessarily the same size.
This specific shape is beneficial for meshes that already utilize rectilinear subdomains,
such as some implementations of block-structured adaptive meshes (LIMA et al., 2012).
Being RCB a natural choice for a load-balancing algorithm for this kind of mesh, it is
well-suited for this application.

Another load balancing algorithm type is based on the Hilbert curves, the SFC. The
SFC has been used for scientific applications for some time (BADER, 2012) (BULUC et
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Figure 11 — Quadtree describing the workload of a multi-physics simulation
(NIEMGOLLER et al., 2020)

al., 2016), including mesh generations (LINTERMANN et al., 2014) (HENDRICKSON;
DEVINE, 2000), and can also be used for load balancing (HENDRICKSON; DEVINE,
2000) (NIEMOLLER et al., 2020). In general, these algorithms, instead of using cutting
planes to split the domain, create an octree (or quadtree in case of 2D meshes) to keep
track of the load in the mesh (see Figure 11).

The traversal of the tree relates the load of the sub-trees (which represent regions of
the mesh) with each cell of the traversal, providing the overall workload of the whole
domain. This can be used to calculate the ideal load of each core as the traversal contains
both the total load of the domain and the load for each core. At the same time, since
each cell relates to a sub-tree which refers to regions of the mesh, the load can be traced
from and back to the mesh as well (HENDRICKSON; DEVINE, 2000) (NIEM6LLER et
al., 2020) (see Figure 12). This approach enables treating the load balancing of 2D or 3D
meshes as a One Dimension (1D) problem, rather than a multidimensional one (MIGUET;
PIERSON, 1997), or as a chain-on-chains problem (PINAR; AYKANAT, 2004), thereby
greatly simplifying the solution.
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ment level 2. workloads W; of the resulting partitions (solution of the CCP problem, average
workload W = 9) and CFD/CAA workload distribution W, crpscaa among all
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Figure 12 — Tree traversal summarizing the workload in the mesh (NIEMOLLER et al.,
2020)

When a load imbalance situation is found, the 1D representation of the workload is
then used to identify which cells of the array should be moved between cores to redis-
tribute the load between the cores in such a manner that no core or group of cores does

more computational work than others. Since those cells can be mapped to mesh regions,
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moving these cells between cores also implies moving areas of the mesh between cores. In
other words, the load balancing is done by balancing the workload array (1D object) and
propagating this balancing through to the mesh (2D or 3D object).
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Figure 13 — Balancing the workload array in a SFC (NIEMOLLER et al., 2020)

Figure 13 illustrates this process, where the workload array Wk, divided into four
partitions, has the first and second partitions doing more work than the others, with the
second partition being more overloaded. Balancing the array Wk involves moving one cell
from the first partition to the second, balancing the first partition, and then moving two
cells from the second partition to the third (which was initially underloaded), thereby
balancing the second partition. The third, which became more loaded with the newly
received cells, also moved one cell to the last partition, thus balancing the entire array.

This balancing is later propagated to the mesh, balancing the whole domain.

There is another type of load balancing algorithm that differs from both RCB and
SFC in that it balances the domain locally rather than globally. In these algorithms,
also called diffusion algorithms, when a load imbalance situation is found in one core,
they move some of the load from that core to one of its neighboring cores. Then, they

repeat that operation until the overall load imbalance is reduced to an acceptable level
(HENDRICKSON; DEVINE, 2000) (SCHORNBAUM; RiDE, 2018).

Since the balancing operations are done locally or involve only the heavily loaded core
and some of its neighbors, these algorithms are essentially asynchronous as they don’t
require knowing the load of every core in the simulation to do their work. This makes
these algorithms very effective in dealing with minor changes in the load balance of the
simulation, but also more challenging to implement as multiple cores can be more loaded
and multiple load balancing operations can be engaged simultaneously (HENDRICKSON;
DEVINE, 2000).
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2.3 MFSim

Code capable of doing this is required to run a multi-physics simulation. MFSim is
one of these codes. An MPI (UNIVERSITY, 2024) parallel Computational Fluid Dy-
namics (CFD) software written mostly in FORTRAN with some modules in C/C++,
developed by the Fluid Mechanics Laboratory of the Federal University of Uberlan-
dia (MFLAB) in Brazil. This computational platform’s development began with the
work of (VILLAR et al., 2007) and has been continuously developed over the years into
a multidisciplinary and multiphysics code. Nowadays, this platform application allows
simulating 3D problems involving: turbulent flow (VEDOVOTO; SERFATY; NETO,
2015) (DAMASCENO; VEDOVOTO; SILVEIRA-NETO, 2015), Fluid-Structure Interac-
tion (FSI) (NETO et al., 2019) (SOUZA et al., 2022) (MORALES et al., 2023) (STIVAL
et al., 2022), multi-phase flows (PIVELLO et al., 2014) (BARBI et al., 2018) (PINHEIRO
et al., 2019) (PINHEIRO et al., 2021), gas-solid and gas-liquid flows (SANTOS, 2019),
chemically-reactive flows (DAMASCENO; SANTOS; VEDOVOTO, 2018) (CASTRO et
al., 2021) and counts even with Large Eddy Simulation (LES) approaches considering
isotropic and anisotropic modelings. Recently, the MFSim code was used to assess hyper-
saline solutions disposal operations, as local environmental regulations are crucial for
minimizing the impact on marine ecosystems (MOTA; VEDOVOTTO; ARISTEU, 2023).

Regarding the mesh, MFSim uses a multi-level, block-structured, with dynamically-
sized blocks, adaptive mesh for the Eulerian space (fluid dynamics, turbulence, and other
physics), and a mesh-less approach for the Lagrangian space (immersed boundary and
particle-based physics) (VILLAR et al., 2007). It also employs two discretization tech-
niques: the Finite Volume Method (main) and the Finite Element Method (primarily for
fluid-structure interaction).

Regarding the solver, MFSim uses the GMG as the main solver and the solver toolkit
provided by the library PETSc (BALAY et al., 1998) as a secondary solver. MFSim
also features load balancing capabilities, utilizing the RCB algorithm implemented by the
Zoltan library, part of the Trilinos Project (TRILINOS, 2020).

2.4 Related Work

The work of Hendrickson (HENDRICKSON; DEVINE;, 2000) in 2000 was the first to
relate load balancing to spatial discretization (mesh and discretization technique). Fol-
lowing, Lan (LAN; TAYLOR; BRYAN, 2001) proposed an update to the block-structured
adaptive mesh algorithm initially developed by (BERGER; OLIGER, 1984), using a do-
main decomposition technique based upon graph partitioning.

Still, a few years later, Devine’s work (DEVINE et al., 2005) shows that even with the

advances in load balancing of multi-physics simulations already made, the problem was
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far from being solved, as more and more physics were being coupled. Additionally, with
the widespread use of heterogeneous hardware, the load balancing problem has resurfaced,

necessitating new approaches.

In the same direction, Dubey (DUBEY et al., 2014) compared a series of adaptive mesh
frameworks, evaluating them for their load-balancing capabilities, heterogeneous hardware
support, coupled physics, and other criteria. They concluded that load balancing still

needed improvements.

Following this conclusion, the work of Schornbaum (SCHORNBAUM; RiDE, 2018)
proposed another upgrade for the block-structured adaptive mesh algorithm by imple-
menting a forest of octrees to separate the load-balancing data structures from the mesh,
with only the mesh topology and other metadata regarding each partition been directly
handled by the load balancing algorithm who uses a diffuse approach (see section 2.2
for more details regarding diffuse load balancing algorithms). The authors implemented
their proposal in the framework walL.Berla, a multi-purpose code that models fluid, turbu-
lence, particle, and rigid body physics. They balance the block-structured adaptive mesh
over 450 thousand cores while using the Lattice-Boltzmann method (for details regarding
this method, see section 2.1.5). This work was later expanded by Bauer (BAUER et al.,
2021), who integrated GPU support into the load-balancing algorithm, still maintaining
the Lattice-Boltzmann method.

Another work using the walBerla framework was conducted by Rettinger (RET-
TINGER; RuDE, 2019), who employed the Lattice-Boltzmann method, a block-structured
mesh without adaptability, and SFC as a load balancing algorithm. The authors man-
aged to reduce the overall simulation time by 14% thanks to the better load balancing

produced by their implementation.

Regarding more accurate but slower methods, the work of Niemoller (NIEMOLLER
et al., 2020) developed a load balancing technique for directly coupled multi-physics sim-
ulations composed of fluid dynamics and acoustics, using the finite volume method (see
section 2.1.1.1) as a discretization technique, applied over adaptive unstructured meshes.
The authors developed an upgraded version of SFC (see section 2.2) with incremental
balancing until a satisfactory level of load imbalance was achieved, a strategy usually
found in diffuse load balancing algorithms. With this implementation, they improved
load balance up to 20% in a simulation with 6144 cores on homogeneous hardware and

achieved an evenly distributed load in a simulation on heterogeneous hardware.

Other work utilizing a high-accuracy method is that of Jude (JUDE; SITARAMAN;
WISSINK, 2022), which employed an orchard of octrees to implement a block-structured
mesh. The finite difference method was used as a discretization technique to solve ro-
torcraft simulations with immersed boundary and fluid dynamics. The load balancing
algorithm is a version of SFC applied to the orchard of octrees, resulting in increased

efficiency, especially in heterogeneous systems with mixed CPU and GPU.
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2.4.1 State of the art summary

Table 1 highlights a comparative analysis of the diverse solutions identified within
the state-of-the-art literature, visually summarizing the works as mentioned earlier by
their most important features for load balancing of multi-physics simulations, which are:
mesh type, mesh structure, presence of adaptability, discretization technique and solver,
load balancing algorithm, presence of retro-feeding physics, physics simulated, level of

specialization of the code and hardware support concerning processing units (Central
Processing Unit (CPU) and GPU).



Table 1 — State of the art summary.
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1. Immersed Boundary is a physical model to describe a body inserted into a fluid. This body can be rigid or fully deformable
(VERZICCO, 2023).

2. Rotorcraft CFD simulates physics inside the scope of rotor movement used by helicopters, drones, and other rotor-based machinery
(JUDE; SITARAMAN; WISSINK, 2022).
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CHAPTER

Many-approach Loadbalancing

This section is divided into two main subsections. The first describes the challenges
of load balancing in MFSim in its original state, and the second describes how this work

addresses these challenges.

3.1 Problem delimitation

In this section, we discuss the challenges addressed by the proposition described in
the section 3.2.

3.1.1 Mesh and Solver relation

In this work, we use the SAMR (see section 2.2 for more details) developed by Millena
(VILLAR et al., 2007) as an upgrade to the original SAMR developed by Marsha Berger
(BERGER; OLIGER, 1984). This implementation differs from the original by modifying
how timesteps are utilized in the refinement levels. Specifically, Berger’s implementation
uses one timestep for each refinement level, whereas Millena’s implementation employs a

single timestep.

Figure 14 — Example of refinement levels. L1 is the coarsest level, superposed by L2 and
L3, both finer grid levels (FREITAS et al., 2023)

The mesh is also structured in a hierarchy of levels, with the lower level being the

coarsest, superposed by other levels corresponding to the ever finer grid, the refinement
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levels. Figure 14 illustrates this level hierarchy.

The coarsest level encompasses the entire domain and is present in every core utilized
by the simulation. The refinement levels, on the other hand, are created and destroyed
dynamically as the simulation advances both in time and space and may or may not be
present in all cores (VILLAR et al., 2007). These levels are created following two rules to
reduce error propagation from the finer levels to the coarser ones: first, the border of a
finer level must be contained inside the cells from the level immediately below; Second,
the finer level must be contained inside the level bellow, except when touching domain or
process boundaries (VILLAR et al., 2007).

Figure 15 shows two meshes in which these rules aren’t observed. The mesh on the
left has one coarse level (white filled) and one finer level (blue-filled). The finer level is
not contained in the coarse level, which creates a problem for the interpolations used in
the fine-coarse level communications used by the solver, hence the rule. The mesh shown
on the right has three levels: white being the coarse, blue being the first refinement level,
and cyan being the second refinement level. Though this time, each refinement level is
entirely contained in the level directly below, the cyan level is bordering the white level
directly, which again, creates a problem for the interpolations used by the solver during
fine-coarse level operations, as these interpolations consider the level directly below (or
above) e not levels times below (or above). That is why this mesh violates the second

rule.

Gl.] GLI

Figure 15 — Left: border of the finer level is not contained in the cells of the level below.
Right: The finest level is not inside the level directly below (VILLAR et al.,
2007)

In contrast, Figure 16 shows a mesh where the rules are observed. Again, there are
three levels, but this time, all refinement levels are properly contained in the level directly
below, and no refinement level borders another level not directly below or above.

This structure, though necessary, creates a situation where it is not always possible to
divide a given sub-region of the mesh, which directly interferes with the load-balancing

capabilities, as it requires redistributing portions of the mesh throughout the cores used
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Figure 16 — Properly created nested levels considering the two rules (VILLAR et al., 2007)

in the simulation. This situation is called badpoint and describes a portion of the mesh
that cannot be divided without violating one or both of the rules discussed previously.

Continuing, we also use a solver based on the GMG, which is intrinsically integrated
into the discussed mesh structure. Generally, a GMG solver requires multiple coarse
levels to reduce the error of the solution (more details regarding this solver are described in
section 2.1.4). Thus, beyond having a base coarse level and as many as desired refinement
levels, the mesh used in this work also has additional coarse levels, created below the main
coarse level, to satisfy the solver (VILLAR et al., 2007) (LIMA et al., 2012). These levels
created below the primary coarse levels are called virtual levels and are defined by the
solver, while the main coarse level, called 1bot, is defined by the user. The refinement
levels can be determined by the user or generated by MFSim’s refinement algorithm,
considering user-defined constraints, such as the number of levels to be created and the
conditions under which they are generated. Both the main coarse level and the refinement
levels are called physical levels, with the first physical level (main coarse level) being
called 1bot and the finest level being called 1top.

Figure 17 shows an illustration of this relation between mesh and solver in this work,
presenting virtual levels, main coarse level, refinement levels, and how each one relates to
the GMG’s v-cycle.

Both the virtual levels and the first physical level (Ibot) always cover the whole do-
main, while refinement level coverage depends more on user configuration, which is case-
dependent. Usually, refinement levels cover only a few parts of the domain.

All levels are filled with control volumes, which organize the level’s grid cells and are

later used by the GMG to solve the discretized equations in the point represented by
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Figure 17 — Example of MFSim’s mesh: levels 11 and 12 are virtual levels created for
the solver. Level 13 is the main coarse level, the lbot. Levels 14 and 15 are
refinement levels, with 15 been the ltop (LIMA et al., 2012)

the control volume (more details regarding control volumes are in section 2.1.1.1). The
virtual levels contain fewer control volumes than any physical level, reducing the number
as the level distances itself from the first physical level. On the other hand, refinement
levels increase the number of control volumes as they move away from the lbot, which
usually makes simulations with many refinement levels more loaded than the ones with
fewer refinement levels.

Each level also groups control volumes in patches. These patches form the blocks,
hence the block-structured mesh, which, along with the levels, allows for mesh refinement
and the representation of more complex geometries. Figure 18 shows a graphic example

of the relation between the levels, patches, and control volumes.

Figure 18 — Left: the mesh showing the levels and control volumes. Right: same mesh,
but showing the patches (colored blocks) in which the control volumes are
grouped in each level

Another critical aspect of the mesh is the ghost cells. These cells are virtual control
volumes on the fringes of the patches and serve as a fine-coarse interface for the GMG
v-cycle relaxation and prolongation operations (see section 2.1.4 for more details) and
also for communication between cores (LIMA et al., 2012)

Figure 19 shows an example of a GMG v-cycle prolongation operation on the control
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Figure 19 — Example of GMG v-cycle prolongation in a control volume on the fringe of a
core (LIMA et al., 2012)

volume with the green point from the control volumes with black and red points of the
level below (noted by the size of the point - larger the point, lower the level). The black
points are in the same core as the green point and are directly accessed, while the red
points are in another core and are accessed by ghost cells, which transfer the equivalent

data from the other core to the current one (the core with the green point).

3.1.2 Influence over Loadbalancing

As explained in section 2.2, loadbalancing a multi-physics simulation requires redis-
tributing parts of the mesh between the used cores. This is also the case in this work,
with the addition that the structure presented in the previous section (3.1.1) must be

considered.

Algoritmo 1 WeCA
initialize weight matrix with Ibot
for every level from ltop to Ibot+1 do
for every patch in level do
for every control wvolume in patch do
map control volume to equivalent cv in lbot
increase weight of equivalent cv by 1
end for
end for
end for

In this regard, the load balancing operation begins with measuring the load. Since we
have a multilevel mesh, where computation is found at all levels, we must first account

for all control volumes throughout the mesh.
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As the physical levels are the ones with the majority of the control volumes of the
mesh, only these levels are considered in this task (LIMA et al., 2012). Additionally, since
the only physical level that can assuredly cover the entire domain is the Ibot, the weight
matrix representing the workload of the mesh is created on this level, mapping the control
volumes (in lbot) to their associated weights.

To relate the control volumes in the levels above the Ibot to the ones in the lbot, a
loop is used from the finest level (Itop) to the level directly above the first physical level
(Ibot). Then, the inner loop is used to access all patches (blocks of control volumes) in
the level. Then, another inner loop is used to access all control volumes in the patch and,
by their coordinates, relate the control volume in the current refined level to the control
volume, which is superposed in the 1bot. This relation is possible because we use a block-
structured mesh, a type of mesh in which each control volume has a sequential coordinate
in relation to each axis of the grid, and finding the coordinates of a control volume below
the current one is a matter of projecting the current control volume coordinates in the
desired level by solving an arithmetic operation (more details regarding block-structured
meshes can be found in section 2.2).

With the relation between the refined control volumes and their pairs in the lbot
established, we can start assigning the weights. To do this, all control volumes receive
a default weight of 1, with the weights from the refined levels being projected over the
control volumes in the lbot they cover. Thus, the weight of a covered control volume
in lbot is the sum of its weight (which is 1) and the weights of all control volumes that
superpose it. This causes the covered control volumes (in lbot) to greatly increase their
weights, allowing the later load balancing algorithm to identify areas with more control
volumes and, therefore, more load in the mesh. This execution flow is summarized by the
algorithm 1, and a visual example of a weight matrix generated by this algorithm in a

3-level refinement mesh is provided by figure 20.
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Figure 20 — WeCA (b) generated from a 3-level refined mesh (a) (LIMA et al., 2012)

With the weight matrix generated, the RCB (more details to this algorithm are in sec-
tion 2.2) implementation on the library Zoltan (BOMAN et al., 2012) (ZOLTAN, 2025) is
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than used to redistribute the weights throughout the mesh, generating a new weight matrix

which is than used to rebuild the mesh. Since the original weight matrix relates 1bot’s
control volumes to workload, the first step to rebuild the mesh is to relate those control
volumes to the new load distribution. And here, things get more difficult because the

mesh has its own rules and is intrinsically associated with the GMG’s v-cycles.

That means the load-balancing operation must create a new, redistributed mesh,
which at the same time, doesn’t produce any improperly nested levels, violating one or
both of the two rules, and doesn’t prevent the GMG’s v-cycles. This can be daunting to
achieve depending on the mesh geometry and/or the physical phenomena studied in the
simulation, as some geometries may present limitations on how many parts they can be
subdivided with, thus imposing a limit on how many sub-parts the load balancing can
safely create; And, some physics may require extra mesh elements, which may not be
adequately computed by the load balancing, or even uses a somewhat inflexible stencil
for solving the discretized equations, which again, creates another limit for how many
sub-parts can be made upon a given area of the mesh (DUBEY, 2014).

Since the load balancing algorithm only knows the weight matrix, which hides the
mesh internal structure, the RCB may try to redistribute a heavy workload area, densely
packed with refined levels. This redistribution may violate one or both of the rules,
thus creating a badpoint (more details of badpoints are defined in section 3.1.1). Since
badpoints describe mesh partitions that degrade fine-coarse interface communications,
introducing additional errors to the solver and potentially preventing solver convergence,
this situation is a critical issue. When identified by MFSim (the code used in this work),
it will result in an immediate stop to the simulation.

This poses a heavy constraint on the load balancing algorithm, as even if the RCB
manages to successfully redistribute the workload throughout the simulation used cores,
if a single badpoint is found in one of those cores, the simulation will crash.

Disabling or ignoring the mesh rules is not an option either, as they are directly
related to a serious problem that can crash the solver if not observed. Therefore, the
most common approach to this problem is to modify the badpoint recognition algorithm,
which is time-consuming and heavily dependent on the simulation. Also, a tuning in this
algorithm that works for one simulation may not work for another.

This is one of the main challenges the proposal described in section 3.2 faces.

Continuing, another problem that may happen in load balancing is related to what
we call zeroed cores.

Since Zoltan’s RCB receives only the weight matrix generated from the mesh, but
without knowing any details regarding the mesh, the balanced weight matrix may result
in some cores having not weight at all. This will generate a mesh with cores without
any level, patch, or control volumes. This usually happens when, by the load-balancing

algorithm standards, there are more cores than the actual weight in the matrix to be
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balanced. This behavior is not inherently incorrect, since load balancing algorithms are
designed to efficiently distribute load among the used cores (GARCIA-GASULLA et al.,
2020); if there is more capacity than load, an efficient redistribution of load may imply

that some cores have no load at all. The cores with no load are the zeroed cores.

Also, the behavior is unrelated to MFSim’s integration with Zoltan’s Application Pro-
gramming Interface (API) and even with the RCB algorithm. Figure 21 shows the results
of two load-balancing tests run directly in Zoltan, with both RCB and SFC algorithms
(more details for both algorithms are in section 2.2), using the same weight matrix and
having the same amount of available cores as a start condition. Both algorithms pro-
duced a zeroed core, indicating that the behavior does not depend on the load-balancing
algorithm or the MFSim use of Zoltan API.
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Figure 21 — Zeroed cores for both RCB (left) and SFC (right) algorithms on Zoltan. Num-
bers indicate the core ID of each matrix cell. Red circles indicate cells with
a higher weight on the matrix. Other colors indicate core limits.

The problem with the zeroed cores is that the mesh is designed to work with the
GMG v-cycles and having cores with no load/mesh at all, interferes with the fine-coarse
interface operations like the interpolations, relaxations, and prolongations (the last two
are part of the v-cycles - see sections 3.1.1 and 2.1.4 for more details) and ghost cells,

which require data from other cores that in this scenario, have no data at all.

Figure 22 shows an example of this situation, highlighting the zeroed cores with a black
marker. All patches neighboring the marked zone have ghost cells, which will not function
properly as they attempt to communicate with cores that have no mesh and, therefore,
no levels, patches, or control volumes to be virtualized by the ghost cells. Also, when
the GMG iterates over those patches while running a v-cycle, relaxation and prolongation
will be harmed by the malfunctioning ghost cells, which may introduce errors into the
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