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Abstract

The importance of gas-solid flows in industry is never overestimated, they are present

in many different production sectors and equipment. When in the vertical ascending

configuration, such flows may appear in many different patterns, but the subjects of

study in the present work will lie mainly on the fast fluidization or pneumatic conveying

ones. In the present thesis, the main subject of investigation is on the modeling and

simulation of gas-solid flows in CFB risers utilizing CFD. This equipment is commonly

utilized for the recovery of heavy petroleum fractions into more usable products such as

gasoline and diesel, and has a lot of interest from the oil companies. For this analysis,

the UNSCYFL3D code is utilized, which is an already established computational code

for the simulation of dilute gas-solid flows. The objective of this thesis is to consolidate a

new formulation in the UNSCYFL3D that is suitable also for dense flows, but keeping a

reasonably cheap computational cost. To do this, first it was noted from the literature

that the gas phase formulation has to be changed into accounting the volume fraction,

rather than using the standard single-phase equations. Another important aspect are

the particle-particle collisions. It is common that in such cases deterministic collision

approaches are used, but the increase in the computational cost may prohibit analysis in

large equipment. For this reason, in the present thesis a stochastic model that has not been

tested before for dense flows is utilized. Two formulations are summarized and presented

in the thesis, one for dilute flows and one for dense flows. Both of them are within the

Euler-Lagrange framework, with the point-particle approach. A thorough study is carried

out beforehand for dilute flows to assess some late implementations, and to evaluate up

to which point the dilute formulation is valid for dense flows. Following that, CFB riser

simulations are carried out utilizing both formulations to show the importance of the

correct modeling, and the accuracy of the stochastic particle-particle collision model in

this condition. In the present thesis, we have shown that the dilute formulation is valid for

a solids mass loading of up to 1 kgpart./kgair in horizontal flows, but up to 8 kgpart./kgair in

well-distributed vertical ascending flows. However, as in CFB risers the configuration of

the geometry encourages the agglomeration of the solids into clusters, even lower solids

mass loadings (4 kgpart./kgair) are shown to need the dense formulation. Also, a comparison

with experiments and other simulations utilizing deterministic collision approaches, show

that the the present formulation is able to correctly predict the dense gas-solid flows in

CFD risers up to 22 kgpart./kgair.

Keywords: CFB riser, CFD, gas-solid flow, UNSCYFL3D.





Resumo

A importância dos escoamentos gás-sólido na indústria nunca é superestimada, eles estão

presentes em muitos setores produtivos e equipamentos diversos. Na configuração vertical

ascendente, estes escoamentos aparecem em diversos regimes, mas os de interesse da

presente tese se classificam principalmente como fluidização rápida e transporte pneumático.

Na presente tese, o principal objeto de investigação é a modelagem e simulação de risers

de Leito Fluidizado Circulante (LFC) utilizando CFD. Este equipamento é comumente

utilizado para a recuperação de frações pesadas do petróleo em produtos mais usáveis

como a gasolina e o diesel, o que desperta muito interesse por parte das companhias

de petróleo. Para esta análise, o código UNSCYFL3D é utilizado, o qual é um código

computacional já bem estabelecido para simulações de escoamentos gás-solido diluídos. O

objetivo desta tese, é consolidar uma nova formulação no UNSCYFL3D que seja também

adequada para escoamentos densos, mas enquanto mantendo um custo computacional

razoavelmente baixo. Para isto, nota-se da literatura que a formulação matemática da

fase gasosa necessita de modificações para levar em conta a fração volumétrica, em vez

de utilizar as equações padrões para escoamento monofásico. Outro aspecto importante

são as colisões partícula-partícula. É comum que nestes casos abordagens de colisão

determinística sejam utilizados, mas o aumento no custo computacional pode tornar

esta análise proibitiva para equipamentos maiores. Por esta razão, na presente tese um

modelo estocástico que ainda não foi testado em escoamentos densos será utilizado. Duas

formulações são sumarizadas e apresentadas na tese, uma para escoamentos diluídos

e outra para densos. Ambos estão dentro da estrutura da abordagem Euler-Lagrange,

com a consideração de partícula pontual. Um estudo completo em escoamentos diluídos

é apresentado antecipadamente para que se avalie algumas implementações recentes, e

para se estimar até que ponto a formulação de escoamentos diluídos é válida também

para os densos. Seguindo isto, simulações em risers de LFC são conduzidas utilizando-

se ambas as formulações para que se mostre a importância da modelagem correta, e a

acurácia do modelo de colisão partícula-partícula estocástico nesta condição. Na presente

tese, mostrou-se que a formulação para escoamentos gás-sólido diluídos é válida para

uma carga mássica de sólidos de até 1 kgpart./kgair em escoamentos horizontais, mas até

8 kgpart./kgair em escoamentos ascendentes verticais bem distribuídos. No entanto, como

risers de LFC apresentam uma configuração geométrica que promove a aglomeração dos

sólidos em clusters, mesmo em cargas mássicas mais baixas (4 kgpart./kgair) a formulação

para escoamentos densos é necessária. Também, uma comparação com dados experimentais

e de outras simulações que utilizaram abordagens de colisão determinística, mostrou que

a formulação apresentada aqui é capaz de prever corretamente o escoamento gás-sólido

denso em risers de LFC até 22 kgpart./kgair.

Palavras-chave: riser de LFC, CFD, escoamento gás-sólido, UNSCYFL3D.
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Chapter 1

Introduction

Throughout all of its existence, mankind has copied nature. We have seen it many times.

Look at da Vinci’s flying machine using bat-like wings, or de Mestral’s invention of the

Velcro R© hook and loop for some classical examples. There are also countless examples of

particle-laden flows in the environment that an engineer can seek inspiration to. Look at

snow powder avalanches that change the shape of a landscape, the pyroclastic flow from a

volcano that changes the ecosystem around it, or the Sahara dust plume that influences

the climate in a large portion of the planet. Even Computational Fluid Dynamics (CFD),

one of the most advanced engineering tools, is not astray from nature. The simulation of

fluid flows, or particle dynamics, is the simulation of nature itself.

All the time, when the engineer does not know what to do or think, he turns to

nature and look for ideas. We have looked at the birds to design our planes, at the fish

to design our boats, at the living beings bone articulations to design our robots. This is

the engineering design process, which is only an extension to the scientific method. The

engineer, relying on the scientific method, looks up on his problem by first researching what

already exists. This research can be looking up to the nature, searching well-established

methods on books, or accessing the state-of-the-art studies on research journals. Based on

this first lookup, the engineer either uses what is already available or creates an alternative

solution using those as basis. Testing is fundamental. And after testing, a redesign may be

necessary, looking at all that research again.

In the present thesis, it may seem that we do not look up to much to nature directly.

But we do not need to look at nature for inspiration on an invention only. One may look

at it to devise a mathematical model, or a numerical approach, for example. Those on

who this thesis is based upon have done it, and those before that. Let us take a very clear
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example. In this thesis, a statistical model is utilized to account for the particle-particle

collisions. The basis of the model were proposed by Oesterlé and Petitjean (1993) and

Sommerfeld (2001), who utilized an analogy with the collisions of the molecules in a gas.

A true mimic of the nature to model another event of the nature.

The equipment and processes this thesis is concerned about are already established.

Not that there is not room for improvement, on the very contrary. We are looking for

improvement. But first, we are looking for a way to better, and faster, model such equipment

and processes. In the present thesis, the scientific method, the engineering design process,

is in the mathematical model and in the numerical approach, not in the equipment or in

the chemical process.

1.1 Background on gas-solid flows

Besides being an influential part of the nature phenomena, gas-solid flows are also very

important in the industry. They can be found in virtually all sectors of a production plant,

such as: (1) heating, in biomass heating systems where the solid fuel may be fluidized

and the ashes from the burn are transported outside; (2) transport, that can occur as

consequence of other processes or it can be used as alternative to other regular transports

of solid, see for instance the transport of grains to silos; (3) reaction, many reactions are

conducted under gas-solid flow, where the solid can be either a reagent, a product, or

a catalyst of the reaction; and (4) in separation, some examples of gas-solid separation

equipment are the cyclone, gravitational chamber, electrostatic precipitators, and others.

Gas-solid flows also appear in a wide range of solid mass loadings, from very dilute

to very dense. And the flow will behave very differently depending on this condition.

A good visual representation of the many flow patterns developed in gas-solid flows is

presented in Figure 1. At the first end, the fixed bed regime is at a condition where the

particles are refrained form moving due to a very low fluid velocity such that the drag

is not high enough. As the fluid velocity is increased, the carrier fluid starts to lift some

particles, and the bed expands. This expansion leaves space for the agglomeration of the

fluid in bubbles, as shows the second diagram. With further advance in those conditions,

the bubbles grow bigger, and can reach the slugging regime, where the bubbles of fluid

are so big that they produce small bursts of solids. A little increase in velocity and the

expansion of the bed is so advanced that it almost does not maintain itself in a state of

particles aggregation all the time.

At the other end of the schematics lie the two patterns concerned in the present

thesis, the fast fluidization and the pneumatic conveying. The former is found in risers

of Circulating Fluidized Beds (CFB’s), discussed in the next section, and the latter at

dilute pipe particle-laden flows. At the fast fluidization, smaller cohesive particle structures
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Figure 1 – Schematic diagram of the gas-solid flows patterns as function of the fluid
velocity and void fraction. From Lim et al. (1995).

called clusters, are formed at certain locations in an intermittent manner. Particles are

mostly carried upwards, but there can still be some backflow. On the very end of the fluid

velocity and porosity scale, is the pneumatic conveying regime. At this stage the particles

are fully carried out upwards, with almost no agglomeration of solids. Also, in this last

regime, the particles are very distant from each other, configuring a very dilute flow, in

opposition to the other dense flows.

It is important to note that the approach utilized to model each one of the discussed

regimes is different, and also fundamental for its correct prediction. In the fixed bed regime,

for instance, the particle contact is the dominant phenomena, and needs to be modelled

by a very physically sound model such as the Discrete Element Model (DEM). On the

other hand, the fluid turbulence is almost negligible and can be often disregarded by using

the simplest turbulence closure model available or none at all. As one moves to the right

in the direction of higher fluid velocities up to the turbulent regime, the particle-particle

collisions importance is still maintained, but the influence of the fluid closure model also

grows in importance.

While in the regime at the left end of Figure 1, the particle collisions dominate

the flow and the fluid modeling is almost unimportant, on the right end the picture is the

exact opposite: the modeling of the fluid-phase turbulence in the pneumatic conveying
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is the most influential aspect in the results. However, bear in mind that one does not

necessarily need to use Direct Numerical Simulations (DNS) for it, even the Reynolds-

Averaged Navier-Stokes (RANS) equations approach can suffice depending on the quality

of the response that is needed. Also, in this regime particle-particle collisions are almost

non-existent, such that many studies are carried out neglecting them at all, using the

so-called one- or two-way coupling. Of course that in some specific cases the collisions are

still important, but in a very lower level in comparison to the other regimes, in such way

that simpler models are usually employed.

In the middle of this spectrum lies the fast fluidization regime. In this one, there is

a mix of importance between turbulence closure and particle-particle collision modeling.

As will be shown in chapter 2, there are many approaches suitable to model this flow, from

very deterministic ones such as the Large Eddy Simulation (LES) for the fluid and DEM

for particle contact, down to RANS/URANS with stochastic collision approaches.

1.2 Problem statement

In the present thesis, the main subject of investigation is the modeling of particle-laden

flows in risers from Circulating Fluidized Bed (CFB) facilities. CFBs are equipment

characterized by a multi-phase condition where solid particles are dispersed in a gas carrier

phase. They are commonly employed when the particles that flow through the riser need

to be recovered and fed in again into the riser, such as in reactions where the particles are

the catalysts.

The literature shows that studies in CFB risers have intensified about three decades

ago. Experimental investigations are usually carried out in reduced scales and the main

evaluated characteristics are the particle phase dynamics (velocity, velocity fluctuations,

concentration, clustering) and geometrical characteristics, employing techniques such as

pressure taps, optical fiber probes, Doppler effect anemometry, particle image velocimetry,

γ-ray tomography, and electrical capacitance. Together with the experimental studies,

simulations also have been carried out. In computational studies the approach to model

the phases has been the main object of study in the scientific community. The present

thesis only focus on simulations to carry out the proposed study.

Numerical simulations of such gas-solid flows are carried utilizing two main ap-

proaches currently, the Euler-Lagrange and the Euler-Euler. In the present work, the

former one is utilized for the simulation of a CFB riser. However, in this approach there are

two main ways to model the gas phase flow equations, which will be considered in this work.

The first one is to model it as if it was a clean flow. Despite the hypothesis being valid

only in the limit of vanishing particle volume fraction, it serves as a good approximation

for dilute flows. The second one is achieved by carrying out a volume-averaging operator
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in each cell to account for the presence of the particles in terms of volume occupied. This

last one is suitable for dilute and dense flows.

Another point to consider, is that the most realistic gas-solid flows simulations

utilize very computationally heavy models, such as LES or DNS for the fluid-phase, and the

DEM for the particle collisions. However, such combination of models can be a barrier to

the simulation of large industrial equipment. In the present thesis, a more computationally

cheap modeling approach is sought, that requires significantly less computational power for

its simulations. The Unsteady Reynolds-Averaged Navier-Stokes (URANS) methodology

is employed for the fluid and a statistical collision model for the particles. This computa-

tionally cheaper framework benefits users requiring fast responses, such as in industrial

optimization.

1.3 UNSCYFL3D: previous works and present thesis contribution

In the present thesis all simulations are carried out in the in-house code UNSCYFL3D.

This code was developed in the Fluid Mechanics Laboratory (MFLab) of the School of

Mechanical Engineering at the Federal University of Uberlândia under the supervision

of Prof. de Souza. It is written in FORTRAN language, and it is prepared for serial

processing utilizing unstructured meshes with element types such as hexahedra, tetrahedra,

prisms, pyramids and wedges. The meshes are generated with the ICEMCFD software

from ANSYS, and are converted to the UNSCYFL3D readable format with a small C

language application. Post-processing of the results can be performed in either the VisIt

or Paraview visualization softwares.

The UNSCYFL3D has a reasonable history with simulations of gas-solid flows.

Some examples of validation studies are: Souza et al. (2012), Martins et al. (2014) and

Souza et al. (2015) that carried out simulations in cyclones; Souza et al. (2014) who

performed simulations of gas-solid flow in a diffuser validating the methodology of wall

roughness; a number of gas-solid validations were also presented in congress papers for

pipe and channel flows; and Pereira et al. (2014), Duarte et al. (2015), Duarte et al. (2017)

evaluated the use of the code in erosion predictions in pipe bends. After these numerous

validations, some work has also been done in order to promote geometry optimization and

assess the influence of different configurations on erosion prediction (SANTOS et al., 2016;

DUARTE et al., 2016; DUARTE; SOUZA, 2017; DUARTE et al., 2019).

However, the UNSCYFL3D code was always utilized for dilute loadings of particles,

using the standard equations of the Euler-Lagrange approach, where the fluid phase

is solved using the single-phase fluid equations. The study that pushed the limits of

applicability was also the first work of the group on CFB risers, carried out by Utzig

(2016) performing comparisons with experiments in a pilot scale CFB riser built for his
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thesis at the Verification and Validation Laboratory (LVV) of the Chemical Engineering

Department at the Blumenau University1. Although good results were achieved then, it

was noted that the simulation of flows at higher particle mass loadings began to show

more disparity, and some enhancement on the model could be necessary.

After some review of the literature, it was noted that the first step towards a

modeling more suitable for dense flows should be the change of the fluid-flow equations,

in order to account for the particles volume. This is the objective of the present thesis,

the implementation of such model. There are also other improvements that can be made,

such as the particles collision modeling, for instance. However, this will remain for future

works, as also presently we still seek an approach that maintain the low computational

cost of simulations.

1.4 Motivation

One of the main motivations of this study is the strong interest of the Brazilian national

petroleum company - Petrobras - in the topic. One of the main applications of CFBs is

in the Fluid Catalytic Cracking (FCC) process, which is largely employed in Brazilian

refineries. In the FCC process heavy petroleum fractions, around C15 to C30, are vaporized

into the riser together with solid catalysts to enhance the cracking reaction into lighter

components, with higher aggregated value. A photography of a full CFB facility in the

FCC unit of the REVAP Petrobras refinery is presented in Figure 2. The smaller vertical

white pipe on the right side is the riser reactor, followed by the gas-solid separation section

utilizing series of cyclones on the top, which sends the solid catalysts to the regenerator

at the bottom for coal removal. The products, still in gas phase, are recovered in the

equipment shown in the left side of the photography.

The FCC process has been used commercially since 1915 (SPEIGHT, 2006 apud

WIKIPEDIA, 2019), and ever since experimental investigations have been carried out in

order to improve it. Also, CFD simulations have been utilized since its early years to try

to improve this chemical process. Nevertheless, there is still room for development, and

investing in new or better ways to correctly predict such flows is still needed. Despite

the recent increase in offer, demand, and research on renewable sources, petroleum will

still remain extremely important in the foreseeable future. Let us look at some statistics

in crude oil production in the U.S., for instance. After the production hit its peak value

at 10 million barrels per day in 1970, the production fell down until the 2010’s, and

only recovered its mark again in 2017 (U.S. DOE, 2018). However, since then, petroleum

production has only increased, successively pushing its all-time high value and hitting 13

million bbl/d in November/2019 (U.S. DOE, 2019a)2. Even though the production has
1 FURB - University of Blumenau, located in Blumenau, state of Santa Catarina, Brazil.
2 Statistics from U.S. were used as that is the easiest data available on the internet and they are a good
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1.5 Objectives

Given the topics recently discussed, the main objective of the present thesis is to consolidate

a mathematical/numerical/computational model suitable for the simulation of both dilute

and dense particle-laden flows, with a special look for the CFB riser of the FCC process,

that is faster than the current ones. Nevertheless, it is important to also define specific

objectives that will help us and lead us to the main one, from which the present thesis is a

result:

a) to validate the previously established dilute gas-solid flow formulation with all

its recent modifications, and evaluate if it is or not suitable for dense flows;

b) to investigate the dynamics of the dilute particle-laden flows in horizontal

and vertical pipes, assessing the influences of many parameters such as wall

roughness, forces, and particle mass loading;

c) to implement a suitable mathematical model for the modeling of dense gas-solid

flows under the Euler-Lagrange approach in the UNSCYFL3D code;

d) to validate the newly implemented dense formulation on the already known

dilute cases, and on dense flow cases, specially in CFB risers;

e) to evaluate the limits of each formulation within its framework of modeling.
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Chapter 2

Literature review

A brief literature review about three main subjects to the execution of the

present thesis is presented in this chapter. The selected important topics are:

(1) the suitable mathematical formulation for the modeling of dense two-phase

gas-solid flows; (2) non-deterministic particle-particle collision models that

provide cheaper computational cost than the deterministic ones; and (3) a

discussion about the distribution of the particle volume in the containing mesh

cells in order to reach a numerically stable and more accurate formulation.

In the present thesis, an evaluation of the suitability of two different formulations is carried

out for dilute and dense gas-solid flows, as already introduced in the first chapter of this

document. Nonetheless, as will be shown in chapter 5 after a number of simulations utilizing

the dilute formulation, the dilute formulation comes as not appropriate for the modeling of

CFB riser flows. To understand the main aspects necessary in order to expand the current

standard Euler-Lagrange formulation in the UNSCYFL3D to a suitable formulation for

dense flows in CFB risers, a brief literature review is presented in this chapter.

Two main subjects were identified as reasonable modifications to the formulation:

the fluid flow equations and the particle-particle collision model. Firstly, in the fluid flow

equations review it is shown that the there is not just a single suitable formulation, but

many. We use the state-of-the-art literature to evaluate which seems more appropriate in

order to implement it. Further discussions about the model, its derivation, and aspects of

implementation are presented in the following chapters of the present thesis.

Furthermore, the particle-particle collision model is also identified as an important

topic to the correct prediction of the aforementioned flows. As one of the objectives of the

present thesis is to present a computational cheap model, non-deterministic models are
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reviewed. Although some already tested models are found in the literature, we decided

to test the stochastic model from Sommerfeld (2001) that is already implemented in the

UNSCYFL3D code, but which had been thoroughly employed only for dilute flows. This

decision was taken both because it would be time-challenging to make two such great

changes in the code in the available amount of time, for which we judged that the change

in the fluid flow equations were more important, and secondly because it is also a good

contribution to show the limits of application of this collision model.

A third topic is also reviewed that was found out to be necessary due to numerical

difficulties encountered during the implementation of the new dense flow formulation.

That is the distribution of the particle volume in all the cells that contain a part of it.

It is shown by the literature that accounting the particles only by its centroid may lead

to numerical issues and poor agreement. Furthermore, reviews of models in general are

presented in each appropriate section of Chapters 3 and 4.

2.1 Dense formulation

The Navier-Stokes equations, which describe the flow of Newtonian fluids, are very well-

know and established within the fluid dynamics literature. However, if one looks for the

appropriate expressions for the case of two-phase gas solid flows with the consideration

of the volume fraction of the particles, many different momentum balance equations will

be found. Although just a few main works are cited as reference for such balance, the

availability of models is larger. Let us take, for instance, some examples of the momentum

balance for a fluid at the non-vanishing presence of solid particles that are found in works

in the literature1:

∂

∂t
(ρgαgug) + ∇ · (ρgαgugug) = −∇p+ ∇ · σ + ρgαgg + Fgp ; (2.1)

∂

∂t
(ρgαgug) + ∇ · (ρgαgugug) = −αg∇p+ αg∇ · σ + ρgαgg + Fgp ; (2.2)

∂

∂t
(ρgαgug) + ∇ · (ρgαgugug) = −∇p+ ∇ · (αgσ) + ρgαgg + Fgp ; (2.3)

∂

∂t
(ρgαgug) + ∇ · (ρgαgugug) = −αg∇p+ ∇ · (αgσ) + ρgαgg + Fgp ; (2.4)

where the main difference lies on the relation of the fluid volume fraction αg with the

pressure p and shear stress tensor σ as seen on the two first terms on the RHS of the

equations above.

1 The momentum balance is presented here only to better show the differences seen in literature. The
more appropriate discussion about this equation is presented later in this thesis in chapter 3.
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There is some degree of freedom in these equations because the way that the

fluid-particle interaction term Fgp is accounted for may change, but only within the limits

of a mathematic algebraic equivalence. For instance, 2.1 and 2.2, that are usually utilized

in the Euler-Lagrange approach and credited to Anderson and Jackson (1967), are shown

to be mathematically equivalent by the authors themselves and others (CROWE et al.,

2011; CAPECELATRO; DESJARDINS, 2013) if Fgp is properly modeled, such that it

would assume different formulations in each model. Also, Zhou et al. (2010) has shown its

equivalence by carrying out numerical simulations utilizing these two formulations for the

modeling of a bubbling fluidized bed, a horizontal pneumatic conveying pipe, and in a

hydrocyclone.

However, even such apparent well-posedness of Anderson and Jackson (1967)

formulation does generate confusion in the literature. It is not difficult to find studies in

the recent literature that cite their work as reference for the formulation utilized, but in

fact present equations such as 2.3 or 2.4. One could argue that 2.3 or 2.4 could be also

equivalent to the two others if Fgp were to be changed as before, but that is not true,

as shown by means of comparing simulations of bubbling fluidized beds in Kafui et al.

(2002). See also Feng and Yu (2004b) and Kafui et al. (2004), that are related to this paper.

Furthermore, it would seem odd, under the perspective of an Euler-Lagrange derivation,

that αg could be multiplying p and σ differently since they can be treated together under

the perspective a full stress tensor τ that aggregates the normal and tangential stresses, if

not for some simplification during the derivation or posteriorly.

However, in works that utilize the Euler-Euler approach such difference in modeling

is more reasonable, because there are some considerations made during the derivation

concerning the pressure of the solid phase, which is treated as a hypothetic fluid. This

difference, more often than not, leads to such papers citing the works of Gidaspow (1994)

and Enwald et al. (1996) as references, and presenting either formulation 2.3 or 2.4.

Nonetheless, Feng and Yu (2004a) has shown that 2.3 or 2.4 are differently by assessing

each one in the simulation of a bubbling fluidized bed.

So, in order to remove any possibility of a premature choice of formulation leading to

an erroneous simulation, and given the recent analysis, in the present thesis the formulation

of Anderson and Jackson (1967) was chosen because it seems that its derivation has more

proximity to the Euler-Lagrange approach. Also, the work Capecelatro and Desjardins

(2013) has performed a good review of their derivation arriving at the same equations

and discussing its terms, which gives more confidence in utilizing the right equations. In

an independent work of formulating the two-phase flow equations for an Euler-Lagrange

approach, Crowe et al. (2011) also arrive at the same equations by a different method.

Finally, Chu and Prosperetti (2016) utilizing yet another derivation procedure, arrived at

its own equations that confirm the relationship of αg, p, and σ in the same way that it is
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shown by Anderson and Jackson (1967). More discussion is presented in section 3.2.

2.2 Particle-particle collision models

When it comes to the modeling of the particle-particle collisions in dense flows such

as in CFB risers, there is a natural preference to deterministic approaches. Those two

most utilized nowadays are the hard-sphere and the soft-sphere approaches (also called

the Discrete Element Method - DEM). These two methods are based on modeling the

actual collision by either checking the crossing of all particle trajectories or by resolving

most of the collision process itself. Although they are the most accurate collision models,

the computational cost of such calculations are very high, what often makes their use

prohibitive for simulations of large equipment.

Also, some computational cost reduction techniques such as the so-called coarse-

graining, representation of multiple particles by one computational parcel, are generally

not suitable due to these models nature. In fact, some coarse-graining is allowed in the

DEM, but it is carried out by artificially increasing the particle diameter (PATANKAR;

JOSEPH, 2001; CHU et al., 2009; SAKAI et al., 2010; LU et al., 2014; PENG et al., 2015;

LU et al., 2018), which does not reduce cost very much and also does not help on relaxing

the time-step limitation.

As an alternative to provide computationally cheap tools for the simulation of such

cases, some non-deterministic models have arisen. Two of the most utilized are the Dense

Discrete Phase Model (DDPM) and the MultiPhase Particle-In-Cell (MP-PIC, or MPPIC).

In these models, particle variables calculated inside the Eulerian framework are utilized to

determine a force of collision on a cell basis, instead of checking each particles trajectory

or proximity to other particles. Also, the parcel approach is naturally applicable and larger

time-steps than in the DEM approach can be utilized, which help reducing drastically the

computational cost.

Another collision model that has been extensively employed in the UNSCYFL3D

code for dilute flows, and is suggested in the present thesis for dense flows as well, is the

stochastic collision model from Sommerfeld (2001). In this model, the actual collision

dynamics that govern the post-collisional velocities of the particles is solved by the classical

hard-sphere model. However, the computational heavy part that is the collision checking

by crossing all particle trajectories is removed, by deciding the collisions based on statistics.

Let us get a better review of the aforementioned models in order to understand each ones

weaknesses and strengths.
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2.2.1 Deterministic models

In the hard-sphere approach2, the post-collisional particle velocities are related to the

pre-collisional ones by a classical mechanics impulsive force balance around the moment of

the collision:
mp,1

(

up,1 − u0
p,1

)

= J ,

mp,2

(

up,2 − u0
p,2

)

= −J ,

Ip,1

(

ωp,1 − ω0
p,1

)

=
dp,1

2
n × J ,

Ip,2

(

ωp,2 − ω0
p,2

)

=
dp,2

2
n × J ,

(2.5)

where mp is the particle mass, Ip is the particle moment of inertia, up is the particle linear

velocity, ωp is the particle angular velocity, J is the impulsive force at the contact, and n

is the normal vector connecting particles 1 and 2 at the contact.

As one can note, the impulsive force balance is made around two colliding particles,

so that it imposes a limitation on this method already, for multiple collisions. For this

reason this approach is used less in very dense flows like bubbling fluidization, and more

in fast fluidization (HE et al., 2009) or even dilute flows (MALLOUPPAS; WACHEM,

2013; ALLETTO; BREUER, 2013). To apply the balance above, the collision have to be

checked by crossing the trajectories of pairs of particles, which make the computational

cost very high.

The more complete, and more utilized, deterministic approach is the DEM (CUN-

DALL; STRACK, 1979; TSUJI et al., 1993), where all the contact between the particles is

modeled. This method is applied by checking the proximity of the particles, if the distance

is less than the radii sum then they are touching each other and the model starts to

be accounted. This allows for multiple collisions to be handled at the same time. Note

that the deformation of the particles is not fully resolved, but it is modeled utilizing a

spring-dashpot system to account for the collision force in the normal Fn and tangential

direction Ft:

Fn =
(

−knδ
3/2
n − ηnG · n

)

n ; (2.6)

Ft =







−ktδt − ηtGct, if ‖Ft‖ < f‖Fn‖ ,
f‖Fn‖t, otherwise ;

(2.7)

where k is the spring constant, η is the damping coefficient, f is the tangential friction

factor, δ is the overlapping distance of the particles, G and Gct are the relative velocities,

and n and t are the collision unit vectors in the normal and tangential direction. For the

tangential force, the simpler form Ft = f‖Fn‖t is usually preferred, as the calculation

of the first condition of equation Equation 2.7 is computationally complex and generally

does not make much difference (CAPECELATRO; DESJARDINS, 2013).
2 Extended discussion in subsection 3.3.2
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As the relation between force and displacement is not linear, and there is the

possibility of multiple contacts, all the collision process has to be modeled, from the

approach to the overlapping, up to the detachment of the particles. As a consequence,

in order to account for the whole process in an accurate manner, very small time-steps

are required since the deformation of solid particles is very limited. Not rarely, studies

utilize artificially smaller coefficients in order to allow for bigger time-steps and speed up

the simulations. For the reasons above, the DEM has seen more use in small bubbling

fluidized beds analysis (CHIESA et al., 2005; RENZO; MAIO, 2007; MÜLLER et al.,

2009; PEPIOT; DESJARDINS, 2012; ALOBAID; EPPLE, 2013; LU et al., 2017; LU et

al., 2018) and simplified CFB risers (ZHAO et al., 2010; CAPECELATRO et al., 2014;

LU et al., 2014; CARLOS VARAS et al., 2017a).

One advantage from the deterministic models in comparison to the non-deterministic

ones is that usually the constants and coefficients of the model come from the materials

themselves. In the hard-sphere approach, for instance, the calculation of the impulsive force

depends on the restitution and friction coefficient, that can be determined experimentally

from the controlled collision of particles. On the other hand, in the DEM the coefficients

presented above can be calculated from the Young’s modulus and Poisson ration of the

material that constitutes the particles.

2.2.2 DDPM

The DDPM (POPOFF; BRAUN, 2007) can be thought of as a midway formulation between

the Euler-Euler Two-Fluid Model (TFM) and the Euler-Lagrange approaches, such that

some authors name it as an Euler-Euler-Lagrange method (CLOETE et al., 2012). To

clarify, the DDPM is in fact (in the present author’s view) an Euler-Lagrange based

approach, where the fluid phase is solved under the Eulerian framework, and the particles

(or parcels) are solved as single entities under the Lagrangian point of view utilizing the

classical Newton equations. However, the information from the particle-particle collisions

is carried out in a modeled manner, in accordance to the Kinetic Theory of Granular Flows

(KTGF) method (HOEF et al., 2006), which was essentially devised for TFM simulations.

Some straight benefits of this change in modeling perspective, from using the KTGF

in the Euler-Euler TFM to using it in a EL-based framework, are (CLOETE et al., 2012):

a) no numerical diffusion in the particle volume fraction field;

b) easier inclusion of more particle sizes;

c) better modeling of particle-wall interaction.

In the EL approach the volume fraction is not updated by a transport equation as in the

EE, which would be subject to numerical diffusion because of the discretization, but rather

is directly inferred from the particle positions in relation to the mesh cells. Also, another
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important critical to the EE-TFM approach is the large increase in computational cost

for accounting multiple particle sizes. For each particle diameter, another set of transport

equations has to be added, and the interaction between this diameters modeled. Lastly, as

in the EE the particle phase is modeled as a hypothetic fluid, there is no way to account

for the particle-wall collisions in a deterministic way, and one more model has to be taken.

The DDPM has been utilized with success for CFB riser simulations (ADAMCZYK

et al., 2014; KLIMANEK et al., 2015; ADNAN et al., 2018) and also other general gas-

solid flows (CLOETE et al., 2012; CHEN; WANG, 2014). However, this model is most

exclusively available in the ANSYS FLUENT solver. This imposes some restrictions in

order to implement the model in other codes. The KTGF is a computational heavy model,

in the sense that it has many equations with closure models, that if not properly selected

and carefully implemented may present many convergence problems. In addition to the

KTGF itself, there is the accounting of the KTGF force into the Lagrangian modeling,

that also needs to be properly manipulated.

Let us review some equations to understand the statement above. In the DDPM

collision modeling approach, one assumes a proportionality between the collision force

and the gradient of the solid phase stress tensor. The stress tensor is calculated based

on the KTGF theory that states that this tensor comes from the particle collisions and

translations. The force is translated into the Lagrangian framework as

FKTGF = − 1
ρp

∇τs , (2.8)

using the solids stress tensor τs analogy to the fluid stress tensor that comes from the

KTGF theory:

τs = −ppI + αpµp

[

∇up + (∇up)T
]

+ αp

(

λp − 2
3
µp

)

(∇ · up)I . (2.9)

where αp is the particle volume fraction and I is the identity matrix. The solids pressure

pp, the solids viscosity µp, and the bulk viscosity λp are all dependent on closure models

that are function of the granular temperature θp.

The KTGF granular temperature is a measurement of the particles fluctuation

velocity, which resembles the fluid turbulence kinetic energy k. In fact, the transport

equation of θp is similar to the transport equations for fluid turbulence transported

variables, such as k and ε. So, despite DDPM being an advance in the reduction of

computational cost in relation to the classical TFM-KTFG, it stills has an overhead of

computation with the addition of one more transport equation.

2.2.3 MP-PIC

The MP-PIC (ANDREWS; O’ROURKE, 1996; SNIDER, 2001) is very similar, in con-

ception, to the DDPM. The Euler-Lagrange is utilized in its standard way, and the
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particle-particle collisions are modeled by a force proportional to the gradient of the solids

stresses:

FMP-PIC = − 1
ρpαp

∇τs . (2.10)

The modeling of this stress, however, is different, and follows the equation:

τs =
Psα

β
p

max [αp,cp − αp, ǫ(1 − αp)]
, (2.11)

where Ps is a constant with units of pressure that are usually between 1 and 100 Pa, β is

also another constant with recommended values ranging from 2 to 5, αp,cp is the particle

volume fraction at the close packing limit (approximately 0.64), and ǫ is a very small

number O(10−7) in order to avoid singularities in the division when near the close packing

limit.

The majority of the studies carrying out MP-PIC simulations are performed in only

two softwares, Barracuda3 and MFIX4. The Barracuda was co-founded and is co-owned by

one of the original authors of the method, Dr. Dale Snider (SNIDER, 2001; O’ROURKE;

SNIDER, 2012), and is often called in the literature as Computational Particle Fluid

Dynamics (CPFD). The MFIX is based on the previously cited references, but in its

documentation (GARG; DIETIKER, 2013) show that many modifications had to be made

in order to get a stable solver.

Although the implementation of this model seems easy because the sole addition

of the aforementioned force in the on the particle linear velocity equation, it is not. This

force cannot be simply numerically integrated alongside with the other forces such as drag.

Snider (2001) and Garg and Dietiker (2013) show specific methods to do this calculation.

There are also many special conditions to be taken into account such as the sign of τs

in Snider (2001) implementation, or the sign of the relative velocity and τs in Garg and

Dietiker (2013) implementation. There are also many numerical aspects in Snider (2001)

original implementation that make this model difficult to implement solely on its paper

description. Some are addressed in Garg and Dietiker (2013), but it is still complex. For

instance, they write that the form of the stress tensor does not matter, and a simple

coloring function could be used instead to achieve the same results.

Despite this computational complication, there are many successful studies in those

two softwares in the simulation of general fluidizations (ABBASI et al., 2011; WEBER

et al., 2013; LIANG et al., 2014; SOLNORDAL et al., 2015a; SONG et al., 2018), CFB

risers (LI et al., 2012; CHEN et al., 2013; SHI et al., 2015a; SHI et al., 2015b; WANG et

al., 2015; ZHANG; YOU, 2016; BERROUK et al., 2017; XIE et al., 2018) and even full

CFB loops (JIANG et al., 2014; WANG et al., 2014b; WANG et al., 2014a).

3 Available at <https://cpfd-software.com/>.
4 Available at <https://mfix.netl.doe.gov/>.
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2.2.4 Sommerfeld’s stochastic collision

Another alternative that is also a suitable model for parcel formulation and presents

low computational cost such as the DDPM and the MP-PIC, is the stochastic collision

model from Sommerfeld (2001). This model is already implemented in the UNSCYFL3D,

and has been consistently utilized for handling particle-particle collisions in dilute flows

by the present research group (see works previously cited in section 1.3) and Prof. Dr.

Sommerfeld’s as well (LAÍN; SOMMERFELD, 2008; LAÍN; SOMMERFELD, 2012; LAÍN;

SOMMERFELD, 2013). However, to the best of the authors knowledge, there is no study

with it in dense flows or in CFB risers. For this reason, this model is suggested in the

present thesis to be tested in such flows as a computational cheap substitute.

This model is based on the deterministic hard-sphere collision model to calculate

the particles post-collisional velocities, but the realization of the collisions is carried out

in a stochastic way, instead of crossing all particle trajectories. A chance of collision is

calculated based on the particle concentration field by an analogy to the kinetic theory of

the gases. If the collision occurs, a fictitious partner has to be generated utilizing statistical

distributions. As this model is already part of UNSCYFL3D, and will be utilized for the

present thesis, a more complete discussion is presented in subsubsection 3.3.2.1.

2.3 Particle volume distribution

An important assumption in the Euler-Lagrange approach is that the particles are much

smaller than the cells of the mesh, such that the concepts of point-force and the filters

for the volume-averaged equations may hold true. However, such condition can not be

always guaranteed. In the present thesis, for instance, it is very common that the near-wall

cells are smaller than the particles, due to a required refinement that is followed due

to the turbulence closure modeling. Another problem to this condition, comes from the

representation of multiple real particles by computational parcels. It is common that the

volume represented by one parcel can also exceed the volume of the smaller cells.

The most simple and utilized practice is to account each particle in the cell which

hosts its centroid, namely the Particle Centroid Method (PCM). This is utilized to define

which cell will receive the particle volume for the accounting of the cell volume fraction,

and also to account the gas-particle interaction term. However, it has been shown that

utilizing the PCM method in cases where the particles are larger or the same order of

the cell size can cause erroneous results (PENG et al., 2014; SUN; XIAO, 2015a) and

numerical instability (PENG et al., 2014).

Peng et al. (2014) has carried out simulations of a bubbling fluidized bed with the

DEM collision modeling in multiple cell sizes, and compared the PCM with an analytical

distribution approach. In the analytical approach, the cell volume and interaction force
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contributions are divided in real proportion to each cell that contain a piece of the particle,

making it the most accurate method when applicable. The authors found out that up to a

cell-to-particle size ratio of 3.8 the PCM would provide unrealistic local values of pressure

and mass flow, while the analytical approach would not. In a similar case, Sun and Xiao

(2015a) also showed the inconsistency of the PCM for relatively small cells in comparison

to a diffusion-based method. This diffusion-base method will be discussed shortly along

other commonly applied methods.

2.3.1 Analytical approach

The analytical approach is the theoretically most accurate way to account for the distribu-

tion of the particle volume. In this method, the true division of the particle is carried out,

assigning each piece to the appropriate hosting cell. Although the analytical approach

should be the sought methodology for all simulations, its implementation is very complex,

and sometimes impossible for unstructured meshes. Most works that apply this method,

are carried out in a 2D domain or 3D but with a totally cartesian mesh (PENG et al.,

2014).

Wu et al. (2009), to the best of the authors knowledge, were the only ones to

propose an analytical decomposition to tetrahedral cells5. However, to account for the

many possible cell shapes available, more work is needed. Also, the implementation of

such method does not fall short from complex, which stills make this method mostly not

preferable.

2.3.2 Statistical kernel

Another method of particle distribution comes from the employment of statistical kernel

functions. The particle volume fraction or the gas-particle interaction term are given by a

weighted sum such as

αp(x) =
Np∑

i=1

Vp,igi , (2.12)

where Np is the total number of particles and gi = g(‖x − xi‖) is a statistical kernel such

as the top-hat or the Gaussian-like distribution functions. This will distribute the volume

and force of the particle in all cells around the host cell according weight given by the

selected kernel as a function to the cell-to-cell distance.

This method is significantly easier to implement than the analytical one, while still

retaining a very good distribution. Some examples of this are available in Xiao and Sun

(2011), Evrard et al. (2019). However, the treatment of the boundaries is difficult (SUN;

XIAO, 2015b).

5 Also confirmed by Sun and Xiao (2015b). No others works in this field were found by us since then.
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2.3.3 Diffusion based

The diffusion based method (CAPECELATRO; DESJARDINS, 2013; SUN; XIAO, 2015b)

is an approximation to the statistical kernel approach. In this method, the particle volume

fraction and the gas-particle interaction force are first calculated as in the PCM method.

After that, a diffusion equation is solved for this variable, so the quantity is smoothed over

all the neighboring cells. Of course this diffusion has to be controlled so that the influence

is not spread over all the domain. Both Capecelatro and Desjardins (2013) and Sun and

Xiao (2015b) provide expressions for the calculation of a suitable total time of diffusion,

such that the same stencil as in the statistic kernel is reached.

This method provides the same distribution as the statistical kernel method for

small and medium cells, and a little more spread in large ones. However, it is also much

easier to implement than the other ones, given that the discretization of a transient

diffusion equation is not complex in the FVM, and all the basis for this are already laid in

the computational code. Also, it overcomes the problem at the boundary conditions. For

such reasons, this method is implemented in the UNSCYFL3D for the present thesis, and

a more thorough discussion is presented in subsection 4.2.4.
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Mathematical modeling

The full set of equations with their appropriate closure models, needed to solve

both dilute and dense flows are presented here. The differences between the two

models are emphasized for a better understanding of their characteristics.

There are many notable differences between the dilute and dense formulation for gas

solid-flows in both the gas phase and in the particle phase equations, mainly concerning

the inclusion of the particle volume fraction. However both of them are solved in the

same Euler-Lagrange framework. The Eulerian approach is applied to the gas phase using

continuum transport equations to describe the flow, whereas the particle phase is described

in a Lagrangian approach where each particle is represented as a single entity with its own

set of position and velocities vector.

3.1 Dilute flows

Strictly speaking, the use of the equations that are introduced in the present section

for gas-solid flows would require particle surface-resolving approaches. However, such

approaches are still restricted to a very reduced number of particles. See, for instance,

the simulations of Yeo and Maxey (2010) using a few more than 4000 particles and

Vreman (2016) with no more than 128 particles. Given this restriction, it is a common and

acceptable practice throughout the literature to use the point-wise equations of motion

in dilute flows without much harm to accuracy. There is no hard limit for the validity of

this simplification, Crowe et al. (2011) show that it may vary for particle volume fraction

values from 10−3 up to 10−1, and Vreman et al. (2004) concluded that the inclusion of the

spatial variation of the particle volume fraction in the fluid equations for particle-laden

channel flow computations, had no significant effects for values up to 0.013.
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3.1.1 Gas phase formulation

The gas phase formulation is presented here in two parts. Firstly, the point-wise equations

that describe the fluid flows are introduced. After that, the mathematical procedure to

allow the proper solution of turbulence in large geometries and high Reynolds flows is

presented, together with the turbulence closure model utilized in the present thesis.

3.1.1.1 Point-wise equations

The differential equations that represent a generic fluid flow are known since the middle of

the 19th century, after the closure of Cauchy’s momentum equation by Navier and Stokes.

The equations are considered common knowledge in this field and can be recalled from any

fluid dynamics or transport phenomena textbook, for instance Bird et al. (2002) and White

(2006). In the present thesis, the gas phase is modeled by this set of mass and momentum

balances, also called point-wise equations to differentiate from the volume-averaged ones

presented later. Let them be, respectively:

∂ρg

∂t
+ ∇ · (ρgug) = 0 (3.1)

and
∂

∂t
(ρgug) + ∇ · (ρgugug) = ∇ · τg + ρgg + F , (3.2)

where ρg is the gas density, ug is the gas velocity, the full stress tensor τg is

τg = −pI + µ
[

∇ug + (∇ug)T
]

−
(2

3
µ− κ

)

(∇ · ug)I , (3.3)

g is the gravity vector, F is any source term due to non-resolved phenomena, p is the

pressure, I is the identity matrix, µ is the gas molecular viscosity and κ is the dilatational

viscosity.

Equations 3.1, 3.2 and 3.3, can be further simplified by assuming ρg and µ as

constants, and taking F to be only the gas-particle interaction force (Fgp). After these

assumptions, the mass and momentum balances become

∇ · ug = 0 (3.4)

and

ρg

[

∂ug

∂t
+ ∇ · (ugug)

]

= −∇p+ µ∇ ·

[

∇ug + (∇ug)T
]

+ ρgg + Fgp , (3.5)

Where Equation 3.4 has also been used as a restriction to simplify Equation 3.3. Another

simplification is usually carried out identifying the following mathematical equivalence

that appears in Equation 3.5:

∇ ·

[

(∇ug)T
]

= ∇(∇ · ub) , (3.6)

which, in turn, is equal to zero after Equation 3.4. However, retaining this term is needed

due to the treatment of the turbulence closure as will be presented in the next subsubsection,

because such approach will introduce a viscosity that is not constant.
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3.1.1.2 Turbulence closure

Although Equations 3.4 and 3.5 are suitable for solving any fluid flow, their use is condi-

tioned to time and spatial scales sufficiently small as the Kolmogorov structures, configuring

the so called Direct Numerical Simulation (DNS). Given the expensive computational

requirement of this approach for large geometries and high Reynolds number flows, in

the present thesis the Unsteady Reynolds-Averaged Navier-Stokes (URANS) approach is

followed. In the URANS approach, equations are written in terms of filtered/averaged

quantities instead of instantaneous ones, which can, in turn, be solved in a more realistic

framework of time and spatial scales. This methodology is well-known and widely accepted

in the turbulence modeling literature (WILCOX, 1993; POPE, 2000; LESIEUR, 2008;

DAVIDSON, 2019), but a brief summary is given here for the sake of completeness.

First of all, the Reynolds decomposition is applied in Equations 3.4 and 3.5 by

replacing all variables into a sum of its filtered value plus a fluctuation value, generically

f = f + f ′. Note that this development is usually called the Reynolds averaging procedure,

as it was first introduced for steady state equations. However, as in this case it is used

for transient equations, the more correct mathematical procedure is the filtering (which

reduces to a simple average in a steady-state case). After applying the decomposition,

a filter of any kind (temporal, spatial, ensemble) is applied that meets the following

properties:

f + f ′ = f + f ′ ,

ff ′ = f f ′ ,

f = f ,

f ′ ≈ 0 ,

(3.7)

and is also commutative to differential operators. As in the present thesis the physical

properties of the fluid phase were taken as constants, the decomposition only needs to be

applied on the gas velocity and pressure, resulting in:

∇ ·

(

ug + u′
g

)

= 0 , (3.8)

and

ρg

[

∂

∂t

(

ug + u′
g

)

+ ∇ · (ugug)

]

= −∇

(

p+ p′
)

+ µ∇ ·

[

∇

(

ug + u′
g

)

+
(

∇

(

ug + u′
g

))T
]

+ ρgg + Fgp , (3.9)

which will be further simplified using conditions given in Equation 3.7.

The filter applied to the dyadic product in the advective term of Equation 3.9
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results in the following non-vanishing terms after simplification:

ugug = (ug + u′
g)(ug + u′

g)

= ug ug + 2ugu′
g + u′

gu′
g

= ug ug + u′
gu′

g ,

(3.10)

where the last term in the previous equation is the so called Reynolds tensor and cannot

be solved directly. The Boussinesq assumption is used as closure model for this term:

u′
gu′

g = −µt

ρg

[

∇ug + (∇ug)T
]

+
2
3
kI , (3.11)

where µt is the turbulent or eddy viscosity and k = 1
2

∥
∥
∥u′

g

∥
∥
∥

2
is the turbulence kinetic energy.

Note that the eddy viscosity is not a physical property of the fluid, but rather a function

of the flow, and must also be modeled by the so called turbulence closure models. The

turbulence closure model will also have to be written as function of k, so that the unknown

variables do not appear in the equation. See subsubsubsection 3.1.1.2.1.

Finally, the mass and momentum balances become

∇ · ug = 0 , (3.12)

and

ρg

[

∂ug

∂t
+ ∇ · (ug ug)

]

= −∇

(

p+
2
3
ρgk

)

+ ∇ ·

[

µeff

(

∇ug + (∇ug)T
)]

+ ρgg + Fgp ,

(3.13)

where µeff = µ+ µt is the effective viscosity and it is left inside the divergence operator

because µt is a function of space, even though µ is constant. Another common practice is

to take the sum inside the first gradient term on the RHS as P = p+ 2
3
ρgk, and solve it

together as a single variable. Also, for simplicity after all mathematical manipulations, the

overline in the filtered velocity ug is dropped and it is written as Ug, resulting in:

∇ · Ug = 0 , (3.14)

and

ρg

[

∂Ug

∂t
+ ∇ · (UgUg)

]

= −∇P + ∇ ·

[

µeff

(

∇Ug + (∇Ug)T
)]

+ ρgg + Fgp . (3.15)

3.1.1.2.1 Standard k-ε model

In the k-ε family of turbulence closure models, the eddy viscosity µt is calculated

from the algebraic relation

µt = Cµρg
k2

ε
(3.16)



3.1. Dilute flows 55

between the turbulence kinetic energy k and its dissipation rate

ε =
µ

ρg

∥
∥
∥∇u′

g : ∇u′
g

∥
∥
∥ ,

where Cµ = 0.09. These quantities are, in turn, determined from the solution of the

following transport equations:

ρg

[

∂k

∂t
+ ∇ · (Ugk)

]

= ∇ ·

[(

µ+
µt

σk

)

∇k
]

+ Pk − ρgε+ Sk (3.17)

and

ρg

[

∂ε

∂t
+ ∇ · (Ugε)

]

= ∇ ·

[(

µ+
µt

σε

)

∇ε
]

+ Cε,1
ε

k
Pk − Cε,2ρg

ε2

k
+ Sε , (3.18)

where

Pk = µeff

[(

∇Ug + (∇Ug)T
)

: ∇Ug

]

(3.19)

is the so called production term of k, the constants are σk = 1.0, σε = 1.3, Cε,1 = 1.44 and

Cε,2 = 1.92, and the terms Sk and Sε would be responsible to account for any other sources

to the equations, as turbulence due to the wake of the particles for instance, although they

are not utilized in the present thesis.

The k-ε model is attributed to Jones and Launder (1972), but the standard version

of the model most utilized nowadays is written using the constants from Launder and

Sharma (1974). Also the original correction for low Re numbers is rarely applied. More

insightful discussions about the meaning of each of the terms and the reasonability behind

the constants, as well as the derivation of the model itself, are presented in the references

cited at the beginning of subsubsection 3.1.1.2.

A well-know characteristic of most turbulence closure models is that they yield

unsatisfactory results in the near-wall region. Thus, the use of wall functions is necessary

to match the law-of-the-wall. The most utilized wall function for the standard k-ε model

is the so called standard wall function. In this model, algebraic expressions are utilized to

calculate Ug, k, ε, Pk, and µt, on the wall-adjacent cell to match the expected value for a

turbulent boundary layer in the range 30 < y+ < 200.

Using the above methodology, the standard version of the k-ε model provides

enough accuracy in a wide variety of engineering flows. However, it is known that it may

come to wrong predictions for flows with complex phenomena in the near-wall region,

such as: separation, recirculation, or in the advent of strong adverse pressure gradients

in the boundary layer. This is mainly because the standard wall law is only valid for the

30 < y+ < 200 range, whereas the aforementioned phenomena can occur in the range of

y+ < 5. A more appropriate model is presented in the next subsubsubsection, which is

utilized throughout the present thesis.
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3.1.1.2.2 Two-layer k-ε model

As an alternative to overcome some deficiencies imposed by the use of the standard

wall function, the two-layer version of the k-ε model, devised by Chen and Patel (1988),

can be used. In this model, the flow is divided into two regions: a core flow region, and a

near-wall region. In the core region the standard k-ε model is solved without modifications,

but in the near-wall region k is solved by the same transport equation whereas ε and µt

are solved by algebraic length scale models.

The two-layer k-ε model has also been shown to be better for particle velocity

predictions in the near-wall region, as shown by Tian and Ahmadi (2007). These authors

presented results of particle deposition velocity in the near-wall region and concluded that

the two-layer k-ε model provides a better prediction than the standard k-ε model. It also

provided a better prediction than the anisotropic Reynolds Stress Model (LAUNDER et

al., 1975) with the standard wall function.

Let the subscript std define the variables calculated by the standard model and 2l

the ones calculated by the two-layer model. Then, the two-layer eddy viscosity is calculated

as

µt,2l = Cµρ
√
klµ , (3.20)

and ε2l as

ε2l =
k3/2

lε
. (3.21)

The length scales lµ and lε contain the necessary damping effects for the near-wall region

and are calculated as

lµ = Cly
(

1 − e−Rey/Aµ

)

(3.22)

and

lε = Cly
(

1 − e−Rey/Aε

)

, (3.23)

where Cl = κC−3/4
µ , κ = 0.4187 is the von Kármán constant, Aµ = 70, and Aε = 2Cl.

The two regions are characterized comparing the local Rey, the turbulence Reynolds

number based on the minimum distance to the wall yw, with a critical reference value,

namely Re∗
y = 200. If Rey > Re∗

y the flow belongs to the core region, otherwise it belongs

to the near-wall region. Rey is defined as:

Rey =
ρgyw

√
k

µ
. (3.24)

A good way to transition between the two regions is using a blending function λ,

defined as

λ =
1
2

[

1 + tanh

(

Rey −Re∗
y

A2l

)]

, (3.25)
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mp
dup

dt
=
∑

Fp , (3.30)

and

Ip
dωp

dt
=
∑

Tp . (3.31)

In Equation 3.30, mp is the particle mass, and Fp are any forces acting on the particle.

In Equation 3.31, Ip is the particle moment of inertia, and Tp is the torque applied on a

particle. The moment of inertia to be considered is that of a solid sphere:

Ip =
mp

10
d2

p . (3.32)

In the present thesis, the dilute flows are modeled using drag (FD), shear-induced

lift (FLS), rotation-induced lift (FLR), weight

FW = ρpVpg , (3.33)

and buoyancy

FB = −ρgVpg (3.34)

as forces for the linear velocity equation, where Vp is the particle volume. In the angular

velocity equation, the only source of torque is the fluid exerted torque Tf . Note that

particle-wall and particle-particle collisions could also be sources of change in both the

linear and angular velocity equations for the particles, however this change will be taken

into account directly into the respective collision models. After adopting these sources,

Equations 3.30 and 3.29 may be rewritten as:

mp
dup

dt
= FD + FLS + FLR +mpg

(

1 − ρg

ρp

)

, (3.35)

and

Ip
dωp

dt
= Tf . (3.36)

The linear forces and the fluid exerted torque are briefly discussed in the next

subsubsections. More details about the forces derivation, some historical perspective, and

reasoning are available in reference multiphase flow texts, such as Sommerfeld (2000), Loth

(2010), Crowe et al. (2011), Alletto (2014), Loth (2016) and Sommerfeld and Laín (2016).

3.1.2.1 Drag force

In turbulent particle-laden flows the drag force is always the most important surface

force in the main flow direction, as it adds both the pressure field and viscous stresses

contributions (form and friction drag). Usually, it outvalues virtual mass and Basset forces

by several orders of magnitude. The general expression for the drag force is:

FD =
1
2
ρgApCD‖Ug − up‖(Ug − up) , (3.37)
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where Ap is the projected cross sectional area of the particle in the relative velocity

direction and CD is the drag coefficient. A commonly used expression for CD is that of

Schiller and Naumann (1935), which appends a correction to the Stokes drag law:

CD =







24
Rep

(

1 + 0.15Re0.687
p

)

, if Rep < 1000;

0.44, otherwise;
(3.38)

where the expression for the particle Reynolds number is

Rep =
ρg‖Ug − up‖dp

µ
. (3.39)

There are many correlations other than the aforementioned, such as Morsi and

Alexander (1972), Haider and Levenspiel (1989) and Coelho and Massarani (1996). However,

all of them are very similar for the range of particle Reynolds numbers achieved in the

present thesis simulations. In Figure 4, these drag correlations are compared for a range of

common particle Reynolds numbers. For instance, consider the limiting case where large

particles with a diameter of 500 µm initially at rest are accelerated by air at 30 m/s. In

this case, the maximum particle Reynolds number is around 1000, which would only occur

in acceleration regions. Now let the typical case be that with a relative velocity of around

2 m/s with the a particle diameter of 100 µm, than the typical particle Reynolds number is

around 15. At this range of Rep, Figure 4 confirms that all correlations give similar results.

Equation 3.37 is often rewritten for spherical particles incorporating the particle

mass and using the appropriate geometric expression for the projected area (Ap = πd2
p/4):

FD =
3
4
ρgmp

ρpdp

CD‖Ug − up‖(Ug − up) . (3.40)

3.1.2.2 Shear lift force

The shear-induced lift force arises when there is a velocity gradient over a particle that is

acting on a transversal direction in relation to the flow. As the higher transversal velocity

gradients are, usually, transversal to the main flow direction (for instance in the near-wall

region), this force can become very important even though its magnitude is only a fraction

of the drag. This force is also called Saffman force, named after Saffman (1965, 1968), who

devised its analytical expression for a flow around a sphere at a very low particle Reynolds

number and shear Reynolds number, namely

ReS =
ρg‖ωg‖d2

p

µ
, (3.41)

and under the restriction ReS <<
√

Rep. Decades later, McLaughlin (1991) relaxed the

latter restriction by introducing a correction that can be calculated by analytical expressions

or taken from tabulated values, depending on the range of Rep and ReS. However, this
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A good exercise to understand the transversal aspect of the shear lift force, is to

expand the term (Ug − up) × ωg of Equation 3.42. In a Cartesian coordinate system, the

vector is:

(Ug − up) × ωg =














(Vg − vp)

(

∂Vg

∂x
− ∂Ug

∂y

)

+ (Wg − wp)

(

∂Wg

∂x
− ∂Ug

∂z

)

(Ug − up)

(

∂Ug

∂y
− ∂Vg

∂x

)

+ (Wg − wp)

(

∂Wg

∂y
− ∂Vg

∂z

)

(Ug − up)

(

∂Ug

∂z
− ∂Wg

∂x

)

+ (Vg − vp)

(

∂Vg

∂z
− ∂Wg

∂y

)














(3.46)

where the velocity vectors were expanded in the three-dimensional cartesian system as

Ug = [Ug, Vg, Wg] and up = [up, vp, wp].

3.1.2.3 Rotation lift force

Another source of lift force arises when the particle has a relative rotation in relation to

the fluid surrounding it. The relative rotation can induce a difference of pressure and/or

shear stress between two hemispheres and result in a force transversal to the flow, similarly

to the shear-induced lift. The rotation-induced lift is also know as Magnus force after his

work in rotating cylinders. The general expression for this force follows the analytical

derivation of Rubinow and Keller (1961) for flows at Rep << 1 and ReR/Rep << 1, but

appending a rotation lift coefficient CLR to handle non-idealized cases, and considering

the relative particle-fluid rotation Ωrel:

FLR =
1
2
ρg
π

4
d3

pCLR[Ωrel × (Ug − up)] , (3.47)

where Ωrel = 1
2
ωg − ωp.

Many correlations for CLR are available. One of the most utilized is that of Lun

and Liu (1997), which uses Rubinow and Keller (1961) value for Rep < 1, and a curve fit

for outside this range. The fit was based on Oesterlé et al. (1991) for 10 < Rep < 60 and

2 < ReR/Rep < 12, and on Tsuji et al. (1985) for 550 < Rep < 1600 and ReR/Rep < 1.4.

The intermediate range is assumed to be adjusted by the resulting curve. The expression

is as follows:

CLR =







1, if Rep < 1;

0.178 + 0.822Re−0.522
p , otherwise.

(3.48)

Another one was proposed by Oesterlé and Dinh (1998), for the 10 < Rep < 140

and 2 < ReR/Rep < 12 range:

CLR = 0.45/

(

ReR

Rep

)

+

[

1 − 0.45/

(

ReR

Rep

)]

exp



−0.05684

(

ReR

Rep

)0.4

Re0.7
p



 , (3.49)

where the particle rotation Reynolds number is

ReR =
ρg‖Ωrel‖d2

p

µ
. (3.50)
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adding the fluid exerted torque coefficient for correction is

Tf =
1
2
ρg

(

dp

2

)5

CR‖Ωrel‖Ωrel , (3.52)

where CR is taken from Dennis et al. (1980):

CR =







64π
ReR

, if ReR < 32;

12.9√
ReR

+
128.4
ReR

, otherwise.
(3.53)

3.1.3 Euler-Lagrange coupling

As the phases are solved in different frameworks, the coupling between the phases is given

by the interaction forces between the fluid and the particle. As previously mentioned, in

the fluid phase this is taken into account by the last term of Equation 3.5 (Fgp) which is

calculated by the summation of the fluid exerted forces in Equation 3.35 over all particles

considered in the control volume V :

Fgp =
np∑

i=1

1
V

(FD,i + FLS,i + FLR,i) , (3.54)

where the summation index i indicates the summation from the first up to the total number

of particles np. These forces, in turn, are calculated through correlations that depend on

the fluid characteristics at the particle position, as already discussed in subsection 3.1.2.

Note that some in simulations, one may choose to not take into account the effect

of the particles in the fluid phase, characterizing the so called one-way coupling. This

approach is usually only suitable for very low mass loadings. The more common approach

where the effects into the fluid phase are taken into account, as presented in the equation

above, is the two-way coupling. Another level of coupling is the four-way coupling, that

is named when the two-way coupling is used between fluid and particle, and also the

interaction between the particles themselves (particle-particle collisions) are taken into

account.

3.2 Dense flows

To simulate flows at a higher particle mass loading, i.e. in the conditions outside of the

ones stated in section 3.1, one needs to account for the physical space that the particles

take up in the total volume. This essentially means that the some sort of volume fraction

variable should appear in the gas phase equations, as will be presented in subsection 3.2.1.

On the other hand, the particle phase modeling should also reflect the difference in force

that the fluid will apply, given the population effect, which is subject to subsection 3.2.2.
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3.2.1 Gas phase formulation

As already discussed throughout the present thesis, in order to account for the effect of

the particles in the carrier phase, one has to either resolve the fluid-particle equations

on the scale of the particle surface or use a gas phase formulation that accounts for the

particle presence. For the present thesis, the volume filtered equations derived by Anderson

and Jackson (1967) were chosen to solve the gas phase in a dense particulate flow. Their

formulation was chosen as it presents mathematical rigor throughout the derivation, and

was also successfully used by other authors. See, for instance, Capecelatro and Desjardins

(2013) that have revisited the original formulation in their article and successfully applied

this modeling in their following works.

In this formulation, the point-wise fluid variables are replaced by local mean

variables, which are obtained by filtering them over regions larger than the particles

but still smaller then the scale of the macroscopic flow. Thus, the point-wise variables

will become variables that are volume averaged, and the resulting equations will have

incorporated the effect of the space occupied by the particles in the domain. One will

note that this filter shares some similarities with the filter applied to the dilute flows in

subsubsection 3.1.1.2, in order to bring the fluid flow equation into a realistic framework

of geometry size and Reynolds number for engineering simulations. A similar closure will

be utilized to handle the resulting turbulent tensor.

An interesting alternative mathematical derivation that can be utilized to reach

the very same formulation of Anderson and Jackson (1967), is introduced in Crowe et

al. (2011). Their derivation does not use a filter function, but rather relies on averaging

volumes as defined in Slattery (1972). Crowe et al. (2011) derivation is not revisited in the

present thesis, but will serve as reference to introduce the volume filtered two-layer k-ε

model.

3.2.1.1 Volume filtered equations

Firstly, let g(r) be a filtering kernel defined for positive values of r, the distance from

a point in the 3D space, which meets the following properties: g(r) > 0 for all r; g(r)

monotonically decreases for increasing r; g(r) is a continuous function; g(r) is normalized

such that its integration over the entire physical space V∞ is

∫

V∞

g(r) dV = 1 , (3.55)

where the physical space can be divided into gas occupied points Vg and particle occupied

points Vp, or

V∞ = Vg(t) + Vp(t) . (3.56)
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This filter allows the definition of the local gas volume fraction (or void fraction)

αg as a function of any point x in the entire physical space and time t:

αg(x, t) =
∫

Vg(t)
g(‖x − y‖) dy , (3.57)

where the integration is taken over all the points occupied by the gas phase y, as indicated

by Vg(t). On the other hand, using the restriction

αg + αp = 1 (3.58)

the particle volume fraction αp can be defined complementary to αg by integrating over

the space occupied by the particle phase, giving

αp(x, t) = 1 − αg(x, t) =
∫

Vp(t)
g(‖x − y‖) dy . (3.59)

This equation can be further simplified assuming that g(r) has a small variation within a

single particle (CAPECELATRO; DESJARDINS, 2013):

αp(x, t) =
np∑

i=1

g(‖x − xi‖)Vp,i , (3.60)

where the summation is taken over the index i up to the total number of particles np.

Now, let a(x, t) be any fluid point property of any tensorial order. It is then possible

to write

a(x, t) = a(x, t) + a′(x, t) , (3.61)

where its filtered value a(x, t) is computed by taking the convolution product with the

filtering kernel g, such that

αga(x, t) =
∫

Vg(t)
a(y, t)g(‖x − y‖) dy , (3.62)

and a′(x, t) is its residual field. Note that this is a similar decomposition as the one carried

out in subsubsection 3.1.1.2, and the filter applied to it will have properties comparable to

those defined in Equation 3.7.

At this point, Anderson and Jackson (1967) point out that the filter size must be

larger than the particles but still smaller then the scale of the macroscopic flow. However,

Capecelatro and Desjardins (2013) also note that a filter size with the order of some particle

diameters is enough to meet this criterion. A consequence of this filter size definition, is

that the spatial variation of local filtered variables is slow if compared with the spatial

variation of g(r), such that it is possible to write
∫

Vf (t)
a(y, t)g(‖x − y‖) dy ≈ a(x, t)

∫

Vf (t)
g(‖x − y‖) dy = αg(x, t)a(x, t) , (3.63)

using Equation 3.57.
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Now, for the filtering of the temporal and spatial derivatives Anderson and Jackson

(1967) are able to demonstrate the following relations:

∫

Vg(t)

∂a(y, t)
∂t

g(‖x − y‖) dy =
∂

∂t

(

αg(x, t)a(x, t)
)

−
np∑

i=1

∫

Sp,i

ni(y, t) · ui(y, t)a(y, t)g(‖x − y‖) dy , (3.64)

and
∫

Vg(t)
∇ · a(y, t)g(‖x − y‖) dy = ∇ ·

(

αg(x, t)a(x, t)
)

−
np∑

i=1

∫

Sp,i

ni(y, t) · a(y, t)g(‖x − y‖) dy , (3.65)

where the index Sp,i indicates that the integral is carried out over all the points in the

surface of each particle under the summation, ni is the particle surface unit vector, and ui

is the velocity at the surface of particle i, which is essentially the particle velocity. The

main assumption that lead to the second term in the RHS of the equations above, is that

the filter and differential operators are not commutative, mainly because of the particle

surface contributions.

To reach the volume filtered equations, we can start from the point-wise ones,

multiply them by the filtering kernel g(r), and integrate them over all fluid occupied points.

Let us start by the continuity equation (Equation 3.1):

∂ρg

∂t
+ ∇ · (ρgug) = 0 .

Applying the relations given in Equation 3.64 and Equation 3.65, one is able to recover

∂

∂t
(αgρg) + ∇ · (αgρgug) =

np∑

i=1

∫

Sp,i

ρgni(y, t) ·
(

ug(y, t) − ui(y, t)
)

g(‖x − y‖) dy , (3.66)

which can be reduced to
∂αg

∂t
+ ∇ · (αgug) = 0 , (3.67)

since ρg is constant and the velocity of particle and fluid are equal at the particle sur-

face. An important note, is that one could start from the simplified continuity equation

(Equation 3.4) and would still arrive at the equation above.

The same procedure is carried out with the linear momentum equation (Equa-

tion 3.2):
∂

∂t
(ρgug) + ∇ · (ρgugug) = ∇ · τg + ρgg ,

however note that the gas-particle interaction term has been omitted since it should

appear as a result of the volume filtering procedure. The filter applied to the first and last
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term of this equation (temporal derivative and gravity related) is straightforward, but the

remaining ones (advective term and stress tensor divergent) need special attention.

The advective term filtering shall be done in parts because of the dyadic product.

As it was shown previously in subsubsection 3.1.1.2, here this term will also give rise to a

turbulence tensor related to the velocity fluctuations. This turbulence tensor will be closed

using a proper turbulence closure model later in the next subsubsection. Let the filter of

this term be
∫

Vg(t)
∇ ·

(

ρgug(y, t)ug(y, t)
)

g(‖x − y‖) dy =

∇ ·

∫

Vg(t)

(

ρgug(y, t)ug(y, t)
)

g(‖x − y‖) dy

−
np∑

i=1

∫

Sp,i

ni(y, t) ·
(

ρgug(y, t)ug(y, t)
)

g(‖x − y‖) dy . (3.68)

Then, using Equation 3.61, the first RHS integral is decomposed into:
∫

Vg(t)

(

ρgug(y, t)ug(y, t)
)

g(‖x − y‖) dy =
∫

Vg(t)

(

ρgug(y, t)ug(y, t)
)

g(‖x − y‖) dy

+ 2
∫

Vg(t)

(

ρgug(y, t)u′
g(y, t)

)

g(‖x − y‖) dy

+
∫

Vg(t)

(

ρgu′
g(y, t)u′

g(y, t)
)

g(‖x − y‖) dy , (3.69)

where
∫

Vg(t)

(

ρgug(y, t)ug(y, t)
)

g(‖x − y‖) dy = αgρgugug , (3.70)

∫

Vg(t)

(

ρgug(y, t)u′
g(y, t)

)

g(‖x − y‖) dy ≈ 0 , (3.71)

and
∫

Vg(t)

(

ρgu′
g(y, t)u′

g(y, t)
)

g(‖x − y‖) dy = αgρgu′
gu′

g . (3.72)

The filtering of the stress tensor divergent is also carried out in parts:
∫

Vg(t)

(

∇ · τg(y, t)
)

g(‖x − y‖) dy = ∇ ·

(

αgτg

)

−
np∑

i=1

∫

Si

ni(y, t) · τg(y, t)g(‖x − y‖) dy

−
np∑

i=1

∫

Si

ni(y, t) · τ ′

g(y, t)g(‖x − y‖) dy , (3.73)

where
np∑

i=1

∫

Si

ni(y, t) · τg(y, t)g(‖x − y‖) dy ≈ τg · ∇αg , (3.74)

and
np∑

i=1

∫

Si

n · τ ′

g(y, t)g(‖x − y‖) dy = Fgp − αp∇ · τg . (3.75)
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Replacing the last two equations into Equation 3.73, one is able to retrieve:

∫

Vg(t)

(

∇ · τg(y, t)
)

g(‖x − y‖) dy = ∇ · τg − Fgp . (3.76)

Note that in order to reach Equation 3.74, one needs to make use of Gauss’

theorem and assume that both τg and ∇ · τg vary little in the distance covered by this

integral, in comparison to g(r) (CAPECELATRO; DESJARDINS, 2013). The equality

in Equation 3.75 is a little harder to see, but a longer discussion about it is presented in

subsection 3.2.3.

Finally, the volume filtered linear momentum balance for the gas phase becomes

ρg

[

∂

∂t
(αgug) + ∇ · (αgug ug)

]

= ∇ ·

(

τg − αgρgu′

g
u′

g

)

+ αgρgg + Fgp . (3.77)

The closure model for the stress tensor τg is similar to that in Equation 3.3, but the

molecular viscosity µ is replaced by a volume fraction dependent viscosity µα (ANDERSON;

JACKSON, 1967; CAPECELATRO; DESJARDINS, 2013):

τg = −pI + µα

[

∇ug + (∇ug)T
]

−
(2

3
µα − κ

)

(∇ · ug)I . (3.78)

Note that some simplifications do not apply anymore, namely: µα is not constant, and

varies with space and time; the divergent of the gas phase velocity is no longer zero,

i.e., ∇ · ug 6= 0. Nevertheless, Equation 3.78 can still be simplified by noting that the

dilatational viscosity κ is zero for monoatomic gases at low density (such as the air).

In the present thesis, following Capecelatro and Desjardins (2013), the expression

of Gibilaro et al. (2007) is utilized for the volume fraction dependent viscosity:

µα = µα−2.8
g . (3.79)

3.2.1.2 Turbulence closure

In the mathematical formulation for dense flows, the turbulence tensor appears before-

hand as a result of the filtering procedure that is carried out in order to obtain volume

filtered equations that account for the particle volume fraction. This is different from the

formulation for dilute flows, where a filter had to be applied in order to provide equations

suitable for turbulent flows using turbulence closure models.

In the present thesis, the turbulence tensor is closed in a similar manner as

Equation 3.11, but taking into account the same simplifications applied to Equation 3.78.

Let the Boussinesq assumption be written as:

αgρgu′
gu′

g = −αgµt

[

∇ug + (∇ug)T +
2
3

(∇ · ug)I
]

+
2
3
αgρgkI . (3.80)
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Then, replacing Equation 3.78 and Equation 3.80 into Equation 3.77, and using the

simplified notation for the filtered gas velocity as Ug, one has:

∂αg

∂t
+ ∇ · (αgUg) = 0 , (3.81)

and

ρg

[

∂

∂t
(αgUg) + ∇ · (αgUgUg)

]

= −∇P + ∇ ·

[

µeff,α

(

∇Ug + (∇Ug)T
)]

+ ρgg + Fgp ,

(3.82)

where P = p+ 2/3αgρgk, and

µeff,α = µα + αgµt . (3.83)

The closure model utilized here for µt is similar to the two-layer k-ε model applied

for the closure of turbulence in the dilute formulation. The filtered equations for k and

ε were not presented by Anderson and Jackson (1967), although they could be reached

by applying the filter to the equations. Capecelatro and Desjardins (2013), for instance,

showed this derivation for a generic scalar being transported, which could be assumed as

k or ε . However, Crowe et al. (2011) present the mathematical formulation for volume

filtered k and ε using their alternative derivation. These equations are presented here, but

without showing the mathematical procedure. Let them be:

ρg

[

∂

∂t
(αgk) + ∇ · (αgUgk)

]

= ∇ ·

[

αg

(

µ+
µt

σk

)

∇k
]

+ αgPk − αgρgε+ Sk,αg
(3.84)

and

ρg

[

∂

∂t
(αgε) + ∇ · (αgUgε)

]

= ∇ ·

[

αg

(

µ+
µt

σε

)

∇ε
]

+ Cε,1αg
ε

k
Pk − Cε,2αgρg

ε2

k
+ Sε,αg

,

(3.85)

where Sk,αg
and Sε,αg

would be sources to the equations. Crowe et al. (2011) present a

good review of particle-induced turbulence modulation models, however such phenomena is

neglected in the present thesis. The other equations introduced in subsubsubsection 3.1.1.2.2

are utilized without modification.

3.2.2 Particle phase formulation

The approach utilized to solve the particle phase motion in the dense formulation is the

same as in the dilute formulation. However, the surface forces are taken into account in a

different manner, following a more complete formulation. Knowing that the fluid exerted

force upon a particle is actually due to the fluid normal and tangential stresses over the
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particle surface, one can write:

f =
∫

Sp

τg · n dy

=
∫

Sp

(τg + τ ′
g) · n dy

=
∫

Sp

∇ · τg dy +
∫

Sp

τ ′
g · n dy

= Vp∇ · τg +
∫

Sp

τ ′
g · n dy ,

(3.86)

using the relations presented in subsubsection 3.2.1.1.

In Equation 3.86, one can note that there are two separated contributions: due

to the resolved and unresolved stresses, respectively. The resolved stresses term is the

part of the stress tensor that has been already mathematically solved in the gas phase

equations. The unresolved ones were not, because they depend on the fluctuation part of

the tensor. This term is what makes the traditional forces correlations to appear in the

particle equations, such as drag, lift, and others.

Note that although this form of particle forces is not very common, it reduces to

the traditional form if some simplifications are applied. Take, for instance, the τg equation

for a dilute flow such as in Equation 3.3:

τg = −pI + µ
[

∇ug + (∇ug)T
]

−
(2

3
µ− κ

)

(∇ · ug)I .

The divergent applied to the first part is actually the pressure gradient force, which is

utilized by some authors to simulate gas-particle flows. And if the flow contribution is

removed from the pressure, remaining only the static contribution, that would be the same

as the buoyancy force. Now for the tangential contribution, this is a term that is also often

neglected because is usually small over the particle. However, these simplifications are not

applied in the present thesis until their influences are further studied and understood.

Concerning the forces due to the unresolved stresses, it is common that in CFB

riser simulations1, the only traditional fluid exerted force taken into account is the drag.

All transversal lift forces, and also the particle rotation equation, are usually neglected.

Given the above, the equation for the particle position is retained as is (Equation 3.29),

dxp

dt
= up ,

and the equation for the particle linear velocity is:

mp
dup

dt
= Vp∇ · τg + FD +mpg .

1 CFB riser cases are the main simulations utilizing the dense flow formulation that the present thesis is
concerned about.
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The drag force general expression is modified in comparison to Equation 3.37,

where now the relative gas-particle velocity is multiplied by the gas volume fraction:

FD =
1
2
ρgApCDαg‖Ug − up‖αg(Ug − up) . (3.87)

The drag force correlation also must be modified since the previously discussed ones are

only valid for isolated spheres. For the present case, where multiple particles are close

to each other, an expression derived from DNS simulations by Tenneti et al. (2011) is

utilized, following Capecelatro and Desjardins (2013):

CD =
24

Rep,α





(

1 + 0.15Re0.687
p,α

)

α2
g

+ 5.81
1 − αg

α2
g

+ 0.48
(1 − αg)1/3

α3
g

+ αg(1 − αg)3Rep,α

(

0.95 + 0.61
(1 − αg)3

α2
g

)

 , (3.88)

where

Rep,α =
ρgαg‖Ug − up‖dp

µ
. (3.89)

A comparison of the drag force evaluated by the standard expression using the Schiller

and Naumann (1935) correlation with the modified one using the Tenneti et al. (2011)

correlation is shown in Figure 6. In this comparison, the increase in drag that particle

populations are subject to in relation to isolated ones, becomes very evident. Also, this

increase keeps growing as the the gas volume fraction decreases.

3.2.3 Euler-Lagrange coupling

The coupling between gas and particle phase is different, but mathematically equivalent,

in the dense formulation than it was in the dilute one. In the present formulation, the

gas-particle interaction force is introduced as the weighted sum of the fluid-exerted force

on the particle, defined in Equation 3.86, over all particles:

Fgp =
np∑

i=1

g(‖x − xi‖)fi . (3.90)

Note that the summation is essentially equivalent to the gas-particle interaction term for

the dilute formulation. However, for the dense formulation, there are more appropriate

manners to do this calculation numerically, which will be discussed in section 4.2.

This new definition allows to shed some light on the mathematical integration

presented in Equation 3.75. Let us multiply Equation 3.86 by the filtering kernel g(‖x − xp‖)

and sum over all particles:
np∑

i=1

g(‖x − xi‖)f =
np∑

i=1

g(‖x − xi‖)Vp∇ · τg +
np∑

i=1

g(‖x − xi‖)
∫

Sp

τ ′
g · n dy . (3.91)
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3.3 Other models

Some models are independent to whatever fluid or particle formulation is being utilized,

be that either the dilute or dense formulation. Such models are presented in this section.

Firstly, the so-called turbulent dispersion model is introduced, which has to be utilized

to take an estimative of the fluid fluctuation velocity into account in the fluid-particle

forces correlations. Then, the model to handle all particle collisions is presented, showing

the generic hard-sphere model, which is then applied with modifications to handle the

particle-particle and particle-wall collisions.

3.3.1 Turbulent dispersion

In the calculation of the gas-solid interaction force in both dilute and dense formulation

(see subsection 3.1.2 and subsection 3.2.2), there is a dependency to the relative velocity

between gas and particle. However, note that the gas velocity being utilized to calculate

this relative velocity, is its filtered velocity, and using only this filtered velocity, without

accounting for the turbulence of the fluid, can lead to erroneous results. To correct this, it

is common to employ the so called turbulent dispersion models, which provide a way to

estimate the fluid fluctuation velocity term from its turbulence resolved variables, in the

present case k and ε. Note that in the present thesis, this term is only accounted for in

the drag force, as experience shows that this is where this term makes the most difference.

The model utilized in the present thesis is based on a Langevin equation model,

as taken from Sommerfeld et al. (1993 apud SOMMERFELD, 2001). Over the years,

some constants suggested in the first works of Prof. Sommerfeld were changed, and the

model presented herein follows more recent ones, such as Laín and Grillo (2007), Laín and

Sommerfeld (2008) and all the ones following those. In this model, the gas fluctuation

velocity at the m-th particle current position is correlated to the gas fluctuation velocity

at the m-th particle previous position and to the gas turbulent quantities at the particle

current position:

u′
g

∣
∣
∣
∣
pm

= Rp(∆tp,∆r) u′
g

∣
∣
∣
∣
p

(old)
m

+ σg

√

1 − R2
p(∆tp,∆r)ξ , (3.94)

where Rp(∆tp,∆r) is a correlation function, σg is an estimate of the gas mean fluctuation

velocity, and ξ is a normally distributed random number with mean value of zero and

variance one.

The correlation function is composed by a Lagrangian part (RL), which is a function

of the Lagrangian time-step ∆tp, and an Eulerian part (RE), which is a function of the

distance vector between the fluid particle and the actual solid particle ∆r. This dual part

correlation is utilized in order to account for the crossing trajectories effect (CSANADY,
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1963). The equation for Rp(∆tp,∆r) is:

Rp(∆tp,∆r) = RL(∆tp) diag
(

RE(∆r)
)

, (3.95)

where

RL(∆tp) = exp

(

−∆tp
TL

)

, (3.96)

and

RE(∆r) = [f(∆r) − g(∆r)]
∆r∆r

‖∆r‖2 + g(∆r)I . (3.97)

In addition to that, the Lagrangian integral time scale is

TL = 0.24
σ2

g

ε
, (3.98)

and the functions f and g are

f(∆r) = exp

(

−∆r

LE

)

, (3.99)

and

g(∆r) =

(

1 − ∆r

2LE

)

f(∆r) , (3.100)

where the Eulerian length scale is

LE = 3.0TLσg . (3.101)

Finally, a good estimate for the gas mean fluctuation velocity can be taken from

the very own definition of the turbulent kinetic energy k:

σg =

√

1
3

(∥
∥
∥u′

g

∥
∥
∥

2
)

=

√

2
3
k . (3.102)

Note that this model introduced some quantities that may have a somewhat vague

meaning right now, namely, the particle previous position u′
g

(old), the Lagrangian time-step

∆tp, and the distance between the fluid particle and the actual solid particle ∆r. However,

their meaning will become clearer once the temporal and spatial discretization for the

equations presented in this chapter are discussed in chapter 4.

3.3.2 Hard-sphere collision model

In the particle modeling utilized in the present thesis, there is the need to account for

two types of collisions, namely the particle-particle and particle-wall collisions. Both of

them are based on the hard-sphere model equations, but with further adjustments. Thus,

firstly the hard-sphere collision model is presented generically, and following that, the

appropriate specifics for each model are discussed. The model presented here is taken from

Crowe et al. (2011).
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The relations between pre- and post-collisional linear and angular velocities, for

when the particles are allowed to slide in the tangential direction, are

up,1 = u
(0)
p,1 − (n + ft)(n · G(0))(1 + e)

mp,2

mp,1 +mp,2

(3.103)

and

ωp,1 = ω
(0)
p,1 − 5

dp,1

(n · G(0))(n × t)f(1 + e)
mp,2

mp,1 +mp,2

, (3.104)

where the superscript “(0)” indicates the pre-collisional velocity and no superscript is the

post-collisional velocity, the numeric subscript indicates the two colliding particles, n and

t are the normal and tangential directions to the collision respectively, f is the friction

coefficient to the Coulomb’s law for friction, e is the restitution coefficient defined as the

ratio between the pre- and post-collisional velocities in the normal direction, mathematically

e = − n · G

n · G(0)
, (3.105)

the pre-collisional relative velocity is

G(0) = u
(0)
p,1 − u

(0)
p,2 , (3.106)

and the post-collisional relative velocity is

G = up,1 − up,2 . (3.107)

If the tangential force is not high enough to maintain the sliding, the Coulomb’s

law for friction does not hold anymore, and the particle rolling has to be accounted for.

The equations are then

up,1 = u
(0)
p,1 −

[

(1 + e)(n · G(0))n +
2
7

∥
∥
∥G

(0)
ct

∥
∥
∥t

]
mp,2

mp,1 +mp,2

(3.108)

and

ωp,1 = ω
(0)
p,1 − 10

7dp,1

∥
∥
∥G

(0)
ct

∥
∥
∥(n × t)

mp,2

mp,1 +mp,2

, (3.109)

where G
(0)
ct is the tangential component of the pre-collisional relative velocity at the contact

point G(0)
c , given respectively by

G
(0)
ct = G(0)

c − (G(0)
c · n)n , (3.110)

and

G(0)
c = G(0) +

dp,1

2
ω

(0)
p,1 × n +

dp,2

2
ω

(0)
p,2 × n . (3.111)

Note that following the definition of G
(0)
ct , the tangential direction unit vector can be easier

determined using

t =
G

(0)
ct

∥
∥
∥G

(0)
ct

∥
∥
∥

. (3.112)
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The sliding condition is checked using the inequality

n · G(0)

∥
∥
∥G

(0)
ct

∥
∥
∥

<
2
7

1
f(1 + e)

, (3.113)

where Equations 3.103 and 3.104 are used in case the condition above is true, and

Equations 3.108 and 3.109 if false.

The equations for the partner particle, denoted by the numeric subscript “2”, would

be similar. However, as will become clear in the next sections, they will not be necessary,

because in the case of particle-particle collision the partner particle is fictitious, and in

the case of particle-wall collision the partner is the wall itself, which will occur in some

simplifications.

3.3.2.1 Stochastic particle-particle collision

In the standard hard-sphere model the collisions have to be checked by comparing the

trajectories of pairs of particles: if the trajectories intersect within the time-step, a collision

occurs; otherwise, it does not (BREUER; ALLETTO, 2012). However, this collision

searching algorithm can take up to the order of O(n2
p), if not efficiently programmed. Due

to this high computational cost, and given the goal of the present thesis to provide a

reasonably cheap model for dense gas-solid flows, a stochastic search of particle-particle

collisions is employed. This stochastic model is coupled with the hard-sphere model, and

follows the works of Oesterlé and Petitjean (1993) and Sommerfeld (2001).

To reduce the computational cost, the collision is not realized by the convergence

of particles trajectories, but rather by statistical chance. To each real particle, a chance of

collision is assigned accordingly to the concentration of particles in its vicinity, and to the

diameter and velocity of its collision partner and its own. The probability of collision Pcoll

can be determined from

Pcoll = 1 − exp(−fcoll∆t) , (3.114)

where the frequency of collisions fcoll is given from an analogy to the kinetic theory of

gases, namely:

fcoll =
π

4
(dp,1 + dp,2)2‖up,1 − up,2‖

np

V
, (3.115)

where np/V is the number of particles in the volume of the vicinity considered. Note

that later in chapter 4 the size of the vicinity will turn out to be the discretization cell.

The decision to whether or not the collision occurs is then made by drawing a uniformly

distributed random number in the interval [0, 1] and comparing it to the probability

calculated in Equation 3.114. The collision happens if the random number is smaller than

the probability.

Although using the equations above already lowers the computational cost, each

particle would still need to be compared to every other one in the domain to calculate the



3.3. Other models 77

probabilities. To further reduce the cost, each real particle is compared only to one fictitious

particle. This fictitious particle has its properties statistically drawn from distributions

based on all particles of the vicinity. A log-normal distribution is utilized to describe the

particle diameter (HEINTZENBERG, 1994), and a normal distribution for the linear and

angular particle velocities:

dp,2 = dp,fict. = exp {E[ln(dp)] + Var[ln(dp)]ξ} , (3.116)

up,2 = up,fict. = E[up] + Var[up]ξ + u′
p,fict. , (3.117)

ωp,2 = ωp,fict. = E[ωp] + Var[ωp]ξ , (3.118)

where E[X] is the expected value (mean) of X, Var[X] is the variance of X, and ξ is a

random normal value with E[ξ] = 0 and Var[ξ] = 1. The mean and variance of ln(dp) can

be calculated from the mean and variance of dp, which are known, as follows:

E[ln(dp)] = ln(E[dp]) − 1
2

Var[ln(dp)] , (3.119)

Var[ln(dp)] = ln

(

Var[dp]
(E[dp])2

+ 1

)

. (3.120)

Note that in the process of generating the fictitious particle linear velocity, the

influence of the turbulent dispersion must also be taken into account:

u′
p,fict. = R(St) u′

g

∣
∣
∣
∣
p1

+ σp

√

1 −R(St)2ξ (3.121)

where

R(St) = exp
(

−0.55 St0.4
)

, (3.122)

u′
g

∣
∣
∣
p1

comes from Equation 3.94, and σp is the actual RMS fluctuation velocity of the real

particle. The Stokes number definition utilized here is the following:

St =
ρpd

2
p,fict.

18µ
1
TE

, (3.123)

where the Eulerian turbulence time scale is

TE = 0.3
k

ε
(3.124)

Once the fictitious collision partner has been defined, and the chance of that

collision occurring has been calculated, one needs to settle the point of collision at the real

particle surface so that the normal and tangential collision vectors can be determined. The
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axis itself, and then φ around the brel axis, resulting in the following rotation matrix:

R =








cosφ − sinφ 0

cosψ sinφ cosψ cosφ − sinψ

sinψ sinφ sinψ cosφ cosψ







. (3.129)

However, as the angles of rotation are defined in relation to the local coordinate system,

in which the vector nrel is always [1 0 0]T, the collision normal vector is given simply by:

n = cosφnrel + cosψ sinφ trel + sinψ sinφbrel . (3.130)

This last part, the calculation of the the unit vectors using the Householder matrix,

was introduced in the code during the present thesis. Before that, the determination of

the collision normal angle was carried out in a simpler manner, but that could produce

singularity values in very rare cases.

3.3.2.2 Particle-wall collisions

The particle-wall collision model can be regarded as a special case of two colliding spheres

using the hard-sphere model, where the second sphere is the wall and will assume the

following properties: mp,2 >>> mp,1 such that

mp,2

mp,1 +mp,2

≈ 1 , (3.131)

up,2 = 0, ωp,2 = 0, and dp,2 → ∞. Applying these simplifications to the standard hard-

sphere model, the particle-wall collision equations become:

up,1 = u
(0)
p,1 − (n + ft)(n · u

(0)
p,1)(1 + e) (3.132)

and

ωp,1 = ω
(0)
p,1 − 5

dp,1

(n · u
(0)
p,1)(n × t)f(1 + e) , (3.133)

for a sliding condition of the particle;

up,1 = u
(0)
p,1 −

[

(1 + e)(n · u
(0)
p,1)n +

2
7

∥
∥
∥G

(0)
ct

∥
∥
∥t

]

(3.134)

and

ωp,1 = ω
(0)
p,1 − 10

7dp,1

∥
∥
∥G

(0)
ct

∥
∥
∥(n × t) , (3.135)

for non-sliding. The pre-collisional relative velocity at the contact point can also be

simplified as

G(0)
c = u

(0)
p,1 +

dp,1

2
ω

(0)
p,1 × n , (3.136)

and the test to the sliding condition becomes

n · u
(0)
p,1

∥
∥
∥G

(0)
ct

∥
∥
∥

<
2
7

1
f(1 + e)

. (3.137)
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A simpler expression is often presented in the literature if one defines a new

coordinate system aligned with the wall normal vector. It is an obvious choice to align the

normal collision vector with one of the coordinate system axis, and the other two in the

tangential direction. However, that would need a transformation of the reference system

to come back to the fluid flow coordinate system. That approach is not followed in the

present thesis.

Although the recently presented model is enough to account for the particle-

wall collisions, it leaves out the influence of the wall material roughness, which is a

very important feature to correctly predict the velocity and distribution of the particles

in particle-laden flows, as shown by many (SOMMERFELD; HUBER, 1999; KUSSIN;

SOMMERFELD, 2002; SOMMERFELD; KUSSIN, 2004; BENSON et al., 2005; LAÍN;

SOMMERFELD, 2012; ALLETTO; BREUER, 2013; SOUZA et al., 2014; VREMAN,

2015; SOLNORDAL et al., 2015b; DUARTE et al., 2017). In the present thesis, the wall

roughness is accounted for utilizing the procedure detailed in Sommerfeld and Huber

(1999), where the rebound angle of the particle leaving the wall is composed assumed to

have a stochastic contribution added to the incoming angle:

θreb. = θinc. + ∆γ ξ , (3.138)

where ∆γ is the parameter that controls the wall roughness and ξ is a normally distributed

random number with mean zero and variance one. The roughness parameter is known to a

certain extend for common cases from the works of Prof. Sommerfeld’s group, but in other

cases it depends on trial and error to adjust the value.
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Chapter 4

Numerical and computational methods

In this chapter, the mathematical models stated in the last chapter are dis-

cussed in matters of how to solve them numerically using computational tools.

“Computers can do two things: (1) move data form one place to another and (2)

linear algebra”. (Mark Hoemmen, Sandia Labs, as cited by Paul Constantine

@DrPaulynomial).

In the previous chapter, the complete set of the mathematical equations suitable to model

all gas-particle flows concerned in the present thesis were presented and discussed. However,

the solution of such equations is not straightforward. For the gas-phase equations, for

instance, currently there is not a single mathematical method that can be applied to solve

such equations in a three-dimensional and transient framework such as needed in here. On

the other hand, the particle-phase equations are much simpler, but still cannot be solve

analytically due to the dependency on the gas velocity.

Because of such difficulties, the equations are discretized in space and time to be

available for solving by numerical methods, which are implemented in the UNSCYFL3D

code. Also a number of other methods are necessary, for example, particle tracking

algorithms, calculation of cell volumes, and others, which are not numerical equation

solving methods, but are computational ones, and shall also be presented here.

All the methods presented in this chapter are more completely described and

discussed in the references cited herein, as the intention here is not to provide a review

of the already established methods, but merely present them as part of the methodology

utilized in the present thesis. Also, to show every detail of the numerical and computational

algorithms utilized in the UNSCYFL3D code would be prohibitive as it alone would take

its own document. The reader is referred to earlier implementation theses and articles such
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as Salvo (2013), Souza et al. (2014) and Martins (2016), for more information. However,

when deemed necessary as in the case of some newer methods that were implemented

during and for the present thesis, a more thorough discussion is presented.

4.1 Gas phase

Given the difficulty in solving the fluid flow equations, CFD has risen as one of the

most utilized tool for engineering analysis of fluid flows. The numerical method mostly

utilized for the numerical solution in CFD is the Finite Volume Method (FVM), which

is thoroughly described in many textbooks, not only classical ones (PATANKAR, 1980;

MALISKA, 2004), but also reedited classical (FERZIGER et al., 2020) and new ones

(MOUKALLED et al., 2016). All the methods presented in the current section are derived

from the adoption of the discretization of the mathematical equations by the FVM, and

are needed for a complete and suitable discretization of the mathematical equations into

the computer code for numerical solving.

4.1.1 Finite Volume Method

The FVM consists on discretizing both space and time considered in the analysis, similarly

to other approaches such as the finite differences method, and then integrating the transport

equations in such multiple discretized domains. The pieces derived from the discretized

domain are the mesh cells, an the size of the discretization in the time is the time-step. Such

procedure will turn the Partial Differential Equations (PDE) into a system of algebraic

equations. Such system is usually non-linear, but it is linearized for solving.

Using a generic variable φ to represent all transported variables using a single

transport equation, and recalling the Gauss-Ostrogradsky divergence theorem to represent

a volume integral of a divergent as a surface integral, the FVM can be briefly represented

as follows:
∫

VC

∂

∂t
(αgρgφ) dV +

∮

SC

(αgρgUgφ) · n dS =
∮

SC

(Γ∇φ) · n dS +
∫

VC

Sφ dV , (4.1)

where VC indicates the integration over the control volume delineated by the discretized

space (the computational cell) V , SC indicates the closed surface integral over all the faces

that form the surface of the computational cell S, Γ is a generic diffusion coefficient, and

Sφ a generic source term.

Under the classical assumptions of the FVM method, Equation 4.1 becomes
[

∂

∂t
(αgρgφ)

]∣
∣
∣
∣
∣
C

VC +
∑

f∼nb(C)

ṁfφf =
∑

f∼nb(C)

[

Γ(∇φ · n)S
]
∣
∣
∣
∣
f

+ Sφ

∣
∣
∣
∣
C
VC (4.2)

for a given cell C sharing the faces f with its neighboring cells, where

ṁf =
[

αgρg(Ug · n)S
]
∣
∣
∣
∣
f
. (4.3)
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Note that the introduction of αg does not bring great difficulties into the discretized

equation if compared to the standard one (recalled by taking αg = 1), and one just needs

to take a bit o care in redoing all discretization steps to not miss any accounting of the

new variable. The only term where it appears explicitly is in the transient term, but which

does not complicate the discretization. In the advection term, αg is incorporated into the

face mass flux, which also simplifies all the changing in the code in relation to the old

formulation. One addition that has to be paid attention to, is the transient term in the

continuity equation, for in the standard formulation this term was non-existent. With

this addition, a new term will appear in the pressure-correction equation of the SIMPLE

algorithm (see subsection 4.1.5).

4.1.2 Discretization of terms

The discretization of the terms in Equation 4.2 are discussed in the present section.

The discretization of the volume fraction at the cell face αf is carried out using central

differences, i.e. assuming a linear change between cell centers.

The transient term is discretized differently for the dilute and for the dense

formulation. In the former, the Second Order Upwind Euler (SOUE) scheme is applied,

which is second-order accurate using three time levels. On the other hand, in the dense

formulation due to difficulties in the convergence and for a more fast testing of the

new implementation, the First Order Implicit Euler one was utilized. Note that in both

formulations the temporal discretization was carried out in an implicit way, in which

all remaining terms of Equation 4.2 are taken at the newest time-level. The implicit

time discretization generate a linear system that needs to be solved iteratively for each

time-step.

In the advective term (second term on the LHS), one notes that the variables

have to be evaluated at the cell face instead of in the center. The evaluation of φf

follows the Second Order Upwind (SOU) scheme in a Deferred Correction (DC) approach

(KHOSLA; RUBIN, 1974). The DC approach is utilized to provide more stability in the

solution by increasing the diagonal dominance of the linear system. This is achieved by

splitting the SOU estimation of the face values in an implicit part of lower order, using

the Upwind (U) scheme, plus an explicit part (evaluated at the old time-level) of higher

order, mathematically:

ṁfφ
(SOU)
f = ṁfφ

(U)
f

︸ ︷︷ ︸

implicit

+ ṁf

(

φ
(SOU)
f − φ

(U)
f

)

︸ ︷︷ ︸

explicit

. (4.4)

The diffusive (gradient-related) term is accounted in the cell face assuming that φ

varies linearly between cell centroids, i.e. utilizing the Central Differencing scheme. However

an important part of this discretization is to account for the possible non-orthogonality of
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the mesh. In the UNSCYFL3D the correction by Mathur and Murthy (1997) is employed,

namely the over-relaxed approach (MOUKALLED et al., 2016).

4.1.3 Linear system

Replacing all discretized terms into Equation 4.2 and making all modifications in the

boundary cells due to the chosen boundary conditions will result in a linear system of the

following kind:

aCφC +
∑

F ∼NB(C)

aFφF = bC , (4.5)

where a is the coefficient matrix, F denote the neighboring cells of cell C, and b is the

vector that sums up all explicit terms.

This equation is written for each one of the computational cells of the mesh, which

are dependent on each other, hence producing a system of equations. This algebraic

equation system is solved in the UNSCYFL3D using the Bi-Conjugate Gradient method

(BiCG) with Successive Over-Relaxation (SOR). The only exception is the linear system

formed by the pressure correction equation which needs a special algorithm (discussed in

the next subsection).

4.1.4 Rhie-Chow interpolation

It is also an already established concept that in incompressible segregated solution ap-

proaches for collocated meshes, a special interpolation must be considered for the gas face

velocity utilized in Equation 4.3, namely the Rhie-Chow interpolation (RHIE; CHOW,

1983). In the previous version of the UNSCYFL3D code the basic version of the Rhie-Chow

interpolation was applied:

Ug

∣
∣
∣
∣
f

=

〈

Ug

∣
∣
∣
∣
f

〉

− 〈Vf〉
〈af〉

(

∇Pf − 〈∇Pf〉
)

, (4.6)

where the 〈 〉 operator indicates a quantity calculated by a simple linear interpolation in

opposition to the true value at the face, and the relation between the face interpolated

Volume and a is
〈Vf〉
〈af〉 =

VC + VF

aC + aF

. (4.7)

Note that the “true” value of the pressure gradient in the above case would be calculated

by taking the gradient directly into the face by a method such as the Green-Gauss or the

least-square. In the present thesis, the Green-Gauss is utilized.

However, recent advances in this area have been showing that more additions

to Equation 4.6 are necessary in order to provide more accurate results (ZHANG et

al., 2014; CUBERO et al., 2014; MOUKALLED et al., 2016; TUKOVIĆ et al., 2018;

BARTHOLOMEW et al., 2018). For instance, in order to guarantee a time-step independent
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interpolation, the following term has been added to the RHS (already accounting for the

volume-averaged equations):

ρg

∆t
〈Vf〉
〈af〉

[

(αgUg)
∣
∣
∣
∣

old

f
−
〈

(αgUg)
∣
∣
∣
∣

old

f

〉]

. (4.8)

Other additions to the Rhie-Chow interpolation equation are also recommended,

such as the correction for relaxation independent results. However, in the present work

this correction was not added as its influence is very small. Another inclusion that was

tested was for the correction related to the source terms. Summing up all source terms

(gravity related and particle related) into a vector B, one can account its correction in a

simple manner as:
〈Vf〉
〈af〉

(

Bf − 〈Bf〉
)

. (4.9)

However, this correction is presented with different interpolations in each work. The simple

method applied here showed almost no influence in the results and in the convergence

because the sources terms due to the particle are already very smooth because of the

artificial diffusion included. This diffusion is discussed in the next section, on the numerical

and computational methods for the particle phase.

The final Rhie-Chow interpolation equation implemented and utilized in the present

thesis is as follows:

Ug

∣
∣
∣
∣
f

=

〈

Ug

∣
∣
∣
∣
f

〉

− 〈Vf〉
〈af〉

(

∇Pf − 〈∇Pf〉
)

+
ρg

∆t
〈Vf〉
〈af〉

[

(αgUg)
∣
∣
∣
∣

old

f
−
〈

(αgUg)
∣
∣
∣
∣

old

f

〉]

+
〈Vf〉
〈af〉

(

Bf − 〈Bf〉
)

. (4.10)

Note that the works on Rhie-Chow interpolation consistently reiterate the impor-

tance of applying a consistent formulation in order to obtain consistent results and also to

improve convergence. Of those, some also stress the influence of the correct interpolation

taking into account the αg, which needs to added in the derivation, in opposition to

using the standard interpolation to a single-phase formulation (CUBERO et al., 2014;

BARTHOLOMEW et al., 2018). In the present thesis, the implementation of the corrected

Rhie-Chow interpolation was carried out in accordance to all remarks presented in the

aforementioned works.

4.1.5 SIMPLE

The solution of the entire set of equations is performed in a segregated manner utilizing

the Semi IMplicit Pressure Linked Equations (SIMPLE) algorithm Patankar (1980). This
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approach is well-know in the CFD literature, and only minor modifications need to be

carried out in the equations in order to account for αg. But the steps of the algorithm are

the same.

The first step is solving the discretized momentum equations utilizing the previous

estimates for the pressure and face velocities. The volume fraction is given and constant

for the duration of the fluid time-step, as it is only updated in the particle iteration cycle.

After this first estimative of the velocities, the cell face velocities (and consequently the

cell face mass fluxes) can be corrected using the Rhie-Chow equation.

After the estimation of the velocities, a linear system for the pressure correction

(P ′) is assembled:

a
(P )
C P ′

C +
∑

F ∼NB(C)

a
(P )
F P ′

F = b
(P )
C . (4.11)

This system, however, has special characteristics that make it not suitable to be solved by

the BiCG method as the other systems. In this case, the Algebraic Multi-Grid (AMG)

method is utilized. The AMG utilized in the UNSCYFL3D code is taken from Notay

(2010), with further improvements by Notay (2012) and Napov and Notay (2012)1.

Note that for the volume-averaged equations some modifications are necessary on

the coefficient of Equation 4.11:

a(P )
︸︷︷︸

volume averaged

= αg

∣
∣
∣
∣
f
a(P )
︸︷︷︸

standard

, (4.12)

and

b
(P )
C
︸︷︷︸

volume averaged

= b
(P )
C
︸︷︷︸

standard

+
ρgVC

∆t

(

αg

∣
∣
∣
∣
C

− αg

∣
∣
∣
∣

old

C

)

, (4.13)

where the αg|f multiplication in Equation 4.12 comes from the definition of the cell face

mass flux in Equation 4.3, and the last term in Equation 4.13 is from the transient term

in the continuity equation. This last term addition has shown to bring some convergence

issues in some simulations.

After this step, the cell-center velocities, the cell faces mass flux and the cell-center

pressure are updated with P ′ using the appropriate expressions. The discretized equations

for the turbulence equations are solved next. Then, the convergence is checked and the

loop is ran again as many times as needed in order to achieve convergence within the

specified criteria.

4.2 Particle phase

In comparison to the gas phase numerical methods, the particle phase solution is much

simpler on the numeric standpoint, given that the equations are mathematically simpler.
1 Available at <agmg.eu>
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However, many computational methods are necessary in order to correctly determine

the position and velocity of the particles in the Eulerian space, and also to provide a

reasonably computational cheap model.

4.2.1 Parcel representation

The computational requirements to solve each single particle present in a flow can become

very high in some cases, see for instance industrial scale CFB risers that can hold up to

109 or even 1012 particles. Take the simple case where one would need to store only six

basic information such as current position and linear velocity vector, this alone would

require about 45 GigaBytes of memory. This is a uncommon value for RAM memory

(fast access memory), and store such amount of information in hard drives would make a

simulation many times slower. One common alternative to this problem, is to consider

that one single Lagrangian entity, now called a parcel, is actually a representation of the

position and velocity of several real particles. This way, the number of Lagrangian entities

can be reduced by several orders of magnitude.

Although in the case of dilute flows the aforementioned problem is much less

common, the parcel approach can also help when there are only a few real particles in the

domain. In this case, a very long simulation would have to be run to achieve a smooth

statistical field, for example. Using more parcels than the actual number of real particles

would assign to them a fractional weight, but would speed up the statistical convergence.

4.2.2 ODE integration

The solution of the particle ordinary differential equations - namely Equations 3.29, 3.30

and 3.31 - is carried out using a numerical integration much simpler than the FVM. The

algorithm is based on an analytic integration of the equations, assuming that up on the

drag force relative velocity can be integrated, but the gas velocity, the Rep, and all other

forces a are constant during the time-step:

xp = x(old)
p + ug∆tp + aτp∆tp +

(

u(old)
p − ug − aτp

)

τp

(

1 − e
−

∆tp

τp

)

; (4.14)

up = ug + e
−

∆tp

τp

(

u(old)
p − ug

)

− aτp

(

e
−

∆tp

τp − 1
)

; (4.15)

ωp = 0.5ωg − Ω
(old)
rel e−∆tpC∗

R ; (4.16)

where the gas instantaneous velocity is estimated using the turbulent dispersion model

(see subsection 3.3.1)

ug =

(

Ug + u′
g

∣
∣
∣
∣
p

)

, (4.17)
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the particle relaxation time is corrected for non-Stokes drag

τp =
1
CD

24
Rep

ρpd
2
p

18µ
, (4.18)

and

C∗
R =

CRρgd
5
p

∥
∥
∥Ω

(old)
rel

∥
∥
∥

64Ip

. (4.19)

This approach is also utilized by Prof. Sommerfeld, and early tests from our research

group in cyclones and pipe particle-laden flows, show that the present method achieves

the same accuracy as a second-order Runge-Kutta method.

4.2.3 Interpolation and tracking

When the particle are at the exact location of the cell center, all gas properties at its

location are easily determined, by the very own definition of the FVM. However, this is

very unlikely to occur, and in that case it is very important that the gas properties are

interpolated to the particle position for a more accurate prediction. In the UNSCYFL3D

code, the Shepard (1968) algorithm for this interpolation is utilized. This algorithm is

based on a simple mean weighted by the inverse of the distance to the neighbors of the

host cell.

The tracking of the particle is another very important algorithm to take into

account. This algorithm is responsible to assign each particle into its respective host cell.

As the mesh is not structured, this assignment is not easy, and the calculations need

to take into account each particle initial position, and initial host cell, to determine its

final ones according to its displacement. In the UNSCYFL3D code, the algorithm from

Haselbacher et al. (2007) is utilized, which can deal with polyhedral meshes and allows

calculation when the particle crosses multiple cells.

4.2.4 Particle volume distribution

The inclusion of αg in the mass and momentum equations for the gas phase solution,

was performed during the present thesis. Beyond adding αg and modifying some of the

SIMPLE and Rhie-Chow equations, one special feature had to be added to the code, the

diffusion of the αg and Fgp field. As already discussed in section 2.3, this diffusion is carried

out to promote the particle volume and forces distribution in all cells around the host

cell (CAPECELATRO; DESJARDINS, 2013; SUN; XIAO, 2015b). This is particularly

important near the walls, where the particles are larger than the cell. Also, this procedure

stabilizes the solution, preventing nonphysical pressure oscillations (PENG et al., 2014).

This algorithm starts by first calculating αg and Fgp in each cell considering that

all the value of a particle volume and interaction force is accounted for the host cell. In the
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next step, a controlled diffusion is introduced so that influence is spread in the neighboring

cells. The transient diffusion equation

∂αg

∂t∗
= D∇2αg (4.20)

is solved after each particle cycle, to be used in the next gas time-step. Note that the same

equation is also used to diffuse Fgp. Equation 4.20 is solved in an independent time frame

t∗, given as a function of the intended width of spread

Dt∗ =
δdiff

16 ln 2
. (4.21)

In the present thesis, the suggestions from Capecelatro and Desjardins (2013) were followed,

where a value of δdiff = 3dp is adopted for monodisperse flows and δdiff = max(dp) for

polydisperse ones.

This equation is also discretized using the FVM as described before, and is solved

utilizing the BiCG method. The total time of diffusion is solved in three time-steps,

following the considerations of Sun and Xiao (2015b). These authors showed that solving

it in only one time-step may generate a spurious field, and more than three is unnecessary.

We also tested this influence in a simple one-dimensional fictitious field, and achieved the

same conclusion.

Note that as in the present thesis the concept of parcels is utilized, where many

particles may be represented by a single one, and that the stochastic collision model

does not prevent multiple particles to close together (even at the same position), it may

occur that non-realistic αg and Fgp fields are achieved. In such occasions, a limitation of

αg > 0.36 (following the random packing theory) is applied so that there are no problems

with the gas equations. However the limitation of Fgp is not straightforward, and has not

been implemented in the current state of the UNSCYFL3D code. This brings convergence

problems in locations with high concentrations of particles. This is discussed in section 6.3.
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Chapter 5

Results and discussion: dilute flows

This chapter is dedicated to simulations and analyses carried out in dilute

particle-laden cases. Simulations in horizontal and vertical ascending flows are

performed to evaluate the influence of gas-particle coupling, turbulence closure

model, particle mass loading, and also to validate some steps of the modeling.

Although the UNSCYFL3D code has been extensively utilized and validated for dilute

particle-laden flows, many boundaries remain. One of them is that only monodisperse

simulations had been performed before the present thesis, and another one is that only

particle mass loadings up to η = 1.0 kgpart./kgair has been simulated. In this chapter these

boundaries are taken further in the direction of higher mass loadings, trying to reflect the

situations that are encountered in risers, and trying to better understand the particle-laden

flows characteristics and modeling features before going into dense flows. Horizontal and

vertical ascending flows in pipes are presented to assess the effect of gas-particle coupling,

turbulence closure model and particle mass loading on the predictions.

5.1 Polydisperse validation

The CFD code UNSCYFL3D has been extensively validated and utilized in a large number

of dilute particle-laden flows in geometries like channels and circular pipes, as already

mentioned. However, the earlier works have been carried out in monodisperse flows, where

only one mean diameter had been assumed to represent the particles. At the very beginning

of the present thesis, the code was being modified to be able to account for particles with

a diameter distribution.

In light of the aforementioned, one of the first steps to the present thesis was

to perform some simulations in already known validation cases in order to to verify the
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Figure 8 – Computational mesh utilized for circular pipes simulations.

implementation of the polydisperse model, but also to validate the model that had been

subject to some early modifications, as stated throughout this document.

The validation performed in this section is a dilute particle-laden flow in a horizontal

pipe, experimentally carried out by Huber and Sommerfeld (1998) (namely “Case 3”), and

later also simulated by Laín and Sommerfeld (2013) using a very similar model as the

present one.

5.1.1 Computational domain

The computational domain for the simulation is a circular pipe with 150 mm internal

diameter and 10.6 m length. The construction of a computational mesh for circular pipes

is very straightforward and was done by the use of the well-known O-Grid approach for

hexahedral cells utilizing the commercial software ANSYS ICEMCFD. A total number

of about 570 thousand hexahedral cells was needed, where the height of the first wall

adjacent cell is 1.1×10−5 m to ensure y+ = 1. From the wall towards the center of the pipe,

the cells are allowed to grow 20% from its previous size, up to about halfway between the

wall and the center. After that the size remains constant. In Figure 8 a general overview

of the mesh is presented. Note the high concentration of lines near the wall, indicating the

presence of more cells.

Note that as all simulations presented in this chapter comprehend circular pipes,

although in different orientations (horizontal and vertical), all computational meshes are

constructed in very close way to the one presented here. Of course that as the pipe diameter
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Table 1 – Diameter distribu-
tion for Huber and
Sommerfeld (1998)
case.

Diameter (µm) No. of parcels

20 28

30 68

40 86

50 61

60 34

70 16

80 6

and

e = max
(

1 − 0.3
22
θin, 0.7

)

. (5.2)

These functions will provide a higher value of the coefficient at zero impact angle, initially.

The value then decreases with the increase in the angle down to a minimum value, from

where it remains constant. On the other hand, for the particle-particle collisions only

constant values are utilized, 0.9 for the restitution coefficient and 0.4 for the friction

coefficient.

In all simulations, present and future in this chapter, a time-step of 10−4 s was

used for the fluid flow (Eulerian part) and 10−5 s for the particles (Lagrangian part).

This different time-step is achieved by solving one step of the fluid flow, and then ten

sub-steps of the particles before returning to the fluid flow. These values of time-steps are

a common practice in many works from the group and also from other authors, and have

been extensively shown to be enough to provide time-step size independent results.

5.1.3 Mesh size assessment

As the computational mesh presented in subsection 5.1.1 will be utilized as basis for

all pipe flow simulations in the present thesis, it is important to assess its refinement

independence to the results of both gas and particle phase. Note that for this evaluation,

a one-way coupling with the k-ε model is utilized, because only the mesh size influence is

important. The mesh previously presented is taken as the fine mesh and one with roughly

25% the number of cells is the coarse one.

The gas and particle phase velocities in the main flow direction are compared in

Figure 10. Note that the plot is turned sideways to simulate the flow direction, with the

gravity pointing downwards, and provide a better visualization. The influence of the mesh
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Table 2 – Diameter distribu-
tion for Tsuji and
Morikawa (1982)
case.

Diameter (µm) No. of parcels

110 2

130 3

150 3

170 3

190 2

210 2

230 2

250 2

270 2

290 2

310 1

330 1

350 1

370 1

5.2.1.1 Simulations

Figure 18 shows the fluid velocity profiles for all cases in order of increasing η. It can be

noted that a very good agreement is achieved for particle mass loadings up to 0.9, which

is consistent with previous simulations using this modeling. For η = 0.4 kgpart./kgair all

three gas-particle couplings provide similar results because the profile is still parabolic.

At η = 0.9 kgpart./kgair the profile is not parabolic anymore, showing a little of decrease

in the velocity for the bottom region. This shows some discrepancy in relation to the

one-way coupling, but the two- and four-way ones still provide reasonable accuracy. For

η = 2.2 kgpart./kgair the numerical profile starts to deviate more from the experiments,

where the four-way coupling under-predicts the velocity un the upper region, but the

two-way still provides some agreement. At the highest mass loading, there is no agreement

with the profile anymore, although the order of magnitude of the velocity is right.

One can note that starting at η = 2.2 kgpart./kgair a bi-modal experimental velocity

profile is seen. One hypothesis is that the particle diameter distribution could be responsible

for this, which has a nearly bi-modal distribution. If that is the case, the poor agreement

from the simulation can be due to the particle-particle collision model, that is only

statistical and can not account for this phenomenon, and only a deterministic one would

be able to predict it. To the best of the author’s knowledge, there is no particle-laden
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5.2.2.1 Simulations

The fluid phase velocity for the cases of Tsuji et al. (1984) are presented in Fig. 22, sorted

column-wise by inlet velocity and particle diameter, and row-wise by particle mass loading.

The one-way coupling provides good accuracy for the two first cases at the lower mass

loading, but starts to fail from η = 2.0 kgpart./kgair to the higher ones. This is in agreement

with the horizontal flow findings. Regarding the two- and four-way coupling, one can note

a good overall agreement in all cases. For the low mass loading cases there is a general

small under-prediction of the center velocity, as the simulation profile is flatter than the

experimental, but at medium loadings the agreement is very close. At higher loadings,

the agreement is still good, but a slight difference is noted between two- and four-way

coupling.

An interesting dynamics is seen at higher mass loadings where the point of maximum

velocity may shift from the center towards a peripheral region, which is much more visible

at the last plotted case (lower right). At this case it can be seen how the two-way coupling

is able to predict the reduced center fluid velocity in comparison with its neighborhood in

contrast to the four-way coupling that smoothed this effect showing a flat profile. This

is exactly the same behavior shown in the horizontal flow, where the collision seem to

excessively redistribute the concentrated particles. Although, here, this effect only appeared

at a much higher particle mass loading.

The fluid phase velocity profiles for Mathisen et al. (2008) cases are depicted in

Fig. 23. These authors do not provide data for comparison, however one can compare the

simulations. Note that in all cases the one-way profile is more parabolic while the two-

and four-way ones are more flat and very similar. As previously showed, for higher mass

loadings the two-way coupling shows a shifting of the maximum velocity from the center,

while the four-way coupling shows a flatter profile.

Note that for this case very high mass loadings are simulated, η = 8 kgpart./kgair

is roughly the loading of an industrial riser. However, in the present experiment as the

particles enter all very well distributed and with a certain injection velocity, there is no

great accumulation of solids as to form a cluster, and a dilute flow formulation is enough

to provide good results since the volume fraction is kept small.

In Figure 24 the particle phase velocity profiles from Tsuji et al. (1984) are presented.

Again the one-way coupling shows itself to be suitable only for low particle mass loadings,

whereas the two- and four-way ones show an overall good agreement for all cases, only

minor differences can be noted. Two-way coupling tends to show the same maximum

velocity point shifting away form the center as it has shown in the fluid velocity profiles,

while the four-way coupling showed the same flattening effect. These effects are much

more light than for fluid velocity. One difference from the fluid velocity comparisons, is
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The particle volume fraction profiles for the Tsuji et al. (1984) cases is presented in

Figure 26. This figure supports the conclusions drawn before about the higher concentration

of particles in the central region that draw momentum from the fluid and make the velocity

to have a lower value at the center in some cases. Also, as already shown in the horizontal

cases, one can note that the particle-particle collisions have the effect to redistribute the

particles that are accumulated in the center to the peripheral regions. Another interesting

fact is in the scale of the volume fraction. Although the lower left case has the highest

particle mass loading, η = 4.2 kgpart./kgair, its volume fraction is still one order of magnitude

lower that the second and third cases of the right column, at η = 2.0 kgpart./kgair and

η = 3.6 kgpart./kgair. This shows that the fluid velocity has a very important effect on the

accumulation of particles inside the domain and the parameter η alone cannot be taken

solely to define whether a flow will present features of a dilute or dense particle-laden flow.

On the other hand, in Figure 27 where the volume fraction profiles for the Mathisen

et al. (2008) cases are shown, does not present any remarkable feature. Overall, one- and

two-way coupling profiles show the expected increase in volume fraction at the center, but

not nearly as pronounced as in the previous cases, and the four-way tend to flatten it a

bit. Also, all cases fall into the order of 10−3. These facts also point in the direction of a

not yet fully developed flow.

5.3 Influence of forces and wall roughness

The roles of the fluid-particle forces and wall roughness are somewhat well-know in dilute

particle-laden flows, but in order to gather some more insight about it and to check if

the UNSCYFL3D code is able to provide such results, a simplified study is carried out

herein. For this study, the first case from Mathisen et al. (2008), at η = 3.1 kgpart./kgair,

Ug,in = 6.0 m/s, dp,mean = 518 µm and ρp = 2500 kg/m3, is conducted using only one-way

coupling. Although it has been shown that this coupling is not the ideal, it is enough to

provide qualitative answers about the influences of each force.

Five cases are simulated for this case study: the first one is the standard case

itself, that was already presented; the following one assess the effect of the shear lift force;

the third one is removed from both shear and rotation lift; the fourth study assess the

influence of the turbulent dispersion only, with all forces; and the last one evaluates the

flow at a much higher wall roughness, ∆γ = 7.5◦, to clarify the difference in comparison

to a smooth wall case.

Mando and Yin (2012) have also simulated this case from Mathisen et al. (2008),

however did not present a very good agreement. In their simulation, the authors utilized

an Euler-Lagrange approach with the standard k-ε model, one-way coupling, turbulent

dispersion, and drag force, but neglected the lift forces (shear-induced and rotation-induced).
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5.4 Performance of the dense formulation in dilute flows

As a validation test for the dense formulation, but also as a test to compare the dense

and dilute formulations, two cases from the present chapter were also simulated using

the dense formulation. The first one the horizontal flow case from Tsuji and Morikawa

(1982) at the higher mass loading, namely η = 2.8 kgpart./kgair, and the second one is the

vertical case from Tsuji et al. (1984) that results in the highest volume fraction, namely

η = 3.6 kgpart./kgair.

One could have noticed that, while the concentration profiles in the vertical cases

were presented in terms of particle volume fraction, the horizontal cases were compared

using a normalized particle concentration, even though the volume fraction is a better

variable for comparison of concentration. This is because the horizontal simulations were

carried out first, chronologically, and the calculation of the particle volume fraction was not

available then. As this calculation was implemented during the course of the present thesis,

now it is also a good time to provide at least an order of magnitude of the particle volume

fraction for the horizontal cases. The resimulated case from Tsuji and Morikawa (1982)

at η = 2.8 kgpart./kgair presented the higher volume fraction value for two-way coupling

at approximately 6×10−3, which falls into the same order of magnitude as the volume

fraction of the vertical cases.

Figures for the new particle phase velocities, particle volume fraction, and all other

variables are not shown here because the results using the dense and dilute formulation

were very similar, falling on top of each other when plotted together. It is reasonable that

this would happen since both cases, horizontal and vertical, are at a very low value of

particle volume fraction O(10−3). This shows that at least up to this order of magnitude

of particle volume fraction, the dense formulation is not necessary, and also that the dense

formulation is giving physical results at the limit of αp → 0.
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Chapter 6

Results and discussion: dense flows

In a similar fashion to the previous chapter, in this one simulations of dense

flows in risers are carried out using the newly implemented dense formulation.

As a means to show the importance of this formulation, comparisons are also

made with the dilute formulation.

This chapter deals with simulations of particle-laden flows in risers at dense particle condi-

tions. Firstly, in order to test the recent implementation of the mathematical formulation

for dense flows in risers, a validation case is ran for comparison with both experiments and

simulations utilizing other approaches. Following this validation, one case is isolated for a

study of the influences from the mathematical model, adding and subtracting terms and

forces. In the final part, the same riser, but at a lower particle mass loading is simulated

with both dense and dilute formulation to point its differences. Also in this last cases the

effect of the side inlet is evaluated.

Note that the comparison of formulations is carried out only at the end because of a

numerical problem that will be detailed throughout this chapter, in which the convergence

is impaired due to two factors: the first one is the transient term in the continuity equation

(Equation 3.67); and the second one is the lack of a limiter for the gas-particle interaction

force in very small cells. The side inlet was utilized only in these last simulations also

because of this reason.

6.1 Validation for risers

As the dense flow formulation has just been implemented in the present thesis, in order to

test it in risers a case study from Carlos Varas et al. (2017a), which carried out experiments
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and simulations in a pseudo-2D rectangular riser that mimics industrial ones, is simulated

here. It mimics industrial risers in the sense that it is composed by a side inlet of particles

that are carried upwards by the air flow and is separated at the top. More details are

provided in the next subsection. This riser was also utilized in other studies of the group

such as in Carlos Varas et al. (2016) and Carlos Varas et al. (2017b). This study was also

chosen because it shows simulations using the LES+DEM approach, which is one of the

most accurate models that one could utilize to simulate such cases, although it has a very

high computational cost. It is interesting to evaluate the accuracy of the present thesis

approach, which is very computationally cheap in comparison with the former.

In the present study, four simulations were carried out at four different gas inlet

velocities that were also studied in Carlos Varas et al. (2017a) for comparison. The solids

mass flux conditions are the same among the four cases. However, as in the present thesis

we use the η to characterize the solids mass loading, which is a quantity that is calculated

using the solids mass inlet over the gas mass inlet, the values will change.

6.1.1 Computational domain

The studied riser has a rectangular section of 70 × 6 mm and is 1.5 m height. At the top,

a short radius curve leads to a cyclone separator that feed the solids back into a circular

reservoir. The solids are fluidized at the reservoir to ease their injection back at the main

riser, carried out by a small connecting rectangular channel. In this study, only the main

riser is accounted for, and the separation and recirculation parts are not simulated. A

simplified scheme of the riser showing its boundary conditions is presented in Figure 30.

Note, however, that in the present thesis the procedure utilized in the simulations

of Carlos Varas et al. (2017a) is followed, where the solids are injected by the bottom

of the riser together with the gas flow, using a small inlet velocity (Up,in = 0.01 m/s),

instead of using the side inlet. It very important at this point to validate the model using

the most precise information about the case, and the side inlet is not very well defined

in the experiments, both in terms of geometry as in solids inlet velocity. Also, as their

simulations utilize this very same approach, the comparisons should not be hindered.

The outlet curve in the cited study simulations is drawn very short, however in the

present thesis it was decided to extend this exit geometry to avoid recirculation in this

area. This recirculation can hinder the convergence of the fluid flow equations and also in

extreme cases bring wrong results near this region.

Another important factor considered when chosen this case, is that the simulations

from the mentioned authors are carried out using the LES approach for the gas phase, and

a DEM approach to account for the particle collisions. The utilization of this combined

approach leads to a very expensive computation, but also brings a good accuracy and
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Figure 31 – Numerical grid for the riser: (left) lateral and (right) cross-sectional view.

2500 kg/m3, the solids loading conditions are: η = 19.1 kgpart./kgair; η = 20.3 kgpart./kgair;

η = 21.6 kgpart./kgair; and η = 23.2 kgpart./kgair.

The particles were characterized using only one diameter of 850 µm, and the number

of real particles represented by each parcel is around 8. This represents a different view

from the dilute cases were usually the number of real particles per parcel was smaller

than one. The particle-wall collision parameters are defined in order to mimic the values

utilized by the authors in their simulation, that means a wall roughness of ∆γ = 0.5◦,

restitution coefficient of 0.86, and friction coefficient of 0.15. The particle-particle collision

parameters were also defined in observation to Carlos Varas et al. (2017a), where the

restitution coefficient is 0.96 and the friction coefficient is 0.33.

Regarding the time-steps utilized for both Eulerian and Lagrangian phase, the

same approach as in the previous chapter simulations was followed. A larger time-step for

the gas flow, 10−4 s, with ten sub-steps for the particles (10−5 s).

6.1.3 Performance of the dilute formulation in dense flows

Let us start by assessing the performance of the dilute formulation on this chapter dense

particle-laden cases before validating the dense formulation. Multiple attempts of simulation

using the dilute formulation were tried at all four previously stated cases, but none of

them succeeded. When trying it, at the very beginning the particles start to accumulate

heavily at the bottom of the riser. The majority of the particles are never lifted by the gas

flow. This continues to build up to a point where the solution diverges. Although the dilute

approach have been previously utilized for the simulation of riser flows in Utzig (2016), it
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seems that at the present range of particle mass loading, which is much more dense than

those in Utzig (2016), it is not suitable anymore and only the dense formulation is usable.

6.1.4 Validation

In Figures 32, 33, 34 and 35, plots of the local particle volume fraction for three different

heights - 0.8, 1.1 and 1.4 m above the inlet of the riser - are shown comparing the present

thesis simulations, and the simulations and experiments from Carlos Varas et al. (2017a).

Each figure presents a different condition as stated in subsection 6.1.2.

Firstly, in Figure 32 the condition at Ug,in = 6.74 m/s and η = 19.1 kgpart./kgair

is presented. In an overall overview of all heights, the presents work’s simulation is able

to yield a good representation of the volume fraction profiles. In all three heights the

order of magnitude of the variable is captured, although some room for improvement can

be seen especially in the lateral distribution of the particles. At 0.8 m, our simulation

predicted a little bit more concentration on the center and failed to get the representation

of some accumulation in the right wall. Note, however, that this underprediction in the

right wall was also shown by the simulations of Carlos Varas et al. (2017a) and it is likely

due to the bottom inlet of the particles, instead of the side inlet which would have sent

the particles to the opposite wall. At the 1.1 m height, a good representation is achieved,

in both central and wall regions. At the topmost location, the k-ε + stochastic collision

simulation correctly predicts the lower accumulation at the left wall and the flat profile at

the center region, but doesn’t predicts the increase in the right wall, which Carlos Varas

et al. (2017a) claims is due to the exit geometry.

In the second condition, at Ug,in = 6.35 m/s and η = 20.3 kgpart./kgair presented

in Figure 33, an overall good agreement is also shown. At 0.8 m height, the wall region

predictions is close to the reported values, although it shows a different dynamics from the

center to the right wall. While in Carlos Varas et al. (2017a) experiment and simulation

an accumulation only very near the right wall is noticed, in the present simulation the

accumulation starts near the center and stands up to the the wall. At the center location

measurement a reasonably good agreement is achieved for all regions, showing the increase

in accumulation from the left to right wall. At the top, 1.4 m height, also a good agreement

is shown, where the characteristic of the profile is very close to the other reported profiles,

but with a minor overprediction.

Figure 34 shows the results for the third condition, at Ug,in = 5.95 m/s and

η = 21.6 kgpart./kgair. At this condition, the order of magnitude of the particle volume

fraction is still correctly predicted at all heights, however, the present thesis simulations

start to display some more difference in the predictions. In the 0.8 m height measurement,

the reported profile from Carlos Varas et al. (2017a) shows two regions of accumulation at

the two walls, and a lower concentration region in the center. On the other hand, in the
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present thesis simulation this behavior is not correctly reproduced, as it shows a decrease of

concentration on the walls and an increase near the center-right region. Now, at the middle

and top measurements, the predictions are still good, correctly predicting the increased

particle accumulation in the right wall and lower at the center. An underprediction is still

present at the 1.1 m profile at the left wall.

In the last studied case, shown in Figure 35 at the condition Ug,in = 5.55 m/s and

η = 23.2 kgpart./kgair, the predictions from the present thesis simulations get worse. Note

that the overall qualitative mean value of the particle volume fraction is still reasonable, but

the profiles are off. All three profiles from Carlos Varas et al. (2017a) report an increased

concentration of particles at the the walls while the center shows a lower accumulation,

but none simulation of ours showed such characteristic.

In Figure 36 the axial profiles of particle volume fraction are presented, which

were calculated by taking the average of the variable in planes at many heights. This

figure also presents the present thesis simulations in comparison the ones from Carlos

Varas et al. (2017a) and its experiments, for all four studied cases. One notes that the

observations drawn from the previous figures are also valid and represented here. In the

first (top left) and second (top right) cases, an overall good agreement is shown between

the k-ε + stochastic collision simulations and the experiments for all the riser. It even

shows a better prediction than the LES + DEM simulation, except at the top region.

However, in the third case (bottom left) the prediction starts to show some discrepancies,

but is still reasonable. The shape is similar but with a different slope, which causes a

bit underprediction at the bottom to center regions, and a bit overprediction at the top.

In the last condition (bottom right) the simulation shows no more agreement with the

experiment.

Note that as the gas velocity decreases, the overall accumulation of particles inside

the riser will increase due to the lower drag force. This higher accumulation will also

increase the occurrence of particle clusters as shown in Carlos Varas et al. (2017a). It is

reasonable to suppose that the present thesis approach fails more in these more dense

conditions due to exactly this higher accumulation of solids. Although there may be factors

to improve the predictions, such as the particles side inlet geometry, they were also not

considered in Carlos Varas et al. (2017a) simulations, which have presented reasonably

good accuracy for all cases. We understand that the model may have reached an upper

limit of validity, given the great simplification in the treatment of the particle-particle

collisions and also in the gas turbulence modeling.

Also in order to shed some light in the distribution of the particles in the riser,

color maps in the center plane of the riser are presented for each case in Figure 37. At

the bottom region, the only difference among the cases is that the lower the velocity, the

higher is the buildup of volume fraction near the inlet. At the central region one also notes
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that a slightly higher volume fraction is shown from left to right, but also there is a smoot

change of the core of particles from the center to the right wall. At the exit region the

behavior is very similar.

6.2 Modeling study

A few simplifications of the dense formulation that have been shown in literature works,

have aroused some interest concerning their influence. The first one is from the neglect of

the lift forces. Comparing the particle formulations from dilute and dense flows, one can

notice that the lift forces were taken out of the model in the latter case. This was done

in compliance to the majority of the other work in the literature. As the effect of the lift

on multiple particles is not well known, it is a common simplification to not utilize the

isolated sphere lift correlations.

The second one regards the term due to the resolved stresses acting as a force

on the particle - recall the first term on the RHS of Equation 3.2.2. As discussed then,

some authors neglect this term partially or entirely for particle-laden flows, given that the

tangential stress term on the particle is usually small (due to the small velocity gradient

over the diameter of the particle), and that the pressure related term could be reduced to

the buoyancy if the pressure gradient force due to the flow is assumed small.

The last one comes form an observation made in the present thesis after trying

other different riser simulations not shown here. It was noted a difficulty in convergence

with the increase of the number of particles in a simulated domain, mainly when those

particles had an accumulation near the walls. This was noted when trying to simulate other

risers, but also in the geometry of Carlos Varas et al. (2017a) using lower inlet velocities

for the particles. After many tests and evaluations, it was concluded that this convergence

issue came from the transient term in the new continuity equation (Equation 3.67), mainly

in the small cells of the wall. Although the issue was isolated, a way to correct it was not

found out yet. Also, there is not much information about this issue in the literature. The

only mention to this problem came from a reply to an user question on the official CFDEM

project1 forum, by a member of the development team (HAGER, 2018). In this reply, the

development engineer writes that this term may be sometimes disregarded because it has

“little impact on the result” (HAGER, 2018).

6.2.1 Simulation setup

In this section, three variants of the first case from Carlos Varas et al. (2017a), at

Ug,in = 6.74 m/s and η = 19.1 kgpart./kgair, are simulated: one disregarding the transient

1 The CFDEM project is a software integration for the OpenFOAM using a separate module to do the
numerical operations of the DEM collision model. See more in https://www.cfdem.com/
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Figure 37 – Particle volume fraction color maps in the center plane of the riser, in decreas-
ing order of velocity from left to right.
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term in Equation 3.67; one taking into account the lift forces for isolated sphere, including

the particle angular velocity; and the last one neglecting entirely the term from the resolved

stresses in Equation 3.2.2. All simulations are carried out in the same computational mesh

and other parameters as stated in subsection 6.1.2.

6.2.2 Simulations

In Figure 38 the local particle volume fractions plots are presented in comparison to the

experimental data from Carlos Varas et al. (2017a) in the three measured heights. The base

case refers to the previously shown simulation. One can note that although the removal

of the transient term from Equation 3.67 was suggested by Hager (2018), in the present

case it shows a great difference from the base case. It overall lowered the volume fraction

and also changed the wall with higher accumulation from the right to the left one. The

inclusion of the lift forces can have arguably improved the agreement. At 0.8 m it lowered

the value at the left wall and enhanced at the right one. This change was also reproduced

in 1.1 and 1.4 m. However, this requires more investigation before being able to state that

the isolated spheres for lift forces are actually suitable for risers. At last, the removal of

the resolved stresses term showed almost no difference from the base case.

The same analysis is carried out in the axial volume fraction profile, in Figure 39,

where also the conclusions can be drawn. (1) The removal of the transient term in the

new continuity equation changes the prediction and make it worse than the base one. (2)

Inclusion of lift forces can improve the agreement (requires more investigation). (3) And

the last analysis shows almost no difference in the predictions.

6.3 Formulation influence and side inlet

A last analysis was chosen to be performed at a lower particle mass loading of η =

4.0 kgpart./kgair. This was made in order to be able to effectively compare the difference

from the dilute to the dense formulation, as in the previous cases the dilute formulation

was not even able to achieve convergence.

Another test that can be made at this lower η, is injecting the particles by a side

inlet. In higher η conditions this was not possible because of a numerical issue. As the

side inlet is adjacent to a wall, the cells there are very refined and the particles become

larger than the cell. Due to a high accumulation of particle near the inlet, the gas-particle

interaction term becomes very large, and without a limiter it makes the solution diverge.
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region near the inlet of the particles, but it is not enough to show as similar dynamics as

in the first case.

To complete the above analysis, the color maps of the gas velocity are shown in

combination with a representation of each individual particle in Figure 43. It becomes clear

that the dense formulation is capable of lifting all the particles. Also as they accumulate in

the right wall, the flow in this region is slower, and speeds up in the clear area. The dilute

formulation represented in the middle shows almost no difference in the gas velocity in

the whole domain, while the particles are all scattered. In the last case is also represented

that some particles still fall after the inlet.
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Figure 42 – Particle volume fraction color maps in the center plane of the riser, from left
to right: dense formulation; dilute formulation; dilute formulation using the
Tenneti et al. (2011) drag law.
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Figure 43 – Gas velocity color maps in the center plane of the riser, from left to right:
dense formulation; dilute formulation; dilute formulation using the Tenneti et
al. (2011) drag law. Black dots are representations of the particles.
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Chapter 7

Conclusion

In the last chapter of this thesis, some final considerations about the work carried out

are presented. Firstly, the main conclusions and contributions from the simulations using

the dilute and dense formulations in many different gas-solid flows are discussed. Also, to

finalize the document, suggestions for future work are give. Such suggestions com from

the analysis of the points of the present work that need more investigation and also form

ideas for studies that can be carried out from here.

7.1 Present contribution

7.1.1 Dilute flows on pipes

In the first part of the thesis, a study on dilute flows was carried out. Although the

UNSCYFL3D code was already well-established and validate for such configuration, there

were still evaluations to be made. The first one had to do with recent implementations

made just before the present thesis for the utilization of polydisperse particles. For this,

a case from Huber and Sommerfeld (1998) for horizontal particle-laden pipe flow was

simulated, where good agreements were found for the particle velocity and particle diameter

distribution profiles. In this same case, we continued to show that the four-way coupling

was important even though the flow was dilute, and that the already good accuracy of the

two-layer k-ε could be improved by utilizing the RSM model for the turbulence closure

modeling.

Another topic of interest when simulating cases with the dilute formulation, was to

try to assess the limits of such formulation. So far, the UNSCYFL3D code had only been
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used for very low solid mass loadings, and its usability at higher ones was not clear. In

section 5.2 a study with specifically this objective was carried out. For horizontal pipe

flows, comparisons with experiments from Tsuji and Morikawa (1982) showed that the use

of such approach is suitable only up to η = 0.9 kgpart./kgair. At higher η, the agreement

starts to deviate in such a way that lead us to believe that the the particle-particle collision

is responsible, for not being able to account for collisions of particles with such a wide

spectrum of diameters. Also, later simulations of this same case with the dense formulation,

resulted in very similar profiles.

On the other hand, regarding particle-laden flows in vertical ascending pipes,

simulations in comparison to experiments from Tsuji et al. (1984) and Mathisen et al.

(2008) have shown that the dilute formulation considering the stochastic particle-particle

collisions could give reasonably good results up to η = 7.9 kgpart./kgair. This increase in the

limits of the applicability of the model have to do with the fact that in this configuration

the particles are much more well-distributed in the pipe section, which results in still low

volume fractions O(10−3) and fewer collisions. Again, posterior simulations of one of this

cases with the dense formulation has shown no further improvement.

In a further simplified study, simulations on one case of vertical flow were utilized

to evaluate the sensibility of the velocity and concentration profiles with the fluid-exerted

forces and with the wall roughness. The conclusions from the mentioned study were not

new in the literature, but served to help to validate the code. It has been shown that the

transversal lift forces are very important in the particles radial concentration profiles, which

can lead to a change in the velocity. Also, the wall roughness has the same influence, and

two very different flows can be achieved in only a different wall material pipe configuration.

7.1.2 Dense flow in a CFB riser

In this second part of the thesis, simulations of a CFB riser from Carlos Varas et al. (2017a)

were carried out in order to verify and validate the new mathematical formulation of the

dense gas-solid flows, and to evaluate the performance of the stochastic particle-particle

collision model from Sommerfeld (2001) in such scenario. Right at the start, it was possible

to see that the previous formulation, for dilute flows, was not suitable for such dense flows

in the CFB riser. There was a big accumulation of particles and the simulations diverged.

Following that by utilizing the dense formulation, it was shown that a good agree-

ment was achieved for the first two cases, at η = 19.1 kgpart./kgair and η = 20.3 kgpart./kgair,

with similar accuracy to Carlos Varas et al. (2017a) simulations utilizing a the fully de-

terministic collision model DEM with the LES approach for turbulence closure modeling.

At the third condition, η = 21.6 kgpart./kgair, reasonable accuracy was still maintained.

However, in the last case at η = 23.2 kgpart./kgair it was possible to see that the results

were not in agreement with either the experiments or simulations from Carlos Varas et al.
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(2017a). It is not totally clear, but the explanation is possibly the same from the horizontal

cases in the dilute flows, that the collision model could not handle the increase in collisions.

We then proceeded with a modeling study to assess if some change in the model

or in the forces could have a great effect on the results. The simulations have shown

that the inclusion of lift forces can have a positive influence on the concentration profiles,

although it is hard to state this with only a few tests. Lift forces are generally excluded of

the modeling of CFB risers because its relation form isolated conditions to the presence

of multiple particles is not known as is the drag. On the other hand, some works and

softwares remove the transient αg term from the continuity equation because of numerical

issues claiming that this term leads to almost no difference in the predictions. The test in

this CFB riser has shown that removing this term change the results for worse.

In the last study, the same riser was simulated in a much lower solids mass loading

condition, η = 4 kgpart./kgair, so that the dilute formulation could provide results and its

differences with the dense one could be clarified. Moreover, this last assessment is carried

out utilizing a side inlet for the particles, trying to mimic the experiments. Firstly, it

was shown that the side inlet can change the concentration profiles and that the current

formulation can predict clusters. Regarding the formulations, the dilute one could not

provide a stable inlet of particles, and the majority of them fell to the gas inlet instead of

going upwards, as one would expect. Only the dense formulation could provide a prediction

where the particles would go straight upwards from the inlet. Out of scientific curiosity, a

third case using the dilute formulation, but with the drag force modeling of the dense one,

was carried out and showed that this was not only an effect of the forces involved, but the

greatest influence comes from the volume fraction in the fluid equations.

7.2 Future and suggested works

Throughout the development of the present thesis, many challenges had to be overcome in

order to reach these final simulations of dense flows in a CFB riser. Since the implementation

of a new formulation, which had many sub-steps involved, to testing a collision model

that had not been tested before for such conditions. During this run, and from the

conclusions drawn from the results, it was possible to identify many points in which further

developments are due. It is our duty as researchers to also points out such questions, so

others can move from there, and science and engineering evolves:

a) try the collision efficiency model from Blei et al. (2002), to assess its influence

in polydisperse particle-laden flows cases;

b) further investigate the convergence problem related to the new transient term

in the continuity equation, which we have shown to be important in the present

thesis cases;
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c) implement a limiter to the gas-particle interaction term, such as is utilized for

αg, so that simulations with side inlets where the particles cross thin cells can

converge easier;

d) now that the one important aspect for dense flows was implementation, the use

of αg in the fluid flow equations, test other non-deterministic collision models

(even using other software or cases) to evaluate the relative accuracy to the

Sommerfeld (2001) model;

e) simulate Utzig (2016) CFB riser experimental case.
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