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Abstract

In this work, we study the physics of a magnetic impurity coupled to several conduction
band structures (metallic band, pseudo-gap systems and semiconductors with finite gap).
However, the main focus is to explain the behavior of a system comprising a quantum
impurity, strongly coupled to a semiconductor (with gap 2A) and weakly coupled to a metal.
Using the Numerical Renormalization Group (NRG) and Anderson’s poor man’s scaling, we
show that this system (Impurity+metal-semiconductor hybrid contact), displays a reentrant
Kondo stage as one gradually lowers the temperature. The analysis of the corresponding
Single Impurity Anderson Model (STAM), through the impurity’s thermodynamic and
spectral properties, shows that the reentrant stage is characterized by a second sequence
of STAM fixed points, viz., free orbital (FO) — local moment (LM) — strong coupling
(SC). In the higher temperature stage, the SC fixed point (with a Kondo temperature T)
is unstable, while in the lower temperature, the Kondo screening exhibits a much lower
Kondo temperature T9, associated to a stable SC fixed point. The results clearly suggest
that the reentrant Kondo screening is associated to an effective STAM, with an effective
Hubbard U.g, whose value is clearly identifiable in the impurity’s local density of states.
This reentrant SIAM, or effective STAM, at temperatures below the gap, behaves as a
replica of the high temperature STAM. We show this in our results, and more specifically,
in the NRG flow diagram (obtained through NRG). The second stage RG flow, whose FO
fixed point emerges for T~ A < Tk, takes over once the RG flows away from the unstable
first stage SC fixed point. The intuitive picture that emerges from our analysis is that the
first Kondo state develops through impurity screening by semiconducting electrons, while
the second stage involves screening by metallic electrons, once the semiconducting electrons
are out of reach to thermal excitations (T' < A) and only the metallic (low) spectral weight
inside the gap is available for impurity screening. For all parameter ranges analyzed, we
find through the NRG results that Txo < Tk;. Last, we analyze a hybrid system formed
by a quantum impurity ‘sandwiched” between an armchair graphene nanoribbon (AGNR)
and a scanning tunneling microscope (STM). In this system, the energy gap (2A) can be
externally tuned by an electric-field-induced Rashba spin-orbit interaction. We analyzed
this system for realistic parameter values, using NRG, and concluded that the reentrant

STAM, and the second stage Kondo, is worthy of experimental investigation.

Keywords: Kondo Temperature, Critical Coupling, reentrant Kondo,

reentrant SIAM, Armchair graphene nanoribbon



Resumo

Nesse trabalho, estudandos a fisica de uma impureza magnética acoplada a varias bandas
de condugao (banda metalica, pseud-gap e semicondutora). Porém, o foco principal do tra-
balho é explicar o comportamento de um sistema constituido por uma impureza quantica,
fortemente acoplada a um semicondutor (com gap 2A) e fracamente acoplada a um contato
metalico. Usando Rernoamlizacao de Grupo Numérica (NRG) e poor man’s scaling no
Modelo de Anderson, mostramos que para esse sistema (impureza+metal+semicondutor),
exibe um estagio repeticio do efeito Kondo a medida que diminui gradualmente a tempe-
ratura. A andlise do correspondente Modelo de Anderson de uma tnica impureza (SIAM),
através das propriedades termodinamicas e espectrais da impureza, mostra que o estagio de
repeticdo é caracterizado por uma segunda sequéncia de pontos fixos STAM, Orbital Livre
(FO) — Momento Local (LM) — acoplamento forte (SC). No estagio de temperatura mais
alta, o ponto fixo SC (com uma temperatura Kondo Tk1) € instével, enquanto o segundo
Kondo tem uma temperatura Kondo Tk muito mais baixa, associada a um ponto fixo SC
estavel . Os resultados sugerem claramente que a repeticao esta associada a um STAM
efetivo, com um pico de Hubbard U.g, cujo valor é claramente identificavel na densidade
de estados local da impureza.Esse SIAM efetivo para baixa temperatura, que chamamos
de repeticio do SIAM, se comporta como uma réplica do STAM de alta temperatura. O
fluxo RG do segundo estagio (obtido através do NRG), cujo ponto fixo FO emerge por
T ~ A < Tk, assume o controle assim que o RG flui para longe do ponto fixo SC instéavel
do primeiro estagio. A imagem intuitiva que emerge de nossa andlise é que o primeiro estado
de Kondo se desenvolve por meio da blindagem da impureza por elétrons semicondutores,
enquanto o segundo estagio envolve a blindagem por elétrons metalicos, uma vez que os
elétrons semicondutores estao fora do alcance das excitagoes térmicas (7' < A ) e apenas
os elétrons metdlicos, dentro do gap estao disponiveis para a blindagem da impureza. Para
todos os intervalos de parametros analisados, através do NRG encontramos Txo < Tk .
Por 1ltimo, nds analizamos um sistema hibrido formado por uma impureza ‘imprensada’
entre uma nanofita de grafeno armchair (AGNR) e um microscépio de tunelamento de
varredura (STM). Nesse sistema, a energia do gap (2A) pode ser externamente alterada por
um campo elétrinco induzido por interagdo spin-orbita Rashba. Analizamos esse sistema
para parametros realisticos, usando NRG, e concluimos que a repeticao do SIAM, e o

segundo estagio Kondo, pode ser investigado experimentalmente.

Palavras Chaves: Temperatura Kondo, Acoplamento Critico, repeticao do

Kondo, repeticio do SIAM, Nanofita de grafeno armchair
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1 Introduction

Unraveling the physics of a many-body interacting system is always a challenging
task. Despite simplicity form of mutual interactions between pairs of its constituents,
collectively, the system ofttimes behaves in an unexpected manner. This fascinating
facet of nature has been beautifully discussed in a seminal paper by P. W. Anderson [3].
The archetypal example, in condensed matter physics, is that of the ground state of
the many-body Kondo problem [4, 5, 6]. Experimentally observed in the thirties, the
Kondo effect remained incognito until the sixties, when the Japanese physicist J. Kondo
explained the phenomena [4]. The phenomena consist of a collective dynamical screening of
a localized magnetic moments embedded in a conducting material. The antiferromagnetic
coupling between the localized magnetic moments and the spins of the itinerant electrons
renders a singlet-like many-body ground state in the system. The characteristic energy
associated to this phenomena is related to the so called Kondo temperature Tk, below
which the screening takes place. Originally, observed in bulk material doped with iron
[7, 8], later on the Kondo effect have been investigated in a variety of different systems
such as magnetic atoms on metallic surfaces and quantum dot (QD) coupled to conduction
electrons [9, 10, 11, 12].

The comprehension of the physical mechanisms underlying the Kondo screening was
important to understand magnetic properties in many materials. In nanoscopic systems,
the Kondo effect plays a pivotal role in transport properties, which is relevant to electronic
devices [13, 14, 15, 16, 17]. For example, in single electron transistors [18], when the
Kondo effect takes place, the system exhibits an resonant many-body electronic level
that is responsible for the electronic transport across the device. This dramatic effect in
the transport properties nanoscopic systems has profound implications in technological
applications [19]. More recently, renewed interest in the Kondo effect has been noted in

the context of topological materials such as topological insulators [20, 21, 22, 23, 24, 25].

To explain the Kondo effect, J. Kondo proposed a Hamiltonian describing the main
spin-flip scattering processes involved in the phenomena. Later on, it was shown that the
Kondo Hamiltonian could be derived from the more general Anderson model in the regime
in which charge fluctuations are suppressed [26]. It is unfortunate, however, that it is not
possible to solve the Anderson model in an exact manner. The reason is that the coulomb
interaction term together with the infinite degrees of freedom of the conduction electrons
in the Hamiltonian result in a rich and complicated many-body problem, to which there is

no known exact solution.
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Nevertheless, the Anderson model can be investigated using different techniques
and approximations, such as Green’s functions method [27], a slave bosons in mean-field
approximation [28], non-crossing approximation [29], perturbation theory [30], etc. As we
mention above, one interesting strategy to address the Kondo effect is to derive the Kondo
Hamiltonian from the Anderson model. Even though this approach simplifies the problem,
the resulting Kondo Hamiltonian is not yet exactly solvable. The advantage, however, is
that within the Kondo model we can employ more easily the scaling analysis, a technique
that allows us to obtain some relevant physical quantities of the problem, such as the
Kondo temperature [31]. In some particular case it is also instructive to apply scaling
analysis in Andereson Model [32]. Despite the usefulness of the many approximation
solutions for the Anderson and Kondo models, they fail to properly describe the ground
state of the system. To properly address the Kondo problem, Wilson developed a very
powerful numerical renormalization group (NRG) method capable to properly tackle the
Kondo problem [6, 26, 5].

A renormalization-group analysis of the single impurity Anderson Model (STAM) [6,
26, 5] shows that the system crosses over three different fixed points as the temperature is
lowered: (i) the unstable free orbital (FO) fixed point, in which the impurity is effectively
decoupled from the conduction band, (ii) the local moment (L.M) fixed point (also unstable),
where the impurity acquires a highly fluctuating magnetic moment, and (iii) the stable
strong coupling (SC) fixed point, in which the magnetic moment of the impurity becomes
fully screened by the electrons of the conduction band. The SIAM, so to speak, provides a
rich, although the simplest, description of the Kondo physics in QQDs. The scenario presented
above represents a generic picture of the physics of the STAM, which remains qualitatively
valid, provided the density of states of the conduction electrons exhibits no special features
close to the Fermi level. Richer Kondo physics can be found if the conduction band exhibits
structures such as a pseudo-gap or zero-energy peaks, like van-Hove singularities. These

features have been studied in great detail by several authors [33, 34, 35, 36].

It is known that the Kondo effect is strongly dependent on the character of the
conduction band to which the magnetic impurity is coupled [33]. A richer Kondo physics
emerge when the conduction band exhibits some structures near the Fermi level. For
instance, in pseudo-gap systems, in which the conduction band density p(e) of states
depends on the energy ¢ as ", with 0 < r < 2, there is a critical Kondo coupling below
which there is no screening [37]. Also working with pseudo-gap system, Cheng et al. [32]
found the STAM fixed points using poor man’s scaling in Anderson Model.

An interesting, but less studied situation, is the case in which the conduction
band is that of a semiconductor, i.e, a spectra characterized by a finite gap A. Beyond
conventional narrow-gap semiconductors, examples of such a gapped material encompass

trans-Polyacetylene [38], also Dirac insulators [39] and the armchair graphene nanoribbon
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(AGNR) [40, 41, 42, 43, 44]. The richness of the Kondo physics resulting from the interplay
between Tk and A has been studied since almost three decades ago using a variety of
numerical and analytical techniques. For instance: Quantum Monte Carlo (QMC), by
Takegahara et al. [45, 46] and T. Saso [47], poor man’s scaling, 1/N expansion, non-
crossing approximation (NCA) and QMC, by Ogura and Saso [48], equation-of-motion
plus Hartree-Fock, by Cruz et al. [49], density matrix renormalization group (DMRG),
by Yu and Guerrero [50], numerical renormalization group (NRG), by Takegahara et
al. [45, 46] and Chen and Jayaprakash [51], Density Matrix NRG (DM-NRG), by Moca
and Roman [52], as well as perturbation theory and the local moment approach, by Galpin

and Logan [53, 54].

The earliest results pointed to the existence of a Kondo ground state (a SC fixed
point) whenever A < A., where the critical gap A, should fulfill the relation A, < Tk,
being Tk defined as the Kondo temperature for A = 0. However, NRG results [45, 51, 52]
have indicated that a finite critical gap A, only exists away from half-filling, while at
half-filling any arbitrarily small gap (i.e., any A > 0) results in the ground state becoming
a doublet, i.e., switching from the standard Kondo-singlet SC fixed point (for A = 0) to a
doublet LM fixed point. This qualitative difference (half-filling vs. away-from-half-filling)
has been confirmed by analytical calculations [53] and a local-moment approach [54], where
it was shown that the ground state away from half-filling is a so-called generalized Fermi
liquid, while it is a non-Fermi liquid for all finite values of A at half-filling. In addition,
DM-NRG calculations [52] studied the quantum phase transition (QPT) occurring away
from half-filling for A = A, and showed the formation of a single bound state when the
system is in the SC regime (A < A.), and the formation of an additional one once the

system transitions to the LM regime (A > A,).

In this work we, investigate the Kondo effect in a physical system that is a slightly
different model from the one already analyzed in the studies described above, as it is
composed of a QD [or a quantum impurity (QI)] that is strongly coupled, on the right, to
a semiconducting lead (with a gap 2A) and, on the left, weakly coupled to a metallic lead
(see Fig. 1). We aim at comparing the results from the poor man’s scaling analysis to the
NRG approach obtained for the system as it is composed of a QD that is strongly coupled,
on the right, to a semiconducting lead and, on the left, is weakly coupled to a metallic
lead. More specifically, we want to compare two quantities: the Kondo temperature Ty
and the critical Kondo couplings J., obtained from the semiconductor conduction bands
with gap by the two approaches. In addition, we want to explain the unusual behavior of
this system for energy scales below the gap and propose a real system where this can be

observed.

The main result of this work is obtained by poor man’s scaling (PMS) and NRG
analysis, of the appropriate STAM for modeling the first system mentioned in the preceding
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Figure 1 — Schematic representation of a QD coupled to a metallic lead (left) and to a semi-
conducting lead (right). The metallic lead is represented by a flat density of states
pu(w), while the semiconducting lead is modeled by an energy dependent density
of states pg(w) characterized by a gap 2A. D is a cutofl energy and represents the
bandwidth of conduction electrons and is taken as our energy unit.

paragraph, reveals, as one lowers the temperature, a sequence of two Kondo stages. Both
are characterized by sequences of STAM fixed points (FO-LM-SC), where the higher
temperature SC fixed point, characterized by a Kondo temperature T, is unstable, while
the second stage has a stable SC fixed point and has a much lower Kondo temperature
Txs. We dub the lower-temperature Kondo-state as a ‘reentrant Kondo state’, which is
associated to an ‘emergent’ effective SIAM, with an effective Hubbard U.g, in contrast
to the ‘bare’ STAM associated to the first stage Kondo effect. Our findings have been
theoretically investigated in a realistic system composed by a quantum impurity coupled
to an armchair graphene nanoribon and to an STM tip suggest that the reentrant Kondo

state can be experimentally observed.

This dissertation is organized as follows: In chapter 2 we discuss the appropriate
models for the magnetic impurity coupled to a conduction band like the Anderson model
and the Kondo model. In chapter 3, using the PMS, we find the scale equations for each
of the models mentioned. In chapter 4 we defined the model for the impurity coupled to
more than one lead, in addition we find the scaling equations for our system composed of
an impurity coupled to a semiconductor-lead and weakly coupled to a metallic-lead. In
chapter 5 we show the NRG calculations for our system and for AGRN system, and in In

chapter 6 we conclude this work.
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2 Models for magnetic impurities coupled to

structured conduction bands

The Kondo effect results from unusual scattering mechanisms of conduction elec-
trons in a metal due to magnetic impurities. These scattering processes renders a term in
the electrical resistivity that increases logarithmically with temperature as the temperature
T is lowered. These mechanisms can also be used, more generally, to describe many-body
scattering processes from impurities or ions having quantum mechanical degrees of freedom
compatible with those of the conduction electrons. In this more general sense, these
mechanisms have become a key concept in condensed matter physics in understanding the

behavior of metallic systems with strongly interacting electrons.

A

[} Kondo effect
(&)

c

]

-
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$ Normal

o

Superconducting

>
Temperature

Figure 2 — (red) Schematic representation of the resistance curve observed when the conduction
electrons are blinded by the magnetic impurity. This behavior can be observed in
systems that have magnetic impurities. In these systems it is possible to observe a
resistance minimum as the temperature decreases and this is the first experimental
evidence of the Kondo effect. (green) Schematic representation of the resistance curve
observed for ‘normal’ metals and explained by the phonon scattering mechanism.
(blue) Schematic representation of the resistance for superconductors metals where
the resistance drops to zero below a critical temperature, this phenomenon is
explained by the mechanisms of Cooper pairs. Figure retired from [1].
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For conventional conductors, the resistance should decrease gradually, since the
temperature decreases, scattering due to phonons are suppressed [55]. In superconductors,
on the other hand, as the temperature decreases, there is an emergent stable ground
state, called superconducting state, in which all the conduction electrons form the so
called Cooper pairs [56]. In the case of Kondo problem in turn, a third scenario, different
from the previous ones, is observed. At high temperatures the electrons in the conduction
band have enough energy to ignore the presence of magnetic impurities. However, as the
temperature drops, the electrons in the conduction band start “feeling" the magnetic
moment of the impurities in the material, coupling antiferromagnetically to it. As the
temperature further decreases, these electrons form a cloud around the impurity forming,
coectively, the so called Kondo singlet state. Electrons far from the Kondo cloud are more
efficiently scattered, resulting in the enhancement of the resistance. This rather complex

situation is explained correctly through the spin scattering mechanism.

Experimental observation
-+ Theoretical prediction

Resistivity

Tk Temperature (K)

Figure 3 — Schematic of the resistivity graph for metal with Kondo Effect. The divergences
between the predictions are significant at low temperatures, close to the characteristic
temperature Tk where the resistivity minimum is observed. Figure adapted from
W. J. de Haas and G. J. van den Berg, Physica vol. 3, page 440, 1936.

To better understand the Figs. 2 and 3, here we will discuss briefly the resistiv-
ity,without going into the details of the calculations. The resistivity as function of the
temperature 7', in the low-temperature regime, can be written as the contribution due to
Fermi liquid properties, phonon scatterings plus the contribution due the scattering by
magnetic impurities in metal. In the first two mechanisms leads to terms depending on
the temperature as 7% and T° [55]. However, as explained by Kondo, the contribution to

restivity by the spin-flip mechanism is logarithmic [4]. So the total contribution to the
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resistivity is given by

kgT
R(T) = Ry |1+ aT?+ BT° —vIn (ngFﬂ, (2.1)

where «, § and ~ are parameters that depend on the material. For small temperatures,
the logarithmic term in equation above increase as the temperature decreases, explaining

the resistivity minimum observed in the Fig. 3.

2.1 Anderson and Kondo Model

To understand the behavior of a magnetic impurity coupled to the conduction band
and also the scattering mechanisms responsible for the Kondo effect, we start with the

single impurity Anderson model (SIAM) described in second quantization as

HA = Z €dd:r7dg + Und¢nd¢ + Z é’:‘kUCLUCkg + Z (ngdicko + H.C.) . (22)
o ko ko

Here, di creates (annihilates) an electron with energy €4 and spin o in the quantum
impurity and CLU creates and electron with energy ¢y and spin o in the conduction band.
In the above, ng, = d?ﬁdt7 is the number operator. The conduction band is characterized
by a density of states p(w) = pof(w)O(D — |w|) in which D is the band width, p, is a
normalization factor and f(w) is a general function that describe the shape of the density
of states. For example, in the flat band f(w) =1 or in a pseudo-gap systems f(w) = w"

and in semiconductor f(w) = \/L%@(\w\ —A).

The Kondo regime manifests itself at low temperatures and when the impurity

has a localized magnetic moment. In the Anderson model, the impurity is represented
by a quantum dot and only has the resulting localized magnetic moment if the impurity
have one unpaired electron, this is true only in the single level case. Thus, to recover this
regime through the Anderson model, we will use the general Hamiltonian projection in

the single occupancy subspace using the projection operators.

As already mentioned, in the Anderson model the magnetic impurity can assume
three states of occupation. The empty state, where there are no electrons in the impurity,
the single occupation where there is only one electron (with spin up or down) and the
double occupation, the impurity has two electrons (one up and one down due to principle

of Pauli’s exclusion).

A comparison of the energies associated to these occupations of the impurity is
represented by Figure 4. The energy of the single occupancy level is represented by Ej,
while the energy difference between the double and single occupation state is 5+ U, where
U is the Coulomb repulsion. Thus, if the energy of the singly occupied state is much lower

that the energy of the empty and doubly occupied state, then the impurity will prefer to
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2€d

Figure 4 — Schematic representation of the impurity states and their energy. In the empty
state |0), where there are no electrons in the quantum impurity is represented by
Ep = 0 in energy scale. The single occupation |1,) have one electron with spin
o (up or down), this state is represented by Fj in energy scale and is extremely
important in the Kondo physics since in this setting the quantum impurity has a
resulting magnetic moment. Other case is the quantum impurity with two electrons,
the double occupation state |2) with energy Eo. The double occupation have one
electron spin up and one spin down by Pauli exclusion principle.

be in a single occupation state in low-energy, a necessary condition for the Kondo effect to

take place.
For the impurity in a single occupied state and at low temperatures, we can use
the Kondo Hamiltonian described by

HK = Z&kgCLockU + Z Jkk’ [SZ (CI{TCk'T — C;ch,ck’i) + S+ClT(¢Ck/T -+ S_CTkTCk’J . (23)
ko kk’

Here, Jy y is called Kondo-like coupling. A Hamiltonian like (2.3) was proposed by Kondo
in 1963 [4], It was latter shown that it can be derived by performing a Schrieffer-Wolf
transformation [5] to the Hamiltonian (2.2). However there is another way to do this
transformation, a simpler one, using the approximation where the impurity is in a single
occupation. To do this, as already commented, we will project the Anderson Hamiltonian

in the single occupancy subspace to find the effective Kondo Hamiltonian.

2.2 Relation between Anderson and Kondo models

To show the connection between the Kondo and Anderson Hamiltonian in a
little more detail, let us write the Anderson model in the occupation representation [see
Hamiltonian in (2.4)]. In this representation, we will use the basis (in bracket notation)

|0) for empty state, |1,) for single occupation with spin o, and |2) for double occupation.
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The resulting Hamiltonian on this basis reads

Hoy Ho1 Hopo
Hocc: HIO Hll H12 s (24)
H20 H21 H22

where the matrix elements H;; are found by projection operators F;,

H;j = PHAP;. (2.5)

The term H;; in the Hamiltonian connects the occupation subspace |i) and the
occupation subspace [7). In another notation, the impurity state can be represented by
the number of electrons up and down so that the state |ng+,nq4,) where ng4 is the number

of electrons up and ng4 | the number of electrons down.

To find the matrix elements we need to define the projection operators for each
sub-space as
o= (1= nap)(1 —nay),
Py =ng + ngp — 2ngngy, (2.6)
Py = nging,.
Note that if one apply the operator P; in the state |ngq,nq,) the results will be 6y, . 1n, i,
this can be easily confirmed by operating the operators in the possible states.
The matrix elements in Hamiltonian (2.4) can be found by equation (2.5) using
the projection operators (2.6) in the Anderson model. After applying the projector and

some manipulations, we find matrix elements

Hoo = Zsk,ank,aa

k,o
H01 == Z Vlj(l - nd,E)CTkpdm
k,o
HO2 = 07
(2.7)
Hl]. = Z €d —'I_ Z 8k,O’TLk,O' (1 - ndyﬁ)ndp',
o k
His = Z Vk*nd,aCLgda,
k,o
H22 = <2€d +U + Z €k,0'nk,0'> NdgNd,o-
k
As expected, these Hamiltonians are Hermitian H;; = HZ*j In the Anderson Hamil-

tonian (2.4), the magnetic impurity can not migrate from empty state to the double
occupation directly, then the matrix elements Hyy and Hy are zero. The elements Hyg,
Hy; and Hys represents, respectively, the Hamiltonian with eigenvalue of energy Ej for the

empty state, E for the single occupation and Es for the double occupation. In addition,
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the expected value of the term Hyy ((Hp) = Ep) at temperature 7' = 0 is exactly the

energy of the Fermi level e = 0.

Now that the Hamiltonian elements have been found, we can use the time-
independent Schrédinger equation WH,.. = EW¥ (where W = [thg, 11, 15]7 in matrix
form and E is the energy of the quantum impurity) to isolate the contribution of the

Hamiltonian in the sub-space of single occupation (1 Hog = E1)y),
Hey = Hi1 + Hio(E — Hoo) " Ho1 + Hia(E — Hop) ™' Ho. (2.8)

It is clear that the first term in the effective Hamiltonian (2.8) represents the energy for a
single electron in the quantum impurity. However, the second and third terms are more
subtle. The second term carries information about the influence that the empty state has
on the single occupancy, the matrix element H;q creates one electron in quantum impurity
and annihilates one in the conduction band, and (E — Hyy) ™! is the projection of the empty
state into the single occupancy. Then, we can conclude that the second term represents
the virtual process caused by the presence of the empty state in the single occupation
state. Similarly the third represents the virtual process caused by double occupation in

the single occupation state.

As discusses above, in the appropriate condition for the Kondo effect to occur,
the quantum impurity has a resultant magnetic moment from the unpaired electrons
(single occupation state) in the low-energy regime. In this case, the quantum impurity
has energy close to the energy for a single occupation state F ~ E; = g4 and |g4] >
1264 + U + (Hoo)|, |[{Hoo)|, then |E| > |(Ha)|, {|Hoo)|- Since the terms (E — Hy) ™' and
(E — Hy) ™! not commute with Hyy and His we need a strategy to solve this. But for now,
to simplify the second and third terms of this effective Hamiltonian the familiar geometric

series expansion is used,
1 Hoo
E—H —
( o) =g Z < E ) ’ 29)
1 & /H '
)t = 3 ()
One way to solve this problem is by transferring all operators from left hand side
to right hand side. In case of the term Hyo(E — Hy) ' Hp; (see equation (2.8)) we can
transfer all operator in Hy, to the right, for example. To this end, we write Hio(E — Hgg) ™

as
Hio(E — Hoo) ' = Vi(1 — naz)dl cxo (B — Hog) ™. (2.10)

ko
Note that the operator ¢y, does not commute with (£ — HOO)_l. We then use the fermionic

anticommutation proprieties of the operators and the geometric series defined by (2.9) to
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simplify the problem in ¢y, Hog = (Hoo + €k )cko- After this, it is easy to show that

1
€4 — €k

E—H00—€d
€d — €k

ko (E — Hop) ' = {1 + }_1 Cko- (2.11)

Differently from the previous case, the operator (1 — ngz)d} appearing in equation

(2.10) commute with Hgg, so we can transfer this operator directly to the right hand side

(1 - nﬁ)dicka(E — Hoo)_l =

1 |:1_E—H()0—Ed

-1
1 — ngz)d! o 2.12
— 0] (). (212

Ed — €k
Putting all the terms together and after some manipulations, we find the complete term

in effective Hamiltonian (2.8) that describes the virtual process caused by the presence of

the empty state in the single occupancy state as

Vi
Hio(E — Hoo) 'Ho1 = Z kX

F(Ek, 5d)dlcka(1 — nﬁ)(l — ndg)CLJ/dU/. (2'13)
kK oo’ €d — €k

—1
Here we have defined F(x,y) = (1 - m) . This operator F(x,y) itself has no

z—y
physical meaning and is only inserted here just to simplify the equations.

Similar to the previous case [the second term in effetive Hamiltonian (2.8)], the
third term Hio(F — Hay) 'Hy can be found by transferring all operator in His to the
right. To do so, we write Hio(E — Hyo)™! as

Hiy(E — Hyp) ' = Vingsel d,(E — Hy) . (2.14)

ko

The operators CLU and d, not commute with (E — Hy)™!, then we use again the fermionic

anticommutation proprieties of the operators and the geometric series defined by (2.9) to
simplify the problem in CLUng =(2644+ U+ Hy — ek)cfmndanﬁ. After that and some

algebraic manipulations we obtain

1 E—ecq— Hypl™!
P d(E—Hyp)'=—— — |1 =2 =4 7700 I d . 2.15
ko U( 22) Ek—e’fd—U 8d+U—€k ko Uolldz ( )

The complete third term in effective Hamiltonian (2.8) that describes the virtual process
caused by the presence of the double occupation in the single occupation state is
—Vio Vi

Hial B~ H) Hy = 3 o

kk’oco’

F(8d + U7 gk’)cLla/dU’nd?ndEdl—ckU; (2.16)

where the operator F'(x,y) has already been defined.

In the low-energy regime and considering all the previous discussion, the quantum
impurity has energy close to the energy for a single occupation state E = g4, the electrons
and holes that participate in the physics of the problem are close to the Fermi level ¢ ~ 0
and (Hyy) =~ 0. As the differences in energy are |4, |e4 + U] > 0, in the operator F(z,y),
the term E — g4 — Hoy =~ 0 which leads to F(ex,eq), F'(eq + U, ex) = 1.
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Another way to solve this same problem is by transferring now all operators
from right hand side to left hand side in equation (2.8). In doing this, one have to go
through similar algebraic laboring as before. However, we will find small differences with
the equations (2.13) and (2.16). Note now that these terms are not Hermitian [(2.13)
and (2.16)], and this is a big problem because the effective Hamiltonian must be Hermitian.
To overcome this, the symmetrization of the terms in (2.13) and (2.16) are necessary.
The procedure to do this is simple, we just do an arithmetic average of the result obtained
through the two choices (transfer all operator from right to the left or the opposite). After
symmetrizing the second and third complete and Hermitian terms in effective Hamiltonian

are found by
Hio(E — Hyo) "Hoy1 =

D

kk’co’

Vi Vi
2

1 1
dT 0—1— el ]._ e T/ /do-/,
<5d_5k + 4 _51(’) oCk ( LA )( nd,a’ )Cka
(2.17)

Hiy(E — H22)_1H21 =

>

kk’/oo’

+ / /do—/ e 5dT o
2 €qa+U—¢ex e4+U—¢p o oM o770 Ck
(2.18)

Replacing the equations (2.17) and (2.18) in equation (2.8) we obtain the effective
Hamiltonian which captures the essence of the Kondo phenomenon. During the algebraic
manipulations we need to pay attention to the terms ngng = 0 and ngy + ng = 1,
since all these calculations are only valid in the regime where the QD is in LM fixed
point (single electron in QD with spin 1 or |). Is also necessary to define the operators
St = d¥d¢, ST = d$d¢ and S* = $(ng — ngy). After some manipulations we find the

effective Hamiltonian by

V 2
Ha = Hi +3 canas + 5 2 S~ il e, (2.19)
7 k €47k kg
where,
Vi VA 1 1 1 1
Wi — — kYK ( n n n ) , (2.20)
4 Ed — €k Ed — €k’ 8d+U—€k 8d+U—€k/

The first term above is the Kondo Hamiltonian [see equation (2.3)]. It is easy to understand
that the first term is exactly the Kondo Hamiltonian, since it was used to explain the
phenomenon for the first time and works well. The second and third terms in effective
Hamiltonian (2.19), only re-scale the reference energy, and the last term in effective
Hamiltonian are scattering potentials, then this terms do not have any importance in the

scaling procedure since the main physics of the problem is within the Kondo Hamiltonian
Hy.
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In addition, we find the effective coupling Jyi in function of €4, U and Vj. The
term Vi is what in Anderson’s model connects the electrons in the conduction band to
impurity. This term is localized, assuming that the conducting electrons couples to the
impurity very close to it, thus in the k-space it is approximately constant. Remember that
all this analysis are valid at low energies so that the energy of the conduction electrons
are close to the Fermi level (|eg4] > ey, e and g4 + U > ey, e). With this in mind, we

can write

Vi Vie 1 1 1 1
Jiw = <— - + + > ;
2 €4 — €k Ed — €k’ €d+U—€k €d+U—€k/

1 1
:V2<— )zJ.
v €d+€d+U

(2.21)

Within the conditions described in the previous paragraph, we can write the scattering

potential term Wy, as

V? ( 1 1 )
Wi =W ~ —— [ — . 2.22
Kk 2 €d + eqa+U ( )
In the particle-hole symmetry ¢, = —U/2, observe that this term vanishes. Thus, within

the scope of this work, even considering the scattering potential, this term does not

contribute to the physics of the problem.

Now that we have the models at hand, we can use the poor man’s scaling analyses
to obtain the behavior of the effective parameters (scaling equations), for the Anderson
Model or the Kondo Hamiltonian. These scale equations will give us valuable information
about the behavior of the system magnetic impurity and conduction band in certain
regimes. Some of this information is the Kondo temperature T and the critical coupling
Jo.
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3 Some theoretical approaches to the Ander-

son and Kondo models

3.1 Poor man’s scaling

In physics, most of the know phenomena occur at some specific energy scales. In
other words, the phenomena are commonly described adequately within certain important
energy ranges, so that processes involving other energy scales can be safely discarded. This
is not always the case, the Kondo problem is one example in which all energy scale matter.
We are then interested in processes occurring at low energy regime, but are affected by
all the energy scales of the problem. The question is how to get there from the model
formulated in high energy scales. The main idea is that, instead of giving importance to
the fine details of the high energy model, one can reach the properties at low energies by
monitoring the behavior of the system by slowly reducing the energy scale. This idea of
elucidating the low-energy universal behavior is achieved by the so-called renormalization
group procedure, which consists of two steps [see [57] and figure 5 to the Poor man’s

scaling general ideas|:

o 1- Rescale the energy cutoff A — A/b, where b > 1, and integrate out the degrees
of freedom in the energy range. This will result in the change of the Hamiltonian

H(A) — H'

o 2- Rescale the energy scales back so that £ = bE’ and the new Hamiltonian
H(A/b) — bH'.

SA SA

[ |

Figure 5 — Representation of the energy scale and general idea to Poor man’s scaling. High
energy states are removed and considered in a pertubative way.

Removed states
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Following the idea of the renormalization group discussed above we will discuss
how to eliminate the high energy states of the system. The way is to integrate on the
corresponding degrees of freedom whose energy lie within an interval A € [D — §A, D].
The Hamiltonian will depend on the energy scale D — 6A and will take the form H(A),
with the effective parameters. In particular for Poor man’s scaling, after removing the

high energy states, the Hamiltonian is not re-scaled back to the initial scale.

3.1.1 Poor man’s scaling in Kondo Hamiltonian

In 1970 Phillip Anderson derived an approache called Poor Man’s Scaling, which
consists of eliminating in a pertubative mode the high energy excitations [58]. For simplicity
we use the effective Hamiltonian (2.19), deduced for QD coupled with just one lead. The
effective Hamiltonian found has four terms. Note that with the exception of the first term,
all others do not cause spin-flip (scattering mechanism relevant to the Kondo effect). Thus,
they represent only potential scattering or an overall shift of the reference energy and do
not renormalize the term of coupling that we are interested in. Then, for this work we will
consider only the Kondo Hamiltonian term in effective Hamiltonian H = Hg to the Poor

man’s scaling analysis.

Following Anderson’s idea, we eliminate high-energy fluctuations using the scatter-
ing matrix formalism (T-matrix), which describes the scattering of an electron from an
initial state |ko) in a final state |k’c’). The scattering matrix as a function of energy can

be written up to in second order as,

T(E)=) (Hk’k/ + > Hyo(E—Ho) 'Heyw+ Y, Hgw(E- Ho)lHk’q> ’
k.’ ge {eq<0} g€ {eg>0}
(3.1)

where Hy y represents each term of the effective Hamiltonian. ¢, is the energy associated
with the quasi-momentum vector g of the high-energy electrons. If £, > 0 then the energy
level is far above the Fermi level (the empty state state is most probable ng, = 0), in the

opposite case it is far below e (the double occupancy state is most probable ng, = 1).

The second term in T-matrix describes the hole-type scattering within the high-
energy sector of the Hilbert space and the third term the particle-type scattering within
the high energy sector. These scattering processes are represented in figure 6. In figure 6(a)
an initial particle state |ko) scatter into the impurity spin represented by the letter A (ST,
S~ or S%) and then propagates to the second scattering in the impurity spin represented
by the letter B (ST, S~ or S*) and leaves with a final state |k’o’). Figure 6 (b) represents
hole-type scattering. In this case, we have an electron in a state that can be scattered with
spin-flip for a final state |k’0’) and a hole remaining that will be annihilated by an initial
state |ko).
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Figure 6 — Feynman diagrams representing the contributions up to second-order scattering
processes for the general case. (a) represents scattering of the particle-type. An
initial particle state |ko) scatter into the impurity spin and leaves with a final state
|k’c’). (b) represents hole-type scattering. In this case, we have an electron in a
state that can be scattered with spin-flip for a final state |k’c’) and a hole remaining
that will be annihilated by an initial state |ko). Figure adapted from [2].

Omne strategy to solve the scattering matrix [T-matrix in (3.2)] is to use series
expansion in the term (E — Hy) ! and transfer all operators from the left side to the right
of that term, as was done previously. The same considerations to simplify the terms were

also used, then we can written the T-matrix

1 1

T(E)=Hk+)Y_ ( > HygHow + )

k' \ge {zg<0} 5k ~ €a qe {eg>0} €4

Hq7k/Hk7q) . (32)
After a very long algebraic manipulations the equation becomes as

T(E) = Hg <1 - 2qu: %) = Hg <1 + %J) , (3.3)

q

where we have conveniently defined

6J =—=2J%)" L (3.4)
q Ca

The equation above is the simplified version of the T-matrix, after taking into
account all the considerations already mentioned, and also considering the conduction
electrons is close to the Fermi level (ex, e ~ 0 and |g,| > 0). Note that the scattering
matrix has the same form of the Kondo Hamiltonian Hy, but with a difference in the
coupling term ¢J. The term ¢J represents the change in the effective coupling term that
the Hamiltonian acquires when a small piece at the extremities of the conduction band is

removed.

To find the equation for the effective coupling we must sum over all degrees of
freedom g. This can be done by integrating (change the variable £, — A) over this small
piece of the conduction band [A — JA, A], and multiplying by the density of states p(A).

As a result, we obtain

o0J
oln A

= —2p(A)J2, (3.5)
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which is called the f-equation [equation (3.5)]. In the limit that § — 0 then § can be

replaced in the equation by d and we can use the mathematical tools of Calculus.

One of the fixed points of the Hamiltonian in the Kondo problem is called the
strong coupling limit and happens when the coupling term diverges (J — 00). In this case,
the impurity forms a singlet with the electrons of the conduction band and the Kondo
effect occurs. To find this fixed point we must integrate the S-equation in the direction of
the high energies for low energies to the point where the coupling diverges (J(A*) — o0).

At this point, we can estimate the Kondo temperature by A* ~ Tk.

The simplest case is for a flat conduction band p(A) = 1/2D, upon integrating the

f-equation from D a lower limit A* where J(A*) — oo, we find the estimate for T

T ~ De 7. (3.6)
In particle-hole symmetry pgJy = 22 (see equation (2.21)) and for metallic conductor
(flat band) py = 55, then this equation can be written by

U
Tk ~ De 8. (3.7)
This equation is very similar to the one deduced by Haldane in 1978 [59]. In Haldane’s
work, he finds an estimate of T using a scaling procedure in the asymmetric Anderson
Model. Something remarkable is that the procedure used is very close to the poor man’s
scaling in the Anderson Model that will be shown in subsection 3.1.3. Within more general

considerations, Haldane arrived that Tk can be estimated by

Ty _xv
Ty ~ D,/UQ% . (3.8)

We could come to a conclusion close to Haldane’s if we use the scattering matrix (T-matrix)
in third order, but that is not the focus of this work.
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3.1.2 PMS example: Pseudo-gap systems

Pseudo-gap or gapless are systems that exhibit a particular behavior where the gap

between conduction and valence band is zero. As already mentioned, the density of states

(r+1)
2Dr+1

example the application of the poor man’s scaling, we want to briefly explore the physics

is the normalization factor. As an

has the general form p(A) = po|A|", where py =

of a magnetic impurity coupled to this type of conduction band. Within this approach
we can estimate, for instance, the Kondo temperature Tk (similar to the previous one
with the flat band) and also the critical coupling Je below which no Kondo screening is

possible.

In analogy to the case of the flat band we start from the S-equation (3.5) and
replacing the pseudo-gap density of states po|A|”, upon which we find the differential

equation for J as
—— =2pyA""dA. (3.9)

We can solve this equation by direct integration in the range A* < A < D with the initial
condition J(D) = Jy,

1 1 A 200
) =2 / AN = 2O — D), 3.10

<J(A*) J0>  Jp ,l ] (3.10)
Again, in the Kondo regime the coupling term diverges [J(A*) — oo, a condition that
provides us with A*. Remembering that this quantity is usually taken as Tk, then we

estimate the Kondo temperature for pseudo-gap as

T Dr. (3.11)

T NA*:D{l— ket
K T—|—1J0

Besides that, it is not difficult to show that at the limit » — 0, this equation becomes the
equation deduced for the metallic flat band (3.6).

Imposing the condition that A* must be within the region defined by finite density
of states (since without electrons in the conduction band the are no strong coupling limit),
something curious happens: this condition leads to a restriction in the values of J; for the

Kondo effect to occur, namely

rD

O<AN' <D&s Jy>Jo= )
0 ¢ r+1

(3.12)

We can write this result in another way. Defining pf, = D" pg, we can show that 2p{Jo = r,
and this result is already known in the literature for pseudo-gap systems [see [32] for more

details about this system].
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3.1.3 Poor man’s scaling analysis to the Anderson Model

Following Cheng et al. [32], we perform a poor man’s scaling calculation on our
Hgsiav. Application of the poor man’s scaling to Anderson Model is similar but has small
differences than the Poor man’s scaling calculations to the Kondo model. Now, the strategy
to find the renormalized parameters of the Anderson Model (2.2) U, Vi and &, is to use
second order non-degenerate perturbation theory. We start with the many body stats in
simplified notation for the many-body states (number of the electrons in quantum impurity)

10), |1,) = di|0) and |2) = didL|0). However, the many-body state in it’s complete form is
\ndT—i—ndi;...nka...), (313)

where ny, is the number of electrons in conduction band with energy ey and spin o.
Without losing any information, the Anderson model (2.2) can be separated into two terms
Hy and H' where

U
Hy = Z (Ednda + 2ndanda) + ngnkoa (3.14)

o ko
describes the impurity and conduction band decoupled from each other and is diagonal on
the chosen base (|ng+ + n4y; ...Nko-..)). In this procedure the pertubative term H' is the
hybridization term in Anderson Model (2.2),

H' = Z delckg + vk*CLodU‘ (315)

ko

Before proceeding with the calculations let us brief discuss some basic properties
of the Hamiltonian H,. This Hamiltonian is basically the sum of the impurity energy and
the conduction band. As such, at temperature T" = 0, the conduction band states with
energy below the Fermi level (ep = 0) are completely filled and the conduction band states
with energy above are completely empty (this is the ground state of the conduction band
Hamiltonian). The energy for the quantum impurity levels has already been discussed
and herewith the conduction band we can conclude that the many body state at zero

temperature together with their energies are

’0>(0) :>E(()O) = < <Z gknka> >’
ko T

=0
3.16
1)O =SB0 = B9 4 o, (3.16)

2)© =SB0 = EO 425, 4+ U
At this point it is useful to define the vector k= for the electrons with energy ey- < ep
and the vector k™ for the electrons with energy ey+ > ep.

In second order non-degenerate perturbation theory the state |m) with energy FE,,

is changed to the state |m) with energy E,, due to the presence of the perturbative term
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H'.
m) = pmy+ 3 ) 4 o)
n#Em —m n
: , lE ) (317)
E,n=E_ + (m|H'|m) +n;n E L +O(V?).

The idea is to use the same concepts in the Anderson Model (Hy+ H') on the basis defined
by (3.13) to find the many body states (|0), |1,) and |2)) corrected by the presence of the

coupling between the quantum impurity and the conduction band.

We start the calculations with the empty state |0). In Anderson Model, the empty
state subspace is not connected to the dual occupation subspace, since in the Anderson
Hamiltonian the quantum impurity can exchange only one electron at a time with the
conduction band. Thus, using (3.17) to empty state we can find the term corrected by the

pertubative term |0),

- 10)(0)
B =0+y s LU

0
o o"{ny,n} E(() ) — 1

(1o|ewror|15) )
=0+ > Y Ve ) + o).
o o'"{ny n} o' {ng} o — M~

1) +O(V?),
(3.18)

Note that a sum in the occupancy number for the conduction electrons ({ny,~}) has been
added. This is necessary since any combination of the distribution in the conduction band
is an eigenstate of the Hy. One should not forget that, at zero temperature the conduction
band levels above the Fermi level are completely empty so ckxgl\lg/>(0) annihilates one
electron in the state k/ with spin o’

~ 10,...n ol e 101,...71 /01—1...
0) =100 +3 3 > _vk< k (|0) K >|10,...nkgu...) +O(V?),
o o"{ny n}o'{ng} EO - El

_Vkéaa’éa” U’5n (ngrne—1) 2
SO0+ Y3 et ba )0 4 o),
o o {ny n} o' {ngr} E(g()) - (E§0) + ‘Ek’)

(3.19)
then only electrons with k’ € k™~ contribute to this expression above. After replacing the
sum in {ny,} for k we can finally write the state |0) as

R

—— o |o) O + O(V?). 3.20
okek- €4 T el (3.20)

The energy of this state Ey can also be found through the procedure described in (3.17)
using second order pertubation theory. As has already been discussed, the empty subspace

is only coupled with the single occupancy subspace, so the corrected energy E, can be

written as

- 0 |(1o|H'|0) |
Ev=ES+Y % o
o o"{ny,n} EO - El

o Ull{nkj.l/} 0 1

+0(V?),
(3.21)

+O(V?).
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Observe now that the term (1,/H’|0)(”) has already been resolved. We can then use this

to obtain

WP

€4+ |ek| OV (3.22)

kek—

Unlike |0) and |2), the single occupancy state |1,) is connected to the empty state

and the dual occupation state. These calculations are very similar to those performed

previously for state |0), so less details will be shown for the next ones. As in the previous
case, using (3.17) to the single occupation state we can find the corrected state |1,) by

(0] H'|15)" (2[H'|15)"

L) =11+ > 0+ >
o' {ny 1} E£ ) EO o' {ny,rm} Ef()) - EQ
0 Vie(2| ey 7[2)”

cT,, (0)
— )0+ Y Y Vi (0lciryr[0) 0n- Y ¥ -

(0)
o'{ny n} o' {nygr o} El - EO o'{ny n} o' {nygr } El - E2

2) +O(V?),

12) +O(V?).

(3.23)
As previously discussed at zero temperature the conduction band are completely empty
above the Fermi level and below are completely filled. The term cf,,|0)©) create one
electron in the conduction state k’ with spin ¢’. But an electron can only be created if
this state are empty by the Pauli exclusion principle. As a result, in the first term only
electrons with k’ € k* contribute to this calculation. The term ¢,,—|2)(® annihilates one
electron in the conduction state k/ with spin ¢’, but this state must have electrons to be
annihilated. Therefore, in the second term only electrons with k/ € k= contribute. After
this considerations and some math manipulations we can write the state |1,) as
Vi

Z 7Cka|0 Z m%l%“’) +O0(V?). (3.24)

1) = 1)@ +
kek+ £d T x| kek-

The energy of this state E;, again, using (3.17), can be written as

VA 2
By = Eé)+&?d+27| CH
kek+ Sd lex] kek—

_ME +0(V?) (3.25)

gq+ U+ |eg] ' '
Alike the empty state, the dual occupation state |2) is not connected to the empty

state subspace. Then using (3.17), we can find the corrected state |2)

(1o|H'|2)"

+ZZ ()El

11 E
g o {nk //} 2 1
,)(0)
oiy oy oy Dldagla)® g

(0)
g O'N{TLkU//}O'/{TLk/U/} EZ - El

]‘Cf> + O<V2)7
(3.26)

The term ck, —]0)(© create one electron in the conduction state k’ with spin o’. But an

electron can only be created if this state are empty by the Pauli exclusion principle.Then,

at zero temperature, only electrons with k’ € k* contribute to this calculation. From these
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considerations we can write the state |2) by

~ oVt
D=2+ 5 T + o) (3.27)
while the energy E», can be written as
Ey=E" +2,+U -2 > &4—0(‘/3) (3.28)
2 0 ¢ eq+ U — |ex] ’ '

okekt

Now we have the corrected states |0), |1,) and |2) and the energies corrected E,
Fy and F,. We a ready to derive the scaling equations for the effective parameters U, &,
and Vi. For the last, the scaling equation shows that Vi = Vi + O(V?) [see Ref. [32]]. The
differences in energy levels for impurity have been discussed previously in the section 2.1,
so we know that the energy difference between the single occupation and empty state
is By — Eo = £4. In addiction the difference between the dual occupation and the single
occupation states is By — By = &5 4 U. Using the equations (3.22), (3.25) and (3.28) we
find

. |VA? |VA? |VA?
EqREg — _ = —_— D— 3.29
@l k§+ —a + |ex] k%; eat+U+lex] 5 et e (3.29)
and
UrU-+2 Z&_Z&_ZﬂJrzﬁ_
o —eat e (SheatU—lad  (Gleatlad S eat U ekl

(3.30)
Where &, is the effective energy for one electron in quantum impurity and U is the effective

Coulomb repulsion.

The next step is re-scaling the equations (3.29) and (3.30) as described in Figure 5.
For a small piece of the conduction band removed |§A| = D — A the summations can be
approximated by Yyei+ g(ex) = g(A)p(A)0A and Fyer- g(ex) & g(—A)p(—A)OA where A
is the new bandwidth. Assuming Vi real and k-independent Vi &~ V| we can rewrite the

above equations as

~ p(A)[V ’2 p(=A)]V ‘2 p(=A)[V ’2
—eg = — + 2 A 31
Ed Ed [ iy y e A ) 5 (33 )

and

U_Uzzvmmw_ PMIVE p(=MIVE | p(~M)VP

—eg+A eq+U—A gqt+ A eq+U+A

] SA. (3.32)
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When removing a second piece of the conduction band, the previous equations are
re-scaling by replacing eq — &4, U = U, 4 — &4 — 084 and U — U — 6U. For simplicity,
we can insert the hybridization function T'(A) = 7|V [?p(A) we find

52, 1[T(A)  T(=A)  _T(=A)
4 _ = -~ — 2 3.33
oA W[A—§d+A+§d+U A‘I—gd ’ ( )
and -
o0 _2[ T() | T TN TN ] -
oA T A—éd A—Ed—U A+€d A+U+€d

At this point we have the scaling equations for the renormalized parameters, J for
the Kondo Hamiltonian and U, &, [ obtained through the poor man’s scaling procedure.
In the next chapter we will apply these scaling equations to the main problem of a magnetic

impurity coupled to a gapped band, which we are interested in.
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3.2 Numerical renormalization group

Poor man’s scaling is a very useful approach to obtain certain properties of the
system at energy scales larger than the Kondo temperature. Beyond that point, the
effective coupling constant diverges and the theoretical predictions cannot be trusted.
Therefore, we need another method to obtain information below the Kondo temperature
scale. Numerical Renormalization Group [NRG, created by Kenneth G. Wilson in the
1970s [6]] is a convenient method that allow us to investigate the renormalization flow to
energy scale down to the Fermi level. The basic ideas of NRG [see Refs. [60, 61, 62, 63] for

more details] can be summarized in the following six steps below:

1- Logarithmic division of the conduction band. This was the first step in the
derivation and the most important one, allows handling the logarithmic divergence
mentioned in The Kondo Effect. The conduction band is split into intervals that

decrease towards low energies: +[A™""1 A™"], where A > 1 and n is an integer>=0.

o 2 - Fourier expansion of each interval, using orthogonal basis functions that are zero

outside the interval.

e 3 - Approximating the impurity orbital by using only the Wannier orbital centered on
the impurity. It turns out that the impurity couples directly only to the fundamental
harmonic, the other terms couple only indirectly through the first term and decouple
in the limit A — 1.

e 4 - Lanczos tridiagonalization: Wilson chain. The previous step ended up with the
impurity coupled to a p = 0 term for each interval, in order to be able to solve
it iteratively, it is tridiagonalized using the Lanczos algorithm. This results into a
semi-infinite chain (the so called Wilson chain) in which the impurity couples on to
its first site. The nearest neighbor couplings within the chain decays as A=/ (for

large n). This ensures a energy scale separation at each step.

e 5 - The renormalization group transformation A recursion relation is obtained:
Hyyi = VAHy + AN/? E(tlefg,NH + h.c.) that allows to define a renormalization
(o2

group transformation Hyi1 = R(Hy).

o 6 - Iteration with truncation of the eigenvalues and eigenvectors. Because the Hilbert
space grows exponentially one cannot keep up all states and energies while new sites
are added, a truncation scheme is applied. The high energy states that are discarded
do not affect the low energy states that are added. Each step corresponds to an

energy scale associated to a given temperature.
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4 Results: Scaling equations

Our quantum impurity problem consists of an interacting quantum impurity (QI)
coupled to a metallic lead, as well as to a semiconducting contact (see Fig. 1). The effective
density of states (DOS) seen by the quantum impurity, is also depicted in the left panel in
Fig. 1, where it is clearly shown that there is a residual DOS around the Fermi energy,
coming from the coupling of the QI to the metallic lead. The system is described by a
Hamiltonian Hsiam = Himp + Hs + Hy + Hiy, whose first term is given by

Himp = > eadldy + Unginay, (4.1)

where di (d,) creates (annihilates) an electron with energy 4 and spin o =1, | in the QI,
ngs = did, is the QI occupancy, and U represents the Coulomb interaction. The leads are
described by

HS/M: Z 5akcl:kgcak0a (42)

ko
a=S,M

where ¢!, (Cqxo) creates (annihilates) an electron with momentum k, energy e, and spin
o in the metallic (a = M) or in the semiconducting (a = S) lead. Finally, the QI-leads
hybridization is given by

Hugp = > (Vakdf,caka + H.c.) , (4.3)
ko
a=S,M
where Vi represents the hybridization matrix element that couples the impurity either to
the metallic (e = M) or to the semiconducting (a = S) lead. Here, we assume that the
metallic lead is characterized by a flat DOS py(w) = (1/2D)O(D — |w|), where D is the
half band width (© is the Heaviside step function), while the semiconducting-lead DOS

(schematically shown in Fig. 1) is given by

w
ps(w) = Po/—wi _’ Ao
1
2_

Here, 2AA is the semiconducting gap and pg = ;== is a normalization factor [see [38]].

O(|w| = A)O(D — |w]). (4.4)

Assuming V, =V, to be k-independent, for simplicity, the hybridization functions are
defined as, T'y(w) = 7V2p,(w) (for a = S, M).

The Kondo physics in our model, for I'g = 0, corresponds to the traditional STAM,
which has been extensively studied over the last decades. Experimentally, the Kondo
physics for magnetic impurities adsorbed in metallic surfaces has been studied through

low-bias transport spectroscopy using an STM tip weakly coupled to the impurity. In
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our setup, the metallic lead serves not only to represent the STM tip, but also plays an
important role in the NRG calculations, as it introduces a small, but finite, hybridization

function at energies inside the semiconducting gap 2A (see Fig. 1).

In this work, we focus on the regime in which the QI is so weakly coupled to
the metallic lead, in comparison to its coupling to the semiconducting lead, i.e., [['y <
FgO) = I'g(D)], that any possible Kondo screening generated by conduction electrons in
the metallic lead will occur at temperatures much lower than those associated to possible
Kondo screening occurring through electrons in the semiconducting lead. For our analysis
in what follows, it useful to define I'g = I'y; + F(SO) R~ Fg)), since 'y < Fg)). For the sake of
completeness, in this chapter we present a preliminary analysis, using Anderson’s poor

man’s scaling [58, 5], highlighting the interesting interplay between Tk and A.

Similar to what has already been done in Chapter 2, we can find an new effective
Hamiltonian considering the impurity in the single occupation regime. Note now that all
calculations of Chapter 2 were performed for an impurity coupled to a one lead only [see
‘traditional’” Anderson Model in (2.2)]. But it can be easily generalized to two or more
leads by replacing the indexes and summation in k to indexes and summations in a, k,
where a represents the lead. Then the general Kondo Hamiltonian for the QI coupled to
two or more independent leads can be written as

Hg = Y fakoChiCako + Y Juraer [S* (ChirCaret = el Care)
ako KK’/
+S+Clk¢0ak’T + S‘cZchakxi} . (4.5)

where as already mentioned, our quantum impurity problem consists in a QD coupled to
the metallic (a = M) and the semiconducting (a = S) lead. In addiction the coupling term

can be written now as

1 1
LD::%QC— ) 4.
(D)= Vol (= + (4.6)

Remember that here, the magnetic impurity is weekly coupled with the metal such that
Js > Ju . So, under these condition, this model is close to the “traditional” obtained by
(2.19). Moreover, since Jy << Js, the poor man’s scaling analysis will break down before
the Jy; affect the renormalization flow. Therefore, we can use the scaling equation for the
coupling J (that was obtained in the equation (3.5)), replacing J with Jg
dJs
dinA
where Js(D) can be obtained by (4.6).

_2p(A)JS27 (47)

So in this part, we will study the magnetic impurity coupled to only a semiconductor
band with gap finite gap 2A between conduction and valence band. The density of states
has the form (4.4), but the same analyzes can be done for any type of conduction band,

changing only the complexity of the approach.
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Replacing the form of density of states for this semiconductor band (4.4) in the
[-equation (4.7) and integrating in the range A* < A < D, we obtain
1 1 A O(A = A)
— + = -2 AN ———==.
Js(A*) " Js(D) P Jy B Al

For this system there are no electrons in conduction band above the Fermi level if

(4.8)

temperature is smaller than the gap T' < A. Hence, it is expected that there is no strong
coupling limit if T is less than the gap. With this in mind, integrating the equation (4.8)
for A* < A renders

1 1

® A
_ - _9
Js(A) T J(D) ”O/D

1
VA A?

where K (A, D) is a constant just as Js(D). So m must be in general case a non zero

— K(A, D), (4.9)

constant. Then, there is no strong coupling limit in this case.

However, if A* > A we can find a regime with temperature between the A and
Tk so that the Kondo effect sets down (unstable strong coupling fixed point). We can
investigate this with the equation (4.8) by imposing the strong coupling in A* by setting
1/Js(A*) to zero in Eq. (4.9), obtaining

A" A* /A2 — A2
— = —2pp At —2p0In il . (4.10)
Js(D) D VA2 A2 D+ +/D? — A2

Upon manipulating the equation (4.10) to isolate the A*, finally, we can estimate the

Kondo temperature for this semiconductor band as

1 A?
T ~ AN == (DO +/ D — A2> e ™ 4 et (4.11)
2 Do + /D% — A2
Here the exponent N is given by
Ry = (4.12)
' 2p0Js(D)’ '

We can clearly see that in the limit where the gap goes to zero, the density of state for this
system tends to behave like a flat band and the corresponding expression for Tk obtained
as well (3.6).

As mentioned before, A* needs be in range A < A* < D, to Kondo regime occur.
Using this in the equation (4.10) we find a range for the values of Js(D) > Je so that the

strong coupling limit can happen with

-1
Dy ++/D§ — A?
Jo = [2;)0 In ( ° 0 ) . (4.13)

A

The Js(D) = Je is the minimum coupling for which the Kondo effect can occur. Js(D)
can be found by equation (4.6) in terms of the Vg, e45 and Us.
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Note that it has already been discussed, but we need to pay attention to the fact
that the ground state for this problem is not the Kondo singlet. The Kondo effect can
occur only for energies between the gap A and Txk. This result is different from what
we found for the ‘traditional’ Kondo problem, where the system continues in the Kondo
singlet all the way to 7" — 0. Then, in our problem the Kondo singlet is a transition state,
called unstable strong coupling fixed point. For energy below the gap, the impurity is

expected to be decoupled to the conduction band in single occupancy state.

Although the results obtained are interesting, the Kondo Hamiltonian is not able
to explain the FO fixed point regime, since we obtained this model by imposing that the
system is in LM fixed point. So, for this type of analysis it is more appropriate to use the
scaling equations U, &; and V obtained by poor man’s scaling for the Anderson model. In
the particle-hole symmetry regime, £, = —U /2, and for conduction band hybridization
function with even symmetry I'(A) = I'(—A), we can unify the equations (3.34) and (3.33)

in a single equation

dU 16I'(A) U
d\N 7w 4AAN2 U2

(4.14)

Following the idea already discussed above, we can generalize this equation to two or more
leads by changing the hybridization function I'(A) by >, T'w(A), where a represents the

lead under consideration.

Despite its apparent simplicity, we have not been able to find an analytical solution
to equation (4.14). We provide instead a numerical one, shown in Fig. 7 (red curve). The
red curve shows the solution U (A) for the equation (4.14). Given the low-order perturbative
approach in derivation of equation (4.14), it cannot provide quantitative accurate results,
as it expected to be rigorously valid for A > U, T [64]. In particular, it is known that
Eq. (4.14) is unable to describe correctly the physical regimes if I' > A > U /2 [32], however
it shows that U rapidly decreases with A.

It is well-known that in the Anderson Model at temperature T' > U the electrons
in the system are in a FO fixed point (were the QD states |0), |14), |1;) and |2) are equally
likely) since the electrons have enough energy to overcome the Coulomb repulsion. This
occurs in the plot of the Figure 7 when A > U, T. As the temperature decreases, eventually,
T < U and now the electrons in QI states feel the Coulomb repulsion and the state of
one electron occupation (|14) or |1;)) are more likely. In other words, the QI are in a
LM fixed point. According to Cheng et al. [Ref. [32]], this occurs where U > A, T. Also,
if ' > A > U, then the system can be in a mixed-valence state or in a strong coupling
regime. Using the Eq. (4.11), we can estimate the Kondo temperature Tk ~ 1073. At that
point, the system QD and conduction band form a characteristic singlet (SC fixed point)
where the effective coupling J — oo. Note that in equation (2.21), the effective coupling J
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Figure 7 — Renormalized parameters of the STAM: U (red) and T' (black) obtained by applying
Anderson’s poor man’s scaling to the SIAM. Bare parameter values used were
U=05 A=107 Ty =105 and I's = 0.05. Blue dashed line shows A for a
better comparison to the other curves. The point where A becomes larger than T
and U indicates that the system reenters the mixed valence regime.

can be rewritten in terms of the effective parameters as

J~ |V|? <—~i+ — ! ) (4.15)
Eqa E,+U
If U — 0 the effective coupling J — oo, which is consistent with the results of Fig. 7.
Using only the above discussion, we can conclude that the system is in a Kondo singlet, at
least for the temperatures within range between Ty and A (T > A > A). Now, let us
look closely at the energy range 10°° > A > 1079, In this range, A > ' > U. The reader
my ask the question whether, in this situation, the system not behave like FO fixed point?
Unfortunately, the PMS analysis is not able to answer this question, since the perturbation
technique fails to describe the system in the SC fixed point. We, therefore, need a more
powerful tool that solves the problem in a non-perturbations way. The ideal technique is

the NRG, already introduced in the previous chapter.
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5 Results: Numerical Renormalization Group

Approach

The renormalization analysis presented so far was very useful to grasp a general
qualitative idea of the interplay between the various parameters of our system model. For
a deeper quantitative understanding of the underlying physics, in this chapter we use
the NRG method, introduced in chapter 3. All NRG calculations was performed using
the NRG Ljubljana code [see [62] and [63]]. The NRG can numerically solve the Kondo
problem using the Anderson model or the Kondo model itself and find thermodynamic
properties at any temperature scale. We chose to use the Anderson model to find these
properties since we want to understand the physics of the system from the energy scales of
the order of the conduction band all the way deeper below the gap. To obtain the results
within the NRG we set the bandwidth of both semiconductor and metallic contact as
D =1 as our energy unit. Moreover, for simplicity we set Kz = A = 1 so temperature is

also given in unity of energy D.

5.1 Thermodynamic properties for I'y; =~ 0

Here we want to discuss the case where the impurity is coupled only with the
semiconductor-lead. To do this, in this section, we set U = 0.5, g4 = —0.25 and I'yy = 1071°.
We also want to compare the results obtained by the poor man’s scaling in the Kondo
model and discuss how it helps understanding the NRG results. Having a clear picture of
the physics discussed in this section is very important to understand the main results of

this work which will be presented in the next section.

To understand the various fixed point of the system within the NRG calculations,
it is very useful to analyses the impurity entropy Simp vs temperature 7'. The contributions
of the impurity to thermodynamic properties, such as Sinp, are defined by the difference
between this properties with the impurity and without it. In statistical mechanics we
can prove that the entropy at zero temperature is In(m) (in units of k) where m is the
degeneracy. If the state is a singlet the entropy goes to zero, this is the case of the Kondo
effect where the impurity forms a singlet with the electrons of the conduction band. In the
local moment regime (one-electron with spin up or down) this state represents a doublet
and the entropy goes to In 2. At high temperatures the electrons in quantum impurity are
in a Valence mixed regime where the states |0), |1;), |1;) and |2) are equally likely, then
the entropy goes to In 4.
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Figure 8 — Impurity entropy behavior for U = 0.5, g4 = —0.25, A = 10~ and different values
for I'g. The critical coupling for this case is I'g = 0.028 by Wilson’s criterion. In the
graph we note a big behavior change between I'y values 0.02 and 0.04.

In Fig. 8 we show the NRG result for the impurity entropy, as function of tem-
perature, for different values of I'y. Let us start the discussions with I'y = 0.04 (blue
circles) at high temperatures 7' > U = 0.5. This is the Valence mixed regime, in which
the electrons have energy enough to overcome the Coulomb repulsion, then the states
0), |T4), |1;) and |2) are equally probable. However, for temperatures 0.5 > 7' > 1073
the electrons in quantum impurity sense the Coulomb repulsion, then the states |1;) and
11,) are now more likely and the entropy goes to In2. In this case, the quantum impurity
has a resultant local moment, in other words, this correspond to the LM regime. As the
temperature further decreases the conduction electrons start “feeling" the presence of
the impurity. If the coupling between the electrons in impurity and the electrons of the
conducting band is strong enough (I'g > I'¢), the impurity and conduction band system
becomes a singlet known as the Kondo singlet for temperature below the characteristic

temperature known as Tk ~ 1073 (for Ty = 0.04, blue curve in the Fig. 8). Where I'¢ are

8T ¢
T U~

For the parameters used the I'c = 0.28 and it will be discussed in more detail below. We

the critical hybridization and can be related to Jo, in the p-h symmetry, by Jo =

can observe in Fig. 8, that if I'y > 0.28 (red, black and blue curves) the impurity entropy
falls significantly indicating that the onset of the Kondo singlet state. If T’y < 0.28 (pink
and green curves) the electrons in the conduction are weakly coupled from the impurity
to any temperature, but if I'y > 0.28 the behavior at the gap is the exactly what was

discussed above.
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Continuing the discussions of Fig. 8, we can estimate the Tx ~ 10~7 for I'y = 0.02
(green curve) by Eq. 4.11. But, as previous discussed in chapter 4, if Tx < A has no
Kondo screening. Below the gap, there are no electrons in the conduction band, then
if temperatures is less than A, the system have a abrupt change in the “number” of
conduction electrons. Thus, the electrons in quantum impurity are decoupled to the
conduction band in a doublet state (|14) and |1;)). In this case, for ['y = 0.04 (blue curve)
the singlet are destroyed and the system returns to the LM fixed point and the entropy
always goes to In2 (we can see this at temperatures T' < 10~%). However, for temperatures
in the range 107® < T' < 107°, that’s not exactly what happens. Note that in this range,
something like 7' > U occurs, a second Valence mixed regime (a second FO regime). Also
in the Figure 8 we note the FO and LM regimes appear to be repeated below the gap
for many curves (red, black and blue curves). So, a question arises: Is Anderson’s model
repeating itself with the renormalized parameters U, V and &,? The answer is yes, and we
call it reentrant STAM.

Even though our poor man’s scaling in Anderson Model approach does not provide
a quantitative reliable result for U, it suggest us that the coulomb repulsion appearing
in the reentrant STAM should be very small, and and this is consistent to what is seen
in Fig. 7. The reentering of the system into the mixed valence regime can be understood
by comparing T' = T'(A) (black line) with A. Note that for for A < A, the effective
hybridization function suddenly drops to I'y; which is smaller the A. In the RG sense, A is
directly related to the temperature 7" of the NRG calculation. Having this in mind, we
expect the system to reenter the FO regime for A ~ A = 107°. These reasoning’s explain
at least qualitatively why the system returns to the FO fixed point shown in Figure 8
evolves as a second stage effective Anderson model, exhibiting all the expected fixed points.
Since this is a perturbative renormalization analysis, it is not expected to provide an
accurate result where the system enters into a Kondo regime, nevertheless it provides a

very interesting picture of the underlying renormalization flow.

Remember that, for technical reasons, the hybridization function cannot be zero
within the gap, so we need to put a very small but finite value. After all this discussion
one can be led to think, if we have below the gap a second SIAM (reentrant STAM) with
renormalized parameters U, V and £,. Maybe at temperature 7 < A we also have a
second Kondo regimen (with Tks < Tk1) if the hybridization function 'y, is small, but

finite into the gap. The answer is again yes! We will discuss this regime in the next section.

As mentioned in the Introduction, we know that there is an artifact of the poor
man’s scaling approach, since, at half filling, as shown through NRG and confirmed by
other methods, there is no SC fixed point for any finite gap A in the semiconductor spectra.
In the following, we will compare the critical coupling given by equation (4.13) with

the corresponding numerical results obtained from NRG calculations for the appropriate
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Anderson model. To do so, it is convenient to express J in terms of the Anderson model
parameters. Defining Féo) = 7V po, we can write Jéo) =A4VZ/U = 4F(SO)/(7rp0U), at the

particle-hole symmetric point. Thus, equation (4.13) can be rewritten as

(o2

T, = (5.1)

8

To compare the results for the semiconductor with gap obtained by Poor man’s scaling
with different values of A, for each value of A we search for a critical value T'¢, the T'©

below which the Kondo effect ceases to occur.
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Figure 9 — ['c obtained by poor man’s scaling [(red) squares|] and by NRG [(blue) circles| for
different values of A. The bare parameter values were U = 0.5 and ¢4 = —0.25. Note
that the qualitative behavior between the curves is similar, however when comparing
quantitative we observe that the NGR curve (red squares) increases more fast then
the PMS (blue circles).

In Figure 9 we plot I'c vs A for U = 0.5 (blue circles) as obtained through the
expression in (5.1) and compare it with the critical I'c: obtained by NRG (red squares). To
determine whether there is Kondo screening or not in the NRG calculations we monitor the
impurity magnetic moment kg7 ximp(7') for decreasing temperature. Following Wilson’s
criterion [5], we say that the Kondo screening takes place only if magnetic moment becomes
smaller than 0.07 as the system is cooled down. Thus, I'c is the smallest value of T'?), as
obtained through NRG (red dots in Figure 9), for which this condition is still satisfied.
The resulting I'c (as a function of A) obtained through NRG is systematically larger than
the obtained by poor man’s scaling (equation (9)). We note that there is a qualitative
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agreement between the PMS and the NRG results, showing that I'¢ increases with A. This
means that, as intuitively expected, a larger A requires stronger hybridization between
the impurity and the conduction electrons for the Kondo screening to take place. Last,
but not least, taking into account that, as shown above, there is no SC fixed point for
A < A, the NRG results in Figure 9 (red dots) do not describe the ground state of the
Vi = 0 Hamiltonian, but rather what we may call a finite-temperature-Kondo (see below)
associated to an unstable SC fixed point. As described in the Introduction, the ground

state of the Vj; = 0 Hamiltonian corresponds to a doublet LM fixed point [53, 54].
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5.2 Thermodynamic properties for I'g > ['\;: reentrant SIAM

Here we discuss effect of small, but finite, I'y. In which case, the system will
be described by a reentrant renormalized Anderson Hamiltonian (reentrant STAM) and
the conditions under which the second Kondo regime is possible. In particular, we are
interested in studying what happens to the system for temperatures below Ty, where,
again, Tx; > A is the Kondo temperature for V3, = 0 (T for a unstable SC regime). To
do this, are fixed U = 0.5, I's(D) + T'yy = 'y = 0.05 and A = 10°, in which case the first
Kondo screening is possible. Our results now rely just on NRG calculations, as the PMS
breaks down before A < A. We will see how the intriguing effective Anderson Hamiltonian
is observed as the temperature goes to zero. This assertion will become clear after we

analyze the impurity thermodynamic properties.
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Figure 10 — Impurity contribution to (a) Entropy Simp, (b) magnetic moment fipyp, and (c)
charge fluctuation AQ?, as a function of temperature for 0.0001T < T'y; < 0.001T.
Note the appearance of a second SC fixed point (for all Ty > 0.0002T) at lower
temperatures, which can be identified by an increase in charge fluctuation at
around 7 ~ 10° [panel (c)], followed by an LM regime, followed by an impurity-
band singlet formation [panel (b)] at the second SC point, with lowering onset
temperature, as I'yt decreases. See details in the text.
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In the Figure 10 we show the impurity contribution to the entropy, Simp [Fig. [10(a)],
magnetic moment, iy, [10(b)], as well as the charge fluctuations, AQ? [10(c)], as a function
of temperature for various values of I'y;. We first note that, for temperatures above the gap
T > A, we observe the traditional STAM behavior, in which the system crosses over from
the FO to the LM to a SC fixed point, as the temperature decreases. As previously discussed,
these three fixed points are marked, respectively, by entropy values Simp/kp ~ In4, ~ In2,
and 0, as seen in Figure 10(a). This is accompanied by an enhancement of the magnetic
moment fiimp, at the LM fixed point, followed by its complete suppression in the SC
fixed point, as shown in Fig. 10(b). Finally, notice also the strong suppression of the
impurity charge fluctuations AQ? (at the LM and SC points) [Figure 10(c)]. Interestingly,
all these features are independent of the I'y; value. This can be easily concluded from
the superposition of all the curves in all panels in Figure 10 in the temperature interval
10° > T > 1075. This behavior is associated to the fact that in all calculations I'y are

fixed, thus the hybridization function is always the same above the gap.

It is well-known that the thermodynamic properties presented above are character-
istic of the STAM [5]. However, for a traditional STAM, the values of the thermodynamic
quantities, for T' <« Tk, i.e., well into the SC regime, remain unchanged down to 7" — 0,
as the system would have already reached the stable SC fixed point and would stay
there. Remarkably, in the present case, when T approaches A = 1075 (from above), the
system deviates from this standard behavior, as it can be easily seen in Fig. 10, since all
thermodynamic properties have additional structures for 7' < A. Indeed, when T"— A,
the system flows to a second free orbital (SFO) fixed point, marked by an increase of
Simps Mimp, and AQ?, to values that go back to their high temperature (7' = D) values.
Further decrease of T' shows that the system crosses over fixed points that are very similar
to the ones crossed in the temperature interval 10° > T > 107°. The similarity between
the low and high temperature fixed points indicates that, for T' < A, the system seems
to be governed by an effective STAM with renormalized parameters and a much lower
Kondo temperature. Note that the extent of the plateaus in the entropy (at kpIn2) and
in the magnetic moment (at ~ 1/4) depend strongly on I'y;, showing that the second stage
Kondo temperature, denoted as T2, depends strongly on I'y;. Thus, all thermodynamic
quantities (Simp, Mimp, and AQ?mp) exhibit behavior compatible with the NRG flow of a
second stage effective STAM.

The reentrant STAM below the gap, can be understood as the same STAM model
but with renormalized effective parameter U, &; = —U /2, Iy and I'y. Through the PMS
in STAM we have evidence that the hybridization functions (I'yy and I's) are not affected
significantly in the scaling procedure. Another information given by PMS is the fall of the
effective Coulomb repulsion as the temperature decreases, despite the PMS not providing
quantitative information below Tk1, we can believe in the qualitative discussion about

these results. However by Figure 10, the second FO fixed point occur in temperature range
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1075 > T > 108, It’s expected that occur where A > T > U, then we can conclude that
the effective Coulomb repulsion below the gap is on the order of magnitude U/ ~ 10~ and
has little or any dependency with T'y. For temperatures T' < 10~% the system goes to the
second LM fixed point, until for a finite I'y; the system goes to a second (stable) SC fixed

point for temperatures 7' < Tis.

0 10 20 30 40 50 60 70O 80O 90 100

Figure 11 — Energy spectrum vs NRG iteration step N (odd). Note the fixed points in the
traditional Anderson model seen in the iterations ranging from N =0 to N = 35,
which are repeated for the higher iterations step number (N > 35), showing the
reentrance of the Anderson model behavior at low energies. The model parameters
used here are T'g = 0.05, Ty = 5 x 1074,

This unusual interesting behavior can be clearly captured from the energy flow
diagram obtained from NRG, as we show in Figure 11, for the energy spectrum as function
of NRG iteration step N (odd). The traditional SIAM fixed points are observed in the
range of iterations from N = 0 to N = 35, while the second stage SIAM fixed points are
repeated for the higher iterations step number (N > 35). For the sake of clarity, we have
shade in green the (unstable) SC fixed point and in blue shade the second (stable) SC
fixed point.
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Figure 12 — Local density of states vs energy for I'j = 0.05 and various values of I'y;. The
inset shows a zoom-in of the region of the first Kondo regime. The vertical axis
of the main panel and the inset are multiplied by «['y; and I, respectively, so
as to shown that the Kondo regimes obey their expected Friedel sum rule. In the
horizontal axis we show log;y(w) for clarity and we restricted to positive values
of w. The curves exhibit particle-hole symmetry, p(—w) = p(w), so the results for
negative energies are not shown, for simplicity.

To continue the discussions about the reentrant STAM, we now need a way to
measure U.g at NRG. One way to do that and also get further insights on the two Kondo
fixed points can be seen from the local density of state LDOS

1

™

p(w) ({dos b)) (5.2)

where ((d,;d!)), is the retarded local green’s function in the energy domain in the
Zubarev’s notation [65]. Here, p(w) is calculated within the NRG calculation [66]. Figure
12 shows 7l'yp(w) (in the main panel ) and 7lyp(w) (in the inset) vs log,, w for various
values of T'yr. Note in the main panel of Figure 12 that for Tyy = 10 *T (blue curve) we see
no Kondo peak for w as small as 1076, However for Tyt = 3 x 107 4Ty and 'y = 5 x 10 4T
(red and orange curves, respectively), the Kondo peaks pronounce fulfilling nicely the
Friedel sum rule. The small peaks observed slightly above w = 3 x 10~® corresponds to
the Hubbard peak associated to the renormalized coulomb repulsion U.g of the effective
STIAM. Likewise, the inset shows a zoom of the region of w € [1075, 1], note that curves
collapse onto each other. The highest peak corresponds to the first Kondo effect, while the
small peak above w = 10! correspond to the Hubbard peak, associated to U. Identifying

Ueg here is very useful for a fully understanding of the results of Figure 10. It is clear
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that as the temperature decreases, the system enters as second FO fixed point at T'~ A,
where I'(w) drops to I'y, in which case we have T' > T', Ueg. The system enters the second
LM fixed point when T < Uyp =~ 6 x 107%. Finally, when T goes below the second
Kondo temperature (Tg») the system reach the stable SC fixed point. The existence of
this small U.g can be understood within the poor man scaling analysis in the Anderson
model, discussed in the previous section. Note, however, that the scaling calculations
for the parameters in Anderson model by PMS are continuous, while the results found
through LDOS in NRG are discrete (only one U peak for example). Similar analyzes
were performed also by Jefferson [67] and Haldane [59] for metallic conduction bands and
latter on extended to a more general problem by Cheng Ref. [64] and [32]. Although these
analysis are limited by their perturbative character, they suggest that the renormalized

coulomb repulsion indeed decreases along the RG flow.
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Figure 13 — In(Tx2/Tk1) vs T/ for T's = 0.05. From the linear behavior of the curve e can
extract an expression Tro = Age’Al/ T,
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The value of w where the red and yellow curves of the main panel of Figure 12
cross 1/2 can be identified as the Kondo temperature of the reentrant Kondo screening,
Tyo. For a better visualization of the dependence of Tk on I'y, in Figure 13 we show
log(Tyo/Tk1) vs Ty /Ty for a fixed Ty = 0.05. The linear behavior of the curve suggest an
expression for Tro as Ty = Age A1/T™M_ While precise values of Ag A, are not important
here, the exponential behavior is remarkable as it is similar to Haldane expression for
Ty ~ e ™U/T for the particle-hole symmetric point [5]. Here the parameters Ay and A,

carry the intricate information from the renormalized effective Anderson model.
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Figure 14 — (a) Entropy vs T and (b) logyo[p(w)] vs energy for T's = 0.05, Ty = 5 x 10~% and
various values of A. We have chosen to show logy[p(w)] to visualize all the peaks,
as their height differ by several order of magnitude. Note that for A = 2x 107 (red
curve), the entropy vanishes as w — 0 while both Kondo peaks are fully developed.
However, as A increases, the first Kondo fixed point is squeezed from below, the
entropy goes to kpIn(2) as w — 0 and the second Kondo peak is progressively
suppressed.

After the form of Haldane expression works well for TroxI"y, we also need to test the
dependence of Tko with Ueg. Before we do this, we need to find a way to change the value
of Ueg. In Figure. 14 we show how these Kondo screening and the U.g change as A changes.
Figure 14(a) and Figure 14(b) show the entropy and the LDOS, respectively. Note that for
A =2x107% (red curve) the Sy, is strongly suppressed for T in the region 107> —10* and
vanishes as T' — 0, showing clearly the existence of the two Kondo screening regimes. The
LDOS, consistently, exhibits the two Kondo peaks with their respective heights 1/(7)

and 1/(nly), respectively, in the first and in the second Kondo regimes. However, for the
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other values of A shown in Figure 14 we note that the first Kondo regime is progressively
destroyed as the enhancement of the entropy around 7' = A squeezes the first Kondo
screening sets at In(2) as T'— 0. The LDOS, in turn, is progressively suppressed as A
increases, confirming the destruction of both Kondo screening regimes. Also observe the
progression of the U.g as the A increases for A=2x 10 A=2x10° A=2x10*
and A = 2 x 1072 the second Hubbard peak occurs respectively in w ~ 1078, w ~ 1079,
w ~ 107% and w ~ 1072, This dependency can be understood by the previous section
using PMS in STAM, since it is shown in the Figure 7 we show that U drops abruptly as
the temperature decreases and we can associate this drop with the magnitude of T'(A) in
equation (4.14). Notice now that below the gap T' < A, the hybridization function falls
by several orders of magnitude, or in ‘math’ words I'(A > A) > I'(A < A). So we can
conclude that U varies slowly within the gap and the smaller the A value, the lower values

U.g assumes.
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Figure 15 — In(Tx2/Tk1) vs Uesg. We expected a linear curve, like Figure 13 and then maybe we
could infer an equation for Tk like Haldane expression. However, the maximum
that can be extracted from this result is Ty = Bog(Ueg)e P1Veft, where g(z) is a
some function.

As previous discussed we know that U.g has a certain dependency with gap A, then,
to change the U value we change the A value, this dependency is shown in Figure 14(b)
through the seconds Hubbard peaks. In Figure 15 we plot In(Tk2) x Ueg, But different
from the result found in Figure 13, this curve is not linear. However, this unexpected result

is not contradictory, in fact we can conclude that the behavior of Txo with U.g is in mostly
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exponential. Then we can write Txs = Bog(Ueg)e 51Ve

# where g(x) is some function, which
unfortunately we cannot find and the parameters By and By carry the intricate information
from the renormalized effective Anderson model. Joining the information obtained through
the graphs in the Figure 13 (Txy = Age~ /") and Figure 15 (Txy = Bog(Ueg)e BrVer)
also considering that Ueg and I'y; are practically independent (see again the Figure 12).

Then we can write Txo with simultaneous dependence on U.g and I'y as

Tia = Cog(Ust, D)™ T, (5.3)
where g(x,y) is some function, Cy and C; are constants and all this terms carry the
intricate information from the renormalized effective Anderson model. Unfortunately these
results are only heuristic and we did not find anything like this equation through the
PMS, in fact we do not even know if it is possible, since in energies scale below the T

perturbative methods don’t work well.

The results shown so far are quite general and may be applicable to a variety
of gapped systems to which a magnetic impurity can be coupled to. Examples encom-
pass narrow-gap semiconductors [68], synthesized polymers [69], as well as modern gap-
engineered materials [70]. In the following, we shall discuss how the reentrant STAM
behavior emerges in an AGNR in which a Rashba spin-orbit coupling (and thus a gap) is
induced externally [71].
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5.3 Thermodynamic properties for ['y; ~ I's

Here we discuss the case where the impurity is strongly coupled to the metallic-lead.
To do this, the values of A = 107, U = 0.5, ¢4 = —0.25 and I'y = 0.05 are fixed. Remember
in our definition of I'y = I's + I'y, then for fixed T'y, we have a dependency between I's
and I'y given by I's = I'y — I'yy. This ‘small’ detail is important, since the I's ~ T’
approximation is no longer valid here. In addition, we will discuss in less detail about

thermodynamic properties, since all this discussion has already been done in previous two

sessions.
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Figure 16 — Impurity contribution to (a) Entropy Simp, (b) magnetic moment fipyp, and (c)
charge fluctuation AQ?, as a function of temperature for 10T < Tyt < T'g. Note
that the physics of the problem is the same as previews discussed in Figure 10. But
here, we clearly observe the metallic behavior if I'yy > I's. See details in the text.

In Fig. 16 we show the impurity contribution to the entropy, Sy, [Fig. 16(a)],
magnetic moment, p2  [Fig. 16(b)], as well as the charge fluctuations, @7, [Fig. 16(c)],
as a function of temperature for 10797y < T'yy < T'y. We first note that, for T'y; ~ T’y (in
red) we observed the traditional metallic behavior (the thermodynamics proprieties do
not change below Tkx), since the impurity is practically uncoupled to the semiconductor-
lead. Another case is for I'y = 0 (in black) where the impurity has coupled only to the
semiconductor-lead (the same results obtained in Sec. 5.1). For I'yy = 0.001T (in blue), the
impurity is weakly coupled to a metallic-lead and strongly coupled to a semiconductor-lead,

condition in which we have the reentrant Kondo (as explained in details in Sec. 5.2).
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However, for values in the same order of magnitude to I'y; and I's (in curves green, orange
and pink), the contribution of impurity to thermodynamic properties has a competition
between the singlet Kondo (due to the electrons in the metallic conduction band) and
the valence-mixed state (due to the presence of the gap in the semiconductor band). To
classify the impurity behavior as singlet Kondo or valence-mixed state, we use again the
Wilson’s criteria (represented by the horizontal gray line in [Fig. 16(b)]). Then, after this
considerations, for I'y > I'y; > 0.3y the impurity behavior are majority coupled to a
metallic-lead, in which the semiconductor gap A was no significant importance to the
system. And also for 0 < I'yy < 0.1 the impurity behavior are weakly coupled to a

metallic-lead.
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5.4 NRG calculations for AGNR

In this section, we discuss a plausible experimental setup consisting of a magnetic
impurity coupled to an AGNR, subjected to a tunable spin-orbit coupling, in which the
phenomena presented in previews sections may be experimentally observed. It has been
shown recently by Lenz et al. [71] that, under the influence of Rashba spin-orbit interaction
(RSOI), due to an external electric field, or induced by a substrate, AGNRs exhibit a
tunable band gap at the Fermi level [72]. In the following, we will consider a magnetic
impurity coupled to such a gapped AGNR and weekly coupled to an STM tip (see Fig. 17).
By employing a tight-binding model, combined with NRG calculations, we show that this
setup is very convenient to investigate the reentrant Kondo effect. An AGNR may be
metallic (when its width W, associated to Ny, is such that Ny = 3M 4 1, where M is an
integer), or semiconducting (for other values of N, ). The use of an intrinsic semiconducting
AGNRs for the purpose of testing the reentrant Kondo effect would be problematic for two
reasons: first, the typical gap values A that one obtains are in general large, and second,
they are hard to tune. The proposal of using RSOI to produce a small and tunable gap A
in a metallic AGNR, as illustrated in Fig. 17(b), sidesteps both problems at once.

(b)

02l—%,=00 ——3_ =-00024
—— %y = 0.0016 —— ., =0.0032
N, =47

paN

700 - :
Substrate . -0.00010 -0.00005 0.00000 0.00005 0.00010

(@)

Figure 17 — (a) Schematic representation of an N4-AGNR deposited on a substrate, with
a magnetic impurity (yellow) deposited in a top-site configuration (right above
a nanoribbon carbon atom (black), and strongly coupled to it, with hopping
amplitude V). Right on top of the magnetic impurity adatom (as shown in the
inset) is located a weakly coupled metallic STM tip, with a coupling strength
Tiip. (b) DOS for a 47-AGNR close to the Fermi level, without the impurity, as a
function of energy w, for different RSOI strengths Ar. W is the width of the AGNR
(assuming a nearest-neighbor distance a._. = 1), which depends on the number
of dimmers, N4, across the nanoribbon. Note that, as N4 = 47 = 3 x 16 — 1,
the Ar = 0.0 DOS (black curve) is metallic, while a finite A opens a gap in the
spectra.
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For concreteness, we consider a metallic AGNR, of width W = /3 (N, — 1) /2,
where N4 is the number of dimmers along the transverse direction [see Fig. 17(a) for
details]. Figure 17(b) shows the density of states pagnr(w) close to the Fermi level, for a
pristine nanoribbon, i.e., without any impurity coupled to its surface, for different values
of RSOI. We clearly see that in the absence of RSOI (Ag = 0) our AGNR exhibits a
gapless DOS as shown by the black line in Fig. 17(b). However, a finite Ar induces a gap
A around the Fermi level as shown by the red (Ag = 1.6 x 107?), green (Ag = 2.4 x 1073),
and blue (A = 3.2 x 107?) curves in Fig. 19(b), for progressively larger values of Ag. Thus,
the AGNR with finite RSOI simulates the semiconducting band coupled to the impurity,
while the STM tip plays the role of the metallic band defined in Chapter 4, introducing a
small but finite broadening of the impurity level, I'y, inside the gap.

In what follows, we have set Ty = 1.0 x 10°° (thus, fixing V4;,) and the AGNR-
impurity coupling Vo = 0.258, considering N, = 47. Therefore, we considered the impurity
position fixed at a given top-site location [73] for all the following calculations. The
resulting hybridization function, for various values of Ag, is shown in Fig. 18. To make the
region near the Fermi level (located slightly to the left of the left axis) more visible, we
plot the energy axis in log-scale, restricted to w > 0 [by virtue of particle-hole symmetry,
we have that I'g(—w) = TI'p(w)]. As expected, for Ap = 0.0 the AGNR is metallic, therefore
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Figure 18 — Hybridization function I'g(w) for vanishing Ar (black curve) and in the interval
0.004 < Ap < 0.008. The range of values of Ap was chosen in order to produce A
values monotonically increasing with Ag. The inset shows the value of T'4(0) as a
function of Ag. Parameter values are Vo = 0.258 and T’y = 1075,
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Ig(w) has a constant value (=~ 0.01) around the Fermi level. In this case, our system
behaves quite similarly to a QI coupled to a metallic DOS with a flat band. However,
for finite Ap we clearly see the formation of a small gap A, which increases with Ap.
In the inset of Fig. 18 we show how I'q(0) evolves with Agr. We note that I'y(0) has a
small residual and finite value inside the RSOI induced gap, originated from the localized

impurity state contribution, which decreases as Ap (or A) increases, eventually saturating
at To(0) =~ Ty, = 107% (or Typ).
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Figure 19 — Entropy (a) and magnetic moment (b) for a metallic 47-AGNR (Ar = 0.0) as a
function of temperature, for different values of U. Remaining parameter values are
the same as in Fig. 18.

Before studying how the induced gap affects the Kondo screening in the system, let
us first analyze the Kondo effect in the absence of RSOI, and then see how it is modified
by a finite RSOI. In Fig. 19, we show, in panel (a), the impurity entropy contribution,
Simp, and in panel (b) the magnetic moment, uizmp, for Ag = 0.0 and 0.025 < U < 0.175.
As expected, the characteristic behavior of the STAM is observed as the temperature is
lowered, namely, the crossovers from FO to the unstable LM, and then from the LM to
the SC. For small values of U, such as U = 0.025 (black curve), the LM fixed point is not
visible, as in this case the Kondo temperature becomes comparable to I', U, and the system
is close to an intermediate valence situation. The intriguing small dip in the impurity
magnetic moment, as well as in the entropy, for temperatures in the range 10° — 1072,
points to the presence of van-Hove singularities [74], coming from the quasi-1D band

structure of the AGNR, which has a small variation for the different U values considered.
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Figure 20 — Impurity entropy (a) and magnetic moment (b) for a 47-AGNR as a function of
temperature, for fixed RSOI induced gap (A = 0.9 x 10°) and different values of
U.

To see how the gap-opening introduces the reentrant STAM behavior, discussed
in Sec. 5.2, in Fig. 20 we repeat the calculations shown in Fig. 19, with the same set of
parameters, except that Ap is now finite, producing a gap A = 0.9 x 1075, For values
of U = 0.025, up to U = 0.075, we clearly see, both from the entropy [Fig. 21(a)] and
from the magnetic moment [Fig. 21(b)], the emergence of the reentrant STAM behavior for
temperatures below A ~ 10~ (compare with the results in Fig. 19 for the same temperature
range). As U increases, the Kondo temperature Tk of the first Kondo screening decreases,
so that the unstable LM fixed point becomes more pronounced (i.e., extends over a larger
interval of temperature). As a consequence, the observed decrease of Ty, as U increases,
squeezes the first SC fixed point within a temperature range A < T < Tk, and, eventually,
the first Kondo screening ceases to occur when Ty, becomes comparable to A. This is
manifested in the progressive enhancement of S, and #izmp in this temperature region
(because the first LM fixed point extends further down in temperature). It is interesting to
observe that the reentrant Kondo temperature T, decreases much more rapidly than Ty
with increasing U, as observed in the fast increase of plateau extension of the reentrant
LM fixed point. The decrease of Tk with increasing U can be understood in terms of the
Haldane expression for the Kondo temperature in the conventional SIAM [59]. From our
calculations we find that the effective Coulomb repulsion U.g increases by increasing U.

Thus, even though the Haldane expression cannot be readily applied to obtain T, it
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Figure 21 — Impurity entropy (a) and magnetic moment (b) for a 47-AGNR as a function of
temperature, for different values of RSOI induced gap (A =~ Ag). The parameter
values for both panels are I'y; = 1.0 x 107% and U = 0.05.

provide us with a good insight on why T decreases rapidly by increasing U.

Finally, we study how the reentrant STAM behavior is modified by changing the
AGNR gap. Fig. 21(a) and 21(b) show, respectively, Sy, and /’Lizmp as a function of T', for
a fixed value U = 0.05 and 0 < A < 3.3 x 10 5. After interpreting the results in Fig. 20,
as done above, where we fixed A and increased U, the results in Fig. 21 can be understood
quite straightforwardly. Indeed, by increasing A, the extension of the first LM fixed point
is squeezed from below, as Ty is now fixed (notice the collapse of all curves, in both
panels, for T > 107%), and the extent of the first SC fixed point is determined by A. In
addition, the extension of the reentrant FO fixed point plateau decreases for increasing A,
indicating a decrease in the charge fluctuations in the reentrant STAM for increasing A.
This suggests that the effective Coulomb repulsion U.g associated to the reentrant STAM
increases with A, resulting in smaller T values, which is clearly seen by the reentrant
Kondo screening taking place at lower temperatures for larger A. Finally, for A > Ty
(not shown), no Kondo screening takes place as A exceeds T, (which is analogous to say

that T'c > I'y) destroying the first Kondo stage, as discussed in Chapter 4.
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6 Conclusion

In this work, we studied the behavior of a magnetic impurity coupled to several
conduction band structures (metallic band, pseudo-gap systems and semiconductors with
finite gap). Besides that the magnetic impurity can be coupled to more than one lead.
However, the main focus is to explain the behavior of a magnetic impurity coupled with
two leads, one metallic and one semiconductor. For this reasons, we used Anderson Model
for one or more conduction bands coupled to the impurity. Then, we started by deriving
the Kondo model from the Anderson Model using the projection operators and restricting
the Hamiltonian in the conditions necessary for the Kondo effect occur, thus, we show
that Kondo Model is a particular case of Anderson Model in Local Moment regime. Using
the scattering Matrix (T-Matrix) and following Anderson’s ideas we derive the scaling
equations for the Kondo Hamiltonian known as Poor man’s scaling in Kondo Model. The
Poor man’s scaling is a perturbative method and after the long calculations to find the
[-equation is easy to get some information from the system. Only with conduction band
information and impurity energy levels we can find Jo and Tk. The results found by Poor
Man’s scaling, although limited to temperature scales above Tk and extract only some
information, are satisfactory if compared to the NRG. We use this equation to estimate
the characteristic Kondo temperature Ty for each of the described conduction bands. We
also find the conditions under which the Kondo effect can occur, known as critical coupling
Jo. However, for temperatures below the Tk we need a non-degenerate technique to solve
this problems, the ideal tool to do this is the NRG. For the metallic conduction band and
also for the pseudo-gap system, they are extensively explored in the literature. However,

for the semiconductor it has only few works.

In our calculations for the semiconductor band, in the first NRGs results we had
evidence to the reentrant STAM for temperatures scale below the gap. Then, to understand
this behavior we use the poor man’s scaling in the Anderson Model. To do this it was
necessary to use second order non-degenerate perturbation theory in STAM, then we find
the scaling equations for this parameters U, &; and I'. Next we use this scaling equations
to understand the behavior of the magnetic impurity coupled structured conduction band
and we came to the conclusion that below the gap, there could really be a ‘second’” STAM
with renormalized parameters, but the poor man’s scaling not enough. We compared the
result obtained for I'c using NRG and PMS, the results were close, with similar behavior,
but they are not identical, in fact this was not expected. We also came to the conclusion
that in this system there may be a transient Kondo (unstable SC fixed point), but the

fundamental state must be a doublet.



63

Later, we modified the system to study using only NRG an impurity coupled with
a semiconductor lead and weakly coupled with a metallic lead. In this system it is clear the
repetition of all fixed points, including a second regime of strong coupling fixed point (a
second Kondo effect occur below the gap). Using LDOS in NRG we were able to estimate
Uegt by locating the second Hubbard peak, also the second Kondo peak. In addition, we
note that U.g is independent of 'y, but is extremely dependent on I'y and A. We observed
that in this system, for finite I'y; and forming the first SC fixed point (unstable SC fixed
point), then the ground state is the singlet Kondo (stable SC fixed point). We also note
the exponential behavior of Ty with I'y, similar to Haldane’s expression. Besides that
the behavior of the Tko with U.g are also majority exponential, but carries an unknown
term that depends of the Uyg. Putting the previous information together, we found an
approximate heuristic expression for Tk, but unfortunately we can not validate this

through analytical calculations yet.

The system consisting by the magnetic impurity coupled to an AGNR, subjected
to a tunable spin-orbit coupling, in which the reentrant STAM may be experimentally
observed. For typical values of this system, we can find Tx; = 55K and Txs = 10mK. In
addition, we can find several other systems with a small gap, where this study can be
applied. Future perspective: Our finding may be useful to understand the Kondo problem
in gapped materials such as Dirac insulators [75, 76], in which the conduction band exhibit

a small gap.
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